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Abstract. We study degenerate singular points of planar vector fields inside a (degen-
erate) flow box. These kind of singularities are called fake saddles and their linear parts
are always zero. We characterize fake saddles with non-zero second-order jet and we
give the first term of a uniform asymptotic expansion of the Poincaré map between two
transverse sections to their corresponding singular fiber, determining its stability.
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1 Introduction and statements of main results

Following [3,8] we define a fake saddle as a singular point having exactly two separatrices which
are contained in a smooth invariant curve separating two hyperbolic sectors, see Figure 1.1.
This kind of singularities are also known as impassable grains. Another way to think about a
fake saddle is that the corresponding vector field can be put in a form that is like a degenerate
flow box, i.e. near the singularity the phase portrait consists of parallel fibers, all but one
of which have no singular points, and the singular fiber (the union of the singular point
with its two separatrices) has a semi-stable equilibrium point, see [2]. Taking two transverse
sections ¥, and X, to the singular fiber outside the singular point there is a transition map
ITY : Xy — X, which is well-defined on both sides of the singular fiber.

The local phase portrait of a singularity with non-zero linear part (for the nilpotent case
see for instance [1, Theorem 3.5]) is well known and prevents the singular point from being a
fake saddle. Notice that the smoothness of the singular fiber is strictly necessary because the
Hamiltonian vector field ydx + x?d, has a nilpotent singularity at the origin with exactly two
separatrices that are contained in the cuspidal curve y? — 3x® = 0 separating two hyperbolic
sectors.

The first non-trivial and generic case of a fake saddle arises when the second-order jet
is non-zero. Our objective is to characterize these generic fake saddles and to analyze their
transition maps in order to determine whether the behavior is attractive or repulsive on each
side of the singular fiber. The techniques we employ allow us to derive the leading term of an
asymptotic expansion that is uniform with respect to parameters.
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2 D. Marin

Figure 1.1: Fake saddle and the associated transition maps.

This work is mainly motivated by the paper [2], which provides a normal form for generic
fake saddles that we recall in the sequel. First we can locate the fake saddle at the origin
(0,0). Secondly, if the vector field is at least of class €3 there exists a local diffeomorphism
that rectifies the germ of singular fiber, so that it is contained in the line y = 0 in a certain
coordinate system (x,y), see [2, Lemma 2.1]. Thanks to the hypothesis that the second-order
jet of the fake saddle is non-zero, after a suitable rescaling of the coordinates we can assume
that the fake saddle is defined by a system of differential equations

x = x2+axy +y> + O03(x,vy),
y=y(cx+by+O0z(x,y)),

where a,b, c € R. This normal form motivates us to consider a smooth family of planar vector
fields { X, },cacr: having the form

X (x,y) = (A0 y ) +alp)xy + Y2 f2(x,v;1))0x + (xg1(x, v; 1) +yg2(v; 1) )ydy, (1.1

where f1(x,y;u), f2(x,y;u), g1(x,y; 1) and g (y; u) are €X-functions fulfilling f1(0,0; 1) =
£2(0,0; ) = 1. We consider the following invariants

a(u), b(p):=g0;u), c(p):=g1(0,0;u) (12)

of the family (1.1) and define the associated value d(u) := 4(1 — c(u)) — (a(p) — b(n))?, which
will play a key role in the sequel.

In this paper we extend the main theorems of [2] and we give simpler proofs of them using
the results stated in [5,7]. Our first result gives a characterization of generic fake saddles inside
the family (1.1), generalizing [2, Theorem A] which only treats the case a = 0.

Theorem 1.1. If the invariants (a,b,c) given in (1.2) of a vector field X in the family (1.1) do not
belong to {d = 0} N {a® — b* = 4} then the origin is a fake saddle if and only if, either d > 0, or
c =1and a = b. In both situations after blowing up the origin we have a single singular point on the
exceptional divisor, which is a hyperbolic saddle of hyperbolicity ratio 1 — ¢ > 0 in the first one and a
semi-hyperbolic saddle in the second one.

The hypothesis (a,b,c) ¢ {d = 0} N {a? — b?> = 4} in Theorem 1.1 (which is always verified
when a = 0) can not be removed as Example 3.1 will show.

