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Abstract. An individual-based model of SIS epidemic propagation is considered on
regular graphs. This model explicitly incorporates the adjacency matrix of the network
enabling us to study the effect of network structure on the dynamic of the propagation
process. Our goal in this paper is to understand how the one-dimensional approxima-
tion, called also mean-field equation, performs, depending on the main characteristics
of the network. It turns out that for dense random regular graphs the approximation is
excellent, while for sparse graphs a significant correction term is needed to obtain the
proper time dependence of the prevalence (number of infected nodes in the network)
based on solving only the mean-field model. Numerical evidence is shown that this
correction term depends linearly on the mean distance in the network.
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1 Introduction

Epidemic propagation has been widely studied on networks by using stochastic and deter-
ministic models [3-5,7,8,11]. It is common in all these modelling approaches that the contact
structure is represented by a graph, the nodes of which are individuals and the connecting
edges are responsible for infectious contacts and each node can be in one of the epidemic
states. The mostly used states are susceptible (S), infected (I) and recovered (R). The stochas-
tic description is given by a random process during which the state of the nodes change in
two ways: by infection coming from their neighbours and by recovery. Both processes are
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considered typically as Markov processes. The deterministic description can be given at dif-
ferent levels. The most frequently used ones are individual-level and population-level and
degree-based that is between the previous two. The variables of the individual-level model
are the probabilities of a given node being in a given state, e.g. I;(t) denotes the probability
that node i is infected at time t. The population-level model uses aggregated variables, like
I(t), the number (expected value) of infected nodes at time t. (The typical variable of the
degree-based model is I;(t) the expected number of degree k infected nodes at time ¢.)

The main topic of our paper is the relation of the individual and population-level mod-
els. While both of them are mean-field like approximations of the full stochastic model, the
population-level model can be considered as a low-dimensional or coarse-grained approxima-
tion of the individual-level system. The obvious goal and advantage of the low-dimensional
model is that it can be investigated analytically, for example, the stability of steady states and
the occurring bifurcations can be studied by using the traditional methods of dynamical sys-
tem theory. Thus the accuracy of the population-level approximation is a crucial question in
studying epidemic processes on networks.

From the perspective of real-world applications, dimensionality reduction plays an im-
portant role. In describing spread processes, it is essential to know which individuals are in
contact with each other; however, this is difficult to measure in practice and, moreover, leads to
a high-dimensional model. Thus, a key question is how accurate an approximate model is for
different types of graphs. In this paper, we primarily examine regular graphs, in which each
individual has the same number of connections, nevertheless, the structure of the graph itself
may vary. For example, in a workplace where most of the individuals can meet each other, a
random graph model may provide a good approximation. In contrast, in a small settlement
where infection spreads mainly among neighbors, the connections can be described by a ge-
ometric graph with a lattice-like structure. An intermediate case between these two extremes
may be a school, where within individual classes the contact network can be characterized by
a random graph, while across the entire school it exhibits a more geometric structure. Here,
we reveal the role played by the mean distance—which distinguishes the above networks from
one another—in determining the accuracy of the low-dimensional approximation.

The accuracy of different dynamical epidemic models to stochastic simulation has been
widely studied [3-5,7]. In [10], the authors investigate how and under which conditions
can the dynamics be predicted without knowing the network topology. Our goal here is to
understand how the graph theoretic properties of the network determine the performance
of coarse-grained approximations. The comparison of the individual-based and population-
level model provides an excellent opportunity for this, because the individual-based model
explicitly contains the adjacency matrix of the network, hence graph theoretical quantities can
be directly determined. According to our knowledge such a systematic comparison of these
models has not been carried out yet and this research enabled us to identify graph measures
that play a crucial role in determining the accuracy of low-dimensional approximations.

The methodology of our approach is the following. First we derive an accuracy measure
that can be generally used to compare the high-dimensional individual model to the low-
dimensional approximation. Then the difference of the two models is systematically studied
on two classes of graphs: random regular graphs and structured graphs (lattices). The effect
of the density of the graph and the mean distance on the accuracy is numerically investigated.

