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Abstract. In this study, we develop a delayed predator-prey model that incorporates
two stage structures for both predator and prey populations, along with two constant
maturation delays and fear effect. The model is formulated as a delay differential
equation system, and its well-posedness is rigorously demonstrated. We conduct a
comprehensive analysis of the system, including stability evaluations and the identifi-
cation of Hopf bifurcations caused by the delay terms. Numerical simulations are used
to validate and extend the theoretical findings, leading to several key insights. No-
tably, variations in the delay parameters significantly affect the stability of the system.
With a single delay, the system undergoes a transition from stability to oscillation and
back to stability as the delay increases, showing a characteristic stability-oscillation-
stability pattern. Furthermore, when both delays are taken into account, extrema-based
bifurcation diagrams and time series reveal multi-branch structures, periodic windows,
and complex irregular oscillatory segments. Delay-embedding phase portraits uncover
typical patterns such as period-doubling cascades and the reappearance of periodic
windows. Additionally, two types of numerical diagnostics provide further evidence:
significant sensitivity to initial histories is observed in the complex segment, while co-
existing attractors are detected in the branch-splitting segment, suggesting bistability
in the system. These results indicate that stage structure coupled with dual maturation
delays can significantly enrich the bifurcation structure and long-term dynamical be-
havior of the system.
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1 Introduction

In natural ecosystems, stage structure and time delays are two fundamental ecological mecha-
nisms that shape population’s dynamics [1,10]. Most species experience developmental transi-
tions from juvenile to adult stages, with individuals at each stage exhibiting distinct mortality
rates, feeding capacities, and other life-history traits. In particular, juveniles are subject to con-
siderable mortality prior to maturation, which can significantly influence the dynamics of the
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system[4]. In addition to direct predation, the presence of predators often triggers behavioral
adaptations in prey, a phenomenon known as the fear effect. This non-consumptive interaction
suppresses foraging, reproduction and movement of the prey. As a result, it indirectly reduces
prey’s growth and alters the predator—prey interaction structure [12,15,17,20,23,25,27]. Al-
though the fear effect has been extensively supported by empirical studies, its incorporation
into delay differential equation (DDE) models remains limited.

It has been well established that both time delays [2,5,16,26] and stage structure [18,28]
are capable of inducing complex dynamical behaviors on their own, such as loss of stability,
emergence of periodic solutions, Hopf bifurcations, and even chaos [3,29]. For example, Gour-
ley and Kuang [11] analyzed a stage-structured predator—prey model with maturation delay
and juvenile mortality, systematically examining their effects on system stability. Their results
showed that when juvenile’s mortality is non-zero, the system exhibits globally stable equilib-
ria for both short and long delays, but sustained oscillations arise within an intermediate delay
range. In contrast, when the mortality of the juvenile is absent, oscillatory behavior persists
and intensifies with increasing delay. Recent studies have started incorporating the fear effect
into delayed ecological models [6,22]. Moreover, Ma et al. [21] proposed a predator—prey
model incorporating both maturation delay of the prey and the fear effect. Using a combi-
nation of theoretical analysis and numerical simulations, they demonstrated that increasing
the maturation delay can eliminate both stable and unstable periodic orbits and may stabilize
an otherwise unstable positive equilibrium. These findings highlight the complex interplay
between maturation delay and fear effects in regulating population dynamics.

Motivated by these insights, this study introduces a delayed predator-prey model that
incorporates stage structures for both prey and predators, along with two discrete time delays.
The aim is to examine the combined effects of stage structure, maturation delay and the
fear effect, and to enhance our understanding of how these factors jointly regulate ecological
interactions. The remainder of the paper is organized as follows. In Section 2, we formulate
the mathematical model, which includes juvenile and adult stages for both species, along with
two discrete delays. We demonstrate that the dynamics of juvenile is entirely determined by
the historical states of the adult populations, which enables a reduction of the system to a
delay differential equation system involving only adult variables. The well-posedness of the
model is rigorously established by proving the existence, uniqueness, non-negativity, and
boundedness of its solutions. Section 3 presents some results on the stability of equilibria,
existence of Hopf bifurcation. In Section 4, we provide numerical simulations. Section 5
summarizes the key findings and discusses possible extensions and future research directions.

2 Model formulation

In this section, we will develop a delayed predator—prey model that incorporates population
stage structure and maturation delays. Both of the predators and prey are divided into two
stages: the juvenile and the adult. Our model is described by the following differential equa-
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tions with two discrete delays

dxi(t) _ rox(t) roe" M Tx(t — 1)
dt 1+ky(t) 1+ky(t—m)

X 7 efdlrlx .
dd(tt) =17 ky(t(t— rlr)l) — dox(t) —ax?(t) = P(x(1) )y (t),

—dix1(t),

2.1)
dyallt(t) = bP(x(t))y(t) — be ™2P(x(t — 1))y (t — 1) — myy1(t),
W) _ pemmp(x(t — )yt — ) — may()

Here, x1(t), x(t), y1(t), and y(t) denote the population densities of juvenile prey, adult prey,
juvenile predators and adult predators at time t, respectively. The parameter r( represents the
intrinsic growth rate of the prey, while k describes the fear level of the prey to the predator.
The death rates of juvenile and adult prey are denoted by d; and d,, respectively, and a denotes
the intraspecific competition coefficient among adult prey. The function P(x(t)) describes the
functional response of adult predators, while b denotes the energy conversion efficiency of
adult predators after consuming adult prey. The death rates of juvenile and adult predators
are denoted by m; and m,, respectively. The parameters 71 and 7, represent the developmental
time delays from juvenile to adult stages for prey and predators, respectively. The terms e~ ™
and e~ "™ denote the survival probabilities of juvenile prey and juvenile predators during the
respective delay periods.

