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Abstract. This paper establishes new oscillation criteria for odd-order half-linear dif-
ferential equations with retarded arguments in the non-canonical case. By employing a
linearization technique, the problem is reduced to studying an associated linear equa-
tion, allowing us to analyze oscillatory behavior via comparison with first-order delay
differential equations whose properties are well known. The obtained results general-
ize, improve, and consolidate several existing criteria in the literature. Examples are
included to illustrate the practical utility and effectiveness of the proposed method.
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1 Introduction

The study focuses on analyzing the oscillatory nature of solutions associated with odd-order
half-linear differential equations of the type(

p(z)
(

φ(n−1)(z)
)ε)′

+ q(z)φε(w(z)) = 0, (1.1)

where n ≥ 3 is an odd positive integer. We assume the following conditions:

(i) ε is the ratio of positive odd integers with ε ≥ 1,

(ii) p and q : [z0, ∞) → R+ are continuous functions with p′(z) ≥ 0,

(iii) w : [z0, ∞) → R is a continuous function with w(z) ≤ z and limz→∞ w(z) = ∞.
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This is accomplished by applying a linearization technique and utilizing comparison princi-
ples with first-order delay differential equations whose oscillatory behavior is well known.

We define A(z, z0) =
∫ z

z0
p−1/ε(s) ds and assume

A(z, z0) < ∞ as z → ∞. (1.2)

A function φ is regarded as a solution of equation (1.1) if it is continuous on an interval [ξφ, ∞)

with ξφ ≥ z0 and satisfies equation (1.1) throughout that interval. In our analysis, we only
consider solutions φ for which

sup
z≥ξ

|φ(z)| > 0, for every ξ ≥ ξφ,

which means that the function does not eventually vanish.
A solution is classified as oscillatory if it possesses zeros extending arbitrarily far along the

z-axis; otherwise, it is referred to as nonoscillatory. The equation (1.1) itself is called oscillatory
when all of its admissible solutions exhibit oscillations.

Understanding the oscillation characteristics of functional differential equations plays a
key role in predicting the asymptotic dynamics of systems that incorporate retarded argu-
ments, a common feature in many natural and engineered processes. These equations model
processes in engineering, biology, and physics where the current state depends on past his-
tory, such as in control systems, population dynamics, and neural networks [22,24]. Studying
their oscillatory behavior helps predict system stability, prevent undesirable fluctuations, and
design effective control mechanisms.

The study of oscillatory behavior in odd-order, non-canonical, half-linear differential equa-
tions with retarded arguments remains a relatively unexplored direction within the qualitative
analysis of functional differential equations. Considerable advancements have been reported
for second-order cases [2, 9, 12] and for certain third-order formulations [4, 7, 8, 14]; however,
analogous results for higher odd-order half-linear problems subject to non-canonical condi-
tions are still scarcely addressed in existing research. This paper addresses this gap by intro-
ducing a new analytical framework based on linearization and comparison with first-order
delay equations, a method that, while classical for lower-order problems, has not been sys-
tematically applied to this generalized setting. While equation (1.1) is formulated for any
odd positive integer n, the primary focus and novel contributions of this study are directed
towards the more challenging and less explored cases where n ≥ 3.

A key feature of this work is its focus on the non-canonical case, defined by the con-
vergence of the integral

∫ ∞
t0

p−1/ε(s) ds < ∞. This condition introduces significant analytical
challenges, as it invalidates many standard techniques such as Riccati transformations and
asymptotic integration methods that rely on divergent integrals. In contrast, most existing
results such as those in [2, 7, 14] assumed the canonical case, where

∫ ∞ p−1/ε(s) ds = ∞. Fur-
thermore, while studies like [2, 4, 7–9, 12, 14] and [20, 21, 25] provide foundational oscillation
criteria for first, second and third-order equations, their extension to odd-order half-linear
equations has not been rigorously established. Our results generalize these classical compar-
ison principles to a more complex, nonlinear, and higher-order context, thereby offering a
novel contribution to the field.

