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Abstract. We develop a predator-prey model with logistic prey growth, linear pre-
dation, proportional harvesting, and predator intraspecific competition. Starting from
an autonomous ordinary differential equation (ODE) model, we extend it to reaction—
diffusion systems to capture spacial movement of populations. Periodic and non-
autonomous equations incorporate seasonal and anthropogenic effects. We formulate a
non-autonomous differential model with periodic parameters. We analyze the equilib-
rium stability, and derive conditions for Turing instability. We use coincidence degree
theory to show the existence of positive periodic solutions. Numerical simulations illus-
trate spatial pattern formation and the influence of parameters on population dynamics.
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1 Introduction

A century after Alfred J. Lotka (1925) and Vito Volterra (1926) independently introduced
their the foundational predator—prey equations, these models remain central to understand-
ing species interaction and population dynamics. The Lotka—Volterra framework formulated
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through ordinary differential equations (ODEs) continues to appear in both theory and appli-
cations; see the short communication by Fort [6] “Lotka—Volterra at 100: How predator-prey
modeling became a universal framework”.

Temporal models assume a well-mixed environment, yet ecosystems are spatially hetero-
geneous. reaction—diffusion models address this by representing both self-diffusion (driven
by intraspecific movement) and cross-diffusion (driven by prey avoiding predator rich zones
or predators actively seeking prey dense areas). Introduced by Kerner [11] in 1959 and later
applied by Shigesada et al. [22] in 1979, cross-diffusion can generate stationary spatial pat-
terns via Turing instability. A.M. Turing [30] showed that a system of reacting and diffusing
chemicals could evolve from initial near-homogeneity into spatial patterns of chemical concen-
tration. Cross diffusion driven patterns have been linked to real-world ecological phenomena
including predator—prey patchiness and spatial segregation, see [7,8,12,13,24,28,29,32,34].

Seasonal fluctuation and human activities, including harvesting, create time dependent
variations in ecological patters. Non-autonomous models with periodic coefficients therefore
offer a more realistic framework. There have been recent studies in this direction, see [3-5, 14,
15,23,31,35].

Let us mention some of the recent works that motivated our research. Wang et al. [32],
inspired by the work in [21], studied the existence and Turing instability for positive solutions
of

ou ’ cuv
g—duAu—ru—du _1+tx(§+u+kv' xeO, t>0,
v _ B(u+¢—pko)o
e dUAv_l—i—sz—f—u—f—kv mv, xe€,t>0,
Ju dJv
a—a—o, xEBQ,t>0,
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Bhutia et al. [2] studied a cross-diffusion and nonlocal competition model with harvesting,
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Yu et al. [35] investigated periodic solution of a non-autonomous Gause-type predator—prey
model with Allee effect,

B (1= ) (0 o)) - 2Oy v,
dv u(t)?

T P(t)mv(t) —b(t)v(t) — Ea(t).

Pati [20] studied a logistic Lotka—Volterra predator-prey model with delayed harvesting of the
prey,

dL;(f) = ru(t) <_”(t)) —au(t)o(t) — qEu(t — 1),
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Ojha et al. [19] studied predator—prey and the impacts of anti-predator behavior, in au-
tonomous and non-autonomous settings. Wang and Zhang [33] investigated effects of dif-
fusion on a degenerate predator—prey model with cross-diffusion. Sun and Ma [25] studied a
competition-competition-predation system with cross diffusion.

In this work, we study a predator—prey model that incorporates logistic prey growth, linear
predation, harvesting of prey, and intraspecific competition among predators. Then we extend
the model to a reaction-diffusion system with self-diffusion, and then to a cross-diffusion
model. We further formulate a non-autonomous ODE model by introducing periodic time
dependence into the ecological parameters.

This article is organized as follows. In Section 2, we present the base, an autonomous ODE,
its self-diffusive and cross-diffusive PDE extensions, and a non-autonomous ODE formulation.
In Section 3, we analyze the stability of the autonomous, self-diffusion, and cross-diffusion
models. Also we derive conditions for Turing instability. In section 4, we show the existence
of solutions for a non-autonomous model using coincidence degree theory. In Section 5,
numerical simulations illustrate the theoretical results, and highlight the role of cross-diffusion
in generating spatial patterns.

