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Abstract. In this paper we study the existence of ground state solutions for the asymp-
totically periodic Schrödinger–Poisson systems which are coupled by a Schrödinger
equation of p-Laplacian and a Poisson equation of q-Laplacian. The method relies on
a variational approach and the case of the nonlinearity exhibits a critical growth is also
considered. Some results in the literature are extended.
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1 Introduction

This paper deal with the existence of ground state solutions for the quasilinear Schrödinger–
Poisson system {

−∆pu + V(x)|u|p−2u + K(x)ϕ|u|m−2u = g(x, u) in R3,

−∆qϕ = K(x)|u|m in R3,
(1.1)

where V, K and g are asymptotically periodic functions in x, ∆iu = div(|∇u|i−2∇u)(i = p, q),
1 < p < 3, q and m satisfy

3p
4p−3 < q < 3, (4q−3)p

3q < m < (q−1)p∗
q , (1.2)

p∗ = 3p
3−p . With p = q = m = 2. System (1.1) reduces to the semilinear Schrödinger–Poisson

system {
−∆u + V(x)u + K(x)ϕu = g(x, u) in R3,

−∆ϕ = K(x)u2 in R3,
(1.3)

which has been studied intensively in the last twenty years due to its physical background,
starting with the pioneering paper [6]. For the results on existence and non-existence of
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solutions, radial and non-radial solutions, positive and sign-changing solutions, multiplicity of
solutions, and ground states of system (1.3), we refer to [1,3–5,9–12,19,21,23,24,27–29,32–36].

Azzollini and Pomponio [5] first considered the existence of a ground state solution for
system (1.3) with K = 1 and g(x, u) = |u|r−1u, when V is a positive constant and 2 < r < 5, or
V is possibly unbounded below satisfying V(x) ≤ V∞ := lim|x|→∞ V(x) a.e. in x ∈ R3 and 3 <

r < 5. For the case of K = 1 and g(x, u) = |u|r−1u with 2 < r ≤ 3, the existence of a ground
state solution to system (1.3) was proved in [34]. In [28], when K = 1, V and g are periodic
functions in x, the authors obtained a ground state solution for system (1.3). A positive
ground state solution of system (1.3) was obtained in [9], when V = 1, g(x, u) = a(x)|u|r−1u
with 3 < r < 5, where the nonnegative functions a and K satisfy a(x) ≥ a∞ := lim|x|→∞ a(x)
for ∀x ∈ R3, lim|x|→∞ K(x) = 0. In [1], the authors assumed that K = 1 and V satisfies

(V0) 0 < V(x) ≤ VT(x) for ∀x ∈ R3, and the strict inequality holds on a set of positive
measure, lim|x|→∞ |V(x)− VT(x)|=0 and VT(x + z) = VT(x) for all x ∈ R3 and z ∈ Z3.

They obtained the existence of a positive ground state solution to system (1.3). Concerning
the asymptotically periodic system (1.3), the same result was obtained in[28, 32] under more
weaker assumptions on V and K than that in [1]. In [28], the authors supposed that g is an
asymptotically periodic function, V and K satisfy

(V) 0 ≤ V(x) ≤ VT(x) ∈ L∞(R3) and V(x)− VT(x) ∈ F0, where

F0 := {k(x) : for any ε > 0, meas {x ∈ B1(y) : |k(x)| ≥ ε} → 0 as |y| → ∞}

and VT satisfies V0 := infx∈R3 VT > 0 and VT(x + z) = VT(x) for all x ∈ R3 and z ∈ Z3;

(K) 0 < K(x) ≤ KT(x) ∈ L∞(R3), K(x)− KT(x) ∈ F0, and KT satisfies K0 := infx∈R3 KT > 0
and KT(x + z) = KT(x) for all x ∈ R3 and z ∈ Z3.

The existence of a positive solution for asymptotically periodic system similar to (1.3) was
established in [18], which has critical nonlocal term.

We mention that the following quasilinear Schrödinger–Poisson system{
−∆pu + |u|p−2u + λϕ|u|m−2u = |u|r−2u in R3,

−∆qϕ = |u|m in R3
(1.4)

was first studied in [16], where λ > 0, 1 < p < 3, p < r < p∗, q and m satisfy

max
{

1,
3p

5p − 3

}
< q < 3, max

{
1,
(q∗ − 1)p

q∗

}
< m <

(q∗ − 1)p∗

q∗
. (1.5)

Other works regarding the quasilinear (1.4), we refer to [14, 15].
As far as we know, there is no results on the existence of ground state solutions to the

asymptotically periodic Schrödinger–Poisson system (1.1), this is one of the aims for our paper.
In this article, we assume that g ∈ C(R3 × R, R) and satisfies the following hypotheses:

(g1) lims→0
g(x,s)
|s|p−2s = 0 uniformly for x ∈ R3;

(g2) lim|s|→+∞
g(x,s)
|s|p∗−2s

= 0 uniformly for x ∈ R3;

(g3)
g(x,s)

|s|
qm

q−1 −1
is nondecreasing on R\{0};
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(g4) there exists gT ∈ C(R3 × R, R) such that

(i) g(x, s) ≥ gT(x, s) for all (x, s) ∈ R3 × R+, g(x, s) ≤ gT(x, s) for all (x, s) ∈ R3 × R−,
and g(x, s)− gT(x, s) ∈ F , where
F := {g̃(x, s) : for any ε > 0, meas {x ∈ B1(y) : |g̃(x, s)| ≥ ε} → 0 as |y| → ∞

uniformly for |s| bounded};

(ii) gT(x + z, s) = gT(x, s) for all (x, s) ∈ R3 × R and z ∈ Z3;

(iii) lims→0
gT(x,s)

|s|
qm

q−1 −2
s
= 0 uniformly for x ∈ R3;

(iv) gT(x,s)

|s|
qm

q−1 −1
is nondecreasing on R\{0};

(v) lims→∞
GT(x,s)

|s|
qm

q−1
= +∞ uniformly for x ∈ R3, where GT(x, s) =

∫ s
0 gT(x, t)dt.

We next consider the following quasilinear Schrödinger–Poisson system with critical ex-
ponent {

−∆pu + V(x)|u|p−2u + K(x)ϕ|u|m−2u = g(x, u) + Q(x)|u|p∗−2u in R3,

−∆qϕ = K(x)|u|m in R3,
(1.6)

where V, K, Q and g are asymptotically periodic functions in x. The non-existence of solutions,
positive and sign-changing solutions, ground states of the semilinear system (1.6) with p =

q = m = 2 have been studied in [5, 19, 28, 33, 35, 36].
Azzollini and Pomponio [5] proved the existence of a ground state solution for the semilin-

ear system (1.6) with p = q = m = 2, K = Q = 1, g(x, u) = |u|r−1u and 3 < r < 5, when V is a
positive constant, or V is possibly unbounded below satisfying V(x) ≤ V∞ := lim|x|→∞ V(x)
a.e. in x ∈ R3. For the case of p = q = m = 2, K = 1 and g(x, u) = µ|u|r−1u with
µ > 0, when 3 < r < 5 or 2 < r < 3 and µ is sufficiently large, the existence of a posi-
tive ground state solution to the semilinear system (1.6) was established in [19] if V satisfies
V(x) ≤ V∞ := lim inf|x|→∞ V(x). In [28, 33], the authors assumed that V, K, Q and g are
asymptotically periodic functions in x, and obtained a ground state solution for the semi-
linear system (1.6) with p = q = m = 2. In [13], the authors obtained the ground state
solutions and nontrivial solutions to the quasilinear system (1.6) for the case of q = 2, m = p,
V = Q = 1, g(x, u) = λ|u|r−1u, where 3

2 < p < 3 and λ > 0.
Observe that when K = 0 and p = 2. System (1.6) becomes to the semilinear Schrödinger

equation
−∆u + V(x)u = g(x, u) + Q(x)|u|2∗−2u in RN . (1.7)

In [20], the authors studied the existence of a positive ground state solution for equation (1.7),
when V and g are asymptotically periodic functions in x and Q ∈ C(RN , R) satisfies

(Q0) there exist a function QT ∈ C(RN , R), 1-periodic in xi, 1 ≤ i ≤ N, and a point x0 ∈ RN

such that Q − QT ∈ F0, Q(x) ≥ QT(x) > 0 for all x ∈ RN and

Q(x) = |Q|∞ + O(|x − x0|α), as x → x0, α = 1 for N = 3 and α = 2 for N ≥ 4.