The paper is structured as follows. The individual-based model and its population-level
approximation are introduced in Section 2 together with the accuracy measure enabling us
to compare them. Then the known results about the asymptotic behaviour, i.e. about the
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stability of the steady states are summarized in Section 3. The detailed numerical study of the
accuracy of this approximation for a wide range of regular graphs is presented in Sections 4
for random graphs and in Section 5 for structured graphs. The results are summarized and
further research directions are shown in the Discussion in Section 6.

The main novelties of the paper are the following. Numerical evidence is shown that for
dense regular random graphs the population-level equation gives an accurate approximation
of the individual-level system. For sparse graphs, it is shown that the accuracy of the ap-
proximation depends on the mean distance in the graph. Moreover, numerical experiments
are carried out to justify that the accuracy depends linearly on the mean distance, yielding a
numerical correction term to the population-level approximation.

2 The individual-based and population-level models

In this section we present the individual-based model of SIS epidemic propagation on net-
works, then show a general method for deriving low-dimensional approximation. This
method is applied to the epidemic model to derive the population level approximation. Fi-
nally, a measure of accuracy of the coarse-grained model is introduced.

2.1 The individual-based epidemic model

As it was already mentioned in the Introduction, the main variables of the individual-based
model are the quantities I; representing the probabilities that node i is infected at time ¢. Their
evolution is described by the following system of differential equations.

(I} = Tiai]’<silj> —(I}), i=12,...,n, 2.1)

where T is the rate of infection across an edge and <y is the rate of recovery of a node, n is
the number of nodes, A = (a;;) is the adjacency matrix of the graph, (I;)(t) is the probability
that node i is infected at time t and (S;;)(t) is the joint probability that node i is susceptible
and node j is infected at time t. The derivation of this system from the full stochastic model
can be found e.g. in Section 3 of the book [5] or in the paper [11]. It is important to observe
that these differential equations are not closed in the sense that further differential or alge-
braic equations are needed for the joint probabilities in terms of the marginals. The widely
used approximation is (S;I;) ~ (S;)(I;) = (1 — (I;))(I;) expressing the independence of the
infectedness of node j and susceptibility of node i (which is certainly only an approximation).
Applying this approximation in equation (2.1) leads to the equation

=11 —x)(Ax); —yx;, i=1,...n, (2.2)

where x;(t) approximates (I;)(t), the probability that node i is infected at time ¢t. We will refer
to this differential equation as individual-based or NIMFA model, abbreviating N-intertwined
mean-field approximation [13]. We note that the notion “mean-field” is used in several con-
texts, hence we prefer here to use “individual-based model” for (2.2). Moreover, we will use
the notation

I(t) = i:xi(t). (2.3)

for the main observed quantity, the expected number of infected nodes (in other words, the
prevalence) obtained from the individual-based model. The theory of formulating closed
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systems of ODEs describing epidemic spread on networks is well developed, see e.g. [3-
5,7,8], where second order approximations (containing differential equations for the joint
probabilities as well) are also dealt with. We chose the individual-based model (2.2) because it
enables us to study the effect of network structure directly starting from the adjacency matrix.

2.2 Lumping: a general method for deriving low-dimensional approximations

Let us now turn to the derivation of the population-level approximation. First, we present
the general idea of deriving low-dimensional approximations of large systems of differential
equations and then we apply this to system (2.2).

Assume that we are given the high-dimensional system

x(t) = f(x(t)), (24)

where f : R" — R", and # is large. Furthermore, we have an observation y(t) € R™ that is
significantly lower dimensional, than the whole state space R", that is

y(t) = h(x(t)), (2.5)

where 1 : R" — R", and m < n, in fact, m is significantly smaller, than n. The problem is to
find a function g : R™ — R™, for which the solution of system

2(t) = g(z()), (2:6)

is a good approximation of y, that is the error function |y(t) — z(t)| is small. The low-
dimensional system is sometimes called the lumped system. If the error is zero, then it is
called exact lumping, while for non-zero error it is an approximate lumping.

The main idea of deriving an exact lumping is based on differentiating the identity y(t) =
h(x(t)) and use the differential equation of x as follows:

G(t) =W (x()) - 2(£) = W' (x(#)) - f(x(£)).
In the case of exact lumping, this leads to
W-f=goh. (2.7)

Namely, the above equation can be written as:

thus the observation y can be obtained directly from the low-dimensional (coarse-grained)

system 17 = g(y).
In the case of approximate lumping, we would like to show that

W-f—goh

is small in some norm and we expect that the solution of zZ = g(z) is an accurate approximation
of y.