The assumptions employed—such as the positivity and monotonicity of p, the delayed
argument w(z) ≤ z, and the structure of the half-linear nonlinearity—are consistent with the
literature, but their combination in the non-canonical, odd-order setting leads to non-trivial
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oscillation criteria. The derivation of theorems and corollaries relies on a careful classification
of non-oscillatory solutions and the use of iterated integrals to estimate lower bounds on the
solution and its derivatives. This approach extends the ideas of Koplatadze and Chanturiya
[20] and Philos [25] beyond their original scope, demonstrating how oscillation can be deduced
even in the presence of strong nonlinearity and delayed feedback.

2 Main results

In this section, we establish oscillation criteria for equation (1.1). Prior to the main results, we
state the following two lemmas.

Lemma 2.1. Let q : [z0, ∞) → R+ and w : [z0, ∞) → R be continuous functions, with w(z) ≤ z,
w(z) is nondecreasing, and limz→∞ w(z) = ∞. If the first-order delay differential inequality

φ′(z) + q(z)φ(w(z)) ≤ 0

has an eventually positive solution, then the delay equation

φ′(z) + q(z)φ(w(z)) = 0

also has an eventually positive solution.

This lemma extends the results introduced in [20, 21, 25, Corollary 1] and its proof follows
directly as a consequence.

Lemma 2.2 ([19]). Let conditions (i)–(iii) and (1.2) hold. Equation (1.1) has eventually positive
solutions satisfying one of the following cases:

(I) φ(z) > 0, φ′(z) > 0, φ′′(z) > 0, . . . , φ(n−1)(z) > 0, φ(n)(z) ≤ 0,
(

p(z)
(

φ(n−1)(z)
)ε)′ ≤ 0,

(II) φ(z) > 0, φ(j)(z) > 0, φ(j+1)(z) < 0 for every odd number j ∈ {1, 2, . . . , n − 3}, φ(n−1)(z) >

0, φ(n)(z) ≤ 0,
(

p(z)
(

φ(n−1)(z)
)ε)′ ≤ 0,

(III) (−1)i φ(i)(z) > 0, i = 1, 2, . . . , n,

(IV) φ(z) > 0, φ(n−2)(z) > 0, φ(n−1)(z) < 0,
(

p(z)
(

φ(n−1)(z)
)ε)′ ≤ 0.

Theorem 2.3. Let conditions (i)–(iii) and (1.2) hold. Suppose that for any constant θ ∈ (0, 1), the
linear delay differential equations(

p1/ε(z)φ(n−1)(z)
)′

+
1
ε

(
θ

(n − 1)!

)ε−1

w(1−n)(1−ε)(z)p1/ε−1(z)q(z)φ(w(z)) = 0 (2.1)

and (
p1/ε(z)φ(n−1)(z)

)′
+

θε−1

ε
wε−1(z)

(
In−2(w(z))

)ε−1
q(z)φ(w(z)) = 0 (2.2)

are oscillatory, and the inequality(
p1/ε(z)φ(n−1)(z)

)′
+

1
ε

p(1−ε)/ε(z)Iε−1
n−1(w(z))q(z)φ(w(z)) ≤ 0 (2.3)

has no eventually positive decreasing solution, where

Ik(z) =
∫ η(z)

z

∫ η(s1)

s1

· · ·
∫ η(sk−1)

sk−1

p−1/ε(sk) dsk · · · ds1,
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and η(z) > z is a continuous function with limz→∞ η(z) = ∞. Additionally, assume

lim sup
z→∞

∫ z

z1

q(s)
(

θ

(n − 2)!
wn−2(s)

)ε

Aε(w(s), z0) ds > ε. (2.4)

Then equation (1.1) is oscillatory.

Proof. Consider a solution φ of (1.1) that does not oscillate. Suppose there exists z1 ≥ z0

such that φ(z) > 0 and φ(w(z)) > 0 for every z ≥ z1. Under these circumstances, the term
p(z)

(
φ(n−1)(z)

)ε cannot change sign. In fact, one can verify that φ(n−1)(z) remains strictly
positive. With this observation, we turn our attention to recasting (1.1) into an equivalent
linear form.

From (1.1) we deduce that(
p(z)

(
φ(n−1)(z)

)ε)′
= −q(z)φε(w(z)).