Let Q) be an open subset of R"” and let W any subset of (). We recall (cf. [5, Defi-
nition 1.2]) that a ¢’X-function f(s; ) defined in the intersection of (0, +o) x ) with an
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open neighborhood of {0} x Q) C R"! belongs to the flat class FK(W) if for each yg € W
and v = (vp,...,v;) € N*"1 with |v| = 19+ -+ v, < K there exists ¢ > 0 such that
0520y, - - - 9y f(s; )| < Csh™* for every s € (0,¢) and p € Be(po) N Q.

We consider the transverse sections X, = {x = x} toy = 0, for x € {a,w}, where
a < 0 < w. We assume that f1(x,0) > 0 for all x € [a,w]| and we consider the transition
map IIY : 2, — X,. Our second result extends [2, Theorem B], which only treats the case
a=0b=0,0d,f1 =0dyg1 =0, 2 =1and g = 0, when the transition map is restricted to y > 0.
In that theorem the authors characterize the stability of the transition map from the sign of
the Cauchy principal value

s1x,0p) 4. g - su(x0p) / 81(x,0p)
PV/ xfleydx'_elg(%<a xfle],td+ xf1(x,0; 1) ax | -

Theorem 1.2. Assume that pg € Q) and that the invariants (1.2) of the vector field X,,, in (1.1) belong
to {d =4(1—c)— (a—0b)*>> 0}. If u = po then the origin is a fake saddle of X,, and its transition
map T : Ty — %, satisfies [19 (y; p) = e7=Wy + FK ({d > 0}) on £y > 0, where € > 0 and

_ “ g1(x,0;p) m(2b(p) —c(pu)(a(p) +b(p)))
'Yj:(V) =PV N xfl(x 0; V)d x+ d(]/l) :

Remark 1.3. Using that f1(0,0) = 1 and g1(0,0) = ¢ we can explicitly compute the previous
Cauchy principal value using a convergent integral:

w w
81(x,0) w / <g1(x,0) > dx
1% =———dx =clog |—|+ —c)—.
« xf1(x,0) g‘zx‘ « \ fi(x,0) x
Remark 1.4. Clearly the sign of v+ (i) determines the stability of the singular fiber y = 0 on
the side &y > 0. In the case 2 = b = 0 the two values v+ (y) coincide with the principal

value of the integral. Otherwise the stability of the two sides +y > 0 can be different, see
Example 3.2.

It is worth to be noticed that the writing of IT¢ (y; ) in the statement implies that it is of
the form e7+(*)y 4 o(y) but also that the remainder term o(y) is uniform with respect to the
parameter y. This uniformity allows to address cyclicity problems and not just study stability.
For clarity in the exposition we will omit the dependence on y when it is not essential.

2 Proofs of the main results

Proof of Theorem 1.1. A straightforward computation shows that

u,uv)*X

Y = ( = P(u,v)udy, + Q(u,v)v,

u
with P(0,0) = 1 and Q(0,0) = —v? + (b —a)v + c — 1. The point (u,v) = (0,0) is always
a singular point of Y. If d < 0 then Y has two other singular points on the exceptional
divisor u = 0 with at least one non-zero eigenvalue. If (a,b,c) € {d = 0} \ ({c = 1,a =
b} U {a* — b* = 4}) then Y has another double singular point at (u,v) = (0, (b —a)/2) with a
non-zero eigenvalue. In these situations the transition map I1¥ : {x = a} — {x = w} is not
well defined so that the origin is not a fake saddle of X. The remaining assertions are easy to
check. O
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The proof of Theorem 1.2 is based on some results of [5,7]. For reader’s convenience we
recall here the notations that we will use in the sequel.
Consider a smooth family of planar vector fields { X, } i~y

Xy = Pi(x,y; ) x0x + Pa(x,y; 1) yy (2.1)

_ D00

Pr(0,0;1)
aratrices contained in the coordinate axes xy = 0. Let o1(s; ) = (o11(s; i), o12(s; 1)) and
o2(s;u) = (o21(s; ), 022(s; 4)) be parametrized smooth transverse sections to x = 0 and y = 0
respectively. Denote oy (pt) = 950;;(0; ) and assume that 0719 = 020 = 0. We also assume
that for all  ~ o we have P>(0,y; ) # 0 for all y € [0,0120(¢t)] and Py (x,0; ) # 0 for all

x € [0,0210(¢)]. Let us introduce the following auxiliary functions (see [7, p. 47])