In the next subsection, we show how this general approach can be realised in the case of
the individual-based model of epidemic propagation on a network.
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2.3 The population-level epidemic propagation model

Now, we apply the approach presented in the previous subsection to system (2.2) with the
one-dimensional observation I(t) given in (2.3). This will correspond to (2.4) when

fx) =1(e—x)* Ax —yx

with e = (1,1,...,1)T the vector with all its coordinates equal to 1 and the product * denotes
multiplication coordinate-wise.

Thus the left hand side of (2.7) takes the form ' (x(t))f(x(t)) = e’ f(x(t)) = I(t), that can
be written as

n n

= i= =

Assume (as a simple special case) that the graph is d-regular, then Ae = de and e? A = deT,
where e € R" is the first eigenvector of A with largest eigenvalue 4.

If all nodes of the network has the same degree and x;(0) is the same for all i, then x;(t)
remains the same for all ¢, that is the vector e yields an invariant subspace. We can easily
obtain the differential equation in this invariant line as follows. Assuming that x; = u holds
for all i, equation (2.2) takes the form

=7(1—u)du — yu. (2.9)
In the d-regular case, equation (2.8) can be transformed to the simpler form
I =tde'x — txT Ax — 41 = tdI — 41 — 1xT Ax, (2.10)

by using that e’ A = de. However, this form is not the best choice for an approximate
lumping (2.6), because the quadratic term can be expressed in terms of I and a remainder
term as follows. If x(t) is on the invariant line ¢, then x” Ax can be expressed in terms of I
1)
n

since x(t) = -e and

2 IZ IZ

2
xTAx = I—ZgTAg = I—ngdg = —znd d
n n n

Then using equation (2.10) leads to
[=7dl— I—TEd—TdI TR
- r), n - n r)/ 7
which is identical to (2.9) with I = nu.

In the general case when it is not assumed that x(t) is on the invariant line ¢, then write
(2.10) in the form

i= Td[(l — i) —ql+T <12Z — xTAx> . (2.11)

Note that introducing the matrix E = eel with all entries ones, we have I2 = xTEx and the
remainder term can be written in the quadratic form as

H= 12% —xTAx = xT<;lE —A>x.
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Numerical experiments show that the approximate lumping can be given by the first two
terms of (2.11) and the third term can be considered as the error term. That is let the right
hand side of the lumped equation (2.6) be given as

Q(z) = tdz (1 - %) — 7z.

hence the lumped equation can be written as
= I\- -
I =7d <1 - n) I -1, (2.12)

where d is the average degree and I is used instead of z since this serves as an approximation
of I.

Thus the goal is to derive an estimate for the difference term |I(t) — I(¢)|. We note that this
difference can be zero, i.e. I(t) can be identical to the prevalence I under special circumstances
as it is given in the proposition below.

Proposition 2.1. If the graph is d-reqular (the degree of each node is d) and the initial conditions are
identical in each node (i.e. x;(0) is the same value for all i), then x;(t) = u(t) for all i, implying
x(t) = el(t)/n and hence I(t) = I(t) for all t.

Although this statement is simple, it has limited applicability since the propagation of an
epidemic starts from one or a few nodes, not from a homogeneous initial condition. Neverthe-
less, the low-dimensional approximation I(t) will serve as a good approximation for several
networks. Our goal is to investigate the accuracy of the approximation in the case of regular
graphs with different structure and with arbitrary initial conditions.

2.4 Measuring the accuracy of the low-dimensional approximation

Our goal is to study the accuracy of the one-dimensional approximation (2.12) of the
individual-based model (2.2). This will be carried out by comparing the numerical solutions
of (2.2) and (2.12), more precisely, by comparing the functions I(¢) and I(t) defined in (2.3)
and (2.12). We are interested in the transient regime, hence we will do the comparison for
various regular graphs, for which I(¢) and I(t) are identical in the steady state. Our goal is to
understand how the accuracy, that is the difference |I(t) — I(t)|, depends on the structure of
the network.