2 Formulation of models

In this section, we formulate a base model and its extensions to self diffusion, cross diffusion
and non-autonomous models.
2.1 Baseline model

We start with a predator—prey system that includes logistic prey growth, linear predation,
harvesting of prey, and intraspecific competition among predators.

du u
E—ru<1—E>—auv—hu, t>0,
il;; = abuv — uv?, t>0, (2.1)

u(0) =uy >0, ©v(0)=1v9>0,

where u(t) and v(t) denote the population densities of prey and predator, respectively. The
parameters are defined as follows:

* g — attack rate of predator on prey,

* b —Dbiomass conversion efficiency by predator from prey caught,

h — harvesting effort applied to prey, including a catchability factor,

* k — carrying capacity for the prey population,

i — strength of intraspecific competition in the predator population,
* r —intrinsic growth rate of prey,

The prey population dynamics is influenced by three primary processes. First is the logistic
growth ru(1 — %) that captures the increase constrained by environmental carrying capacity
k. Second is the predation loss auv, caused by predators. Third is the harvesting loss hu.
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Figure 2.1: Schematic diagram of the predator—prey model

Harvesting plays a crucial role in shaping population dynamics. It can serve as a manage-
ment tool to maintain ecological balance and ensure sustainable yields, but excessive or poorly
regulated harvesting can lead to population decline, destabilization of predator—prey interac-
tions, or even extinction. Incorporating harvesting terms allows us to study how it interacts
with other ecological factors [9,18]. In our model, harvesting is proportional, in contrast to
the additive harvesting used in [35].

The predator population is governed by two mechanisms. First is the growth abuv caused
by consuming prey. Second is the Intraspecific competition pv?. It refers to the interaction
among individuals of the same species competing for limited resources. This competition
becomes particularly significant when population density increases. In crowded conditions,
individuals experience greater difficulty in accessing essential resources, leading to reduced
reproduction rates or increased mortality [1,10,26,27].

2.2 Self reaction—diffusion model

To incorporate spatial effects, we extend the ODE system (2.1) to a reaction—diffusion model
that results in a system of partial differential equations,

ou u

g_dUAu+ru(l—E)—auv—hu, xeQ, t>0,

0

£2d22A0+abuv—yvz, xeO, t>0, 22)
ou 0v

_— = — = Q

% = 3u 0, x€d0, t>0,

u(x,0) =up(x) >0, up Z0, v(x,0) =v9(x) >0, v0Z0, x€Q,

where u(x,t) and v(x,t) represent the spatial densities of prey and predator, d;; > 0 and
dy > 0 are the self-diffusion coefficients, (3 C R", and Au = Uy y, + Uxyx, + -+ + Uy,x,. The
homogeneous Neumann boundary conditions imply that there is no flux across the boundary,
modeling an isolated habitat.

2.3 Cross reaction—diffusion model

In real ecological systems, the movement of one species can be influenced by the density
gradient of another species. This leads to the introduction of cross-diffusion terms. Our
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model is partial differential equation

ou u

T di1Au + dipAv + ru (1— E) —auv—hu, x€O,t>0,

?;; = dyAu + drpAv + abuv — ]wz, xeQ, t>0, 23)
Ju dvu

—=—= 00, t

% = 3y 0, x€d0), t>0,

u(x,0) =ug(x) >0, uy#0, v(x,0)=0v9(x) >0, vg#£0, x€.

Here dipAv and dy;Au indicate the influence of predator gradients on prey movement and
the influence of prey gradients on predator movement, respectively. We assume the diffusion
coefficients dy1, dip, do1, and dyp are non-negative. The cross-diffusion introduces a non-
Fickian movement behavior and has been shown to be a critical mechanism in generating
spatial heterogeneity through Turing instability.

2.4 Non-autonomous model

To incorporate environmental seasonality and human-induced fluctuations, we extend the
base predator-prey model (2.1) by allowing certain parameters to vary periodically with time.
The intrinsic growth rate r(t), predator’s attack rate a(t), and harvesting effort /(t) depend
on seasonal fluctuations such as resources availability, temperature, reproductive cycles, and
habitat structure. The harvesting effort h(t) depends on open/closed harvesting seasons,
regulatory cycles, or economic activity patterns. The harvesting may not agree with starting
of the seasonal cycles, so include a phase shift ¢. The resulting non-autonomous system is

d
d%l =r(t)u <1 - %) —a(t)uv — h(t)u, 0
% = a(t)buv — uv?,

where the time-dependent parameters are assumed to be continuous and T-periodic. For
example

a(t) = a(1+ ag cos(wt)),
h(t) = h(1+ aysin(wt + ¢)),
r(t) = 7(1+ a,sin(wt)),
with a, h, 7, representing the average values of predator attack rate, harvesting effort, and

prey growth rate, respectively. The parameters «,, a;, and «,, and (0 < a; < 1) determine their
amplitudes, while w = 27t /T is the frequency, and ¢ is a phase shift.