Motivated by these works mentioned above, a natural question arises: do ground state solu-
tions for asymptotically periodic Schrödinger–Poisson system (1.6) exist or not? In this article,
we consider the ground state solutions for system (1.6). We assume that Q ∈ C(R3, R) satisfies
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(Q) there exist a function QT ∈ C(R3, R), 1-periodic in xi, 1 ≤ i ≤ 3, and a point x0 ∈ R3

such that Q − QT ∈ F0, Q(x) ≥ QT(x) > 0 for all x ∈ R3 and

Q(x) = |Q|∞ + O(|x − x0|β) as x → x0, where β > 0;

and g ∈ C(R3, R) satisfies (g1)–(g4) and

(g5) lims→∞
G(x,s)
|s|γ = +∞ uniformly for x ∈ R3, where G(x, s) =

∫ s
0 g(x, t)dt and γ satisfies

the following hypotheses when 1 < p ≤
√

3,

p∗ > γ ≥


qm

q−1 , β ≥ 3
p−1 ,

max
{

(3−β)p
3−p , qm

q−1

}
, β < 3

p−1 ,
(1.8)

when
√

3 < p < 3,

p∗ > γ ≥

max
{

p∗ − mq
(q−1)(p−1) , p(4p−6)

(3−p)(p−1) , 3pq−3p−4q+3
(3−p)(p−1) , qm

q−1

}
, β ≥ 3

p−1 ,

max
{

p∗ − mq
(q−1)(p−1) , p(4p−6)

(3−p)(p−1) , 3pq−3p−4q+3
(3−p)(p−1) , (3−β)p

3−p , qm
q−1

}
, β < 3

p−1 .
(1.9)

We point out that it is hard to give an explicit expression for the solution of the quasilinear
Poisson equation −∆qϕ = K(x)|u|m, which leads to the ineffectiveness of the method used
in [27, 28, 32, 33] for the proof of Lemma 2.4 in this paper. We have overcome the obstacle by
some basic inequalities and calculations of some delicacy. It is noted that the range of values
for q and m in this article is smaller than that in [16], since q and m not only need to satisfy
(1.5), but also need to satisfy mq

q−1 < p∗, which guarantees that G(x, s) is subcritical growth in
s at infinity.

Hereafter, we always assume that 1 < p < 3, q and m satisfy (1.2). The main results are the
following.

Theorem 1.1. Assume that (V), (K) and (g1)–(g4) hold. Then system (1.1) admits a ground state
solution.

Corollary 1.2. Let V(x) ≡ VT(x), K(x) ≡ KT(x) and g(x, s) ≡ gT(x, s). Assume that (V), (K),
(g1)–(g4) hold. Then system (1.1) admits a ground state solution.

Theorem 1.3. Assume that (V), (K), (Q) and (g1)–(g5) hold. Then system (1.6) admits a ground
state solution.

Corollary 1.4. Let V(x) ≡ VT(x), K(x) ≡ KT(x), Q(x) ≡ QT(x) and g(x, s) ≡ gT(x, s). Assume
that (V), (K), (Q), (g1)–(g5) hold. Then system (1.6) admits a ground state solution.

Remark 1.5.

(i) In some sense, this paper extend the results in [1, 27, 28, 32, 33] to the case of p, q ̸= 2.

(ii) The proofs of Corollaries 1.2 and 1.4 can be obtained by arguing as in Theorems 1.1 and
1.3, respectively.

(iii) The functional sets F0 in (V) and F in (g4) were first introduced in [20].

The paper is organized as follows. Section 2 is devoted to some notations and essential
lemmas. In Section 3 we establish the variational setting of the subcritical system (1.1) and
give the proof of Theorem 1.1. Finally, in Section 4 we deal with the critical system (1.6),
proving Theorem 1.3.
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2 Preliminaries

In this section, we present some notations and lemmas, which are crucial in proving our
results.

• W1,p(R3) is the usual Sobolev space endowed with the norm

∥u∥W1,p =

(∫
R3

|∇u|p + |u|pdx
)1/p

.

• D1,q(R3) denotes the closure of C∞
0 (R3) with respect to the norm

∥u∥D1,q =

(∫
R3

|∇u|qdx
)1/q

.

• Lr(R3) (1 ≤ r < ∞) is the Lebesgue space endowed with the norm

|u|Lr =

(∫
R3

|u|rdx
)1/r

,

and L∞(R3) is the space of measurable functions with the norm

|u|∞ = ess sup |u(x)|.

• E := {u ∈ Lp∗(R3) : |∇u| ∈ Lp(R3) and
∫

R3
V(x)|u|pdx < ∞} is equipped with the

norm

∥u∥ =

(∫
R3
(|∇u|p + V(x)|u|p)dx

) 1
p

.

• ET := {u ∈ Lp∗(R3) : |∇u| ∈ Lp(R3) and
∫

R3
VT(x)|u|pdx < ∞} is equipped with the

norm

∥u∥ET =

(∫
R3
(|∇u|p + VT(x)|u|p)dx

) 1
p

.

Indeed, there holds
E = ET. (2.1)

Since V(x) ≤ VT(x) in R3, the inclusion ET ⊂ E is straightforward. Now, let u ∈ E. By
Lemma 2.1, we have ∫

R3
VT(x)|u|pdx ≤ |VT|∞

∫
R3

|u|pdx ≤ C|VT|∞∥u∥p,

which implies u ∈ ET. Hence, E ⊂ ET, and the result is verified.
We denote by E∗ the dual space of the space E, which is endowed with the norm ∥ · ∥∗. C

denotes a positive constant that can different from line to line. The notation o(1) represents
the quantity that tends to zero.

Arguing as in [20], we prove the following lemma.
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Lemma 2.1. Let V satisfy (V). Then there exist positive constants c1 and c2 such that for every u ∈ E,

c1∥u∥p
W1,p ≤ ∥u∥p ≤ c2∥u∥p

W1,p .

Furthermore, the embedding E ↪→ Ll(R3) is continuous for all l ∈ [p, p∗]. In particular, E ↪→
Ll

loc(R
3) is compact if l ∈ [p, p∗).

Proof. Clearly, the assumption (V) implies that ∥u∥p ≤ max{1, |VT|∞}∥u∥p
W1,p . Then, we set

c2 = max{1, |VT|∞}. Let
W(x) := V(x)− VT(x).

We deduce from the assumption (V) that W(x) ∈ F0. We first show that for any ε > 0, there
exists Gε > 0 such that∫

{x∈R3:|W(x)|≥ε}
|u|pdx ≤ C

∫
BGε+1

|u|pdx + Cε
p
3 ∥u∥p

W1,p for every u ∈ E, (2.2)

where BGε+1 := {x ∈ R3 : |x| < Gε + 1}, and C is a positive constant that is independent of ε.
Actually, for any ε > 0, there exists Gε > 0 such that for every |y| ≥ Gε,

meas{x ∈ B1(y) : |W(x)| ≥ ε} < ε, (2.3)

where B1(y) := {x ∈ R3 : |x − y| < 1}. Let R3 be covered by balls B1(yi) for i ∈ N, in this way
that every point x ∈ R3 lies within at most 4 balls. For simplicity, we assume that |yi| < Gε

for i = 1, 2, 3, . . . , nε, and |yi| ≥ Gε for i = nε + 1, nε + 2, nε + 3, . . . ,+∞. Applying (2.3), the
Hölder and Sobolev inequalities, we obtain that

∫
{x∈R3 :|W(x)|≥ε}

|u|pdx ≤
+∞

∑
i=1

∫
{x∈B1(yi):|W(x)|≥ε}

|u|pdx

=
nε

∑
i=1

∫
{x∈B1(yi):|W(x)|≥ε}

|u|pdx +
+∞

∑
i=nε+1

∫
{x∈B1(yi):|W(x)|≥ε}

|u|pdx

≤ 4
∫
{x∈BGε+1:|W(x)|≥ε}

|u|pdx +
+∞

∑
i=nε+1

(meas{x ∈ B1(yi) : |W(x)| ≥ ε})
p
3

·
(∫

{x∈B1(yi):|W(x)|≥ε}
|u|p∗dx

) 3−p
3

≤ 4
∫

BGε+1

|u|pdx +

(
sup
|y|≥Gε

(meas{x ∈ B1(y) : |W(x)| ≥ ε})
) p

3

·
+∞

∑
i=nε+1

(∫
{x∈B1(yi):|W(x)|≥ε}

|u|p∗dx
) 3−p

3

≤ 4
∫

BGε+1

|u|pdx + ε
p
3

+∞

∑
i=1

(∫
B1(yi)

|u|p∗dx
) 3−p

3

≤ 4
∫

BGε+1

|u|pdx + Cε
p
3

+∞

∑
i=1

∫
B1(yi)

(|∇u|p + |u|p)dx

≤ C
∫

BGε+1

|u|pdx + Cε
p
3 ∥u∥p

W1,p .
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Thus, the inequality (2.2) holds. From (V) we can see that |W(x)| ≤ 2|VT|∞. Together with
(2.2), by the Hölder and Sobolev inequalities, we have∫

