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Abstract. We are concerned with the semipositone problem with Minkowski-curvature
operator

Vu
—div | —— | = Ma(|x])(u” —€), x & B(R),
( 1_|W|2> (x) (=), x < B(R)
where B(R) = {x € RN : |[x] < R}, N >2, R >0,¢ >0, 9 > 1 and
a:[0,00) — (0,00) is a continuous function. We show that there exist the constants
A > 2N/ (max,¢[og) a(r)R"*1) and €g(A) > 0 such that, if € < €y(A), then the problem
has least two positive radial solution for any A € (A, A*), where A* is a constant that
depends on €. The proof of our main result is based upon degree theory.
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1 Introduction

In this paper, we are concerned with the problem with Minkowski-curvature operator

—div <\/1_V”W> = Aa(|x|)(u” —€), x € B(R),

u=20, x € dB(R),

(1.1)

where B(R) = {x e RN : |[x| <R}, N>2,R>0,e >0,y >1anda: [0,00) — (0,00) is a
continuous function.

Boundary value problem of differential equation

—Au = f(x,u) inQ,
u=20 on d()
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is called a semipositone problem if f(-,0) < 0; and it is called a positone problem if f(-,0) > 0,
where () is a strictly convex bounded domain in RN, N > 1, with C? boundary 0Q). Semi-
positone problem has been largely investigated for semilinear elliptic equations (1.2) since the
late 1980s, with increasing interest after the paper Castro et al. [11] and Brown et al. [9], see
[4,16,20] and the references therein.

It is well documented (see [8,21]) that, if compared with the positone problems, the study
of positive solutions of the semipositone problem is mathematically challenging. For example,
the absence of maximum principle, the difficulty in constructing sub and super solutions, and
the trivial solution u = 0 is not a solution of problem (1.2) with f(-,0) < 0. These three
factors make it unclear how to apply the methods based on the theory of positive operators
for cones in Banach spaces, the method of sub and super solutions and bifurcation from the
trivial solution.

For quasilinear semipositone problems, there have been some recent papers on the prob-
lems with the p-Laplacian operator, see Alves, de Holanda and Santos [2,3], Castro, de
Figueredo and Lopera [10], Chhetri, Drabek and Shivaji [12], Morris, Shivaji and Sim [23].
In particular, Chhetri, Drabek and Shivaji [12] considered a quasilinear elliptic problem of the
form

{—Apu =Ag(u) inQ, (1.3)

u=20 on d(),

where Apu := div(|Vu|[P=2Vu) is the p-Laplacian operator with 1 < p < 2, and A > 0 is
a parameter. The nonlinearity g : [0,00) — R is a continuous function that satisfies g(0) <
0,g(s) > 0 for s > 1. They said that A is a bifurcation point from infinity if the solution set

S:={(Au) e Rx W&’p(Q) : A and u solves (1.3)} contains a sequence {(A,, u,)} such that
A = Ao and  ||uy)|eo — 00. (1.4)
And they proved the following result.

Theorem A. Assume 1 < p < 2and N > p. Let g : [0,00) — R be a continuous function satisfying
the following conditions:

(i) g(0) < 0;
(ii) there existb > 0and g€ (p—1,N(p —1)/(N — p)] such that

lim &S) =b.

s—oo 84

Then (1.1) has a positive solution (A, u) for A > 0 small.

The key points of the proof of Theorem A are that rescale the parameter and the solution
1

variable using v = A7 7% and w = ~yu, respectively, then w formally satisfies
—Apw = —div(|Vyu|P"2Vyu) = —P1div(|VulP 2Vu) = yIg(w/ 7). (1.5)

The theory of positive operators for (1.5) can be applied when ¢ > 0 is small (i.e, A > 0is

small). This is the standard technique of dealing with semipositone elliptic problems.
However, the mean curvature operator in semipositone problem (1.1) prevents the appli-

cation of the above standard technique, since ¢(ks) # k¢(s) (where ¢(s) = ﬁ) for any
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constant k € R\{0,1} and any solution u of (1.1) is bounded (see Remark 2.1 below). So al-
though there have been significant paper on the problems with mean curvature operator (see
Azzollini [5], Bereanu and Mawhin [7], Bereanu, Jebelean and Torres [6], Ma, Gao and Lu [22]
and Dai [15] and the references therein) in the last decade, they have had to require that the
nonlinearity f be non-negative at 0. In particular, Bereanu, Jebelean and Torres [6] studied the
problem (1.1) with € = 0 and proved that there exists A > 2N /(max,c[o g #(r)R7*!) such that
the problem has at least two positive radial solutions according to A > A.

Thus, this paper appears to be the first contribution where consider the problem with
mean curvature operator is faced in a semipositone setting. And the aim of this brief paper is
to provide a result about the existence of positive solution of the semipositone problem (1.1).

To state our results precisely we recall the following hypothesis,
(HO) € >0,y >1anda: [0,00) — (0,00) is a continuous function.