It is straightforward to see that the first and third equations can be equivalently rewritten
in the following integral forms

boorox(p) i)
£) = TORO)_p-dilt-p)g
7t /t—T1 T+ky(p)° o

; (2.2)
(M= [ bP(x(e)y(p)e ™ dp.
— 2
These expressions indicate that x1(¢) and y; (t) depend entirely on the historical states of x(t)
and y(t), and therefore do not contribute additional dynamic complexity. As a result, the
long-term behavior of the system is determined by the remaining two equations, prompting
the consideration of the reduced model below

7 —di _
= ky?t(t_ 2 dax(1) = (1) - PO,

dy(t) _ be ™7 P(x(t — 12))y(t — 12) — may(t).

(2.3)

All parameters ro, d1, k, d», a, b, m; and m; are assumed to be positive constants, while 7
and T, are non-negative constants. In addition, the function P(x) is assumed to be differen-
tiable and satisfy the following properties

P(0)=0, P'(x)>0 and chx) is bounded for all x > 0. (2.4)

Typical choices for P(x) satisfying (2.4) include the linear form P(x) = cx, the Holling type II
form P(x) = and the Holling type III form P(x) =

where c,q > 0 are constants.

2
1+qx’ 1+qx2 ’
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Based on biological considerations, the initial conditions for model (2.3) are given as fol-
lows

(x(¥),y(¥) = (xo(¥), yo(p)) € C([-7,0,,RY) = C;,  T=max{n,}, (25)

where C; denotes the Banach space of continuous functions from [—7,0] to R3 .
Next, we first prove the well-posedness of model (2.3).

Theorem 2.1. With initial condition (2.5), model (2.3) admits a unique nonnegative solution for t > 0.
Moreover, the following assertions hold: If roe~ T < dy, then limy o x(t) = 0, limy oo y(t) =0; If
roe~ 1T > dy, then all positive solutions are ultimately bounded. Furthermore, the bounded set

Voefd]T] —d>
a

Q:= {(x(t),y(t)) €Cy:0<x(t) < , 0<x(t—1) + %emmy(t) < Lo}

attracts all positive solutions of (2.3), where

I’Oe_lel (Voe_lel — dz)

Lo :=
0 Sa s

with § = mil’l{dz, mz}.

Proof. The existence and uniqueness of the solution follows from the method of steps [13]. Let
T = min{7, T }. Since we assume x(¢) > 0 and y(y) > 0 for -7 < ¢ <0, then for 0 <t < 1,
we have

dﬁ;(:) > —dox(t) — ax2(t) — P(x(t)) y(t),
dydf) > —my(t).

then x(t) > 0, y(¢) > 0 on this interval by a standard comparison argument. These arguments
can be repeated to deduce non-negativity of x(¢t) and y(t) on [nt,(n+1)t], n = 1,2,...,
and hence for all + > 0 indeed. If roe~%™ < d,, then Lemma 2 in [19] and a comparison
principle gives lim; o x(t) = 0. If roe~"™ = d,, we consider the delay equation d’;(:) =

dy 2(t — 1) — da®(t) — ag®(t). Let V(t) = 2(t) + da ftt_ﬁ £(s) ds. Then d‘;—gt) = —af?(t) <0,

and d‘;—gt) = 0 if and only if #(t) = 0. Consequently, by the comparison principle, we obtain

lim; .o, x(t) = 0. Therefore, if rge~1™ < d,, then lim; ., x(t) = 0. Since P(x) is differentiable
and P(0) = 0, then there exists 7 > 0 such that be""12P(y) < my. And also there exists T; > 0
such that x(t) < y for t > T;. Hence, for t > T} + T, we have dzl—(tt) = be ™TP(x(t — ))y(t —
) —may(t) < be”™%P(n)y(t — 1) — may(t). By comparison principle, y(t) is bounded above
by the solution u(t) of

du(t)
dt

=be "PP(u(t — ) —mau(t), t>T1+ 1,

satisfying u(t) = y(t) for t € [Ty, T; + 1] Since be "™™2P(5) < my, Lemma 1 in [11] yields that
u(t) — 0. Thus, y(t) — 0 as t — oo.

Note that P —dit
o =t ) — (1) = a2?(0) — () (1)

< roe M Tx(t — 1y) — dox(t) — ax?(t).
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This inequality implies that x(t) is bounded above by the solution of the comparison equation
W/ (t) = roe "MW (t — 17) — doaW(t) — aW?(t). If roe~"1™ > ds, it follows from Lemma 2 in [19]
that for positive initial data, we dhave limy0 W(t) = M#. By the comparison principle,
we obtain limsup,_,  x(t) < w. Therefore, x(t) is ultimately bounded. As a result, for

any ¢ > 0, there exists ty > 0 such that x(t) < M# +¢t > ty. Let L(t) = x(t — ») +
te™Ty(t). Then

dL(t) . Tox(t — 1T — TQ)
ar 1—|—ky(t—’l'1—’l'2)
< Tox(t -1 — Tz)efdl’rl — 5L(t)

Remey(t)

e _ dox(t — ) —ax®(t — ) —

—hn _ 4
< rgehm (7062 + s> —OL(t), t>h+Tn+m,

a
—dq T —di1T _ —di T
This implies that lim sup,_, . L(t) < e ! l(r?;; ) + e ;1 Le. Since £ > 0 was arbitrary, we
—dq T —d1T _
conclude that limsup, , L(t) < ™ : 1(r?52 ) =: Ly.
Therefore, the solution of model (2.3) exists globally and is ultimately bounded. Hence ()
is globally attractive. O

3 Threshold dynamics

This section is devoted to the analysis of the equilibria and their stability for model (2.3). We
begin by investigating the existence of equilibria.
Let E = (¥,7) be an arbitrary equilibrium of model (2.3). Then E satisfies the following
system
-ty
W —d)¥ —a — P(X)T =0, -
be”™RP(X)y — may = 0.