R3
|W(x)||u|pdx

=
∫
{x∈R3:|W(x)|≥ε}

|W(x)||u|pdx +
∫
{x∈R3 :|W(x)|<ε}

|W(x)||u|pdx

≤ C|VT|∞
∫

BGε+1

|u|pdx + C|VT|∞ε
p
3 ∥u∥p

W1,p + ε
∫

R3
|u|pdx

≤ C|VT|∞ (measBGε+1)
p
3

(∫
R3

|u|p∗dx
) 3−p

3

+ C|VT|∞ε
p
3 ∥u∥p

W1,p + ε
∫

R3
|u|pdx

≤ Cε

∫
R3

|∇u|pdx + C|VT|∞ε
p
3 ∥u∥p

W1,p + ε
∫

R3
|u|pdx,

(2.4)

where Cε is a positive constants that is dependent of ε. From (V), it is clear that V(x) ≥ 0,
VT(x) ≥ V0 > 0 and W(x) ≤ 0. Then by (2.4), we obtain

(Cε + 1)∥u∥p ≥ (Cε + 1)
∫

R3
|∇u|pdx +

∫
R3

V(x)|u|pdx

= (Cε + 1)
∫

R3
|∇u|pdx +

∫
R3

VT(x)|u|pdx −
∫

R3
|W(x)||u|pdx

≥ (Cε + 1)
∫

R3
|∇u|pdx + V0

∫
R3

|u|pdx − Cε

∫
R3

|∇u|pdx

− C|VT|∞ε
p
3 ∥u∥p

W1,p − ε
∫

R3
|u|pdx

=
∫

R3
|∇u|pdx + (V0 − ε)

∫
R3

|u|pdx − C|VT|∞ε
p
3 ∥u∥p

W1,p .

For ε > 0 small enough, there exists constant c1 > 0 such that the inequality c1∥u∥p
W1,p ≤ ∥u∥p

holds. Moreover, using the Sobolev embedding theorem, the continuity of the embedding
E ↪→ Ll(R3) for all l ∈ [p, p∗] and the compactness of the embedding E ↪→ Ll

loc(R
3) for all

l ∈ [p, p∗) can be concluded. The proof is complete.

Lemma 2.2. Assume that (K) holds. Then for every u ∈ E, there exists a unique ϕu ∈ D1,q(R3) such
that

−∆qϕ = K(x) |u|m . (2.5)

Proof. Fix u ∈ E and v ∈ D1,q(R3), thanks to the Hölder and Sobolev inequalities, we obtain∣∣∣∣∫
R3

K(x)|u|mvdx
∣∣∣∣ ⩽ C|K|∞∥u∥m∥v∥D1,q . (2.6)

For u ∈ E, the linear functional L is defined by

L(v) =
∫

R3
K(x)|u|mvdx, v ∈ D1,q(R3).

Then (2.6) implies that the functional L(v) is well-defined and continuous on D1,q(R3). Indeed,
when q = 2, the result follows directly from the Lax–Milgram theorem [7]. When q ̸= 2, by
the Minty–Browder theorem [7], we obtain the desired conclusion using the same arguments
as in [16, Proposition 2.1]. The proof is complete.
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In the same way as in the proof of Lemma 2.2, for any u ∈ E, we can show that the
equation

−∆qϕ = KT(x)|u|m in R3 (2.7)

has a unique solution which is denoted by ϕ̃u.
Although the precise form of the solution ϕu is hard to obtain, based on [16, Proposition

2.2], we summarize its key properties as follows.

Lemma 2.3. Let (K) hold. Then for any u ∈ E, the following properties hold

(i)
∫

R3

( 1
q |∇ϕu|q − K(x)|u|mϕu

)
dx = minϕ∈D1,q(R3)

∫
R3

( 1
q |∇ϕ|q − K(x)|u|mϕ

)
dx and ϕu ⩾ 0;

(ii) for t > 0, ϕtu = t
m

q−1 ϕu, and for all y ∈ R3, ϕu(·+y) = ϕu(·+ y);

(iii) ∥ϕu∥D1,q ⩽ C∥u∥
m

q−1 , where C > 0 is independent of u;

(iv) if un ⇀ u in E, then ϕun ⇀ ϕu in D1,q(R3) and∫
R3

K(x)ϕun |un|m−2un φdx →
∫

R3
K(x)ϕu|u|m−2uφdx for all φ ∈ D1,q(R3).

Lemma 2.4. Assume that (K) holds. If un ⇀ 0 in E, then up to subsequences, we have∫
R3

(
K(x)ϕun |un|m−2un φ(· − zn)− KT(x)ϕ̃un |un|m−2un φ(· − zn)

)
dx = o(1),

where |zn| → ∞, φ ∈ C∞
0 (R3), ϕun and ϕ̃un are the solutions to equations (2.5) and (2.7), respectively.

Proof. We set H(x) := K(x) − KT(x). It follows from the assumption (V) that H(x) ∈ F0.
Then∫

R3

(
K(x)ϕun |un|m−2un φ(· − zn)− KT(x)ϕ̃un |un|m−2un φ(· − zn)

)
dx

=
∫

R3

(
(K(x)− KT(x))ϕun |un|m−2un φ(· − zn)dx +

∫
R3

KT(x)ϕun |un|m−2un φ(· − zn)

)
dx

−
∫

R3
KT(x)ϕ̃un |un|m−2un φ(· − zn)dx

=
∫

R3
H(x)ϕun |un|m−2un φ(· − zn)dx +

∫
R3

KT(x)(ϕun − ϕ̃un)|un|m−2un φ(· − zn)dx

=: A + B.

To end the proof, it suffices to show that

A → 0, B → 0 as n → ∞. (2.8)

From the assumption (K), for all ε > 0, there exists Gε > 0 such that

meas{x ∈ B1(yi) : |H(x)| ≥ ε} < ε for any |y| ≥ Gε. (2.9)

According to Lemma 2.1, we know that R3 is covered by balls B1(yi) for i ∈ N, in this way that
every point x ∈ R3 lies within at most 4 balls. We also assume that |yi| < Gε for i = 1, 2, . . . , nε,
and |yi| ≥ Gε for i = nε + 1, nε + 2, nε + 3, . . . , +∞. Then

|A| ≤
∫
{x∈R3 :|H(x)|≥ε}

∣∣H(x)ϕun |un|m−2un φ(· − zn)
∣∣ dx

+
∫
{x∈R3:|H(x)|<ε}

∣∣H(x)ϕun |un|m−2un φ(· − zn)
∣∣ dx

=: A1 + A2.

(2.10)
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Moreover, we deduce that

A1 =
∫
{x∈R3 :|H(x)|≥ε}

∣∣H(x)ϕun |un|m−2un φ(· − zn)
∣∣ dx

=
∫
{x∈R3 :|H(x)|≥ε,|x|>Gε+1}

∣∣H(x)ϕun |un|m−2un φ(· − zn)
∣∣ dx

+
∫
{x∈R3 :|H(x)|≥ε,|x|≤Gε+1}

∣∣H(x)ϕun |un|m−2un φ(· − zn)
∣∣ dx

≤
+∞

∑
i=nε+1

∫
{x∈B1(yi):|H(x)|≥ε,|x|>Gε+1}

∣∣H(x)ϕun |un|m−2un φ(· − zn)
∣∣ dx

+
∫

BGε+1

∣∣H(x)ϕun |un|m−2un φ(· − zn)
∣∣ dx

=:A11 + A12.

Combining (2.9), Lemma 2.3(iii), the Hölder and Sobolev inequalities, we get

A11 =
+∞

∑
i=nε+1

∫
{x∈B1(yi):|H(x)|≥ε,|x|>Gε+1}

∣∣H(x)ϕun |un|m−2un φ(· − zn)
∣∣ dx

≤
+∞

∑
i=nε+1

(meas{x ∈ B1(y) : |H(x)| ≥ ε})
1
λ ·
(∫

{x∈B1(yi):|H(x)|≥ε,|x|>Gε+1}
|ϕun(x)|q∗dx

) 1
q∗

·
(∫

{x∈B1(yi):|H(x)|≥ε,|x|>Gε+1}
|un|p

∗
dx
) m−1

p∗

·
(∫

{x∈B1(yi):|H(x)|≥ε,|x|>Gε+1}
|φ(· − zn)|mdx

) 1
p∗

≤ Cε
1
λ ∥ϕun∥D1,q

+∞

∑
i=nε+1

(∫
{x∈B1(yi):|H(x)|≥ε,|x|>Gε+1}

|un|p
∗
dx
) m−1

p∗

·
(∫

{x∈B1(yi):|H(x)|≥ε,|x|>Gε+1}
|φ(· − zn)|mdx

) 1
p∗

≤ Cε
1
λ ,

and

A12 =
∫

BGε+1

|H(x)ϕun |un|m−2un φ(· − zn)|dx

≤ |H|∞
(∫

BGε+1

|ϕun |q
∗
dx
) 1

q∗

·
(∫

BGε+1

|un|
q∗m

q∗−1 dx
) (q∗−1)2(m−1)

(q∗)2m

·
(∫

BGε+1

|φ(· − zn)|
q∗m

m+q∗−1 dx
) (m+q∗−1)(q∗−1)