3 Stability of equilibrium solutions

3.1 Stability for the base model

Model (2.1) has three equilibrium solutions. The first solution is # = 0 and v = 0. This can be
caused by the initial conditions or by the prey dying out and therefore the predator dying out
later.
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The second solution is semi-trivial with v = 0, which can be caused by the initial condition
on predators or by ab = 0. If the predator goes extinct, we set y = 0 to avoid v having negative
values. When v = 0, system (2.1) becomes the logistic model with harvesting,

d—u:ru(l—z>—hu.

The solution to this equation yields the equilibrium solution to (2.1), with u = k(1 — %) and
v=0.
The third equilibrium solution is obtained by setting the right-hand sides of (2.1) to zero.
This yields
ku(r—nh b
u* - LZ), U* — iu* . (3.1)
ur + a*bk U
Note that the denominator is not zero, because we assumed ab > 0. Also note u* and v* are
positive constants.
To avoid depleting the prey, we assume that the grow rate is larger than the harvesting
rate, i.e.

r>h (3.2)

To analyze the stability of equilibrium solutions, we need to compute the eigenvalues of the

Jacobian matrix
_ (Di(u,v) Dsy(u,v)
Jwo) = (D) Dern)) 53)

where

Dl(ul’()):?'(l—zlz/l) —av—h, DZ(M,U) = —au,
Ds3(u,v) = abo, Dy(u,v) = abu — 2uv.

The eigenvalues are the roots of the characteristic equation
A% —tr (J(u,0))A +det (J(u,0)) =0,

where tr(]) = D1 + D4 and det(J) = D1Dg — Dy Ds.
First we analyze the equilibrium point (0,0) of (2.1). The eigenvalues are A; = 0 and
Ay = r — h. By assumption (3.2), A, is positive so that this equilibrium point is unstable.

For the semi-trivial solution, u = k(1 — ) and v = 0, the eigenvalues are A\; = —(r —h) < 0

and Ay = %% (y — 1) > 0. This yields a saddle point, and makes this equilibrium point unstable.

7

For the equilibrium (u*,v*) given by (3.1), the Jacobian has

u(r —h)(r + abk) _abku(r — h)?

tr (J(u*,v*)) = — ur + %K <0, det (J(u*,v")) = ur + a7k

Because tr(]) is negative and det(]) is positive the characteristic equation has two roots (the
eigenvalues) whose real parts are negative. Therefore, the equilibrium point is asymptotically
stable which is stated in the following theorem.

Theorem 3.1. Under assumption (3.2), the equilibrium solution (u*,v*) of (2.1) is a locally asymp-
totically stable.
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3.2 Stability for the self reaction—-diffusion model

Since the solution (u*,v*) of (2.1) is constant with respect to x, we have Au* = Av* = 0 which
makes (u*,v*) a solution to (2.2). We consider (2.2) as a perturbation of (2.1), and define
u =u*+1 and v = v* + 9. Then the linearization of (2.2) leads to the system

ai:dllAﬁ—k r 1_2u —av* —h|d—au*o

ot k

o (3.4)
Bit) = dp AT + abv*ii + (abu™ — 2uv*)7.

Let o be the eigenvalue, and « be a wave number of system (2.1). Then the change of variables

i = e’ sin(ax) and ¥ = de”" sin(ax),
with i and @ constant, transforms system (2.1) into
u
o (3) = ht, o (7)
7 ,
where the Jacobian matrix is

[ = D1 (u*,v*) — a?dy Dy (u*,v*)
4= Ds(u*,v*%) Dy(u*,v*) — a’dy .