It is easy to see that model (2.3) always admits the trivial equilibrium Ey = (0,0). In addition,
if roe~M1T > d,, there exists a predator-free equilibrium E; = (x1,0), where

roe_lel —dy

- (3.2)

X1 =

Furthermore, a positive equilibrium E* = (x*,y*) exists if equation (3.1) admits a positive
root. From the second equation of (3.1), we obtain

Mmoe™™ moe™m
P(x*) = 2b , thatis, x*=P! < 2b >,

and y* is a positive root of the following quadratic equation
Ay*? + By* +C =0 (3.3)
where

A=kP(x*), B=P(x")+k(dx*+a(x*)?), C=dox*+a(x*)?—rox*e 0,
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It is clear that equation (3.3) admits a unique positive root y* = =B+vE—4AC VZBI:"LAC (contains both 7
and 1) if and only if the following condition holds

dy + ax* — rge”T < Q. (3.4)
We point out that, by the monotonicity of function P(x), (3.4) is equivalent to
my < bP(x1)e” ™™, (3.5)

The above result indicates that the existence of the predator-free equilibrium E; and the pos-
itive equilibrium E* crucially depends on the delay parameters 7; and 7. We now proceed
to analyze the stability of the equilibria Ey = (0,0), E; = (x1,0) and E* = (x*,y*), which is
essential for understanding the dynamics of model (2.3).

Linearizing system (2.3) around the general equilibrium E = (¥, ) gives

dx(t)  rge~hm krge~hTx
T s O (P o A

— dax(t) — 2axx(t) — P(X)y(t) — P'(X)yx(t), (3.6)

d](/i(tt) = be "M YP (X)x(t — 72) + be "ML (X)y(t — 1) — may(t).

The stability result about Ej is stated as follows.

Theorem 3.1. The trivial equilibrium Ey = (0,0) is globally asymptotically stable if dy > roe~™;
otherwise, it is unstable.

Proof. From equation (3.6), the characteristic equation at Ey = (0,0) is given by
()L + mz) ()L +dy — Toeflelef)‘n) =0.
This equation has a negative root —m;,, and the remaining roots are determined by
g(A) := A +dy — rge e AT = 0,

According to Theorem 3.2.1 in [14], if dy < roe~1™, g(A) has a positive root, implying that
Eo = (0,0) is unstable. When dy > rpe~“17, all the roots of ¢(A) = 0 have negative real
parts, and thus Eg = (0,0) is locally asymptotically stable. Moreover, based on the proof of
Theorem 2.1, if dy > rpe~"1™, then x(t) — 0 and y(t) = 0 as t — oo. Therefore, Ey is globally
asymptotically stable. O

Theorem 3.2. The predator-free equilibrium E; = (x1,0) exists if and only if do < roe~"17. If (3.5)
is reversed, then Ej is globally asymptotically stable in the interior of Q). If (3.5) is satisfied, then E; is
unstable.

Proof. The characteristic equation at E; takes the form

fiM)f2(A) =0, (3.7)

where

fi(A) =A— roe M Te ™A 4 poemhT 4 gy,
f2(A) = A —bP(x1)e ™22 4y,
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Again, by Theorem 3.2.1 in [14], all roots of f1(A) = 0 have negative real parts. When m, >
bP(x1)e ™™(i.e., (3.5) is reversed), all roots of f>(A) = 0 have negative real parts, and hence
E; is locally asymptotically stable. Conversely, if mp, < bP(x1)e ™™, then f>(A) = 0 has
at least one root with positive real part, and E; is unstable. We consider the case when
my > bP(x1)e”"™7%, then there exists a sufficiently small ¢ > 0 such that mp > bP(x1 +¢)e” "™,

As shown in Section 2,
1’067‘111—1 —ds

limsup x(t) < (3.8)
t—o0 a
This implies the existence of T, > 0 such that x(t) < x; +eforall t > T,. Forall t > T, + 1,
d%(tt) <be ™TP (x1+¢€)y (t — ) — may(t).

Since my > bP(x1 +¢)e” ™™, by Lemma 1 in [11] and the comparison principle, it follows that
y(t) — 0ast — co. Hence, for any & € (0,1), there exists T > 0 such that for all t > T,
y(t) < ¢. Since P(x)/x is bounded, there exists a constant G > 0 such that

P(x)

X

<G, forallx>0.

Moreover, since rge 1™ > dp, we can choose ¢ > 0 such that

roe_lel
1+kE

> dy + G¢.

