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Abstract. This paper investigates the nonexistence and existence of global weak so-
lutions to semilinear differential inequalities in the exterior domain of the unit ball
within the Heisenberg group HN. We establish a critical Fujita exponent p* = &,
where Q = 2N + 2 represents the homogeneous dimension of HY. In the subcritical
case 1 < p < p*, we prove that no global positive solutions exist, while in the supercrit-
ical regime p > p*, we construct explicit stationary solutions. Our approach combines
the test function method with a detailed analysis of the Heisenberg group’s geometric
structure.

Keywords: Heisenberg group, global solution, blow-up.

2020 Mathematics Subject Classification: 35B44, 35A01, 35D30, 35G25.

1 Introduction

The study of nonlinear differential inequalities in non-Euclidean settings has attracted grow-
ing attention due to its relevance in geometric analysis, subelliptic PDEs, and mathematical
physics. Among such structures, the Heisenberg group HY plays a fundamental role as the
simplest nontrivial example of a Carnot group, where the interplay between geometry and
analysis reveals distinctive features absent in the Euclidean framework.

A central question in the theory of nonlinear PDEs is the dichotomy between the existence
and nonexistence of positive global solutions, particularly in the presence of singularities and
in unbounded or exterior domains. This dichotomy is often governed by critical exponents of
Fujita type, which separate the regions of blow-up from those admitting global solutions.

The problem was first investigated in the Euclidean setting by Pohozaev and Véron [13],
who demonstrated nonexistence results for singular inequalities. Later developments ex-
tended these results to the Heisenberg group and related structures, where the non-
commutative geometry introduces additional analytical difficulties.

The problem of nonexistence of positive solutions for singular differential inequalities in
exterior domains has been extensively studied by numerous authors; see, for instance, [1,9,10]
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and the references therein. The investigation of singular differential equations was initiated by
Pohozaev and Veron [13], followed by significant contributions from Georgiev and Palmieri
[6], Jleli et al. [7], and Borikhanov et al. [3]. It has been established that in the subcritical case,
ie, forl < p < p* = %—ﬁ, the system admits no global positive solutions (see [1,7,13]),
whereas in the supercritical case, where p > p*, global positive solutions do exist (see [6]).

Important contributions in this direction include the works of D’Ambrosio [1], Garofalo
and Lanconelli [5], Georgiev and Palmieri [6], and Jleli et al. [7,9].

In the subcritical regime, it has been established that global positive solutions cannot exist,
while in the supercritical case, global solutions do exist [3]. The critical threshold is described

by the Fujita exponent, which for the Heisenberg group is given by

«_ Q
P—@/

where Q = 2N +- 2 is the homogeneous dimension of HN.

In this paper, we contribute to this ongoing line of research by studying singular higher-
order differential inequalities in the exterior domain of the unit ball in HN. While recent
studies (e.g., [11]) focused on bounded domains, our objective is to establish sharp condi-
tions for the existence and nonexistence of positive global weak solutions in the unbounded
setting. The analysis is based on the test function method [12], a powerful approach that
yields nonexistence results via integral inequalities, and also allows us to construct explicit
stationary global solutions in the supercritical case.

Our main theorem (Theorem 2.2) shows that if p < p*, then no nontrivial global weak so-
lutions exist in the exterior domain of the unit ball within HY, whereas for p > p*, stationary
global solutions can be explicitly constructed. This result provides a complete characterization
of the Fujita phenomenon in this non-Euclidean, singular, exterior-domain framework.

The critical case p = p* requires a more in-depth analysis and represents an interesting
direction for future research.

2 Notations and principal results

2.1 Heisenberg group background

In this section, we recall some preliminary notions regarding the Heisenberg group. For
further details and proofs, we refer to [2,4,5,14,15].

Let HN denote the (2N + 1)-dimensional Heisenberg group with coordinates (x,y,T) €
RN x RN x R, equipped with the group operation:

Cxl' =+ y+y, t+7+2((xy) — (X, y)),

where (-, -) denotes the Euclidean inner product on RN, and & = (x,y,7), & = («,y/, 7).
The inverse of ¢ is given by £~! = —¢. The Heisenberg norm is defined as:

N

1
||€HHN:(7’4+T2)4, where r = | Y (2 +¥2).
i=1

The Heisenberg distance between two points ¢ and ¢’ is then:

=

4&,&) = e % &l = ((lx =¥ IP+ly=yIP)* + (=7 +2 (o y) = &)°)



Blow-up on exterior domains of the Heisenberg group 3

A function f: HY — R is said to be Heisenberg-homogeneous of degree k € Z if, for all
A >0,

F6r(8)) = A*F (D),

where the dilation J, is defined by:
Or(x,y,7) = (Ax, Ay, AZT).
The open ball of radius R centered at ¢ in the Heisenberg metric is:
By (&, R) = {¢' € HY : dyyn (8,8') < R}
If B(0, R) denotes the Euclidean open ball in R?N*1, then for R > 1,
B(0,R) C By (0,R) C B(0, R?).