S

Then the characteristic equation for J;(u*, v*) is
0% — tr(Ja(u*,0*))o + det(Ja(u*,0%)) =0,
with
tr(Ja(u*,0%)) = —(di1 + do)a® + tr(J (u*, v*)),

det(J;(u*,v*)) = dyydapa’* — (d11D4(u*,v*) + dzle(u*,v*))ocz + det (J(u*,v*)).

Since d11 > 0, dop > 0, and tr(J(u*,0*)) < 0, it follows that tr(J;(u*,v*)) < 0. Regarding the
determinant, we have

2 2h
(d11D4(u*,v*) + dzle(u*,v*)> = —dnabu” + dp {(V —h) - (kr * aﬂ) u*]
_ . AN A
= —dqy1abu dzz(?’ h) ot 2k < 0.

So the coefficient of a> becomes positive, which makes det(J;(u*,v*)) positive. Then the
solution ¢ to the quadratic equation has both roots with negative real part and this equilibrium
point is asymptotically stable. This is stated as a theorem.

Theorem 3.2. Let (3.2) hold. Then the equilibrium solution (u*,v*) of (2.2) is asymptotically stable.

Note that stability of solutions to (2.1), (2.2), and (2.3) does not depend on the initial
conditions, as long as the initial conditions are positive.
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3.3 Turing instability for the cross reaction-diffusion model

In this section, we assume that the diffusion matrix
dyp d
D— < 11 12)
dy dx

di1 >0, dy >0 and dyi1dn —drndpp > 0. (3.5)

is positive definite, equivalently

As in the previous section, we regard (2.3) as a perturbation of (2.1). Then the Jacobian matrix
is

N Dl(u*,v*) — lxzdu Dz(u*,l)*) — Dézdlz
Jeal”,07) = <D3(u*,v*) —a?dy; Dy(u*,0*) —a?dyn) (36)
Then the characteristic equation for J.;(u*,v*) is
o —tr(Jq(u*,v*))o + det(Jq(u*,v*)) =0, (3.7)

where tr (Joq(u*,v*)) = tr (Ja(u*,0*)) <0, and

det (Joa(u*,v*)) = (d1da — d1adar)e*
— <d11D4(u*, U*) + dzle(u*,Z)*) — d21D2(u*,v*) — d12D3(u*,v*)>uc2 (38)

+ (Dl(u*,v*)D4(u*,v*) - Dz(u*,v*)D3(u*,v*)).

The first term of the above expression is det(D) > 0 and the third term is det (J(u*,v*)) > 0.
If the second term of (3.8) is non-negative, i.e.

d11D4 +dpDy — dioDy — d1pD3 > 0, (3.9

then det (J.4(u*,v*)) > 0 and (u*,v*) is an asymptotically stable solution of for system (2.3).
On the other hand, if the second term of (3.8) is negative and large enough,
det(J.4(u*,v*)) < 0 which leads to Turing instability. So we look for conditions that imply
det(J.4(u*,0*)) <O.
Note that (3.8) is a quadratic polynomial of a%, whose graph is a parabola that opens up;
so minimum happens at the vertex

2 d11Dy + dp Dy — dy1 Dy — d12D3
2(d11dy — dipda)

and )
(d11D4 + dyp Dy — dyy1 Dy — d12D3)
4(d11da — dioda) '
Here we omitted the variables (u*,v*) in Dy D, D3, and Dy, which are given by (3.1) and
(3.3).
Therefore, a sufficient condition for det ( Jea(u*, v*)) < 0, and hence for Turing instability,
is

det (Jog(u*,v*)) = D1Dy — D,D3 —

(d11Ds + dpDy — dn Dy — d12D3)2
4(dy1dop — diodn) '

DDy — DD; < (3.10)
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This inequality can be written as

2
d1 du) <D1 D2> >
4det(J)det(D) < | det + det .
et(J) det(D) ( ¢ <D3 D, N\ da
Under assumption (3.10), the equation det (J.4(u*,v*)) = 0 has two positive roots:

’ (d11Dy + d D1 — dp1 Dy — d1oD3) £ VA

a — 7
12 4(dy1dp — drodn)

where
2
A = (d11Dg 4 dppeDy — dyn Dy — d12D3)" — 4(d11das — dizdn ) (D1Ds — D2D3)
For a? between these to roots, we have Turing instability, as stated in the next theorem.