Differentiating, we obtain(
p(z)

(
φ(n−1)(z)

)ε)′
= ε

(
p

1
ε (z)φ(n−1)(z)

)ε−1
(

p
1
ε (z)φ(n−1)(z)

)′
= −q(z)φε(w(z)), (2.5)

where
(

p(z)
(

φ(n−1)(z)
)ε)′ takes the form

((
p

1
ε (z)φ(n−1)(z)

)ε)′. Thus, we get(
p

1
ε (z)φ(n−1)(z)

)′
= −1

ε

(
p

1
ε (z)φ(n−1)(z)

)1−εq(z)φε(w(z)). (2.6)

Assume that Case (I) of Lemma 2.2 holds. By [1, Lemma 2.2.3], there exists a constant
θ ∈ (0, 1) such that

φ(w(z)) ≥ θ

(n − 1)!
wn−1(z)φ(n−1)(w(z)), for z ≥ z1. (2.7)

Rearranging, we get(
θ

(n − 1)!

)−1

w1−n(z)φ(w(z)) ≥ φ(n−1)(w(z)) for z ≥ z1. (2.8)

Using (2.8) in (2.6), we have

(
p

1
ε (z)φ(n−1)(z)

)′
+

1
ε

(
θ

(n − 1)!

)ε−1

w(1−n)(1−ε)(z)p
1
ε −1(z)q(z)φ(w(z)) ≤ 0. (2.9)

This outcome conflicts with the initial premise that equation (2.1) exhibits oscillatory behavior.
Next, suppose that Case (II) described in Lemma 2.2 is valid. Since p′(z) ≥ 0, we see that

φ satisfies (−1)j+1φ(j)(z) > 0 for j = 2, . . . , n − 1. Thus, we get

−φ(n−2)(z) ≥ φ(n−2)(η(z))− φ(n−2)(z) =
∫ η(z)

z
φ(n−1)(s) ds

≥ (η(z)− z)φ(n−1)(η(z)) =: I1(z)φ(n−1)(η(z)).

Repeated integration from z to η(z) yields

φ′(z) ≥ In−2(z)φ(n−1)(ηn−2(z)),
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where ηk(z) denotes the k-th iterated application of η(z), and

In−2(z) =
∫ η(z)

z

∫ η(s1)

s1

· · ·
∫ η(sn−3)

sn−3

p−1/ε(sn−2) dsn−2 · · · ds1.

Thus,
φ′(w(z)) ≥ In−2(w(z))φ(n−1)(µ(z)), (2.10)

where µ(z) = ηn−2(w(z)). By [1, Lemma 2.2.3], there exists θ ∈ (0, 1) such that

φ(w(z)) ≥ θw(z)φ′(w(z)), for z ≥ z1. (2.11)

Using this in the inequality (2.10), we get

φ(w(z)) ≥ θw(z)In−2(w(z))φ(n−1)(µ(z)).

Since φ(n−1)(z) ≤ φ(n−1)(w(z)) ≤ φ(n−1)(µ(z)), we have

φ(n−1)(z) ≤ φ(w(z))

θw(z)In−2(w(z))
.

Hence,

p1/ε(z)φ(n−1)(z) ≤ p1/ε(z)φ(w(z))

θw(z)In−2(w(z))
.

Thus, we have (
p

1
ε (z)φ(n−1)(z)

)′
≥ θε−1

ε
wε−1(z)

(
In−2(w(z))

)ε−1q(z)φ(w(z)) (2.12)

contradicting the assumption that equation (2.2) is oscillatory.
Assume Case (III) of Lemma 2.2 holds. Since p′(z) ≥ 0, it follows that φ obeys the sign

pattern (−1) j+1φ(j)(z) > 0 for each j = 2, . . . , n − 1. Therefore,

−φ(n−2)(z) ≥ I1(z)φ(n−1)(η(z)).

Repeated integration yields

φ(z) ≥ In−1(z)φ(n−1)(ηn−1(z)).

Thus,
φ(w(z)) ≥ In−1(w(z))φ(n−1)(µ(z)), (2.13)

where µ(z) = ηn−1(w(z)). Since φ(n−1)(z) ≤ φ(n−1)(w(z)) ≤ φ(n−1)(µ(z)), we get

φ(n−1)(z) ≤ φ(w(z))

In−1(w(z))
.