Theorem 1.1. Let (HO) hold. There exist the constants A > 2N / (max,ejo gj @(r)R7*!) and eo(A) >
0 such that, for any € < e€o(/\) there is A*(€) such that problem (1.1) has at least two positive radial
solutions for any A € (A, A*).

Remark 1.2. The nonlinearity in (1.1) is related to pure-power model g(s) = s7, see W. Al-
legretto, P. Nistri, P. Zecca [1], D. Costa, H. Ramos Quoirin, H. Tehrani [14], Q. Morris, R.
Shivaji, I. Sim [23]. In recent years, for the existence of positive solutions to the semipositone
elliptic equation, see, D. D. Hai, A. Muthunayake, R. Shivaji [17], A. Joseph, L. Sankar [18], R.
Kajikiya, E. Ko [19] and their references.

2 Preliminary results

Setting, as usual, r = |x| and u(x) = u(r), we reduce the Dirichlet problem (1.1) to the mixed
boundary value problem

2.1)

S

where ¢(s) = i The space C := C|0, R] will be endowed with the usual sup-norm || - ||

and C! := C'[0, R] will be considered with the norm ||u| = ||u||e + ||t//||c. Also, we shall use
the closed subspace of C! defined by

Chy={uecC:u(0)=0=u(R)}.
Let

W = {w € C}\A:rﬁ%]wﬂ <land ¢(w') € Cl[O,R]}.

A solution of (2.1) is a function u € W satisfying (2.1). Function ¥ = ¢! is smooth, w’' € C!
can be obtained immediately.

Remark 2.1. Combined with the boundary condition u(R) = 0, it is easy to find that the
solution u € W of (2.1) is bounded.
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In the sequel, let us consider an auxiliary problem

{‘<rN—1<o<u/<r>>>' = At i), e (OR), @2

u'(0) = u(R) = 0.

We introduce the linear operators

S:C—C_, Su(r)

/rthlu(t)dt (re (O,R]), Su(0)=0;

~ N,

K:C—Cl, Ku(r) = /rRu(t)dt (r € [0,R]).

It is easy to see that K is bounded and standard arguments, invoking the Arzela—Ascoli theo-
rem, show that S is compact. This implies that the nonlinear operator Ko ¢~10S: C — Cl is
compact. Let N be the Nemytskii operator associated to Aa(r)u7, i.e,

N,:C—C_, Njy(u) = Aa(-)u(+).

From [6, Lemma 1], a function u € Czlvf is a solution of (2.2) if and only if it is a fixed point of
the compact nonlinear operator

NA:C}\A%C}VI, NA:Koq)_loSoN/\. (2.3)

A lower solution of (2.2) is a function a € C! such that ||a'[|c < 1, ¥N"1p(a’) € C! and
(PN 1p(a (1)) + ArN"La(r)a(r)” > 0, re[0,R], a(R)<O.

Further, we say that a lower solution & of (2.2) is strict if every solution u of (2.2) with u > «
in [0, R] satisfies u > a in [0, R) (i.e., u(r) > a(r) for any r € [0, R)).
Similarly, a upper solution of (2.2) is a function B € C! such that || /|| < 1, N "1g(p') € C!
and
(N lp(B (1)) + Ar¥la(r)p(r)” <0, re[0,R], B(R) >0.

Further, we say that a upper solution f of (2.2) is strict if every solution u of (2.2) with u <
in [0, R] satisfies u < Bin [0, R) (i.e., u(r) < B(r) for any r € [0, R)).

Lemma 2.2 ([13]). For any fixed A > 0, suppose that there exist a lower solution « and an upper
solution B of (2.2) with « < B in [0, R|. Then problem (2.2) has solutions v, w witha < v < w < B
in [0, R] such that every solution u of (2.2) with « < u < B in [0, R] satisfies v < u < w in [0, R].
Further, if « and B are strict, then

deg(I — N, UP,0) =1,
where N is defined by (2.3) and

UP={zeCl:a<z< Bin[0,R)and ||z < 1}.

From [6, Theorem 1.1], there exists

A > 2N/(apR7),
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where ay := max,c|o g a(r), such that problem (2.2) has at least one positive solutions ac-
cording to A = A. Let Ag > A be arbitrarily chosen. Let a be a positive solution for (2.2)
corresponding to A = A. It is easy to see that « is a lower solution for (2.2) with A = Aq. For
fixed Ay > Ay, let B be the unique (positive) solution of

(PN (r)) + AarNayRY =0, re (0,R),
u'(0) = u(R) =0,
where R > R. Using that 8(R) > 0 and
Aoa(r)u” (r) < AapR?, r € [0,R],

it follows that B is an upper solution for (2.2) with A = Ag. We can find R sufficiently large,
such that #(0) < B(R). For any r € [0, R),

#0) =9 (o [ O Aa() @) ) <0

and

B(r) = —qo‘1<rN1_1 /Or tN‘l[AzaMEV]dt) <0.