Theorem 3.3. Suppose that (3.2) and (3.5) hold. If (3.10) is satisfied, then the equilibrium point
(u*,v*) for system (2.3) is unstable. Moreover, these conditions give rise to a Turing pattern for values
of &2 in the interval (a3,03).

On the other hand, if (3.9) is satisfied, then solution (u*,v*) is asymptotically stable.

4 Existence of solutions to the non-autonomous system

We have 3 equilibrium solutions. If the prey goes extinct, then the predator also goes extinct.
This leads to the trivial solution (0,0). If the predator goes extinct, (2.4) becomes a logistic
equation with harvesting,

%‘ — r(t)u(t) ( _ “gf)) — h(t)u(t)

which has the constant solutions # = 0 and

To avoid predators going extinct, we assume that a(t)b > 0 so predators always have food that
is converted into biomass. By setting the right-hand sides of (2.4) to zero we find a solution
whose components are positive, prey

and predator
o — a(t)bu* _ a(t)bk(r(t) —h(t))
M pr(t) + (a(t))?bk

Provided these two components of the solution are constant. The next task is to obtain so-
lutions that are not constant, for example T-periodic solutions, assuming the coefficients are
T-periodic. To do this we use coincidence degree theory, with the following notation.

Let Z and W be real Banach spaces, and let L : dom(L) C Z — W be a Fredholm operator
of index zero. If P : Z — Z and Q : W — W are continuous projectors such that im(P) =
ker(L), ker(Q) =1im(L), Z = ker(L) @ ker(P), and W = im(L) © im(Q), then L|qom(L)ker(p) :
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dom(L) Nker(P) — im(L) has a generalized inverse operator denoted by K. If ( is an open
bounded subset of Z such that dom(L) N Q) # 0, then a mapping N : Z — W will be called
L-compact on (), provided that QN(Q) is bounded and K,(I — Q)N : Q — Z is compact.

For the abstract equation Lz = Nz to be solvable we have the following theorem from
[17, Theorem 2.4, p. 84].

Theorem 4.1. Let L be a Fredholm operator of index zero and let N be an L-compact on Q). Assume
the following conditions are satisfied

(1) Lz # ANz for every (z,A) € [(dom(L)\ ker(L)) NoQ] x (0,1);
(2) Nz ¢ im(L) for every z € ker(L) NoQY;

(3) Do(QN|ker(r), ker(L) N Q) # 0, where Q : W — W is a projector as above with im(L) =
ker(Q).

Then the equation Lz = Nz has at least one solution in dom(L) N Q).

Since we are interested in solutions (1, v) with positive components, we can use the change
of variables

So that (2.4) becomes

dZ1 . ezl(t) 2 (1)
i r(t) (1 i a(t)e) —h(t), t>0,

dz;
dt

4.1)
= a(t)be?® — e >0,

Now we look for solutions (z1,z2) with components that can be positive, negative, or zero. We
set up the coincidence degree theorem as follows. Let Z = W be the Banach space consisting

of pairs on functions (z1,z,) with components in C(R,R) and such that z;(t + T) = z;(t) for
allt e Randi =1,2. In Z and W, we use the norm

— t ).
Izl [max |z1(t)] +0§%XT|22( )|

We define the operator L with domain dom(L) consisting of pairs of functions that have
continuous fist derivative and are T-periodic.

L:dom(L) — W, L(z1,22) = <d21 dzZ) .

dt’ dt

The kernel of L consists of pairs of constant functions; i.e. ker(L) = R?, whose dimension is 2.
Since the derivative of a T-periodic function is also T-periodic, the range of L consists of pairs
of continuous T-periodic functions; thus

im(L) = {(21,22) eW: ;,/()Tzi(s)ds =0,i= 1,2} .

Now we define the projections operators P: Z — Z and Q : W — W by

P(z1,z2) = Q(z1,22) = (; /OTzl(s)ds, ;/OTh(s)ds) .



Predator—prey model 11

Note that P has range consisting of pairs of constants, which is precisely the kernel of L, i.e.
im(P) = ker(L). Since each periodic function can be written as its average plus a function
with zero average, we can write Z = ker(L) @ ker(P). Also note that the kernel of Q consists
of pairs of T-periodic functions whose average is zero, this is precisely the range of L, i.e.
im(L) = ker(Q). Using again that each periodic function can be written as its average plus a
function with zero average, we can write W = im(Q) & im(L).