Let Q = By (0,R2) \ B~ (0,Ry), where 0 < Ry < Ry < +oo, and let u € L'(Q) be a
cylindrical function. Using the transformation ®:

N|—

x1 = p (sinf)2 cos 6,

y1 = p (sin 6)7 sin 6 cos 6,

xn = p (sin6)? sinf; sinb, ... cos Oy 1,
YN =p (sin@)% sinf;sin6, ...sinfrn_1,

T = p* cosb,

where R1 < p < Ry, 0 € (0,71),and 6; € (0, 7) fori=1,...,2N —2, and 6p5_1 € (0,27). We
compute the determinant of the Jacobian matrix J(P):
2N-2

det J(®) = p*N1sinN 19 11 sin?N="1g;.
i=1

Thus, the integral of u over () can be expressed as:

T R
// u(r,t)dA(E) = wN/ o [ p*N T sinN=1 91 (p?sin 6, p? cos 0) dp, (2.1)
Q 0 Rq

where wy is the Lebesgue measure of the unit Euclidean sphere in R2N,
If u has the form

(&) = P(&)olIgllwn),

then we obtain <
J[ ol §@) ar@) = sw [ o™ o (o) do, @2)

where )

¥(C) :

ClIglEN
and
7T
SN :wN/ sinNGdG.
0
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If Ay is the Lebesgue measure on RN, then from (2.1), we obtain
Aoni1 (Bn (8, R)) = Aan1(Bpaw (0, R)) = Ao g1 (B (0, 1)) RPN,

The number Q = 2N + 2 is called the homogeneous dimension of the group H".

Fori=1,...,N, we introduce the vector fields
0 0 0 0
Xii=—+2Yi—, Y= — —2x;j—,
LT ox, + Yige oy Yot

and define the associated Heisenberg gradient as
V]HN = (Xl,. . .,XN,Yl,. . .,YN) .

The Kohn-Laplacian Ay is then given by

N
Ay =Y (X7 +Y7).
i=1

The vector fields X; and Y; are 1-homogeneous under the dilation d,:
Xi(6r) = Aor(Xi),  Yi(0n) = Ada(Yi),
which implies that Ay is 2-homogeneous under the dilation J,:
A (83) = A%6, (Aggy).

If u € ¢€%(Q) is radial, then it follows that
2

7

|V1HN”’2 :1/3‘”/

and N 4 1
Apgvu =19 (u” + +u'> . (2.3)
Therefore,
Vipl* = ¢.
In the following, we denote B¢ = HY \ Byn (0, 1). From (2.3), it follows that the function
1
H(@) =1- =5
p°N

is harmonic on BY; and radial, where p({) = ||C]| -
To define the weak solution, it is convenient to represent Ayn as a divergence form oper-
ator:

Apy = div(A(x,y)V), (2.4)
where A(x,y) is the matrix in .Z,n 41 given by
1 2y1
. ZyN
Alx,y) = _ox, |
1 —ZXN

2y1 ... 2yn —2x1 ... —2xn 472
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where 12 = Zjlil(x]z + yjz) and

Since

it follows that
1

p3(%)

A(x,y)Vp(S) = (Xi’z—i—]/T,yTz—xT,ZrzT).
Furthermore,
r -

For any u € ¢*(B°) and v € ¢*(HY) with compact support, we obtain from (2.4) and the
divergence theorem

Bypvu(@)0()dA(@) = [ u(@)Ayno(€) dA()

c

- [ @@ (A To@) - 7 — o(@)(Alx,y) Vu(@) - ) dHa,

B¢

where

= _ _ _Vp(©)

IRAZGIE

on S, and dH,y denotes the 2N-dimensional Hausdorff measure in R2N*1,

2.2 Principal results

In this paper, we consider the following differential inequalities in the exterior of the unit ball
in the Heisenberg group HV:

Ofu(t, &) — gApnu(t, &) > [u(t,0)|?, on (0, +00) x B,

u(t, &) = f(2), on [0,400) X S, 25)
a{u(o, ¢ = uj(g), 0<j<k-1, onBf
f=0, feLl(s)

where k € N, p > 1, and B¢ denotes the complement of the unit ball in the Heisenberg group.
Here, Ayyn represents the Kohn-Laplacian, and S is the boundary of the unit ball, referred to
as the unit sphere. The function i will be defined later.