(q∗)2m

≤ C∥un∥
m

q−1 ·
(∫

BGε+1

|un|
q∗m

q∗−1 dx
) (q∗−1)2(m−1)

(q∗)2m
,

where
λ =

p∗q∗

p∗q∗ − mq∗ − p∗
> 0. (2.11)

From (1.2), we see that p < q∗m
q∗−1 < p∗. Since un ⇀ 0 in E, it follows from Lemma 2.1 that

un → 0 in L
q∗m

q∗−1

loc (R3). Then we conclude that

A1 → 0 as ε → 0, n → ∞. (2.12)
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Using the Hölder and Sobolev inequalities, and by Lemma 2.3(iii), we obtain

A2 =
∫
{x∈R3:|H(x)|<ε}

|H(x)ϕun |un|m−2un φ(· − zn)|dx

≤ ε
∫

R3
|ϕun |un|m−2un φ(· − zn)|dx

≤ ε

(∫
R3

|ϕun |q
∗
dx
) 1

q∗

·
(∫

R3
|un|

q∗m
q∗−1 dx

) (q∗−1)2(m−1)
(q∗)2m

·
(∫

R3
|φ(· − zn)|

q∗m
m+q∗−1 dx

) (m+q∗−1)(q∗−1)
(q∗)2m

≤ Cε∥un∥
m

q−1 · ∥un∥
(q∗−1)(m−1)

q∗

≤ Cε.

Let ε → 0, then A2 → 0. Together with (2.10) and (2.12), we deduce that

A → 0. (2.13)

Furthermore, thanks to the Hölder and Sobolev inequalities, we get

|B| ≤
∫

R3
|KT(x)(ϕun − ϕ̃un)|un|m−2un φ(· − zn)|dx

≤ |KT|∞
(∫

R3
|ϕun − ϕ̃un |q

∗
dx
) 1

q∗
(∫

R3
|un|

q∗m
q∗−1 dx

) (q∗−1)2(m−1)
(q∗)2m

·
(∫

R3
|φ(· − zn)|

q∗m
m+q∗−1 dx

) (m+q∗−1)(q∗−1)
(q∗)2m

≤ C∥ϕun − ϕ̃un∥D1,q∥un∥
(q∗−1)(m−1)

q∗ .

(2.14)

Applying the elementary inequality, there exists cq > 0 such that for any x, y ∈ R3,{
⟨|x|q−2x − |y|q−2y, x − y⟩R3 ≥ cq|x − y|q for 2 ≤ q < 3,

(|x|+ |y|)2−q⟨|x|q−2x − |y|q−2y, x − y⟩R3 ≥ cq|x − y|2 for 1 < q < 2,
(2.15)

where ⟨·, ·⟩R3 is the standard inner product in R3.
(i) For 2 ≤ q < 3, by (2.15), we have

Cq∥ϕun − ϕ̃un∥
q
D1,q ≤ ⟨−∆qϕun − (−∆qϕ̃un), ϕun − ϕ̃un⟩.

Since ∫
R3

−∆qϕun(ϕun − ϕ̃un) =
∫

R3
K(x)|un|m(ϕun − ϕ̃un)dx,∫

R3
−∆qϕ̃un(ϕun − ϕ̃un) =

∫
R3

KT(x)|un|m(ϕun − ϕ̃un)dx,

then

Cq∥ϕun − ϕ̃un∥
q
D1,q ≤ ⟨−∆qϕun , ϕun − ϕ̃un⟩ − ⟨−∆qϕ̃un , ϕun − ϕ̃un⟩

=
∫

R3
(K(x)− KT(x))|un|m(ϕun − ϕ̃un)dx

=: D.

(2.16)
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We claim that D → 0. Indeed, it is easy to see that

|D| ≤
∫

R3

∣∣H(x)|un|m(ϕun − ϕ̃un)
∣∣ dx

=
∫
{x∈R3 :|H(x)|≥ε,|x|>Gε+1}

∣∣H(x)|un|m(ϕun − ϕ̃un)
∣∣ dx

+
∫
{x∈R3 :|H(x)|≥ε,|x|≤Gε+1}

∣∣H(x)|un|m(ϕun − ϕ̃un)
∣∣ dx

+
∫
{x∈R3 :|H(x)|<ε}

∣∣H(x)|un|m(ϕun − ϕ̃un)
∣∣ dx

=: D1 + D2 + D3.

(2.17)

By (2.9), using the Hölder and Sobolev inequalities, we deduce that

D1 =
+∞

∑
i=nε+1

(meas{x ∈ B1(y) : |H(x)| ≥ ε})
1
λ ·
(∫

{x∈B1(yi):|H(x)|≥ε,|x|>Gε+1}
|un|p

∗
dx
) m

p∗

·
(∫

{x∈B1(yi):|H(x)|≥ε,|x|>Gε+1}
|ϕun − ϕ̃un)|q

∗
dx
) 1

q∗

= ε
1
λ

+∞

∑
i=nε+1

(∫
{x∈B1(yi):|H(x)|≥ε,|x|>Gε+1}

|un|p
∗
dx
) m

p∗

·
(∫

{x∈B1(yi):|H(x)|≥ε,|x|>Gε+1}
|ϕun − ϕ̃un)|q

∗
dx
) 1

q∗

≤ Cε
1
λ ∥un∥m∥ϕun − ϕ̃un∥D1,q ,

where λ is given by (2.11). Then we obtain D1 → 0 as ε → 0. Since un ⇀ 0 in E, we have

un → 0 in L
q∗m

q∗−1

loc (R3). The Hölder inequality yields that

D2 =
∫
{x∈R3:|H(x)|≥ε,|x|≤Gε+1}

∣∣H(x)|un|m(ϕun − ϕ̃un)
∣∣ dx

≤ |H|∞
(∫

BGε+1

|un|
q∗m

q∗−1 dx
) q∗−1

q∗

·
(∫

BGε+1

|ϕun − ϕ̃un)|q
∗
dx
) 1

q∗

→ 0,

as n → ∞. Moreover, by the Hölder inequality, we get

D3 =
∫
{x∈R3 :|H(x)|<ε}

∣∣H(x)|un|m(ϕun − ϕ̃un)
∣∣ dx

≤ ε
∫

R3

∣∣|un|m(ϕun − ϕ̃un)
∣∣ dx

≤ ε

(∫
R3

|un|
q∗m

q∗−1 dx
) q∗−1

q∗

·
(∫

R3
|ϕun − ϕ̃un)|q

∗
dx
) 1

q∗

≤ Cε,

which implies that D2 → 0 as ε → 0. Then, from (2.17), we conclude that D → 0. Thus,
combining (2.14) and (2.16), we get that for 2 ≤ q < 3,

B → 0 as n → ∞. (2.18)
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(ii) For 1 < q < 2, since {un} is bounded in E, by (2.15), the Hölder inequality and Lemma
2.3(iii), we have

c
q
2
q ∥ϕun − ϕ̃un∥

q
D1,q ≤

∫
R3
(T(ϕun , ϕ̃un))

q
2 (|∇ϕun |+ |∇ϕ̃un |)

q(2−q)
2 dx

≤ ⟨−∆qϕun − (−∆qϕ̃un), ϕun − ϕ̃un⟩
q
2 ·
(∫

R3
(|∇ϕun |+ |∇ϕ̃un |)qdx

) 2−q
2

≤ C⟨−∆qϕun − (−∆qϕ̃un), ϕun − ϕ̃un⟩
q
2 ,

where
T(ϕun , ϕ̃un) = ⟨|∇ϕun |q−2∇ϕun − |∇ϕ̃u|q−2∇ϕ̃un ,∇ϕun −∇ϕ̃un⟩R3 .

Thus, we obtain

cq∥ϕun − ϕ̃un∥2
D1,q ≤ C⟨−∆qϕun − (−∆qϕ̃un), ϕun − ϕ̃un⟩.

Using the same argument as in (i), we can derive that

∥ϕun − ϕ̃un∥D1,q → 0 as n → ∞.

Together with (2.14), this yields that 1 < q < 2.

B → 0. (2.19)

Hence, by (2.13), (2.18) and (2.19), we know that (2.8) holds. The proof is complete.