) = [ (5000 355)
2(z; 1) —exp/ ( (x,0; ) +)\(y)>dxx

We will use the next result on the Dulac map of (2.1) which follows by applying [5, Theo-
rem A] and [7, Theorem A].

having a saddle point at the origin with hyperbolicity ratio A(p) = > 0 and sep-

(2.2)

Theorem 2.1. The Dulac map D(s; ) of the saddle at the origin of (2.1) associated to the parametrized
transverse sections o1 and o, admits the following asymptotic expansion

D(s; ) = 5" (o0 () + Fe(po)),

where € € (0, min(A(po),1)) and

T1110750(L2(0210))*

Ao =
B
055,0210L1(0120)

(2.3)

We will also use the following auxiliary result that gathers some properties of the flat class
FK(W) (see [5, Lemma A.2)).

Lemma 2.2. For every K € Z>( U {co} the following assertions hold:
(2) €(Q) C F3(Q).

(b) If L > L' then FK(W) c FE(W).

(c) FX(W) is closed under addition.

(@) FEW) - FEW) € Ffp (W),

(e) FK(W)o FK(W) Cc FK.(W).

Proof of Theorem 1.2. Let us compute first the value <, i.e. we assume that y > 0. For simplic-
ity we omit the dependence on u. Consider the charts (x,y) = 4+ (1, v) = (u(l —v),uv) of

the blow-up of the origin, see Figure 2.1. Notice that v = 7 L is a coordinate on the exceptional
divisor u = 0. We assume that u, v > 0, we write
T X

e Py (u,0)udy + Q(u,v)vo,
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{x=y} {x=-y}
Figure 2.1: Blowup of the fake saddle at the origin.

and define

X+ (x,y) = P (x,y)x0x + Py (x, )y,

with

Pr(xy) =Q-(y,x), Py(xy) =P-(y,x), P (xy)=Pi(vy), P (xy) =Q+(xy).

+
It can be checked that A4+ = —% > 0, so that (0,0) is a hyperbolic saddle of X.. More-
1 7
over AyA_ = 1. Consider the Dulac map D of the origin of X, between the parametrized
transverse sections
SN s _ SN o LN s
oy (s) = (—a+s' oc+s>, o, (s)=(1,s), o7 (s)=1(s,1), o,(s)= <w+s,w+s>, (2.4)

which come from the parametrizations by the y coordinate of the original transverse sections
Y, Lo and X, to the invariant line {y = 0} of X.

By Theorem 2.1 it follows that Dy (s;u) = s*M (A% (4) + Fe) for some e+ > 0, where
we write F, instead of FX ({A+ > 0}) for brevity. By applying Lemma 2.2 we get that
(1+s)* —1€ Fyand D_ € F, for some €’ > 0. Then, using again Lemma 2.2 and the fact
AyA_ =1, we can write

Ay
[{(y) = (Ds 0 D)) = (v (B + Fe)) (Mg + Fe. 0 D) = dooy + Froe,

with Agy = (Agy)** Ay and some € > 0. According to (2.3) and (2.2), in order to compute the
coefficients A5y we must consider the following functions:

_ P 0

Rialy) = 7o (0y) = ji‘ govd s,
2

R (x) = 5 —a+b+c—2)x>+(a—c+2)x—1

2 Pf %9 1—c (a— —c+2 X2+ (—a+b+2c—2)x+1—c|’

R+(y):P+ a+b—c+2)y +(@a+c—-2)y+1

12 1—c (a—b+c—-2)y*’+(—a+b—2c+2)y+c—1
P+ ,

Ri(x) = 7 (00) = fgx,()i

Notice that A := A, =1 — ¢ > 0 and recall that A_ = % According to (2.2) we consider the
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functions
tog Ly ()= [ (Rl + - ) %L = [ (82 )
- u d 1 u (c(a—b—c+2)x—(ac—cz—b—l—c))dx
log L, (u) ::/0 (Rm(x)—i_/\_)?x:l—c/o (@a—b—c+2)x2—(a—b—2c+2)x—(c—1)’
u 1\d 1 qu (c(a—b—l—c—2)y—(ac+c2—b—c))dy
log Ly (1) ::/o (RE(yH_M)yy:l—c/o (a=b+c—-2)y>?—(a—b+2c-2)y+(c—-1)
log Ly (1) ::/Ou(R;(x) +Aq) d% = /Ou <§.Ej:8; — c) d%