Definition 2.1. A function u € L

loc

([0, +00) x BF) is called a local weak solution of (2.5) if
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there exists 0 < T < +oo such that

/[O,T)XBC u(t, &)|PP(E)y(t,¢) dtdA(E)
k—1 ) ) .
< Z:(—l)ﬂrl /IBC uk_j_1(§)¢(€)a§])¢(0,§) dA(g)
j=0

SRt O§@) (8 drdA ()
[0,T) x B¢

g DB, LA

+ [ LS @AY VH0) ndbon (@) dr

for any test function ¢ € C*(]0, T) x IB¢) satisfying:
« P, =0;
e 3R > 1 such that (¢, x) = 0 for dp, (0,x) > R;
« X cc(o,T)xS).
The solution u is called global if T = +oco.
The principal result of this paper is stated in the following theorem.

Theorem 2.2. Let k be a positive integer, and suppose that

., N+1 Q

(2.6)

Then, there exists no global weak solution to the system (2.5) with initial data uy, ..., ux_; € L'(B°).

Here, Q = 2N + 2 is the homogeneous dimension of HY.

Conversely, if p > p*, then there exists a stationary global solution (2.5) for some function f > 0.

The number p* is referred to as the critical Fujita exponent.

The paper is organized as follows. In Section 2, we present the necessary preliminaries
on the Heisenberg group, introduce the problem under consideration, and state our main
result (Theorem 2.2). Section 3 is devoted to the proof of Theorem 2.2, where we construct
suitable test functions, derive the key integral estimates, and establish both the nonexistence

and existence results.

3 Proof of Theorem 2.2

3.1 Admissible test functions

Consider a local weak solution u of the system (2.5) such that u(t,&) € LI (IB¢) forall t € [0, T,

loc

where 0 < T < o0.
Define the admissible test functions as follows:

¥(t,¢) = () H()ya2(6), (t,¢) € [0, T] x B,
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where

4
gbl(t):‘PG,), ¢2(5)2¢£(||€¥FN>, s>0, {>1, ¢eB"

The functions ¥ and ¢ satisfy

V<<l ()= 1 ifo<r<i1,
v=2 2= ifr>2,

and
0<¥ <1, supp(¥)cC(0,1), ¥ec&(0,1)).

Using this choice of test functions, if u is a weak solution, then

Sy HEOPF@PE D atarE) ~ [ [ @9l §@ dbn @t )
< [ st D draA @) + (DF [ (0§00 y(e ) atda )
[0,T)x B¢

[0,T)x B¢
Remark 3.1. In the definition 2.1 and under the same conditions, if ¢ (¢, &) = 1 ()2 (||&]lgn),

then
1

—m%(t)%(llél\m)lﬁ(é)-

(A y)V(t§)) -7 =

Thus, condition (2.6) simplifies to

| O EEp(E) dt )
[0,T) xBe
k=1 , _ ,
< LD [ ue @@ p(0,6)are)
=0

SN[ DR (gt )
= — [ () Bp(t,E) dHA()

[0,T)x B¢
1

~ o J O rera P OVAE )P i ()

3.2 Preliminary estimates

Using the identity (2.2), we obtain the following estimate after simple computations:

- 161\]5,02 P 8(N —2 sz ’
AHN(HIIJZ) = 1/)(@‘)( Ts (C) % QDZ ! ( TS) (g)H(P q’é !
6l(f—1 ‘06 ’ 166{06 " _l—
1 ( 25) (g) H(qo )24)5 2 25(6) qu qof 1>’

where p(¢) = [[¢llzv, * = [|x[|* + [ly[?, and H =1 — p~2%(Z).

For notational simplicity, we write ||¢|| instead of ||¢||~ and C a generic positive constant,
which may vary from line to line.

For the proof of Theorem 2.2, we require the following estimates.
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Lemma 3.2. Let

= [ MOV FORL ddAE).