It follows that

p1/ε(z)φ(n−1)(z) ≤ p1/ε(z)φ(w(z))

In−1(w(z))
. (2.14)

Using (2.14) in (2.6), we obtain

−
(

p
1
ε (z)φ(n−1)(z)

)′
≥ 1

ε

(
p1/ε(z)φ(w(z))

)1−ε
q(z)φε(w(z)).
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This simplifies to(
p

1
ε (z)φ(n−1)(z)

)′
+

1
ε

(
p1/ε(z)φ(w(z))

)1−ε
q(z)φε(w(z)) ≤ 0

contradicting the assumption that inequality (2.3) has no eventually positive decreasing solu-
tion.

Finally, assume Case (IV) of Lemma 2.2 holds. It is clear that

p1/ε(s)φ(n−1)(s) ≤ p1/ε(z)φ(n−1)(z).

Integrating from z to u and letting u → ∞, we get

0 ≤ φ(n−2)(u) ≤ φ(n−2)(z) + A(z, z0)p1/ε(z)φ(n−1)(z).

Thus,
φ(n−2)(z) ≥ −p1/ε(z)φ(n−1)(z)A(z, z0). (2.15)

Since φ(n−1)(z) < 0, the function φ(n−2)(z) is decreasing. On the other hand, A(z, z0) is in-
creasing in z. Therefore, using w(z) ≤ z, we obtain

φ(n−2)(w(z))

A(w(z), z0)
≥ φ(n−2)(z)

A(z, z0)
. (2.16)

To justify (2.16), we note that since φ(n−1)(z) < 0, the function φ(n−2)(z) is decreasing. More-
over,

A(z, z0) =
∫ z

z0

p−1/ε(s) ds

is increasing in z. Therefore, from w(z) ≤ z, we obtain

φ(n−2)(w(z)) ≥ φ(n−2)(z) and A(w(z), z0) ≤ A(z, z0).

Since φ(n−2)(z) > 0 and A(z, z0) > 0, we have

φ(n−2)(w(z))

A(w(z), z0)
≥ φ(n−2)(z)

A(w(z), z0)
≥ φ(n−2)(z)

A(z, z0)
,

and hence (2.16) holds.
Now, from [2, Lemma 2.2.3], there exists a constant θ ∈ (0, 1) such that

φ(w(z)) ≥ θ

(n − 2)!
wn−2(z)φ(n−2)(w(z)), for z ≥ z1. (2.17)

From (2.16), one can deduce that

φ(n−2)(w(z)) ≥ φ(n−2)(z)
A(w(z), z0)

A(z, z0)
.

Substituting this yields

φ(w(z)) ≥ θ

(n − 2)!
wn−2(z) · φ(n−2)(z)

A(w(z), z0)

A(z, z0)
. (2.18)
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Recalling the linearized equation from (2.6)

z′(z) =
(

p1/ε(z)φ(n−1)(z)
)′

= −1
ε

(
p1/ε(z)φ(n−1)(z)

)1−ε
q(z)φε(w(z)). (2.19)

Since z(z) = p1/ε(z)φ(n−1)(z) < 0, we have |z(z)| = −z(z). Therefore, equation (2.19) can be
written as

−z′(z) =
1
ε
|z(z)|1−εq(z)φε(w(z)).

Substituting the lower bound for φ(w(z)) from (2.18) into this inequality, we get

−z′(z) ≥ 1
ε
|z(z)|1−εq(z)

(
θ

(n − 2)!
wn−2(z)φ(n−2)(z)

A(w(z), z0)

A(z, z0)

)ε

.

From inequality (2.15), φ(n−2)(z) ≥ −z(z)A(z) = |z(z)|A(z). Substituting this we obtain

−z′(z) ≥ 1
ε
|z(z)|1−εq(z)

(
θ

(n − 2)!
wn−2(z)|z(z)|A(z, z0)

A(w(z), z0)

A(z, z0)

)ε

.

Simplifying the expression

−z′(z) ≥ 1
ε
|z(z)|1−εq(z)

(
θ

(n − 2)!
wn−2(z)|z(z)|A(w(z), z0)

)ε

=
1
ε

q(z)
(

θ

(n − 2)!
wn−2(z)A(w(z), z0)

)ε

|z(z)|

or

z′(z) ≤ −1
ε

q(z)
(

θ

(n − 2)!
wn−2(z)A(w(z), z0)

)ε

z(z).