First we simply show the graphs of the functions I(#) and I(t). Then, to have a quantitative
comparison, we compute the integral of their difference numerically. In order to get compa-
rable results for graphs with different sizes and for time evolutions on time intervals with
different lengths, we normalize the prevalence values to [0, 1], by using I(t)/n and I(t)/n and
normalize the length of the time interval, by dividing the integral on the time interval [0, T
by T. Thus we will use the following quantity to measure the accuracy of the approximation

A= nl—T /OT ‘I(t) —T(t)‘dt. (2.13)

Before showing numerical comparisons, we need to choose the values of the epidemic
parameters, the infection rate T and the recovery rate 7. Since we focus on the effect of
network structure, we fix their values as follows. The recovery rate is fixed as ¢ = 1, this
basically determines the time scale. The infection rate is set in such a way that the steady state
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value of the number of infected nodes is 50% of the population. That is for d-regular graphs
T = 277, since the steady state value is I, = n/2 then according to (3.1). In most of the cases
we will consider graphs with n = 400 nodes. This size will be enough to illustrate how well
the low-dimensional approximation performs.

The following network classes are studied

¢ Random regular graphs with high and low degrees and the complete graph.

* Structured graphs, namely lattices with different degree and with different shape.

3 Steady states and asymptotic behaviour

In this section we present the known results about the asymptotic behaviour of the individual-
based model (2.2). The existence and stability of steady states are dealt with first, then the
main result about the global behaviour of the system is presented. It turned out that the
long-time behaviour is completely determined by the largest eigenvalue, A, of the adjacency
matrix A and the full characterisation of steady states is available for any type of network.

The local behaviour of (2.2) was studied first in [14], where it was proved that the disease-
free steady state, x = 0, is stable when TA < 7. The endemic steady state occurs via transcrit-
ical bifurcation as it is shown in the book [5], see Theorem 3.8, which is proved by the method
presented in [2]. It is also proved in [5], see Theorems 3.5 and 3.6, that the endemic steady
state is unique. The proof is based on the ideas of [6].

The global stability of the steady states is proved in the paper [1], using a Lyapunov
function inspired by the well-known result of Lajmanovich and Yorke [6]. We note that the
NIMFA model (2.2) is a monotone dynamical system, hence the global stability can also be
studied by using the theory of monotone systems [12]. This property implies that periodic
orbits cannot occur and trajectories tend to steady states.

The following theorem summarises the results about the steady states and their local and
global stability.

Theorem 3.1. System (2.2) has a disease-free steady state, x = 0, which is globally stable when
TA < 7y, where A is the largest eigenvalue of the adjacency matrix A.

Transcritical bifurcation occurs in the system when TA = vy. During this bifurcation, an endemic
steady state appears for T\ > <y and the disease-free steady state loses its stability. The endemic steady
state is unique and is globally stable when TA > v.

A formula for the endemic steady state in terms of the graph parameters would be desir-
able. This is available at the moment only for regular graphs, namely, the steady state value
of the number of infected nodes, that is the endemic steady state is

Ie:n< —l), (3.1)

where d is the degree of the nodes. We note that for a d-regular graph the largest eigenvalue
is A = d. Thus in accordance with the theorem above, the endemic steady state exists if and
only if 7d > 7.

Further approximations of the endemic steady state close to the epidemic threshold are
presented in [9].
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4 The approximation accuracy for random regular graphs

First we consider random regular graphs with degree d = 3, d = 10, d = 50 and the complete
graph with degree d = 399 (note that the number of nodes is n = 400). Figure 4.1 shows the
time dependence of the ratio of infected nodes for these networks. The diameters of these
graphs are 11, 3, 2 and 1, respectively. Regarding accuracy, it is clearly improved as the degree
increases and the diameter decreases. The extreme case is the cycle graph (with degree d = 2
and diameter 200). Here it is more emphasized that the population-level approximation is
significantly different from the individual-based model. This phenomenon can be explained
as follows: according to the population-level model, the infection spreads randomly over the
network, but according to the individual-based model (which is a more realistic one) the
epidemic spreads along the cycle graph as a front. Even in the case of a 3-regular random
graph, the disease starts from a single cluster and initially has difficulty in spreading randomly
throughout the network. This property — uniform spreading — is well characterised by the
graph diameter: the smaller the graph diameter, the more evenly the nodes in the graph are
infected.