Lemma 2.5. Assume that (g1), (g2), and (i), (iii), (iv) of (g4) hold. Then for all δ > 0, there exist
rδ > 0 and Cδ > 0, we have

(i) 0 ≤ gT(x, s) ≤ g(x, s) for all (x, s) ∈ R3 × R+; g(x, s) ≤ gT(x, s) ≤ 0 for all (x, s) ∈
R3 × R−;

(ii) |g(x, s)| ≤ δ|s|p−1 for all (x, s) ∈ R3 × [−rδ, rδ];

(iii) |g(x, s)| ≤ δ|s|p−1 + Cδ|s|p
∗−1 for all (x, s) ∈ R3 × R; 0 ≤ GT(x, s) ≤ G(x, s) ≤ δ

p |s|p +
Cδ
p∗ |s|p

∗
for all (x, s) ∈ R3 × R;

(iv) |g(x, s)| ≤ Cδ|s|p−1 + δ|s|p∗−1 for all (x, s) ∈ R3 × R;

(v) for any α ∈ (p, p∗), there exists a constant Cδ,α > 0 such that |g(x, s)| ≤ δ(|s|p−1 + |s|p∗−1) +

Cδ,α|s|α−1 for all (x, s) ∈ R3 × R; 0 ≤ GT(x, s) ≤ G(x, s) ≤ δ
p |s|p +

δ
p∗ |s|p

∗
+

Cδ,α
α |s|α for all

(x, s) ∈ R3 × R.

Proof. The proof proceeds exactly as in [20], so we omit it here.

By Lemma 2.5, arguing as in [17], we conclude the following lemma.

Lemma 2.6. Assume that (g3) and (i), (iii), (iv) of (g4) hold. Then

q − 1
qm

g(x, s)s ≥ G(x, s) ≥ 0 for all (x, s) ∈ R3 × R.
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Lemma 2.7. Assume that (g1), (g2), and (i), (iii), (iv) of (g4) hold. Suppose un ⇀ u in E, then, up
to a subsequence, we have ∫

R3
g(x, un)undx →

∫
R3

g(x, u)udx, (2.20)∫
R3

G(x, un)dx →
∫

R3
G(x, u)dx, (2.21)∫

R3
gT(x, un)undx →

∫
R3

gT(x, u)udx, (2.22)∫
R3

GT(x, un)dx →
∫

R3
GT(x, u)dx. (2.23)

Proof. Since un ⇀ u in E, then un → u in Ll
loc(R

3) for all l ∈ [p, p∗), and un(x) → u(x) a.e. in
R3. Define vn := un − u. According to the Brézis–Lieb lemma [8], up to a subsequence, we
deduce that∫

R3
g(x, vn)vndx +

∫
R3

g(x, u)udx =
∫

R3
g(x, un)undx + o(1) as n → ∞. (2.24)

To conclude the proof of (2.20), it only remains to show that∫
R3

g(x, vn)vndx → 0 as n → ∞. (2.25)

Since {un} is bounded in E, then sequence {vn} is also bounded in E. Therefore, there exists
ξ > 0 such that

∥vn∥ ≤ ξ.

From Lemma 2.5, for any δ > 0, there exists positive constant Cδ,α such that∣∣∣∣∫
R3

g(x, vn)vndx
∣∣∣∣ ≤ δ

∫
R3

|vn|pdx + Cδ,α

∫
R3

|vn|αdx + δ
∫

R3
|vn|p

∗
dx

≤ δ
(

ξ p + ξ p∗
)
+ Cδ,αξα,

where p < α < p∗ and Cδ,α depends on δ, α. Letting δ → 0 and n → ∞, we obtain that (2.25)
holds. From (2.24) and (2.25), the relation (2.20) is true. Similarly, (2.21)–(2.23) follow by the
same arguments. The proof is complete.

The proof of the next lemma is inspired by [20]. We include its proof for the sake of
completeness.

Lemma 2.8. Assume that (g1), (g2), and (i), (iii), (iv) of (g4) hold. If {un} is bounded in E and
un → 0 in Ll

loc(R
3) for any l ∈ [p, p∗), then, up to subsequences, we have∫

R3
(g(x, un)− gT(x, un))undx = o(1), (2.26)∫

R3
(G(x, un)− GT(x, un))dx = o(1). (2.27)

Proof. Let g̃(x, s) := g(x, s)− gT(x, s), from (i) of (g4), we see that g̃(x, s) ∈ F . For any ε > 0,
there exists Gε > 0 such that for every |y| ≥ Gε and |s| ≤ 1

ε ,

meas{x ∈ B1(y) : |g̃(x, s)| ≥ ε} < ε. (2.28)
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Let R3 be covered by balls B1(yi) for i ∈ N, in this way that every point x ∈ R3 lies within
at most 4 balls. We also assume that |yi| < Gε for i = 1, 2, 3, . . . , nε, and |yi| ≥ Gε for i =

nε + 1, nε + 2, nε + 3, . . . ,+∞. Then, it is easy to deduce that∣∣∣∣∫
R3
(g(x, un)− gT(x, un))undx

∣∣∣∣
≤
∫

R3
|g̃(x, un)||un|dx

≤
nε

∑
i=1

∫
B1(yi)

|g̃(x, un)||un|dx +
+∞

∑
i=nε+1

∫
B1(yi)

|g̃(x, un)||un|dx

=: J1 + J2,

where

J1 =
nε

∑
i=1

∫
B1(yi)

|g̃(x, un)| |un|dx,

J2 =
+∞

∑
i=nε+1

∫
{x∈B1(yi):|g̃(x,un)|<ε}

|g̃(x, un)| |un|dx

+
+∞

∑
i=nε+1

∫
{x∈B1(yi):|un|≤ 1

ε ,|g̃(x,un)|≥ε}
|g̃(x, un)| |un|dx

+
+∞

∑
i=nε+1

∫
{x∈B1(yi):|un|> 1

ε ,|g̃(x,un)|≥ε}
|g̃(x, un)||un|dx

=: J21 + J22 + J23.

Using Lemma 2.5 and the Sobolev inequality, since un → 0 in Lp
loc(R

3), we derive that

J1 ≤ 4
∫

BGε+1

|g̃(x, un)||un|dx

≤ 4Cδ

∫
BGε+1

|un|pdx + 4δ
∫

BGε+1

|un|p
∗
dx

≤ Cδ + o(1),

which implies that J1 → 0 as δ → 0 and n → ∞. Applying Lemma 2.5, (2.28), and by the
Hölder and Sobolev inequalities, we have

J21 =
+∞

∑
i=nε+1

∫
{x∈B1(yi):|g̃(x,un)|<ε,|un|≤rδ}

|g̃(x, un)||un|dx

+
+∞

∑
i=nε+1

∫
{x∈B1(yi):|g̃(x,un)|<ε,|un|>rδ}

|g̃(x, un)||un|dx

≤ δ
+∞

∑
i=nε+1

∫
{x∈B1(yi):|g̃(x,un)|<ε,|un|≤rδ}

|un|pdx

+
ε

rp−1
δ

+∞

∑
i=nε+1

∫
{x∈B1(yi):|g̃(x,un)|<ε,|un|>rδ}

|un|pdx

≤ 4δ
∫

R3
|un|pdx +

4ε

rp−1
δ

∫
R3

|un|pdx

≤ Cδ + C̃δε,
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J22 ≤
+∞

∑
i=nε+1

∫
{x∈B1(yi):|un|≤ 1

ε ,|g̃(x,un)|≥ε}
(Cδ|un|p + δ|un|p

∗
)dx

≤ Cδ

+∞

∑
i=nε+1

(
meas

{
x ∈ B1 (yi) : |un| ≤

1
ε

, |g̃(x, un)| ≥ ε

}) p
3

·
(∫

B1(yi)
|un|p

∗
dx
) 3−p

3

+ 4δ
∫

R3
|un|p

∗
dx

≤ ε
p
3 Cδ

+∞

∑
i=nε+1

∫
B1(yi)

(|∇un|p + |un|p)dx + Cδ

≤ 4ε
p
3 Cδ

∫
R3
(|∇un|p + |un|p)dx + Cδ

≤ ε
p
3 CCδ + Cδ,

and

J23 ≤
+∞

∑
i=nε+1

∫
{x∈B1(yi):|un|> 1

ε}
(δ|un|p + δ|un|p

∗
+ Cδ,α|un|α)dx

≤ 4δ
∫

R3
(|un|p + |un|p

∗
)dx + Cδ,αεp∗−α

+∞

∑
i=nε+1

∫
{x∈B1(yi):|un|> 1

ε}
|un|p

∗
dx

≤ 4δ
∫

R3
(|un|p + |un|p

∗
)dx + 4Cδ,αεp∗−α

∫
R3

|un|p
∗
dx

≤ Cδ + CCδ,αεp∗−α,

where C̃δ > 0 is a constant depending on δ. We conclude that J2 → 0 as δ → 0 and ε → 0.
Then (2.26) holds. Moreover, the mean value theorem yields

G(x, un)− GT(x, un) = (g(x, tnun)− gT(x, tnun)) un

for some tn ∈ [0, 1]. Repeating the above argument, we can deduce that (2.27) holds. The proof
is complete.

Lemma 2.9. Assume that (V), (g1), (g2), and (i), (iii), (iv) of (g4) hold. If {un} is bounded in E,
then we obtain ∫

R3
(VT(x)− V(x))|un|p−2un φ(· − zn)dx = o(1), (2.29)

∫
R3
(g(x, un)− gT(x, un))φ(· − zn)dx = o(1), (2.30)

where |zn| → +∞ and φ ∈ C∞
0 (R3).