Let u(z) = −z(z) > 0. Then u′(z) = −z′(z), and the above inequality becomes

u′(z) ≥ 1
ε

q(z)
(

θ

(n − 2)!
wn−2(z)A(w(z), z0)

)ε

u(z). (2.20)

Performing integration of (2.20) over the interval [z1, z] yields

ln
(

u(z)
u(z1)

)
≥ 1

ε

∫ z

z1

q(s)
(

θ

(n − 2)!
wn−2(s)A(w(s), z0)

)ε

ds

or

u(z) ≥ u(z1) exp
(

1
ε

∫ z

z1

q(s)
(

θ

(n − 2)!
wn−2(s)A(w(s), z0)

)ε

ds
)

.

Taking the limit superior as z → ∞, if the integral in condition (2.4) is infinite, then u(z) → ∞.
Since u(z) = −z(z) is known to be bounded, the preceding estimate yields a contradiction.
Therefore the assumed non-oscillatory solution cannot exist, and equation (1.1) must be oscil-
latory.

Alternatively, we can combine the results in Theorem 2.3 by defining

Q(z) = min

{
1
ε

(
θ

(n − 1)!

)ε−1

w(1−n)(1−ε)(z)p1/ε−1(z)q(z),
θε−1

ε
wε−1(z)

(
In−2(w(z))

)ε−1q(z)

}
.

Then, Theorem 2.3 takes the following form.
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Corollary 2.4. Suppose that assumptions (i)–(iii), together with (1.2) and (2.4), are satisfied. If, for
every fixed constant θ ∈ (0, 1), the associated linear problem(

p
1
ε (z) φ(n−1)(z)

)′
+ q(z) Q(z) φ

(
w(z)

)
= 0 (2.21)

exhibits oscillatory behavior, then it follows that the original equation (1.1) must also be oscillatory.

Theorem 2.5. Let conditions (i)—(iii), (1.2) and (2.4) hold. If for any constant θ ∈ (0, 1), the linear
first-order delay differential equations

X′(z) +
1
ε

q(z)
(

θ

(n − 1)!
p−1/ε(w(z))wn−1(z)

)ε

X(w(z)) = 0 (2.22)

and
Y′(z) +

1
ε

q(z)
(

θw(z)p−1/ε(w(z))In−2(w(z))
)ε

Y(w(z)) = 0 (2.23)

are oscillatory, then equation (1.1) is oscillatory.

Proof. Consider a solution φ of equation (1.1) that is eventually positive, meaning there exists
some z1 ≥ z0 for which φ(z) > 0 and φ

(
w(z)

)
> 0 whenever z ≥ z1. By applying the same

reasoning as in the proof of Theorem 2.3, Case (I), one obtains the relations in (2.19) and (2.6).
Combining these expressions by inserting (2.6) into (2.19) gives

−
(

p
1
ε (z)φ(n−1)(z)

)′
≥ 1

ε

(
p1/ε(z)φ(n−1)(z)

)1−ε
q(z)

(
θ

(n − 1)!
wn−1(z)φ(n−1)(w(z))

)ε

.

Since φ(n−1)(w(z)) = (p
1
ε (w(z))φ(n−1)(w(z)))′

p1/ε(w(z))
, we get

−
(

p
1
ε (z)φ(n−1)(z)

)′
≥ 1

ε
q(z)

(
θ

(n − 1)!
p−1/ε(w(z))wn−1(z)

)ε

p
1
ε (w(z))φ(n−1)(w(z)).

Let X(z) = p1/ε(z)φ(n−1)(z). Then,

X′(z) +
1
ε

q(z)
(

θ

(n − 1)!
p−1/ε(w(z))wn−1(z)

)ε

X(w(z)) ≤ 0.

By Lemma 2.1, this contradicts the assumption that equation (2.22) is oscillatory.
For Case (II) of Lemma 2.2, proceeding as in Theorem 2.3 Case (II), we obtain (2.10) and

(2.11), so
φ(w(z)) ≥ θw(z)In−2(w(z))φ(n−1)(w(z)).

It follows that

−
(

p
1
ε (z)φ(n−1)(z)

)′
≥ 1

ε

(
p1/ε(z)φ(n−1)(z)

)1−ε
q(z)

(
θw(z)In−2(w(z))φ(n−1)(w(z))

)ε
.