From (2.4) we compute the partial derivatives (735( = 8’5‘019—% (0) of the parametrizations 07" (s) =

(071 (5),075(5)):
o =1/, opy=—a, Oo0=1 0y, =1 0o}y =1 o =1 0)y=w, 0 =1/w.
Then, according to (2.3) and Remark 1.3, we obtain the following expression:
- P _ - A

Moo = (Agg)™ A = 0731 (120) " (L3 (0530))* (033) o350 L5 (050) _ (—a) ALY (w) (Lz (U)

Ly (0120) (0321 510(L1 (0130)) 1031 (0310)* ™ALy (=) \ Ly (1)

w
81(x,0) >
= ex PV/ S———dx + ,
(7 [ ey o

L, (1)
Ly (1)

where 79 := Alog (). Let us prove now that

_7(c(a+b)—2b)
70 = Nz .

With this aim notice that
log Lf(u; a,b,c) =logL, (u;—a,—b,c) = a(u;a,b,c) + p(u;a,b,c)

where

a(u;a,b,c) =

c log l—c+(@a—b+2c—2u+ (—a+b—c+2)u?
)

2(1—c 1—c¢
and
ﬁ(u; a, b,c) = _((?;r_bzc;%h) [arctan (2(17C)+b—a$%(a—b+c—2)u> — arctan (Z(I—f/);rb—a):| )
Since a(1;a,b,¢) = ~3i0 log(1 — c) we obtain that
Ly (1) ((a+b)c—2b)
lo ( 2 ) = B(1;,—a,—b,c) — B(1;a,b,c) = ——————=F(a,b,c),
elra)) =P P (1—c)vd

where F(a, b, c) is the following function
arctan (%) — arctan (%) + arctan (%) — arctan (%) .

Notice that F(a,b,c) = G(c,e) only depends on c and e = b — a because d = 4(1 —¢) — €. It
can be checked that 0.G = 9.G = 0 so that G, and consequently F, is constant. Evaluating at
e = 0 we obtain that F = —rr.

To compute y_ it suffices to apply to X the symmetry (x,y) — (x, —y) that transforms the
invariants (4, b, c) into (—a, —b, ¢) and the value ¢ into —y. O
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3 Examples and applications
Example 3.1. For each integer n > 3 we consider the vector field
Xn = (X —+ y)zax + ynay

having a degenerate singularity at the origin with invariants (a,b,¢) = (2,0,0) € {d = 0} N
{a? — b =4}.

It can be checked that in the resolution of singularities of X3 appears a saddle-node whose
weak separatrix is not the strict transform of y = 0 and meets transversely the exceptional
divisor. Consequently the origin is not a fake saddle for the vector field X3.

On the other hand, the blowup of the vector field X4

,uv)* X
Yo = (vuvv)4 = (—(u+1)2+u0®)ud, + (u+1)%09,
has two singular points on the exceptional divisor v = 0: (u,v) = (0,0) which is a hyperbolic
saddle and (u,v) = (—1,0) which is degenerated. Moreover,

Yy = (u—1,0)*Yy = (* +0* — u® — duv* + 6uv* — 4u’0* + u*v?)o, + u*vd,

has invariants (a,b,c) = (0,0,0), so that d = 4 and the transition map along v = 0 is well-
defined for Y;. Thus, the origin is a fake saddle of X4, see Figure 3.1. This example (for which

0.2 7

LS

—02-

Figure 3.1: Numerical solutions of X = (x +)?9, + y*9,.

a1y :=a =2, hgy :=b =0and hyp := c = 0) contradicts the following claim of [2]: “it is
readily seen that a necessary condition for the origin to be a fake singularity on the singular
fiber y = 0 is that [...] either (ho; —a11)? +4(ho—1) <0, or that i1 g = 1 and hoy = ay1.”
Moreover, since a = b = 0, according to Theorem 1.2, the derivative at v = 0 of the transition
map 1% (v) of Y7 is

1—ua
1-w

7

w uZ
exp PVA mdﬂ = ‘
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so that it is contractive or repulsive on both sides v > 0. Notice that the transition map
IT1(y) of X4 is contractive on one side y > 0 and repulsive on the other side y < 0, see
Figure 3.1.