Then, taking into account that &, § are strictly decreasing, we infer that & < § on [0, R]. B
From Lemma 2.2, problem (2.2) has a solution ug satisfies & < ug < E in [0,R], i.e., uy € llbé3 .
We will show that @ and B are strict. In fact, for all » € [0, R), one has

B(T’) = /rﬁ (Pil (tN%l /Ot SN*l[)\zaMﬁy]dS) dt

> / ‘ qfl(tNL_l /O t N1 Aoa(s) (o(s)))ds ) dt = wo(r).

Similarly, for all » € [0, R),

i(r) = / fot (tz% /0 tsN’l[Aa(s)(&’(s))“’]ds>dt
< / ‘ (p_1<tN% /0 tsN_l[Aoa(s)(uo(s))V]ds>dt — uo(r).
This suggests that B
deg (1 — Ny, ug,o) —1.

For any p > 0, set B, := {u € Ci; : |lu|| < p}. Consider p; > 0 sufficiently small and

p2 > R+ 1 such that LL§J N By, = @ and (ng U Bp,) C By,. By [6, Lemma 1 and Lemma 4], one
has
deg(I — Ny, Bp,,0) =1

and
deg(I — Ny, Bp,,0) = 1.

Then, from the additivity-excision property of the Leray-Schauder degree it follows that

deg(I — Ny, By, \ [U,; UB,,],0) = —1.
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3 The proof of main result

Lemma 3.1. For any fixed Ao > A, there exists § > 0 such that if F; : C' — C}, is a compact map
with ||F(0)|| < & for v in Ug and ||Fy(w)]|| < 6 for w in By, \ [U§ UB,,], v,w > 0, then there exist
U € Ug, Uy € By, \ [Ug UB,,) and u1,up > 0 such that u; = Ny, (u;) + F(u;), i = 1,2.

Proof. Denote
Sq:= {u € Ug : u is a solution of (2.2) with A = /\0} .
Choose €1 > 0 small and set N1, = Uyes, B, (1), where B, (1) denotes the open ball of radius

e1 in C}; centered at u. Obviously, Ny, is open. Since N}, : C}; — C}, is compact, there exists
8 > 0 such that || (I-N),)(0)||c1 > 6 if v € INy,.

Claim. if v € Nl,el and ¢; is small enough, then v > 0 in the interval [0, R).

Suppose on the contrary that there exists v; € Ci,, ue € Sy such that ||ve — u,|| — 0 and
ve(r9) < 0 for some ry € [0,R). Since S; is compact, without loss of generality, we can assume
that u, — u (as ¢ = 0) for some u € Sy, (i.e. v — u). From u € S; and the monotonicity of u,
we obtain that # > 0in [0, R) and #/(R) < 0. Since v}(0) = v¢(R) = 0, it follows that v, > 0 in
[0, R) for € small enough. This contradiction ends the proof of Claim.

If |Fi(v)]] < for vin Ug, we conclude that

deg ((I — Ny, — Fl),ﬁ1,£1,0> = deg(I — Ny, N1, 0) = deg(I —NAO,U&@,O) =1.
Similarly, let

Sy = {u € Bp, \ [Ug UB,,] : u is a solution of (2.2) with A = /\0} )

Choose ¢, > 0 small and set Nae, = U,es, Be, (). If ||[Fi(v)|| < & for v in By, \ [Ug UB,,], we
conclude that

deg ((I— N3, — F1), Nae, 0) = deg(I — Ny, Na;, 0) = deg(I — Ny, By, \ [U5 UB,,},0) = —1.
O

The proof of Theorem 1.1. Select § as in Lemma 3.1. Define

A Ne(O/(R+1))
T ay€eR

7

where € > 0 is defined in (1.1) and ay = max,c[o ) 4(r). There exist a constant eo(A) > 0
such that A < A* for any € < €yp(A), where A > 2N/ (apR7") is the constant that appears
in Theorem 1.1 of [6]. Let Ay € [A, A*] be arbitrarily chosen.

Let
F(u)(r)=— /T.R ¢! (31061 /t TN_llZ(T)dT> dt.

0
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With these choices, we obtain that

R Aoe (1 Ao [T
_ —1( %o N-1 1 ( Mo N-1
[F1(u)| = max / ¢ (tzm/O T ﬂ<T>dT) dt + max | (er/O T ﬂ(T)dT>‘
R AoameR AoayeR
< _1 [ Aoam >dt‘ 1( 0aM >
= O] /r ¢ ( N e N

IN

R
oL (W) (R+1) <.

By Lemma 3.1, we can conclude the existence of the 3,11, > 0 such that

T S A VY L N ~ .
L B B v o a(t)(u;(t) —e)dt | dt, i=1,2.
r 0

This suggests that 17,1, > 0 are the solutions of (2.1). The proof of Theorem 1.1 is complete.
O
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