Again since φ(n−1)(w(z)) = (p
1
ε (w(z))φ(n−1)(w(z)))′

p1/ε(w(z))
, we obtain

−
(

p
1
ε (z)φ(n−1)(z)

)′
≥ 1

ε
q(z)

(
θw(z)p−1/ε(w(z))In−2(w(z))

)ε(
p1/ε(w(z))φ(n−1)(w(z))

)
.

Let Y(z) = p1/ε(z)φ(n−1)(z). Then,

Y′(z) +
1
ε

q(z)
(

θw(z)p−1/ε(w(z))In−2(w(z))
)ε

Y(w(z)) ≤ 0.

By Lemma 2.1, this contradicts the assumption that equation (2.23) is oscillatory. The rest of
the proof is similar and hence omitted.
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As an application of the above theorem, we may have the following integral conditions.

Corollary 2.6. Let conditions (i)–(iii), (1.2) and (2.4) hold. If for any constant θ ∈ (0, 1),

lim
z→∞

∫ z

w(z)
q(s)

(
θ

(n − 1)!
p−1/ε(w(s))wn−1(s)

)ε

ds >
1
e

, (2.24)

and

lim
z→∞

∫ z

w(z)
q(s)

(
θw(s)p−1/ε(w(s))In−2(w(s))

)ε
ds >

1
e

, (2.25)

then equation (1.1) is oscillatory.

Proof. The conditions (2.24) and (2.25) imply that equations (2.22) and (2.23) are oscillatory,
respectively, by standard results in oscillation theory for first-order delay differential equations
(see [20]). Thus, by Theorem 2.5, equation (1.1) is oscillatory.

In comparison to Theorem 2.3, which requires the oscillation of two first-order linear de-
lay equations, Theorem 2.7 replaces this dual requirement with a single oscillation condition
based on a different comparison function involving the iterated integral An−2(z, w(z)). This
alternative criterion provides a new pathway for establishing oscillation and leads to a distinct
proof, particularly for Case (II) of Lemma 2.2.

Theorem 2.7. Let conditions (i)–(iii), (1.2) and (2.4) hold. If for any constant θ ∈ (0, 1), the linear
delay differential equation(

p1/ε(z)φ(n−1)(z)
)′

+
1
ε

(
θw(z)An−2(z, w(z))

)ε−1q(z)φ(w(z)) = 0 (2.26)

is oscillatory, where

A1(v, u) =
∫ v

u
p−1/ε(s) ds, Ai(v, u) =

∫ v

u
Ai−1(v, s) ds, i = 2, 3, . . . ,

then equation (1.1) is oscillatory.

Proof. We give the proof for Case (II) of Lemma 2.2. For t > v > u, we have

−φ(n−2)(u) ≥
∫ v

u
p−1/ε(s)p1/ε(s)φ(n−1)(s)ds > A1(v, u)p1/ε(v)φ(n−1)(v).

By integrating this inequality successively (n − 3) times over the interval from u to v, we
obtain

φ′(u) ≥ An−2(v, u)p1/ε(v)φ(n−1)(v).

Applying Lemma 2.2.3 from [14], which states φ(x) ≥ θω(x)φ′(x) for a constant θ ∈ (0, 1),
and substituting the obtained bound for φ′(u), we get

φ(u) ≥ θω(u)An−2(v, u)p1/ε(v)φ(n−1)(v).

Now, substituting u = ω(z) and v = z (where z denotes the independent variable), it follows
that

φ(ω(z)) ≥ θω(ω(z))An−2(z, ω(z))p1/ε(z)φ(n−1)(z).
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Using the preceding estimate together with (2.26), we obtain

−
(

p1/ε(z)φ(n−1)(z)
)′

≥ 1
ε

q(z)
(

p1/ε(z)φ(n−1)(z)
)1−ε

×
(

θω(z)An−2
(
z, ω(z)

)
p1/ε(z)φ(n−1)(z)

)ε−1
φ
(
ω(z)

)
.

Hence, (
p1/ε(z)φ(n−1)(z)

)′
+

1
ε

(
θω(z)An−2

(
z, ω(z)

))ε−1 q(z)φ
(
ω(z)

)
≤ 0,

which contradicts the assumption that equation (2.26) is oscillatory.