We then have

Therefore, for all t > Tz + 11,

roe T
14k

Applying Lemma 2 in [19], together with a comparison argument,

x'(t) > x (t—1) — (da + G&) x(t) — ax*(t).

roe” 417

Tk dz-f—GC)

liminfx(t) >
t—o0

IV [N |~

Since ¢ was arbitrary, it follows that liminf; , x(t) > x7, which together with (3.8) implies

thg)lo x(t) = x1.
Hence, the predator-free equilibrium E; = (x1,0) is globally asymptotically stable in the
interior of ). O

Remark 3.3. The existence and stability of equilibria in model (2.3) depend critically on sys-
tem parameters and time delays. If dy > rge~"1™, then the model admits only the trivial
equilibrium Ey = (0,0), which is globally asymptotically stable. Conversely, if d, < roe— T,
then Ey becomes unstable, and a predator-free equilibrium E; = (x1,0) emerges, where
X1 = @. Furthermore, if m; > bP(x1)e” ™™, then E; is globally asymptotically sta-
ble. In contrast, if my < bP(x1)e”"™%, then E; becomes unstable and a positive equilibrium
E* = (x*,y*) exists. This analysis reveals various stability transitions induced by time delays

and parameter variations, highlighting the complex dynamic behavior of the model.
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We now turn our attention to the stability of the positive equilibrium E* = (x*,y*), which
is crucial for understanding the long-term dynamics of the predator—prey system. To this
end, we assume P(x) = cx and that condition (3.4) holds, ensuring the feasibility of E*. At
E* = (x*,y*), the corresponding characteristic equation is given by

krox*efdl’ﬁe*)\”[l .
+cx

(1+ ky*)? = 0. (3.9)
—bcx*y"‘e*mlTZe*)‘T2 A+ my — mpe 02

A — (dy + ax* + cy*) e 0 + (dy + 2ax* + cy*)

It is straightforward to verify that A = 0 is not a root of equation (3.9). We are interested in
whether stability switches occur as the time delays increase. Therefore, we analyze equation
(3.9) under four different scenarios.

Case 1: 771 = 0, » = 0. This corresponds to the absence of stage-structure in both prey
and predator populations. In this case, the characteristic equation simplifies to the following
quadratic form

A2+ ax*A+ Lz +c | bex*y* =0. (3.10)
(1+ky)

Both the coefficient of A and the constant term in (3.10) are positive, implying that all roots of

(3.10) have negative real parts. Therefore, when both delays are zero, the positive equilibrium

is locally asymptotically stable.

In this case, the model reduces to the following ODE system

di;tt) 1 +rify(t)x(t) — dyx(t) — ax*(t) — ex(t)y(t),
dy(t)

=g = bex()y(t) —may(t).
According to Theorem 3.2 in [27], this positive equilibrium is globally asymptotically stable.

Case 2: 71 = 0, 7 > 0. In this case, only the stage structure of predators is considered. The
corresponding characteristic equation at E* is given by

A? + Kl(TZ)/\ + KZ(TZ) + (K3/\ + K4(T2)) e\ = 0. (3.11)
where
krox* _
Ky(m) = —mpax™ + bey* | ————— +cx™ ) e ™™,
1(n) 2aXx" + bcy ((1+ky*)2+ )

Assuming 7, > 0, we let A = iw (with w > 0) be a root of equation (3.11). Substituting this
into (3.11) and separating real and imaginary parts, we obtain

w? — Ka(1) = Kswsinwn, + Ky (1) cos wn,

) (3.12)
Ki(m)w = K4(2) sinwt — Kzw cos w.
Then w must be a solution of
Flw,») = w* + Cl(Tz)wz +C(m) =0, (3.13)

where
C1(T2) = K%(TQ) — 2K2(T2) — K% = (LZX*)Z > 0,

Ca(1) = K3(12) — Ki(12).
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Under the assumption that 77 = 0, we have x* = '”ZZ?TZ , y* is the unique positive root of
Eq. (3.3), and in this case it depends only on 72. Moreover, inequality (3.4) becomes
1 be(ro—d
@<m(d“”>:g. (3.14)
nq nmoa
Note that
Ky (1) + Ka(m) = bey* <kr0x* + cx*> e M2 >0
R (1+ky)? |

If K»(1) — Ka(12) > 0, then equation (3.13) has no positive root, and the positive equilibrium
E* = (x*,y*) is locally asymptotically stable for all » € [0,7;). If Ko(12) — Ka(12) < O, then
equation (3.13) admits a unique positive root

\/ —Cy(1) + VA
2

w1 = , where A1 = C%(Tz) — 4C2(T2).

From equation (3.12), we obtain

K3(Tz)w(w2 — Kz(Tz)) + K](Tz)K4(T2)w . Q (T )
K2(10) + K2(1p)w? TR

Ki(n) (@ — Kz (12)) — Ki(m2)Ks(2)w?
Ki () + K3(n2)w?

sinwtn =

(3.15)

COSWT = =: Pi(m).
L={n:1nel0,7), ka(r2) < ka(12) } . Define the function 6(1,) € [0,27], such that sin (1)
and cosf(1) are equal to the right-hand sides of the first and second equations in (3.15),
respectively. That is,

sin9(T2) = Ql(Tz), COSQ(Tz) = Pl(Tz).
Then we have

w1 () =0(n)+2nt, n=012,...,

which is equivalent to

sany:n—eﬁi&?”:Q n=0,1,2,.... (3.16)

Actually from equation (3.15), it follows that the expression for (1) is given by

0(ry) — arccos P (1) if Q1(m) >0,
? 21 —arccos Py (12)  if Q1(m2) < 0.

Then the value of 1, at which a stability switch occurs is given by the solution of equation
(3.16). To confirm the occurrence of a Hopf bifurcation, the transversality condition must be
verified. If there exists T» € I; such that S,(f2) = 0, then +iw; (%) are a pair of simple pure
imaginary roots of equation (3.11), and the following result holds.

According to Theorem 4.1 in [4], we have

= sign d5n(12)
A=iw; (%) At |yt |

The pair +i w1 (Ta) crosses the imaginary axis from left to right if 61(12) = 1, and from right to left if
01(f2) = —1.