Proof. The proof can be proceeded exactly as in [20, Lemma 2.5]. We present the proof for
the sake of completeness. It follows from the assumption (V) that W(x) ∈ F0, where W(x)
is defined in Lemma 2.1. Since φ ∈ C∞

0 (R3), applying the Lebesgue dominated convergence
theorem, we deduce that ∫

BGε+1

|φ(· − zn)|pdx = o(1). (2.31)
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By the Hölder inequality, (2.2) and (2.31), we obtain that∫
R3

∣∣W(x)|un|p−2un φ(· − zn)
∣∣ dx

=
∫
{x∈R3:|W(x)|≥ε}

∣∣W(x)|un|p−2un φ(· − zn)
∣∣ dx

+
∫
{x∈R3:|W(x)|<ε}

∣∣W(x)|un|p−2un φ(· − zn)
∣∣ dx

≤ 2|VT|∞|un|p−1
Lp

(∫
{x∈R3 :|W(x)|≥ε}

|φ(· − zn)|pdx
) 1

p

+ ε|un|p−1
Lp |φ|Lp

≤ C
(

C
∫

BGε+1

|φ(· − zn)|pdx + Cε
p
3 ∥φ∥p

W1,p

) 1
p

+ Cε

≤ Cε
1
3 + Cε + o(1).

As ε → 0, (2.29) holds. Moreover, from (i) of (g4), we have g̃(x, s) ∈ F , where g̃(x, s) is defined
in Lemma 2.8. As the previous lemmas, R3 is covered by balls B1(yi). Thus, we obtain that∣∣∣∣∫

R3
(g(x, un)− gT(x, un))φ(· − zn)dx

∣∣∣∣
≤
∫

R3
|g̃(x, un)| |φ(· − zn)|dx

≤
nε

∑
i=1

∫
B1(yi)

|g̃(x, un)| |φ(· − zn)|dx +
+∞

∑
i=nε+1

∫
B1(yi)

|g̃(x, un)| |φ(· − zn)|dx

=: M1 + M2.

Using Lemma 2.5 and the Hölder inequality, we have

M1 ≤ 4
∫

BGε+1

|g̃(x, un)||φ(· − zn)|dx

≤ 4Cδ

∫
BGε+1

|un|p−1|φ(· − zn)|dx + 4δ
∫

BGε+1

|un|p
∗−1|φ(· − zn)|dx

≤ Cδ|un|p−1
Lp

(∫
BGε+1

|φ(· − zn)|pdx
) 1

p

+ 4δ|un|p
∗−1

Lp∗ |φ|Lp∗

≤ Cδ + o(1),

which implies that M1 → 0 as δ → 0 and n → ∞. Then, to prove (2.30), it suffices to check
that

M2 → 0. (2.32)

Indeed, it is easy to see that

M2 =
+∞

∑
i=nε+1

∫
{x∈B1(yi):|g̃(x,un)|<ε}

|g̃(x, un)| |φ(· − zn)|dx

+
+∞

∑
i=nε+1

∫
{x∈B1(yi):|un|≤ 1

ε ,|g̃(x,un)|≥ε}
|g̃(x, un)| |φ(· − zn)|dx

+
+∞

∑
i=nε+1

∫
{x∈B1(yi):|un|> 1

ε ,|g̃(x,un)|≥ε}
|g̃(x, un)| |φ(· − zn)|dx

=: M21 + M22 + M23.
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By Lemma 2.5, (2.28), the Hölder, Sobolev and Young inequalities, we derive the following
estimates

M21 ≤ ε
+∞

∑
i=nε+1

∫
{x∈B1(yi):|g̃(x,un)|<ε}

|φ(· − zn)|dx

≤ 4ε
∫

R3
|φ(· − zn)|dx

≤ Cε,

M22 ≤
+∞

∑
i=nε+1

∫
{x∈B1(yi):|un|≤ 1

ε ,|g̃(x,un)|≥ε}
(Cδ|un|p−1|φ(· − zn)|+ δ|un|p

∗−1|φ(· − zn)|)dx

≤ Cδ

+∞

∑
i=nε+1

(
meas

{
x ∈ B1(yi) : |un| ≤

1
ε

, |g̃(x, un)| ≥ ε

}) p
3

·
(∫

B1(yi)
||un|p−1φ(· − zn)|

3
3−p dx

) 3−p
3

+ 4δ|un|p
∗−1

Lp∗ |φ|Lp∗

≤ ε
p
3 Cδ

+∞

∑
i=nε+1

[∫
B1(yi)

(
p − 1

p
|un|p

∗
+

1
p
|φ(· − zn)|p

∗
)

dx
] 3−p

3

+ Cδ

≤ ε
p
3 CδC

+∞

∑
i=nε+1

[(
p − 1

p

∫
B1(yi)

|un|p
∗
dx
) 3−p

3

+

(
1
p

∫
B1(yi)

|φ(· − zn)|p
∗
dx
) 3−p

3
]
+ Cδ

≤ 4ε
p
3 CδC

(
|un|pLp∗ + |φ|p

Lp∗

)
+ Cδ

≤ ε
p
3 CδC + Cδ,

and

M23 ≤
+∞

∑
i=nε+1

∫
{x∈B1(yi):|un|> 1

ε}
(δ|un|p−1 + δ|un|p

∗−1 + Cδ,α|un|α−1)|φ(· − zn)|dx

≤ 4δ
∫

R3
(|un|p−1|φ(· − zn)|+ |un|p

∗−1|φ(· − zn)|)dx

+ Cδ,αεp∗−α
+∞

∑
i=nε+1

∫
{x∈B1(yi):|un|> 1

ε}
|un|p

∗−1|φ(· − zn)|dx

≤ 4δ(|un|p−1
Lp |φ|Lp + |un|p

∗−1
Lp∗ |φ|Lp∗ ) + 4Cδ,αεp∗−α|un|p

∗−1
Lp∗ |φ|Lp∗

≤ Cδ + CCδ,αεp∗−α.

Letting ε → 0 and δ → 0, we conclude that (2.32) holds. The proof is complete.

Lemma 2.10. Let V satisfy (V). If un ⇀ 0 in E, then we have∫
R3
(V(x)− VT(x)) |un|p dx = o(1). (2.33)

Proof. Since un ⇀ 0 in E, we get un → 0 in Ll
loc(R

3) for all l ∈ [p, p∗). It follows from the
assumption (V) and (2.2) that∣∣∣∣∫

R3
(V(x)− VT(x)) |un|p dx

∣∣∣∣ ≤ ∫
{x∈R3 :|W(x)|≥ε}

|W(x)||un|pdx +
∫
{x∈R3 :|W(x)|<ε}

|W(x)||un|pdx

≤ C|VT|∞
∫

BGε+1

|un|pdx + C|VT|∞ε
p
3 ∥un∥p

W1,p + ε
∫

R3
|un|pdx,
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where W(x) is defined in Lemma 2.1. Letting ε → 0 and n → ∞, then (2.33) holds. The proof
is complete.

3 The subcritical case

In this section, we establish the variational framework for studying the solutions of system
(1.1) and present the proof of Theorem 1.1.

The energy functional for system (1.1) is defined by

J (u) =
1
p

∫
R3
(|∇u|p + V(x)|u|p)dx +

q − 1
qm

∫
R3

K(x)ϕu|u|mdx −
∫

R3
G(x, u)dx.

Lemma 3.1. Assume that (V), (K), (g1) and (g2) hold. Then J ∈ C1(E, R) and for every u, v ∈ E,
we have

⟨J ′(u), v⟩ =
∫

R3

(
|∇u|p−2∇u∇v + V(x)|u|p−2uv

)
dx +

∫
R3

K(x)ϕu|u|m−2uvdx −
∫

R3
g(x, u)vdx.

Proof. The proof can be obtained working as in [16, Proposition 2.3] and we omit the details
here.

According to [16, Proposition 2.4], (u, ϕ) ∈ W1,p(R3) × D1,q(R3) is a solution of system
(1.1) if and only if u is a critical point of J and ϕ = ϕu. Moreover, with the same arguments
of [16, Lemma 3.1], we can prove the following lemma.

Lemma 3.2. Assume that (V), (K), (g1) and (g2) hold. If {un} is a bounded sequence in E satisfying
J ′(un) → 0, then there exists u ∈ E such that, up to a subsequence, ∇un(x) → ∇u(x) a.e. in R3.

In what follows, we denote by N the Nehari manifold associated to the functional J , that
is,

N :=
{

u ∈ E \ {0} : ⟨J ′(u), u⟩ = 0
}

and set
m := inf

u∈N
J (u). (3.1)

Lemma 3.3. Assume that (V), (K), and (g1)–(g4) hold. For every u ∈ E\{0}, there exists a unique
tu > 0 such that tuu ∈ N and J (tuu) = maxt>0 J (tu).