The only pair of constants that is in the range of L is (0,0) thus the cokernel of L has
dimension 2. In summary L is closed, unbounded, densely define on Z, and dimker(L) =
dim coker(L) = 2. Therefore, L is a Fredholm operator of index zero.

We define the operator N : Z x W — W by

N(Z(t)/ t) = (rl (Z/ t)IFZ(Z/ t))/
where I'; and I'; are the right-hand sides of (2.4); i.e.

ezl(t)

Ty (z(t),t) = r(t) (1— . >—a(t)e22<f>—h(t),

Ca(a(t), £) = a()ber® — e,

where z = (z1,z2). Since a,h,z1,z; are continuous and T-periodic, so are I'y and I'. In
particular if z = (z1,2) belongs to a bounded set Q) C Z, say |z1| < M and |z2| < M, then

IT1(z(t),t)] < max {r(t)} + max {a(t)}eM + max {h(t)},

0<t<T 0<t<T 0<t<T
T (z(t), )] < ) heM M
T2(z(t),t)] _Org%xT{a( ) yboe™ + pe’,

for all t € [0,T]. Adding these two inequalities we obtain an upper bound M, such that
IN(Q x [0,t])]| < M. Then the projection QN (Q x [0, t]) has also the same bound.

To show that N is L-compact, we use the Arzela—Ascoli theorem. First we define the
generalized inverse of L as K, :€ L — ker(P) Ndom(L) by

Ky(w) :/Otw(s)ds—;/T/tw(s)dsdt.

0 JO

It is easy to check that L(K,(w(t)) = 4 (K,(w(t)) = w(t).
Now we show that for each bounded subset () C Z, the set K,(I — Q)N(Q x [0, T]) is
bounded. For each z € (), we have

1K1~ QNG = | [ (1= QNG )ds = 1 [ - QNG ) ds
< [[INGs)las+ g [ ING )] ds

3T -
<M.
=5M

To show that functions in K, (I — Q)N(Q x [0, T]) are equi-continuous, we find a common
bound for their derivatives. For each z € (), from the definition of the generalized inverse, we
have

|5 o1~ QNG O] = 1 - QNG 0| < .
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Therefore, K, (I — Q)N(Q x [0, T]) is compact and N is L-compact.
For the next theorem, we need the following constants:

— h(t) - bM;
M = korgtag(T{ D) }, M, = Orgag(T{a(t) v
M; := k min {1 _ a(t)Ms +h(t) } , My := min {a(t) %

0<t<T r(t) 0<t<T i

Note that if M; is positive, so is M. Also if M3 is positive so is M.

Theorem 4.2. Assume 0 < Mj and 0 < Ms. Also assume that a(t), r(t), h(t) are continuous,
positive, and T-periodic functions with r(t) > h(t). Then system (2.4) has at least one T-periodic
solution with positive components.

Proof. We have already done the setting for the coincidence degree theory. For (1) of Theo-
rem 4.1, equation (4.1) is rewritten as L(z(f) = N(z,t). For (1) in Theorem 4.1 we have

- ez1(t)
@;:AkoQ— k)—mw&ﬁ—mﬂ,

dz;
dt
for all t € [0, T]. The strategy is to define a constant M such that the interior of the ball

4.2)
= /\[a(t)bezl(t) _ yeZZ(t)],

QO={zeZ:|z| <M}

contains all solutions of (4.2) for all A € (0,1). This way there are no solutions on the boundary
of this ball, and part (1) of Theorem 4.1 is satisfied.

Let A € (0,1) be fixed and z = (z1,2z2) be a solution of (4.2). Since z; and z; are continuous
on [0, T], they attain their maximum and minimum: max{z;(t)} = zi(t1), max{z2(t)} =
Zz(tz), min{21 (t)} = Zl(tg), and min{zz(t)} = Zz(t4). Then le (tl) = le(tz) = le(tg) = le(i'4) =
0. From the first equation (4.2), we have

ezl (tl)
T’(t1> (1 — 2 ) —h(tl) .

> < My, VtE[O,T].

<A

z1(t1)
0:Aiﬁﬁ<1—e;1>—ﬂhkmm—%ﬁﬂ

Then solving for ¢7 (1) we have

h(t)
r(t)

ea(t) < ea(h) < <1 _
From the second equation (4.2), we have
0= /\[a(tz)bezl(tz) _ ‘uezz(tz)]_
Solving for e?2(*2), and using the inequality for M;, we have
ﬁmgww<am%ngb vt e [0,T].