Corollary 2.8. Let the assumptions of Theorem 2.7 be fulfilled. If, for every constant θ ∈ (0, 1), the
following holds:

lim sup
z→∞

∫ z

w(z)

1
ε
[θ w(s) An−2(s, w(s))]ε−1 q(s) ds >

1
e

,

then equation (1.1) possesses only oscillatory solutions.

Unlike the earlier theorems, which establish oscillation via an associated linear equation,
the next result formulates a criterion based on the absence of eventually positive and mono-
tonically decreasing solutions to a certain differential inequality.

Theorem 2.9. Let conditions (i)–(iii), together with (1.2) and (2.4), be satisfied. If, for any constant
θ ∈ (0, 1), the differential inequality(

p1/ε(z)φ(n−1)(z)
)′

+
1
ε

Aε−1
n−1(z, w(z)) q(z) φ(w(z)) ≤ 0 (2.27)

admits no solution that is eventually positive and monotonically decreasing, then equation (1.1) is
oscillatory.

Proof. We present the argument for Case (III) of Lemma 2.2. In this setting, it follows that
(−1)i φ(i)(z) > 0 for i = 1, 2, . . . , n. Consequently,

−φ(n−2)(u) ≥
∫ v

u
p−1/ε(s) p1/ε(s) φ(n−1)(s) ds ≥ A1(v, u) p1/ε(v) φ(n−1)(v).

By integrating this inequality (n − 2) times from u to v, we arrive at

φ(u) ≥ An−1(v, u) p1/ε(v) φ(n−1)(v).

Choosing u = w(z) and v = z gives

φ(w(z)) ≥ An−1(z, w(z)) p1/ε(z) φ(n−1)(z).

From this, we deduce

−
(

p1/ε(z)φ(n−1)(z)
)′

≥ 1
ε

(
p1/ε(z)φ(n−1)(z)

)1−ε
q(z)

(
An−1(z, w(z)) p1/ε(z) φ(n−1)(z)

)ε
.

Simplifying yields (
p1/ε(z)φ(n−1)(z)

)′
+

1
ε

Aε−1
n−1(z, w(z)) q(z) φ(w(z)) ≤ 0,

which contradicts the hypothesis that (2.27) has no eventually positive decreasing solution.
The remaining steps parallel the reasoning used in Theorem 2.3 Case (III) and are omitted.

Corollary 2.10. Assume the conditions of Theorem 2.9 hold. If for any constant θ ∈ (0, 1),∫ ∞

z0

Aε−1
n−1(z, w(z))q(z)dz = ∞, (2.28)

then equation (1.1) is oscillatory.
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3 Examples

Example 3.1. Consider the problem

(
z2 ∣∣φ′′(z)

∣∣ε−1
φ′′(z)

)′
+

q0

z3ε

∣∣∣∣φ (
t
2

)∣∣∣∣β−1

φ
( z

2

)
= 0, z ≥ 2, (E1)

where ε > 0 is a ratio of odd positive integers, β > 0, and q0 > 0 is a constant.

From equation (E1), we identify p(z) = z2, q(z) = q0
z3ε , w(z) = z

2 and n = 3. The non-
canonical condition requires

∫ ∞
2 s−2/εds < ∞, which is valid if ε > 2. Indeed, we get

A(z, 2) =
∫ z

2
s−2/εds =

ε

ε − 2

(
z1−2/ε − 21−2/ε

)
.

Next, we have

I1(z) =
∫ z

w(z)
p−1/ε(s)ds =

∫ z

z/2
s−2/εds =

ε

ε − 2

(
z1−2/ε − (z/2)1−2/ε

)
.

For

Q(z) = min

{
1
ε

(
θ

(n − 1)!

)ε−1

w(1−n)(1−ε)(z)p1/ε−1(z)q(z),
θε−1

ε
wε−1(z) (In−2(w(z)))ε−1 q(z)

}
,

we compute the two terms
T1(z) = C1(θ, ε, q0)z

2/ε−4

and
T2(z) = C2(θ, ε, q0)z

−ε−4+2/ε,

where

C1(θ, ε, q0) =
q0θε−1

ε
2−4ε+3, C2(θ, ε, q0) =

θε−1q0

ε
2−(ε−1)Cε−1

3 (ε)

and
C3(ε) =

ε

ε − 2
2−(1−2/ε)

(
1 − 2−(1−2/ε)

)
.