random 3-regular graph

) random 10-regular graph
ﬁwwm» —— T T T

0.5 0.5

04 0.4

0.3 0.3

Iin

IIn

0.2 0.2

0.1 0.1

10 12 0 2 4 6 8 10 12
t t

& random 50-regular graph % complete 399-regular graph

=

04 G 0.4

0.3 1 0.3

I/in
IIn

0.2 b 0.2

0.1 1 0.1

Figure 4.1: The ratio of the infected nodes obtained from the individual-based

model, @ (blue) and from the population-level approximation, @ (red) start-
ing with one infected node. The comparison is shown for regular random
graphs with n = 400 nodes, degree d = 3,10,50 and the complete graph with
d = 399. The epidemic parameters are y = 1, T = 2. The diameters and mean
distances are (11;6.76); (3;1.88), (2;1.75), and (1;1) respectively.

Now we show results about the relation of the diameter of the graph and the approxima-
tion accuracy. As it was mentioned above, the accuracy is measured by the integral A given in
(2.13). The length of the time interval T is chosen so that the transient behaviour can be fully
observed.

As it was shown in Figure 4.1, as the degree gets larger, the diameter gets smaller and the
approximation gets better. To illustrate this further, Table 4.1 shows how the accuracy A varies
as a function of the degree and the diameter. These numerical results reveal that for a degrees
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d > 10 the difference between the two curves is negligible. However, for smaller values of
the degree (d < 10), the smaller the degree, the larger is the inaccuracy. Note that the table
shows the mean distances as well, as it will be seen later that this parameter will also play an

important role.

Degree (d) 2 3 10 50 100
Accuracy (A) | 0.3175 | 0.0138 | 0.001 | 1.2:10~* | 1.4-107°
Diameter 200 11 4 3 2
Mean distance | 100.25 | 6.76 2.84 1.88 1.75
Degree (d) 150 198 250 298 399
Accuracy (A) | 1.7-107° | 48:107° | 29-10°° | 7.6-107° | 1.4-10°
Diameter 2 2 2 2 1
Mean distance 1.62 1.5 1.37 1.25 1

Table 4.1: The effect of the degree, diameter and mean distance on the accuracy
A for d-regular random graphs. (In the case d = 2 it is the cycle graph and for
d = 399 it is the complete graph.) The epidemic parameters are y =1, T = 2/4.

5 The approximation accuracy for lattices with low degree

In order to understand better how the structure of the graph affects the accuracy A, we take a
closer look at graphs with lower degrees. For a fixed degree, the diameter (or mean distance)
will have a primary effect on the accuracy. As we have seen that regular graphs with degree
larger than 10 yield good accuracy, we will study 4- and 6-regular graphs in detail.

First, we investigate 4-regular graphs with lattice structure. A lattice graph of size n x m
means a graph where a grid of n x m on a rectangle is taken and the nodes on the opposite
sides are connected to each other, thus obtaining a lattice on a two-dimensional torus (see
Figure 5.1 for two examples of lattice graphs).

Figure 5.1: Examples of lattice graphs: 3 x 10 lattice (left), 5 x 5 lattice (right).
The left one is closer to a ring, while the right one resembles a random graph.

In the case of n = 400 nodes, one can generate lattice graphs of size 8 x 50, 10 x 40 and
16 x 25. As the rectangle is getting closer to a square, the diameter of the lattice becomes
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smaller. The diameter of these graphs are 29, 25 and 20, respectively. These are quite large
diameters compared to a 4-regular random graph on n = 400 nodes, the diameter of which
is only 7. The solution of the individual-based model (2.2) and that of the low-dimensional
approximation (2.12) is computed numerically and the prevalences I(t) and I(t) are plotted in
Figure 5.2. As we can observe, the smaller the graph diameter, the better the approximation.
This can be explained by the fact that the sooner the epidemic reaches to an arbitrary node
of the network from the initially infected node, the better accuracy is obtained, since the
spreading process is more similar to the one modelled by the population-level approximation.
(Note that the spreading process on a 8 x 50 lattice graph is similar to the behaviour observed
in the cycle graph because of the large diameter and cycle-like structure of these graphs.)