Theorem 3.4. Denote

dReA
dT2

01 (%) == sign{
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Case 3: 1, = 0, 74 > 0. In this case, the characteristic equation at the positive equilibrium E*
takes the form
A? 4+ Bi(m)A + Ba(m) + (Bs(t1)A + Ba(m1)) e 4™ =0, (3.17)

where
Bi (1) =dp +2ax™ +cy* >0,

By (1) = bx*y* > 0,
Bs (T1) = — (dz 4 ax* + Cy*) <0,
bey*krge™ T x*
By(m) = ~L
(1 +ky*)
Suppose A = iw (with w > 0) is a root of equation (3.17). Then w(7;) must satisfy the
following

w? — Ba(11) = B3(11)wsin(wty) + By(11) cos(wy),

) (3.18)
Bi(T1)w = By(Ty) sin(wty) — B3(11)w cos(wmy).
This leads to the following equation
w* + Dy (1) w?* + Da(1y) =0, (3.19)

where ) )
Di(m) = Bi(m) — 2B2(m) — B3(m),

D>(t1) = B3(11) — Bi(m).

Since 7» = 0, then x* = b 2, and in this case y* depends only on 7, condition (3.4) reduces to
roe” T > dy 4 ax*,

and thus, we obtain

1 berg s
Tl d 11’1 (W) = Tl . (3.20)

We consider only the case where D,(73) < 0. Then, for all 73 € [0,7]), equation (3.19) has a
unique positive root

\/—Dl<n>+m
2

Wy = , where Az = D%(Tl) — 4D2(T1).

From equation (3.18), we obtain

Bs(11)w(w? — Ba(1)) + B1(m)Bs(m1)w

sinwm = B3(m) + B3 (1) w? = Qa(m),
B2(1)(w? — Ba(11)) — By (1) B3 (11 )w? &2
T w? — 2(T1 1(11)B3 (11 )w '
COSWT| = (Tl) n Bz(Tl)an =: P,(m).

L={n:1m€l0,17), Di(t1) <0}.Fort € L, letn(t;) € [0,27] be the solution to sin#y (1) =
Q2(11), cos(t1) = Po(11). Then we have

wr(t)u =n(n)+2jr, j=012,....
Denote

n(m) + 2jm

Rj(T]) =T — wz(rl)

=0,j=0,1,2,....
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It follows that A = +iw, with wy > 0 are a pair of purely imaginary roots of equation (3.17) if
and only if 7 is a root of R;(7y) for some j.
Suppose the critical value is 71 = %, and A(f1) = £iwy(11). Then,

A=iws (%) dn |-y

If 6,(%1) # 0, the transversality condition holds, and a Hopf bifurcation occurs at 73 = ;.

Our theoretical analysis shows that the maturation delays of prey and predator popula-
tions, denoted by 71 and T, influence not only the existence of the equilibria but also their
local and global stability. In the absence of both delays (i.e., 1 = T = 0), the positive equi-
librium is always globally asymptotically stable. However, introducing a single maturation
delay-either for the prey or the predator-may lead to stability switches as the delay increases.
Numerical simulations in the next section show that for Cases 2 and 3, the positive equilibrium
may exhibit a stability-instability-stability transition. In contrast, when both maturation de-
lays are considered simultaneously, the characteristic equation contains multiple delay terms
(including a mixed-delay term), which is given in Case 4 below.

dReA
dT]

() := sign{

Case 4: 71 > 0, » > 0. When we consider both maturation delays, the characteristic equation

at E* takes the form
A2+ Pi(t1, 2)A + P (11, 12) + P3(A, T, Tz)e—)‘fl 52
+ [Ps(t1,2) + Ps(A, 11, 22) ] e M2 + Po (1, m2)e M0t ) =0, '

where
P (t, 12) = my +dy + 2ax™ + cy”,

P (t1, 1) = ma(dy + 2ax™ + cy™),
P3 ()\ T, T 2) (dz—i—ax*—i—cy*) ()\+m2),
Py(Ty, 1) = bczx*y*e mu
) =

Ps (A1, —mp (A +dy + 2ax* + cy*),

krox*e— 41
(1+ky*)?

Note that (3.22) is a very complicated transcendental equation. Time delays appear not
only through the exponential factors e and e~*?, but also via the mixed term e~ *1+%),
Moreover, the equilibrium (x*,y*) itself depends on 7; and 7> through terms such as =17
and e”™™, so the expressions P; (i = 1,2,...,6) are delay-dependent. When one searches
for purely imaginary root A = iw of (3.22), then the equation for w still has 7y and 7 in
its coefficients. Thus, one cannot compute exactly the values of 73 and 1, at which stability
switches occur. In addition, the feasibility of the positive equilibrium requires x* > 0 and
y* > 0, while (x*,y*) varies with the delays, these constraints must be taken into account.
For these reasons, we rely on numerical tools (bifurcation diagrams, delay-embedding phase
portraits, and sensitivity-to-initial-data tests) to characterize stability changes and complex
dynamics induced by the coupled delays.

P6 (Tlr TZ) = mz(dz +ax* + cy ) + bcy* —mM T

4 Numerical simulations

Given the structural complexity of (3.22) under the coupled dual delays, it is difficult to derive
unified analytical critical conditions. Therefore, in this section, we will use MATLAB-based
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numerical simulations to validate the results in Section 3 and to further reveal bifurcations
and complex oscillatory behaviors under both single-delay and dual-delay settings. The pa-
rameters of model (2.3) are specified as follows

1=0,1=2k=15,dy=0.01,a=0.01, c=0.08, b =04, m; = 0.1, my =0.1. 4.1)

Using the parameter set in (4.1), we obtain 7;7 = 41.5387.

Figure 4.1: Bifurcation diagram for model (2.3) when 7; = 0.