Using this inequality in the first equation (4.2), we have

e1(f3) ez (t3)

0:AP09<1— )—a@@fﬂﬁ—hug]>APug(L— )—uughb—hug
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solving for ¢“1(3) we have

s () > e () > k(l — ﬂ(t3)]\f(2t‘f)‘ h(tg)) > Ms, Vte [O, T] .
3

Using this inequality in the second equation (4.2), we have
0= /\[a(t4)bezl(t4) — WZz(m)] > Ala(ts)bM; — Vezz(t4)]'

Solving for e22(l) we have
22 > galt) a(meMB > M, Ve [o,T].

At this moment we can define () that satisfies condition (1), but we want to satisfy (2) of
theorem 4.1 at the same time.

For satisfying (2), we show that any function z in ker(L) satisfying N(z) € im(L) is in
the interior of (), hence not on the boundary. Let z* = (z],z;) be in ker(L). Then z} and z;
are constant functions. Computing N(z*) yields the right-hand side of (4.1). For this pair of
functions to be in the range of L we need

;/OTr(t) (1 - e;) —a(t)e®” —h(t)dt =0,

1 T * *
—/ a(t)bet —pe2dt =0.
T Jo
Equivalently,
Z1*
7(1 - ek > ae*** —h =0,
abe*t — e = 0.

This system has solution .
Al = k,u (77 — h)
U7 + a2bk’ u

where the bar on top means the average, 7 = + fOT r(s)ds.
Let

Q={ze€Z:|z| <14+max{|z]|+ |z3], max{| In(M1)|, | In(M3)|} +max{| In(My)|, | In(M4)|} }.

Certainly, if fora A € (0,1), (4.2) has a solution, then it is in the interior of (), so that (4.2) does
not have solution on the boundary of (). On the other hand if (4.2) does not have solution,
(4.2) does not have solution on the boundary of Q). This proves condition (1) of Theorem 4.1.
For condition (2), we see that the only element z* that is in ker(L) and N(z*) € im(L) is in
the interior of (2 and cannot be on the boundary.
To prove condition (3) of Theorem 4.1, we find a solution of QN(z1,zp) = 0 that is in
QO Nker(L). This solution is given by (4.3), and the Jacobian is

—ret —gent )

— * *
abexr  —pex

Jon(zh, 28) = (
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Then
det (Jon(z1,23)) = <r£ + ﬁ2b> 1T £ (),
and
Do(QN/|ier(r), ker(L) N Q) = deg(QN(z1,22), A Nker(L), (0,0))
= |signdet (Jon(z1,23))| =1 #0.

We have verified all the requirements of the coincidence degree theorem 4.1. So system (2.4)
has at least one T-periodic solution with positive components. O

5 Examples and numerical simulations

In this section, we gain more comprehensive dynamics of the autonomous and non-
autonomous systems by utilizing numerical simulations, simultaneously confirming the
validity of our theoretical results.

5.1 ODE model with self diffusion and cross diffusion

Example 5.1. Consider (2.1) withr =1, k =1, a =2, h = 0.125, b = 0.8, and u = 2.0.
With these values, (3.2) is satisfied. The equilibrium solution with positive components is
u* = 0.3365, v* = 0.2692 which is stable, while u = 0, v = 0 is unstable. See Figure 5.1.

Time Series of u(t) and v(t) Stability of the interior equﬂ\br\um point (u”, v’) =(0.5833, 4083)
126
— w[0.1.01] I!]’Iu’“l Wﬂi *,’"5-3-1
1.0 A v, 101,01] 1 éj? ','i‘ %..
u, [08,01] = -
v, [0.8,01] L

— u.[0.1,08] | ; =g 108
== v10.1,08] S - 3
u, [05, 05]
—= v [05,05]
u, [0.7. 0.05]
—= w.[0.7,0.05]
— u.10.2.0.2]
v.10.2,0.2]
u’ =058

v’ =0.41

0.8
r 0.90

e
~
[N}

064 A0

o
o
L

Equilibrium
® (058330 4033)

Population
v (predator)

o
w
-
Speed (|duy/dt, dv/dt])

N
- Liggh) 1S

0.4 - ;
iy

o
ES
L

e
w
o

0.2 4
rols

T v T T T T
0 20 40 60 80 100 .
Time u (prey)

Figure 5.1: Time series and phase portrait of (#,v). Any solution starting near
(0,0) are moving away from (0,0) and converging to the point (0.3365,0.2692).