Proof. For fixed u ∈ E\{0}, we define a function ℓ : R+ → R as ℓ(t) = J (tu). Applying
Lemma 2.5(iii), the Fatou lemma and (v) of (g4), we obtain

lim inf
t→+∞

∫
M

G(x, tu)

|tu|
qm

q−1
|u|

qm
q−1 dx ≥ lim inf

t→+∞

∫
M

GT(x, tu)

|tu|
qm

q−1
|u|

qm
q−1 dx = +∞,

where M := {x ∈ R3 : u(x) ̸= 0}. Then, since p < qm
q−1 , by Lemma 2.3, we deduce that

ℓ(t) ≤ t
qm

q−1

(
tp− qm

q−1

p
∥u∥p +

q − 1
qm

∫
R3

K(x)ϕu|u|mdx −
∫
M

G(x, tu)

|tu|
qm

q−1
|u|

qm
q−1 dx

)
→ −∞.
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Using Lemma 2.5(iii) and the Sobolev inequality, we get∫
R3

G(x, tu)dx ≤ δ

p
tp
∫

R3
|u|pdx +

Cδ

p∗
tp∗
∫

R3
|u|p∗dx ≤ Cδtp∥u∥p + CδCtp∗∥u∥p∗ . (3.2)

Then, by the assumption (K), Lemma 2.3 and (3.2), we derive that

ℓ(t) =
tp

p
∥u∥p +

q − 1
qm

∫
R3

K(x)ϕtu|tu|mdx −
∫

R3
G(x, tu)dx

≥
(

1
p
− Cδ

)
tp∥u∥p − CδCtp∗∥u∥p∗ .

Choose δ > 0 such that 1
p − Cδ > 0. It follows that ℓ(t0) > 0 for some t0 > 0 small enough.

Consequently, there exists a tu > 0 such that J (tuu) = maxt>0 J (tu) and tuu ∈ N . If tu ̸= tu

is positive constant that satisfies tuu ∈ N , then

tu
p− qm

q−1 ∥u∥p +
∫

R3
K(x)ϕu|u|mdx =

∫
M

g(x, tuu)|u|
qm

q−1−1u

|tuu|
qm

q−1−1
dx. (3.3)

Replacing tu by tu, (3.3) still holds. Thus we have(
t

p− qm
q−1

u − t
p− qm

q−1
u

)
∥u∥p =

∫
M

(
g(x, tuu)

|tuu|
qm

q−1−1
− g(x, tuu)

|tuu|
qm

q−1−1

)
|u|

qm
q−1−1udx.

From (g3) and tu ̸= tu, we reach a contradiction. Thus tu is unique, and the proof is complete.

The following remark can be proved working as in [22, 30].

Remark 3.4. We have

inf
u∈N

J (u) = inf
u∈E\{0}

max
t>0

J (tu) = inf
η∈Γ

max
t∈[0,1]

J (η(t)) > 0,

where
Γ := {η ∈ C([0, 1], E) : η(0) = 0,J (η(1)) < 0}.

Lemma 3.5. Assume that (V), (K) and (g1)–(g4) hold. Then there exists a bounded sequence {un} ⊂
E satisfying

J (un) → m0, ∥J ′(un)∥∗ → 0 as n → ∞. (3.4)

Proof. According to Lemma 3.3, J has the mountain pass geometry. Then the mountain pass
theorem [2] yields the existence of a sequence {un} ⊂ E satisfying (3.4). Furthermore, by
Lemma 2.6, we get

m0 = J (un)−
q − 1
qm

⟨J ′(un), un⟩+ o(1)

=

(
1
p
− q − 1

qm

)
∥un∥p +

∫
R3

(
q − 1
qm

g(x, un)un − G(x, un)

)
dx + o(1)

≥
(

1
p
− q − 1

qm

)
∥un∥p + o(1),

which implies that the sequence {un} is bounded in E because 1
p − q−1

qm > 0. The proof is
complete.
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Lemma 3.6. Assume that (V), (K) and (g1)–(g4) hold. Let u ∈ N and J (u) = m0, then (u, ϕu) is
a solution of system (1.1).

Proof. The argument to prove this lemma is essentially the same as that of [20], thus we omit
the details.

We now present the periodic system that corresponds to the asymptotically periodic sys-
tem given in (1.1),{

−∆pu + VT(x)|u|p−2u + KT(x)ϕ|u|m−2u = gT(x, u) in R3,

−∆qϕ = KT(x)|u|m in R3.
(3.5)

Let us define the energy functional of system (3.5) on ET,

JT(u) =
1
p

∫
R3
(|∇u|p + VT(x)|u|p)dx +

q − 1
qm

∫
R3

KT(x)ϕu|u|mdx −
∫

R3
GT(x, u)dx,

and
mT := inf

u∈NT
JT(u),

where
NT = {u ∈ ET \ {0} : ⟨J ′

T(u), u⟩ = 0}.

Remark 3.7. From Lemma 3.3, for each u ∈ E\{0}, there exists tu > 0 such that tuu ∈ N ,
which implies that J (tuu) ≥ m0. Then, by the assumptions (V), (K), (2.1) and Lemma 2.5(iii),
we deduce that

m0 ≤ J (tuu) ≤ JT(tuu) ≤ max
t>0

JT(tu).

It follows that m0 ≤ infu∈ET\{0} maxt>0 JT(tu). Under the assumptions on gT, the Remark 3.4
still holds with J and N replaced by JT and NT, respectively. Hence,

m0 ≤ inf
u∈ET\{0}

max
t>0

JT(tu) = mT.

Proof of Theorem 1.1. Lemma 3.5 yields the existence of a bounded sequence {un} ⊂ E satisfy-
ing (3.4). It follows that there exists u ∈ E such that, up to a subsequence,

un ⇀ u in E,

un → u in Ll
loc(R

3) for all l ∈ [p, p∗),

un(x) → u(x) a.e. in R3.

Then, applying Lemma 2.3(iv), Lemma 3.2 and [31, Proposition 5.4.7], we deduce that
⟨J ′(u), φ⟩ = 0 for every φ ∈ C∞

0 (R3). Thus (u, ϕu) is a solution of system (1.1). We will
prove the existence of a ground state solution for system (1.1).

Assume u = 0 and set
sup
z∈R3

∫
Bδ(z)

|un|pdx → µ.

We claim that µ > 0. Indeed, if µ = 0, from [16, Lemma 3.2], we have un → 0 in Ll(R3) for
all l ∈ (p, p∗). Using q−1

qm − 1
p < 0, the assumption (K), Lemma 2.3(i) and Lemma 2.5(v), we
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obtain

m0 = J (un)−
1
p
⟨J ′(un), un⟩+ o(1)

=

(
q − 1
qm

− 1
p

) ∫
R3

K(x)ϕun |un|mdx −
∫

R3

(
G(x, un)−

1
p

g(x, un)un

)
dx + o(1)

≤ 1
p

∫
R3

g(x, un)undx + o(1)

≤ 1
p

∫
R3

(
δ
(
|un|p + |un|p

∗
)
+ Cδ,α|un|α

)
dx + o(1)

≤ o(1).

This is in contradiction with m0 > 0. Thus µ > 0, as we claimed. Consequently, up to a
subsequence, there exists a sequence {zn} ⊂ Z3 satisfying∫

Bδ(zn)
|un|pdx ≥ µ

2
> 0. (3.6)

Let un(x) := un(x + zn). Then, there exists u ∈ E such that up to a subsequence,
un ⇀ u in E,

un → u in Ll
loc(R

3) for all l ∈ [p, p∗),

un(x) → u(x) a.e. in R3.

(3.7)

It follows from (3.6) and (3.7) that
∫

Bδ
|u|pdx ≥ µ

2 > 0, which means that u ̸= 0. We will show
that {zn} is unbounded. Actually, if {zn} is bounded, then there exists a constant G′ > 0 such
that ∫

BG′
|un|pdx ≥

∫
Bδ(zn)

|un|pdx ≥ µ

2
.