Figure 4.1 illustrates how the function Sy(1) varies with the predator maturation delay
T over the interval ;. As shown in Figure 4.1, the graph of So(72) has two zeros located at
Ty = 3.56 and 1, = 7.58. S, (12) does not have positive roots for any n > 1. A stability switch
from stable to unstable occurs at 11, followed by a transition back to stability at 1o,. This
implies that intermediate delays 1> € (3.56,7.58) have a destabilizing effect on the steady state,
whereas smaller delays 0 < 7, < 11 and larger delays 7, > 7.58 exert a stabilizing influence.
Therefore, the steady state is unstable for ©» € (1, T2), and asymptotically stable for 0 <
T < T and » > Tp». Figure 4.2 numerically confirms the predicted stability transitions
shown in Figure 4.1 through time series simulations.

Figure 4.3 considers the case when there is no juvenile predator mortality (i.e., m; = 0),
and plots the curves of So(12), S1(72) and Sz(12). The intersection points of these functions
with the 1-axis represent the critical delay values at which the characteristic equation of the
positive equilibrium has a pair of purely imaginary roots. Figure 4.1 and Figure 4.3 reveal
several key differences. When m; = 0, the positive equilibrium E* remains feasible (i.e., bio-
logically meaningful) for all 7, > 0. Whereas when m; > 0, E* only exists within a finite range
of T, and the system undergoes stability switches (see Figure 4.1). However, when m; = 0 (see
Figure 4.3), once T, exceeds the first critical value, E* loses stability permanently. In addition,
as T, increases further, the curves S;(12) and Sy(12) successively cross zeros, suggesting the
onset of increasingly complex dynamics beyond simple periodic oscillations. These predic-
tions are validated by the numerical simulations shown in Figure 4.4, where large values of 1,
lead to the emergence of highly irregular oscillatory behaviors. This striking difference in dy-
namics highlights the critical role of juvenile predator mortality (111) in shaping the long-term
impact of time delays in stage-structured population models. A similar phenomenon was also
investigated in [11].

Figure 4.5 shows the bifurcation diagram of the predator population density with respect
to time delay 7, using the same parameter set as in Figure 4.1. For small 1, the curve
represents the stable equilibrium density of predators. As 1> crosses the first Hopf bifurcation
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Figure 4.5: Bifurcation diagram of predators with respect to parameter 7, with
M = 0.
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point, the curve bifurcates into two branches, a stable limit cycle appears. The time series
shown in Figure 4.2 are consistent with the bifurcation structure illustrated in Figure 4.5.

Figure 4.6: Global Hopf branches of model (2.3) when 73 = 0.

The global Hopf bifurcation branches were computed using the MATLAB package DDE-
BIFTOOL [7,8], and the results are presented in Figure 4.6. Figure 4.6 illustrates the global
Hopf bifurcation structure of the system under the condition 7 = 0 and » > 0. As 1, in-
creases, the system undergoes a Hopf bifurcation, transitioning from a stable equilibrium to
periodic oscillatory behavior. Further increase in 7, eventually suppresses the oscillations,
leading the system back to a stable state, the limit cycle disappears and the positive equilib-
rium regains its stability.

(a) T = 5 (b) T = 80

(C) T = 92

Figure 4.7: Bifurcation diagram showing local maxima (blue) and minima (or-
ange) of y(t) as 7y varies for different values of 7, = 5,80, 92.

For completeness, we also examined the complementary setting by fixing » = 0 and
treating 71 as the bifurcation parameter. The resulting bifurcation patterns, stability switches,
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In Figures 4.1-4.6, we mainly illustrate the delay-induced stability changes and oscillation
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generation mechanisms of model (2.3) under simplified delay settings by fixing one of the two
delays at zero. It should be emphasized that model (2.3) involves two discrete delays, T
and 1, whose coupled effects may significantly alter the bifurcation structure and the types
of long-term attractors. To systematically characterize the dynamical behaviors when both
delays coexist, unless otherwise stated, we fix the remaining parameters as

ro=2, di=1 d,=028, a=1 c¢=1 b=034, m; =0016, my =0.02, k=0.1

and then vary the values of 71 and 7. By combining time series, delay-embedding phase
portraits, and sensitivity tests with respect to initial histories, we reveal complex dynamical
mechanisms induced by the coupled dual delays.

25

0.5 |

Figure 4.9: Bifurcation diagram of predators with respect to parameter 7, with
T = 0.25.

In Figure 4.7, we fix three different values of 7» (namely, » = 5,80,92), and plot the
local maxima (blue) and local minima (orange) of y(t) as 7y varies to form an extrema-based
bifurcation diagram. When 1, = 5, the branches are almost two smooth single-valued curves,
indicating that as 7y varies the system mainly exhibits a stable equilibrium or a regular single-
period oscillation, and the dynamics remain relatively simple. When 1, = 80, branch splitting
and discontinuities appear over part of the 7; range (approximately 7 € [0,0.28]), suggesting
a pronounced increase in branching complexity that may be associated with multibranch long-
term behaviors (e.g., coexisting attractors). When 1, is further increased to 92, a dense cloud
of extrema emerges for 77 in the range of approximately [0.11,0.27], indicating more complex
irregular oscillations that may correspond to chaos or strongly aperiodic attractors. Overall,
as T, increases, for each fixed 1, the increase in time delay 7; exhibits a substantial rise in
dynamical complexity, with the branch structure evolving from regular single-valued branches
to multibranch patterns and even to a scattered cloud. This demonstrates that 7, plays a key
role in modulating the system’s response to 7;: the two delays are not independent, but jointly
shape stability and bifurcation behaviors through their coupling.