68 8x5(?;1—regular lattice graph : i ‘ 10x4’(5lw:.4’-regular lattice gragh
g‘ﬁ = o yd

0.4 Vg qﬁﬁ&w 1 0.4 f"f fwf#

: § . §
, /
0.3 ;J 0.3 ;f
< / ’ < /
0.2 / p 4 0.2 @f ﬂf
0.1 ‘f / 0.1 ﬁt- f&

0.5
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0.3
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0.2
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0.3

0.2

0.1

Figure 5.2: The ratio of the infected nodes obtained from the individual-based

I(t : et
model, % (blue) and from the population-level approximation, % (red) start-

ing with one infected node on the following 4-regular graphs: 8 x 50, 10 x 40
and 16 x 25 lattice graphs and a random graph. The epidemic parameters are
v =1, T = . The diameters and mean distances are (29;14.54), (25;12.53),
(20;10.27) and (7;4.8), respectively.

Now, we turn to the case of 6-regular graphs and study the effect of the graph structure.
A 6-regular lattice is represented by a three-dimensional, n x m x k grid on a box and the
corresponding nodes on opposite sides are identified, leading to a lattice on a 3-dimensional
torus. In the case of n = 400 nodes, one can generate 6-regular lattice graphs of size 4 x 5 x 20,
5x5x16 and 4 x 10 x 10. As the box is getting closer to a cube, the diameter of the lattice
becomes smaller. The diameter of these graphs are 14, 12 and 12, respectively. These are
quite large diameters compared to a 6-regular random graph on n = 400 nodes, the diameter
of which is only 6. The two lattices with diameter 12 can be distinguished by their mean
distance. This quantity is defined as the average of the lengths of smallest distances between
any two nodes of the graph. The mean distances of these graphs are 7.22,6.42 and 6.02 while
that of the random graph is 3.61.

The solution of the individual-based model (2.2) and that of the population-level approxi-
mation (2.12) is computed again numerically. The prevalence values I(t) and I(t) are plotted
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in Figure 5.3. As we can observe, the smaller the mean distance, the better the approximation.

4x5x20 6-regular lattice graph
e

0.5

i 5x5x16 6-regular lattice graph _

>

0.4 r 04

03r 0.3

IIn
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t t

G 4x10x10 6-regular lattice graph

random 6-regular graph
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Figure 5.3: The ratio of the infected nodes obtained from the individual-based

I(t . TS ((;
model, % (blue) and from the population-level approximation, % (red) start-

ing with one infected node on the following 6-regular graphs: 4 x 5 x 20,
5 x5 x 16, 4 x 10 x 10 lattice graphs and a random graph. The epidemic pa-
rameters are 7 = 1, T = 1. The diameters and mean distances are (14;7.22),

(12;6.42), (12;6.02) and (6;3.61), respectively.

Figure 5.3 suggests that the accuracy depends on the mean distance of the graph. To reveal
this relation we computed the accuracy for several values of the mean distance. In order to
create graphs with different mean distance we started from a 4 x 5 x 20 lattice graph, and
then reconnect the nodes randomly while keeping the regularity of the graph, i.e. the degree
of each node remains 6. The reconnection is performed by eliminating two arbitrarily selected
edges starting from different nodes in the mesh and establishing two new edges between the
endpoints of the deleted edges, taking into account that no multiple edges are created. Thus,
the new graphs become closer to a random one and their mean distance will decrease as
the rewiring process is progressing by choosing newer edges to delete and create. Figure 5.4
shows the accuracy A as a function of the mean distance. It can be observed that the smaller
the mean distance of a graph, the more accurate the population-level approximation.

Concluding this section, one can make the following observations concerning the approx-
imation of the prevalence I(t) obtained from system (2.2). This system contains as many
equations as the number of nodes in the network. Our goal is to use a low dimensional (now,
in fact, a one-dimensional) approximation instead, and to derive an estimate for the accu-
racy of the approximation. The one-dimensional approximation is (2.12) yielding I(#). Our
computational findings in this section revealed the following.

e If the degree of the nodes is not small, in the case of graph size n = 400, not smaller
than 10, then the difference of I(t) and I(t) is negligible. Thus we can simply use the
one-dimensional approximation instead of the large system with n equations when the
graph is dense enough.
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Figure 5.4: The accuracy A as a function of the mean distance on various 6-
regular graphs that are obtained by rewiring a 4 x 5 x 20 lattice graph.