Example 3.2. Consider the quadratic homogeneous vector field X = (x? + y? + axy)dy +
(ex + by)yd, with d = 4(1 —c¢) — (a —b)*> > 0. Taking « = —1 and w = 1 we have that

Pvfw §.] i(()) d; PVfl dex = 0 Taklng alSO a = ]. b - _1 c = -1 (SO that d - 4)

the transition map I17] is contractive for y > 0 and expansive for y < 0 in accordance with
Hﬂ (y) = e"*y + Fiie, Wwhere y2 = 0+ 71(_2(_1)_9_1)(_1)) = £ depending on the sign £+
of y, see Figure 3.2.

Figure 3.2: Local phase portrait of the vector field (x? +y* 4+ xy)dx — (x + y)ydy
having first integral In (y?(2x? + 2xy + y?)) — 2arctan(*2Y).

To finish this work we apply Theorems 1.1 and 1.2 to the study of the following family of
degenerated singularities considered in [4]:

x = Bx%y + axy?® — By° — x4,
z,: 17 =P Iy 5y5 1= (a,B) € R (3.1)
Yy = 4Bxy° + ay’ + 2x°,

According to [4, p. 189], the origin is monodromic for Z, if and only if g > 1/4.
Blowing up the origin, see Figure 3.3, we have that

(x,ux)*Z,

2 = (3Bu® + Bu* + ux + 2x%)9, + (Bu + au® — pu® — x)x0y

Y, =
and, assuming that g > 0

PO (I RV (CUC I A PR ES R
F=\3p" /6B VY Jep " 27p? 3 e 9B 27p2 )

is of the form (1.1) with fi(x,y;u) = 1+ 27!52, f2

) =1, a(p) = ﬁ g1l yin) =

(x,
38— e ga(i) = b(p) = —— s and () = %

Notice that f(x,0; ) # 0forallx € Rand d(p) = 4(1—c(p)) — (a(p) —b(p))* = 3(4— %)
is positive if and only if f > ;. By applying Theorem 1.1 we also deduce that the origin is
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Figure 3.3: Blowup of the origin for the family Z, in the charts 7r(x, u) = (x, ux)
and 7(v,y) = (vy,y).

monodromic if and only if B > 1. In that case we can apply Theorem 1.2 and consider the
limit (as 7 — 07) transition map IT7Z(y; ) = €Wy + F2 ({B > 1}) of X,, with

_ PV/+OO 3 952 B 2752 dx T

o 1
27;32 $V4ﬁ <ﬁ\@$v4ﬁ_1>.

Assuming that > 1, the Poincaré return map R(x u) of Z, around (0,0) is the composition
of two transition maps 172 (x; ) = e"Wx + F> ({B > 1}) of X,, one for x > 0 and
the other for x < 0, see Figure 3.3, so that R(x;p) = ¢"Wx + F2 ({B > 1}) with () =

27t

Vo) +r-(u) = 53 In agreement with [4, p. 189].

Notice that for any B > 1 the origin is a center of Z()p) because it is reversible via
(x,y,t) — (—x,y,—t). Moreover, thanks to the uniform properties of the flat remainder
class F7, we can assert that the ciclicity of the origin in the family (3.1) is zero at any
mo = (wo,Po) € R? with Bo > %. This last assertion can not be deduced from the results
in [4] because they are not uniform with respect to parameters. Indeed, this property is clear

for ag # 0. Assume now that xg = 0. We can express the displacement function

2ma

R(x;p) —x = x(ePs =1+ f(x; 1)),
with a remainder term f(x;u) € F&° which vanishes identically along « = 0. By using the

division result [6, Lemma 4.1] in the flat class FK, we can write f(x; 1) = ag(x;u) for some
g € F&. If ax # 0 then

2mn

R(x;p) —x  eps —1
ax o

+g(x;p)

tends to 5 f # 0as (x,u) — (0, 1p). Hence there is no limit cycle for Z, near the origin for
any p ~ po.
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