Then, the following estimates hold:

4 4
IS GIOIER, C@)&(@)wwa_

4 4
;sA;w@wmamww@H@MfC§U>¢*<E!)miu@

1

TS

TZs

4
Ag@@%mMWﬁ@maw¥<Eﬂ>¢ 0“>dmua

1

TZs

4
Ay@@wwmwwamaw<ﬁﬂ>¢ (M“)MM@
< CII% T((N+1)s=20) 251

‘AJM£W@WWMH® (M”>wﬂw>_

Proof. Using the identity (2.2) and Holder’s inequality, we derive the estimates systematically.
The detailed computations involve:

4
Au@@w@%mmww<ﬁﬂ>¢ (M”>wﬂwﬁ

1

1
Ts

<:C1”(/THu&&wwmaﬂwWH¢wwwng¢u@)q

=

TS

tlog)s 1 1 (p—
gCl{iT 2w T =CILTPT N

4
S|t onolPs@ (EU)w (Mﬁ>dmual

Ts

1

< C

_Tﬁ<AH@mewmdeW”ﬂM®y

<cpT™FH — e N

4
psﬁgw@%mmWw@maw¥<Eﬂ)¢ (“”)ﬂmwﬁ

1

<f#(ﬁfmw<>unwWWVw“MﬁM@0q

+1) Ns

+7 = CI”T( S A

»7)

CI”T

7
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4 4
| O IO (“i's' )<o“ (“?J ) dtawa:)‘
< =1t ([ HOBnO I o' lol ™ dear @)

4
[ ne o op@me (155 aune)

1 g 4 i
<1 (f v 0w roionee () ane)

1 5 1 —
<CT @ i = TNt

3.3 Proof of Theorem 2.2

Using definition 2.1, the identity (3.1), and the properties of the test functions ; and 1, for

suitable values of s, there exists a constant C > 0 such that

fr= /[O,T] SN F@ (OIS () dHan(§) dt = It + Ci T

We deduce that .
1 s -1
I+ T < caT(r="50) 5+
Ifp < %, there exists s > 0 such that
N+1\ Ns p-1
0 —_ | — 4+ —.
= < N ) 2p - p

Setting

_(p NFIYNs p-l
a_(p N>2p+ - <1

From (3.2), we get
1
CT <CI;T",

which implies
Iy > crri-a),

By iteration, we derive

Iy > C (PP’ tp") TP —a(p+pi+-tp")

n+1

_ e (7)o

— <Cpng(1_;vl)>” CTFIT,

(3.2)
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Since 1 — % > 0, there exists Tj such that

C‘TﬁlT(FH) > 1.
Hence, It = +oo for T > Tj.

o ) _ N+1
Supercritical case: p > p* = “~

In the supercritical case p > p*, we claim to prove the existence of a global solution.

Assume that p = % > NIT, 1 with s > 1. For ¢ > 0, consider the function

_2N
u=ellgfl~

From (2.3), we obtain

——Apvu =u" + u' =— el|&)| =% 2.

ON+1,  4N%(s—1)
52

If we choose

it follows that ,
— A > ul? =€ [E] 2
P
Thus, the function
_2N
u=c¢llgl|"

is a stationary solution of the system (2.5).

4 Conclusion

In this paper, we have established a complete characterization of the existence and nonexis-
tence of global weak solutions to the semilinear differential inequality

1
Ofu(t,8) = =z Ay (t,8) > [u(t, )]
f o)
in the exterior domain B¢ of the Heisenberg group HY.
Our main result, Theorem 2.2, demonstrates that the critical exponent governing blow-up

phenomena is given by
. Q  N+1
P=0-2" N

where Q = 2N + 2 is the homogeneous dimension of HY. This result reveals several important
aspects of the problem:

e The subcritical Case (1 < p < p*): We have proven that no global weak solution exists for
the system (2.5) with any initial data u,...,ux_1 € L'(BB¢). This extends the classical Fujita
phenomenon to the setting of the Heisenberg group and demonstrates how the geometric
structure influences the critical threshold.
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e The supercritical Case (p > p*): We have constructed explicit stationary solutions of the
form

u(@) =e€|% with s=N(p—-1),

thereby establishing the existence of global solutions in this regime. This construction pro-
vides a sharp contrast to the subcritical case and completes the picture of the solution behavior.
e Geometric Interpretation: The emergence of the homogeneous dimension Q = 2N + 2 in the
critical exponent highlights the profound influence of the Heisenberg group’s non-Euclidean
geometry on the blow-up behavior. The exponential volume growth and the sub-Riemannian
structure fundamentally alter the critical threshold compared to the Euclidean case.

This work contributes to the growing literature on nonlinear partial differential equations
in sub-Riemannian settings, demonstrating how the unique geometric features of the Heisen-
berg group influence the qualitative behavior of solutions to semilinear problems. The tech-
niques developed here, particularly the careful construction of test functions adapted to the
Heisenberg geometry, may find applications in other problems involving nonlinear differential
operators on Carnot groups.
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