¢ In the case of sparse graphs, the one-dimensional approximation should be amended by
a remainder-like error term. This remainder term is determined basically by the mean
distance of the graph. Thus we can again simply use the one-dimensional approximation
instead of the large system with n equations and then add the remainder, the size of
which can be computed from the mean distance. We note that an extension of the mean-
field equation to a system with two equations is desirable, especially if the diameter
could be incorporated into the differential equations.

6 Discussion

In this paper, we studied the individual-based model of SIS epidemic propagation on regular
graphs, exploiting the fact that this system of differential equations explicitly includes the
adjacency matrix of the network. This enabled us to study the effect of network structure
on the time dependence of the prevalence. A one-dimensional approximation, population-
level equation, was introduced. For many networks, this single differential equation yields an
excellent approximation of the prevalence, despite of the fact, that exact value of the preva-
lence is determined by a system of n differential equations, where n, the number of nodes
in the network, can be very large. It turned out that for dense random regular graphs the
approximation is very good, while for sparse regular graphs a significant correction term is
needed to obtain the proper time dependence of the prevalence. Thus by solving only the
low-dimensional model and adding a correction term, the prevalence can be obtained with
high accuracy. Numerical evidence is shown that this correction term depends linearly on the
mean distance in the network.

The investigations of this paper can be extended to several directions. A two-dimensional
approximation could be derived, yielding not only the prevalence but also the correction
term. It would be desirable to include the mean distance as a parameter in this system,
since numerical experiments show that the correction term depends linearly on this graph
characteristic.

All the investigations in this paper correspond to regular graphs, hence an obvious de-
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mand arises for having similar result in the cases of graphs with a more complex degree
distribution. As a first step in this direction we show some numerical results for bimodal
graphs that have two different degrees. The nodes are divided into two groups, in the first
one there are 11 nodes with degree d; and in the second group there are n; nodes of degree
dp. We note that this degree distribution can be realized with several different adjacency ma-
trices, thus further properties of the graphs will certainly have effect on the performance of
the approximation. The mean-field equation is again (2.12), with n = n; 4+ n, and average
degree

B nidi + nady

o omtny

Four networks were created with different values of ny,1,d1,d; to show the rich dynamical
behaviour that one can obtain for bimodal graphs, see Figure 6.1. We note that the infection
rate T is chosen again in such a way that the endemic steady state in the population-level
equation is half of the whole population. In the cases shown in the upper part of the figure, the
population-level equation hits at least the endemic steady state, while in the cases belonging to
the bottom figures neither the transient nor the asymptotic behaviour is captured by the one-
dimensional approximation. This leads to the claim that two separate differential equations
are needed for the two groups of nodes with different degrees. The extension of the results
from regular to bimodal graphs is planned as a second part of this paper. The mean distances
in the above examples are close to each other, highlighting that further graph characteristics
will be required to capture the dynamics in the case of bimodal graphs.

d

6 200-10-200-20 bimodal graph i 40-5-360-20 bimodal graph

'

0.4 0.4r

0.3 0.3

lin
lin
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t it

200-3-200-9 bimodal graph 160-3-240-40 bimodal graph
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Figure 6.1: The expected value of the number of infected nodes obtained from
the individual-based model, I(t) (blue) and from the population-level approx-
imation, I(t) (red) starting with one infected node on the following bimodal
graphs: n; = 200, di = 10, np = 200, do = 20 (top left); n; = 40, d; = 5,
ny = 360, dp = 20 (top right); n; = 200, d; = 3, np = 200, d» = 9 (bottom
left) and n; = 160, dy = 3, np = 240, dp = 40 (bottom right). The epidemic
parameters are y = 1, T = %; %; %,‘ % respectively. The diameters and mean
distances are (4;2.5); (4;2.36); (6;3.52); (4;2.42), respectively.
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