To further elucidate the dynamical behaviors associated with the different branch struc-
tures in Figure 4.7, we select several representative parameter points and plot the correspond-
ing time series, as shown in Figure 4.8. When 7, = 5 and 7y = 0.5 (Figure 4.8(a)), the time
series exhibits a regular single-period oscillation. Figures 4.8(b) and 4.8(c) correspond to two
representative points in Figure 4.7 with 7, = 80, namely 77 = 0.05 (the small-7; branch band)
and 71 = 0.5, respectively. Although these two points lie on different extrema levels in the
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bifurcation diagram (reflecting different amplitudes), both time series display stable periodic
oscillations, indicating that periodic attractors still dominate the dynamics at these parameter
values. Meanwhile, the nearly parallel branches and branch discontinuities observed in the
small-7y region of Figure 4.7 suggest a possible multibranch structure in that interval (e.g.,
potential attractor coexistence). When 7, = 92 and 7y = 0.2 (Figure 4.8(d)), the waveform is no
longer strictly repetitive; both the amplitude and the spacing between peaks and troughs fluc-
tuate markedly, showing complex irregular oscillations consistent with the thickened cloud of
extrema in the corresponding interval of Figure 4.7. For 71 = 0.3 (Figure 4.8(e)) and 71 = 0.4
(Figure 4.8(f)), the system exhibits period-doubled oscillations and single-period oscillations,
respectively, indicating that as 71 increases the dynamics can re-enter periodic windows from
the complex irregular regime. Overall, Figures 4.7 and 4.8 corroborate each other: for smaller
T, the dynamics are mainly regular periodic oscillations, whereas for larger 1, as T; increases,
the system can produce richer and more diverse dynamical behaviors.

To further characterize the organizing role of 7> in shaping the dynamical structure, Fig-
ure 4.9 presents an extrema-based bifurcation diagram of model (2.3) obtained by fixing
77 = 0.25 and scanning 1, where the local maxima (blue) and local minima (orange) of y(t) are
plotted. The numerical results show that the system transitions from a stable equilibrium to
an oscillatory branch near 1, ~ 2.5, and returns from oscillations to a stable equilibrium near
T ~ 116.7. In addition, around 7> ~ 76.5 and T, ~ 82.7, branch splitting and discontinuous
segments are observed, suggesting the possible presence of multiple attractors. Furthermore,
period-doubling and periodic windows can be detected for certain ranges of 1, (e.g., represen-
tative period-doubled orbits at o = 83,87,87.5,88.4,95.5,95.7,97,105), while a relatively wide
scattered band appears for 7, ~ 90-95, indicating that the system may enter a chaotic regime
or a strongly quasi-periodic state. Overall, varying 1, drives alternating transitions between
regular periodic motion and complex irregular dynamics. Figures 4.7 (1, is fixed, 7y varies)
and 4.9 (1 is fixed, T, varies) together reveal the bifurcation structure and complex dynamical
regions induced by the coupled dual delays.

To validate the typical dynamical behaviors associated with different 1-intervals in Fig-
ure 4.9, Figure 4.10 plots representative time series of y(f) (left) together with the correspond-
ing delay-embedding portraits (y(f — 1), y(t)) (right) for selected values of 7. Figures 4.10(a)-
(d) show that when 7, increases through , = 83, 87, 87.5, and 88.4, the time series remains
periodic, while the delay-embedding portraits exhibit approximately 1, 2, 4, and 8 closed
loops, respectively, forming a hierarchical pattern consistent with 2" growth (n = 0,1,2,3).
This is consistent with a period-doubling cascade, where periodic solutions evolve from T to
2T, 4T, and 8T.

Figure 4.11 shows that when 7, = 93, the time series is no longer strictly repetitive and
the embedded trajectory becomes thickened and intricately intertwined, suggesting chaotic or
strongly aperiodic dynamics.

To further illustrate the reappearance of periodic windows after the scattered region in
Figure 4.9, Figure 4.12(a)—(d) display the time series and delay-embedding portraits for 7, =
95.5,95.7, 97, and 105. The results show that the system returns to relatively regular peri-
odic oscillations at these values, with closed orbits in the embedding plane; moreover, the
numbers of closed loops are approximately 8, 4, 2, and 1, respectively, exhibiting a 2"-type
decreasing hierarchy. This suggests that after the scattered (complex) segment, the dynamics
gradually return from higher-order multi-period orbits to lower-order periodic orbits. These
observations further highlight the key role of the delay parameter 7, in organizing the bifur-
cation structure and the periodicity of the system. It is worth noting that such delay-induced
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Figure 4.11: Solution curves of model (2.3) with 77 = 0.25 and ©» = 93.

period-doubling cascades, periodic windows, and complex irregular oscillations are qualita-
tively similar to the dynamical patterns reported by Fan and Wolkowicz [9] for a discrete-delay
predator—-prey model.

To test the sensitivity of the complex segment in the bifurcation diagram (Figure 4.9) to
initial history functions, Figure 4.13 compares simulations starting from two constant history
functions on t € [—1,0]: the solid curve corresponds to x(t) = y(t) = 0.1, whereas the dashed
curve corresponds to x(t) = 0.11 and y(t) = 0.1, i.e.,, only a small perturbation is applied
to x. The left panel shows the tail time series for 7, = 93, where the two trajectories separate
clearly over time, indicating strong sensitivity to the initial history and suggesting that the
dynamics at this parameter value are characterized by complex, aperiodic behavior typical
of chaotic systems. The right panel shows the tail time series for 7, = 97, where the two
curves almost overlap without persistent divergence, implying that the attractor is closer to
a stable periodic orbit. Overall, Figure 4.13 demonstrates that the system responds weakly
to small perturbations in periodic regimes, whereas in the complex (aperiodic) regime small
perturbations can be significantly amplified.