Since ε > 2, both T1(z) and T2(z) tend to zero as z → ∞. However, for the oscillation criterion,
we need the linear equation(

p1/ε(z)φ′′(z)
)′

+ q(z)Q(z)φ(w(z)) = 0

to be oscillatory.
Let Q(z) = min{T1(z), T2(z)}. Then q(z)Q(z) behaves like z−γ for some γ > 1. By standard

oscillation criteria for first-order linear delay equations [20], if

lim sup
z→∞

∫ z

w(z)
q(s)Q(s)ds >

1
e

,

then the equation is oscillatory. For sufficiently large q0 > 0, this integral condition can be
satisfied. Therefore, by Corollary 2.4, if the above integral condition holds, then equation
(E1) is oscillatory. Thus, for ε > 2 and q0 sufficiently large, all solutions of equation (E1) are
oscillatory.
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Example 3.2. Consider the following third-order half-linear delay differential equation:(
z4 (φ′′(z)

)3
)′

+
1
z2 φ3

( z

2

)
= 0, z ≥ 2. (E2)

In view of equation (E2), n = 3, ε = 3, p(z) = z4, q(z) = 1
z2 and w(z) = z

2 . Moreover, we have∫ ∞
2 s−4/3ds < ∞ and A2(z, z/2) = C1z

2/3, where C1 is a positive constant. FFurther, we have∫ ∞

2
C2

1z
−2/3 dz = ∞.

All conditions of Corollary 2.10 are satisfied. Therefore, all solutions of equation (E2) are
oscillatory.

4 Conclusion

In this paper, we have studied the oscillation of odd-order half-linear differential equations
with retarded arguments under the non-canonical condition

∫ ∞
z0

p−1/ε(s)ds < ∞. The equation
under consideration generalizes several classical models by incorporating both nonlinearity
(via the half-linear structure) and delay effects, making it applicable to a wide range of phys-
ical and biological systems with memory. Our main contribution lies in extending oscillation
criteria to this broader class of equations, particularly for odd orders n ≥ 3, where few results
exist. By employing a linearization technique and comparison principles with first-order de-
lay differential equations, we establish sufficient conditions for all solutions to be oscillatory,
building upon foundational work in the field.

Compared to the existing literature, our results represent a significant generalization.
While oscillation theory for second-order half-linear equations is well-developed (e.g.,
Agarwal et al. [2], Grace et al. [13]), and some results exist for third-order linear or canon-
ical cases (e.g., Dzurina and Kotorova [7], Graef and Saker [15]), the non-canonical case for
odd-order half-linear equations has been largely unexplored. Our work fills this gap by initi-
ating a systematic study in this direction. Unlike many prior studies that assume the canonical
condition, we focus precisely on the more challenging non-canonical scenario, which requires
refined asymptotic analysis and new comparison functions involving iterated integrals of the
coefficient p(t). Furthermore, while earlier works often restrict to n = 3, our theorems apply
to arbitrary odd orders, enhancing their applicability.

The methodology used—based on classifying possible non-oscillatory solution behaviors
(Lemma 2.2) and reducing the half-linear problem to a linear comparison equation—is in-
spired by classical techniques from Koplatadze and Chanturiya [20] and Philos [25]. However,
the extension to higher-order half-linear equations introduces technical challenges, particu-
larly in justifying the sign patterns of derivatives and in the correct application of iterative
integration. We note that some proofs in the current manuscript contain gaps or inaccuracies
(e.g., incorrect sign assumptions in Case (III), undefined functions like Ak(t, u), and missing
assumption lists), which must be corrected to ensure mathematical rigor. Once revised, the
proposed criteria could improve upon known results by relaxing conditions on the coefficients
and delay functions.

In conclusion, this work advances the oscillation theory of functional differential equations
by unifying several complex features: odd order, half-linearity, delay, and the non-canonical
condition. Its value lies not only in the new theorems but also in the framework it proposes for
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analyzing higher-order nonlinear delay equations. Future research should focus on correcting
the technical flaws, providing illustrative examples, and exploring extensions to neutral and
superlinear/sublinear cases.
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