Next, we consider the self reaction—diffusion problem (2.2). By Theorem 3.2, the equilib-
rium point (0.3365,0.2692) is stable for any d1; > 0 and dy; > 0. Using numerical simulations,
Figure 5.2 confirms the absence of spatial pattern formation.

Next, we investigate the cross reaction—-diffusion model, by including values for d;,, and
dy; in the previous example. See Figures 5.3, 5.4, 5.5, and 5.6.
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Space-time pattern of u(x, t)

1.0 1.0
0.3375
0.8 0.8
0.3370
0.6 0.6
0.3365 =
E]
0.4 0.4
0.3360
0.2 0.2
0.3355
0.0 0.0
0 100 200 300 400 500

Time ¢ Time £

Space-time pattern of v(x, t)

0.2696

0.2694

0.2692

0.2690

Space x
Space x
vix, t)

0.2688
0.2686
0.2684

0.2682
500

Figure 5.2: Absence of pattern formation in system (2.2) under self-diffusion
with d11 = 0.005 and d22 = 0.01.
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Figure 5.3: Turing pattern for d1; = 0.01, d1p = 0.004, dy; = 1.2, dy»n =0.7.
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u at step 30000

v at step 30000

05838 0.4086

0.4085
0.5836

0.4084
0.5834

0.4083

0.5832
0.4082

0.5830 0.4081

0.5828 0.4080

o 20 40 60 80

o 20 40 60 80

Figure 5.4: Turing pattern for dq; = 0.01, d1p = 0.004, dy; = 0.4895, do, = 0.7.

v at step 30000

Figure 5.5: Mixed Turing pattern exhibiting both stripes and spots for dy; = 1,
d12 = 0.01, d21 =34, dzz =1.1.

u at step 30000

0
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20
07
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05

60
04
80 03
02

[ 20 40 60 80

Figure 5.6: Turing stripe pattern, for dj; =1, djp = 0.01, do; = 12, dop = 1.1.

5

5.2 Non-autonomous system

To illustrate Theorem 4.2, we present a numerical example for model (2.4). Let b = 0.6, k = 50,

p=1lLw=%¥=1T=2n,

a(t) =03(1+04sint), h(t) =0.04(1+04sin(t+ %)), r(t) =1.6(1+03sint).
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For these choices we have the bounds

M; = 48.6538, M2 = 12.2607, M3 = 47.6354, M4 = 5.1446.

Consequently, the assumptions for Theorem 4.2 hold, and system (2.4) has at least one periodic
solution, see Figure 5.7.

Prey u(t) 3D Phase Portrait

Population

0 20 w0 60 50 100
Predator v(t)

Population

20 40 60 80 100
Time t

Figure 5.7: Periodic dynamics for system (2.4) with initial condition (20, 3.5).

6 Sensitivity analysis

In this section we quantify how variations in input parameters affect model outputs, iden-
tifying the most influential parameters [16]. To evaluate the impact of model parameters on
predator—prey dynamics, we performed SA using Latin Hypercube Sampling (LHS) combined
with Partial Rank Correlation Coefficients (PRCCs). Each of the six parameters (a,b,h, k, u,7)
was varied within +25% of its nominal value.

The resulting PRCC values, ranging from —1 to 1, are visualized as bar charts. Figure 6.1

shows

the results for these parameters. It is evident that the most influential parameters are a

for prey and r for predator, as their PRCC values exceed +0.5.

Prey population u(t) Predator population v(t)
1.00 1.00
0.75 4 0.75
0.50 0.50
0.25 0.25
g
0.00 g 0.00
a
-0.25 | -0.25
—0.50 A —0.50 -
-0.75 A ~0.75
-1.00 T ; ; ; T T -1.00 : ; : . . .
a b h k H r a b h k H r

Figure 6.1: Estimated parameter sensitivities for prey (left) and predator (right)
populations with respect to parameters a = 0.6, b = 0.5, h = 0.2, k = 10.0,
=04, and r = 1.0.
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