In Figure 4.14, we fix 7 = 81.5 and construct the delay-embedding portrait (y(t — ), y(t))
for two different constant history initializations on t € [—7,0]: the blue dashed curve corre-
sponds to x(t) = 0.1, y(t) = 0.1, and the red solid curve corresponds to x(t) = 0.2, y(t) = 0.8.
After the numerical solutions enter their long-term stable evolution, the trajectories do not
converge to the same orbit; instead, they form two distinguishable closed curves in the em-
bedding plane. The blue dashed orbit covers a larger region with higher oscillation amplitude,
while the red solid orbit is more contracted with smaller amplitude. Estimating the dominant
period from inter-peak intervals after transients decay yields approximately 335.62 for the
blue dashed periodic attractor and approximately 277.96 for the red solid periodic attractor.
Therefore, for the same parameter value » = 81.5, the system admits two stable periodic
attractors, exhibiting a typical attractor coexistence (bistability) phenomenon. This also pro-
vides a plausible mechanism for the branch splitting and discontinuous structures observed
in Figures 4.7 and 4.9.
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Figure 4.13: Time series at 7» = 93 and T» = 97 for histories x(¢t) = y(t) = 0.1

(blue solid) and x(t) = 0.11, y(t) = 0.1 (red dashed), illustrating strong and
weak sensitivity to a small perturbation.
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Figure 4.14: Time-delay embedding (y(f — ©),y(t)) at &> = 81.5 showing two

coexisting stable periodic attractors: blue dashed (x(t) = 0.1,y(¢t) = 0.1) and
red solid (x(t) = 0.2,y(t) = 0.8).
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5 Conclusions and discussions

We formulate a delayed predator-prey model that incorporates both dual-stage structure and
two distinct maturation delays. A comprehensive dynamical analysis is conducted to investi-
gate the effects of these ecological mechanisms on the behavior of system. Theoretical results
demonstrate that all solutions of modle (2.3) remain non-negative and ultimately bounded. By
the corresponding characteristic equations and comparison principle, we establish both local
and global stability criteria for the equilibria in model (2.3), and identify conditions under
which Hopf bifurcations may occur. Specifically, when the effective reproductive rate of juve-
nile prey satisfies roe~ 1T < d,, the extinction equilibrium Ej is globally asymptotically stable
(see Theorem 3.1). This result implies that a sufficiently low juvenile survival rate inevitably
leads to population extinction. If rge~®™ > d,, but the predator’s conversion efficiency is
too low (i.e., my > bP(x1)e”"™™), then the predator-free equilibrium E; becomes globally sta-
ble (see Theorem 3.2, emphasizing the critical importance of energy transfer efficiency for
predator—prey coexistence. In contrast, when the predator conversion efficiency exceeds this
threshold (i.e., mp < bP(xq)e "1™2), a positive interior equilibrium arises, indicating the poten-
tial for stable long-term coexistence between prey and predator populations.

Numerical simulations are conducted to support and extend the theoretical results. In
the single-delay setting (fix one delay at zero), increasing the delay parameter causes the sys-
tem dynamics to shift from stability to oscillation, and then return to stability. Bifurcation
diagrams and time-series analyses confirm that these transitions are caused by Hopf bifur-
cations. Moreover, neglecting juvenile mortality leads to more complex system dynamics as
time delays increase. This highlights the critical importance of juvenile survival for maintain-
ing ecological stability. When both delays are present, through the extrema-based bifurcation
scans with respect to 71 and T, a richer organization of branching structures can be ob-
served, including multibranch patterns, local jumps and discontinuities, and scattered clouds
of extrema in certain parameter intervals, suggesting transitions between regular periodic
oscillations and more complex irregular dynamics. The delay-embedding portraits further re-
veal typical structures such as period-doubling cascades and the return of periodic windows.
On the one hand, within the scattered-cloud and complex regimes, sensitivity tests to initial
histories show that the system is highly history-dependent: small perturbations in the initial
history may lead to pronounced long-term trajectory separation, supporting the interpretation
that these regimes may correspond to complex attractors (e.g., strongly aperiodic dynamics).
On the other hand, in parameter ranges where branch splitting and discontinuities are more
pronounced, numerical comparisons under different history initializations indicate attractor
coexistence: for the same parameter value, multiple stable periodic attractors may coexist. This
provides a mechanistic explanation for the multibranch structures observed in the bifurcation
diagrams. Therefore, compared with the Hopf-type stability switching typically observed
in single maturation-delay models (e.g., [11,21]), the coupled two-maturation-delay case can
further exhibit richer dynamical structures, including branch splitting, period-doubling win-
dows, reappearance of periodic windows, and stronger sensitivity to the initial data.

From the perspective of stage structure and time delays, our analysis reveals that popula-
tion renewal efficiency-represented by terms like e~#™ and e~"™™®-plays a key role in shaping
the system’s stability landscape. These results offer important theoretical insights into the
complex dynamic interactions and feedback mechanisms within ecological systems. In the
current model, only adult predators are assumed to have predatory capability and are re-
stricted to feeding on adult prey. This assumption is supported by observations in certain
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bird-insect systems, where juvenile birds primarily rely on food provided by parents or feed
on abundant, non-limiting resources, whereas adult birds typically prey on larger, fully de-
veloped insects. However, this simplification may not hold universally. Future extensions of
the model could incorporate juvenile predatory behavior. Moreover, population migration is
common in the world and plays an important role in the population dynamics. We leave this
as our future work.
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