This is a contradiction, since un → 0 in Ll
loc(R

3) for all l ∈ [p, p∗). Hence, {zn} is unbounded.
Then, up to a subsequence, |zn| → ∞. For every φ ∈ C∞

0 (R3), using (3.7), Lemmas 2.4 and 3.2,
by [31, Proposition 5.4.7], Lemmas 2.9 , we conclude that

⟨J ′
T(u), φ⟩ =

∫
R3

(
|∇u|p−2∇u∇φ + VT(x)|u|p−2uφ

)
dx +

∫
R3

KT(x)ϕ̃u|u|m−2uφdx

−
∫

R3
gT(x, u)φdx

=
∫

R3

(
|∇un|p−2∇un∇φ + VT(x)|un|p−2un φ

)
dx +

∫
R3

KT(x)ϕ̃un |un|m−2un φdx

−
∫

R3
gT(x, un)φdx + o(1)

=
∫

R3

(
|∇un|p−2∇un∇φ(· − zn) + VT(x)|un|p−2un φ(· − zn)

)
dx

+
∫

R3
KT(x)ϕ̃un |un|m−2un φ(· − zn)dx −

∫
R3

gT(x, un)φ(· − zn)dx + o(1)

=
∫

R3

(
|∇un|p−2∇un∇φ(· − zn) + V(x)|un|p−2un φ(· − zn)

)
dx

+
∫

R3
K(x)ϕun |un|m−2un φ(· − zn)dx −

∫
R3

g(x, un)φ(· − zn)dx + o(1)

= ⟨J ′(un), φ(· − zn)⟩+ o(1)

= 0.
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Thus, (u, ϕ̃u) is the solution of system (3.5). Applying Lemmas 2.7, 2.8 and 2.10, the Fatou
lemma, we deduce that

mT ≤ JT(u)−
q − 1
qm

⟨J ′
T(u), u⟩

=

(
1
p
− q − 1

qm

) ∫
R3

(|∇u|p + VT(x)|u|p) dx +
∫

R3

(
q − 1
qm

gT(x, u)u − GT(x, u)
)

dx

≤
(

1
p
− q − 1

qm

) ∫
R3

(|∇un|p + VT(x)|un|p) dx

+
∫

R3

(
q − 1
qm

gT(x, un)un − GT(x, un)

)
dx + o(1)

=

(
1
p
− q − 1

qm

) ∫
R3

(|∇un|p + VT(x)|un|p) dx

+
∫

R3

(
q − 1
qm

gT(x, un)un − GT(x, un)

)
dx + o(1)

= J (un)−
q − 1
qm

⟨J ′(un), un⟩+ o(1)

= m0.

From Remark 3.7, we see that JT(u) = mT = m0 > 0. It follows that u ̸= 0. According to
Lemma 3.3, there exists a unique tu > 0 such that tuu ∈ N . Then, it is easy to check that

m0 ≤ J (tuu) ≤ JT(tuu) ≤ JT(u) = m0.

Thus J (tuu) = m0. By Lemma 3.6, we conclude that (tuu, ϕtuu) is the ground state solution of
system (1.1).

Assume u ̸= 0. We know from (3.1) that

J (u) ≥ m0. (3.8)

Using the assumption (V), the Fatou lemma and Lemma 2.7, we obtain that

J (u) = J (u)− q − 1
qm

⟨J ′(u), u⟩

=

(
1
p
− q − 1

qm

)
∥u∥p +

∫
R3

(
q − 1
qm

g(x, u)u − G(x, u)
)

dx

≤
(

1
p
− q − 1

qm

)
∥un∥p +

∫
R3

(
q − 1
qm

g(x, un)un − G(x, un)

)
dx + o(1)

= J (un)−
q − 1
qm

⟨J ′(un), un⟩+ o(1)

= m0.

(3.9)

Then, we deduce from (3.8) and (3.9) that J (u) = m0. Therefore, (u, ϕu) is the ground state
solution of system (1.1). The proof is complete.
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4 The critical case

In this section, we give the proof of Theorem 1.3. Let us define the functional J̃ on E by

J̃ (u) =
1
p

∫
R3
(|∇u|p + V(x)|u|p)dx +

q − 1
qm

∫
R3

K(x)ϕu|u|mdx −
∫

R3
G(x, u)dx

− 1
p∗

∫
R3

Q(x)|u|p∗dx.

By Lemma 3.1, J̃ (u) ∈ C1(E, R) and for any u, v ∈ E,

⟨J̃ ′(u), v⟩ =
∫

R3

(
|∇u|p−2∇u∇v + V(x)|u|p−2uv

)
dx +

∫
R3

K(x)ϕu|u|m−2uvdx

−
∫

R3
g(x, u)vdx −

∫
R3

Q(x)|u|p∗−2uvdx.

Clearly, if u is a critical point of J̃ (u), then (u, ϕu) is a solution of system (1.6).

Lemma 4.1. Assume that (V), (K), (Q), (g1) and (g2) hold. Let {un} be a bounded sequence in E
satisfying J̃ ′(un) → 0. Then, there exists u ∈ E such that, up to a subsequence, ∇un(x) → ∇u(x)
a.e. in R3.

Proof. The technique is the same as in [15, Lemma 2.2] for this proof and we omit the details.

Lemma 4.2. Let Q satisfy (Q) and {un} ⊂ E be bounded. Then,∫
R3
(Q(x)− QT(x))|un|p

∗−2un φ(· − zn)dx = o(1), (4.1)

where |zn| → ∞ and φ ∈ C∞
0 (R3).

Proof. The proof proceeds as in [20, Lemma 2.5]. We define Q(x) := Q(x)− QT(x). By the
assumption (Q), we see that Q(x) ∈ F0. Using (2.2) and (2.31), for every ε > 0, there exists
Gε > 0 such that∫

{x∈R3 :|Q(x)|≥ε}
|φ(· − zn)|pdx ≤ C

∫
BGε+1

|φ(· − zn)|pdx + Cε
p
3 ∥φ∥p

W1,p

≤ Cε
p
3 + o(1).

(4.2)

Then, thanks to the Hölder inequality and (4.2), we deduce that∣∣∣∣∫
R3
(Q(x)− QT(x))|un|p

∗−2un φ(· − zn)dx
∣∣∣∣

≤
∫
{x∈R3:|Q(x)|≥ε}

|Q(x)− QT(x)| |un|p
∗−1|φ(· − zn)|dx

+
∫
{x∈R3:|Q(x)|<ε}

|Q(x)− QT(x)| |un|p
∗−1 |φ(· − zn)| dx

≤ 2|Q|∞|un|p
∗−1

Lp∗ |φ|
p∗−p

p∗
∞

(∫
{x∈R3:|Q(x)|≥ε}

|φ(· − zn)|pdx
) 1

p∗

+ ε|un|p
∗−1

Lp∗ |φ|Lp∗

≤ Cε
3−p

9 + Cε + o(1).

Letting ε → 0, we conclude that (4.1) holds. The proof is complete.
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The Nehari manifold Ñ corresponding to J̃ is defined by

Ñ = {u ∈ E \ {0} : ⟨J̃ ′(u), u⟩ = 0},

and set
m̃ := inf

u∈Ñ
J̃ (u).

Lemma 4.3. Assume that (V), (K), (Q) and (g1)–(g4) hold. Then for every u ∈ E\{0}, there exists
a unique t̃u > 0 such that t̃uu ∈ Ñ and J̃ (t̃uu) = maxt>0 J̃ (tu).

Proof. We fix u ∈ E with u ̸= 0, and we consider the function ℓ̃(t) := J̃ (tu), where t > 0.
Arguing as we have done in the proof of Lemma 3.3, it is easy to see that

ℓ̃(t) → −∞ as t → +∞.

By Lemma 2.5(iii) and the Sobolev inequality, we deduce that∫
R3

G(x, tu)dx ≤ δ

p
tp
∫

R3
|u|pdx +

Cδ

p∗
tp∗
∫

R3
|u|p∗dx ≤ Cδtp∥u∥p + CCδtp∗∥u∥p∗ . (4.3)

Then, from the assumptions (K), (Q), Lemma 2.3 and (4.3), we have

ℓ̃(t) =
1
p
∥tu∥p +

q − 1
qm

∫
R3

K(x)ϕtu|tu|mdx −
∫

R3
G(x, tu)dx − 1

p∗

∫
R3

Q(x)|tu|p∗dx

≥ tp

p
∥u∥p −

∫
R3

G(x, tu)dx − tp∗

p∗
|Q|∞

∫
R3

|u|p∗dx

≥
(

1
p
− Cδ

)
tp∥u∥p − CCδtp∗∥u∥p∗ .

Since δ is arbitrary and p < p∗, this shows that ℓ̃(t) > 0 for small t > 0. Consequently, there
exists a t̃u > 0 such that J̃ (t̃uu) = maxt>0 J̃ (tu) and t̃uu ∈ Ñ . We claim that t̃uu is unique.
Actually, let tu ̸= t̃u be positive constant satisfying tuu ∈ Ñ . It follows that

t
p− qm

q−1
u ∥u∥p +

∫
R3

K(x)ϕu|u|mdx =
∫
M

g(x, tuu)|u|
qm

q−1−1u

|tuu|
qm

q−1−1
dx + t

p∗− qm
q−1

u

∫
R3

Q(x)|u|p∗dx, (4.4)

where M is given by Lemma 3.3. Since (4.4) still hold when tu is replaced by t̃u. Then we
obtain (

t̃
p− qm

q−1
u − t

p− qm
q−1

u

)
∥u∥p =

∫
M

(
g(x, t̃uu)

|t̃uu|
qm

q−1−1
− g(x, tuu)

|tuu|
qm

q−1−1

)
|u|

qm
q−1−1udx

+

(
t̃

p∗− qm
q−1

u − t
p∗− qm

q−1
u

) ∫
R3

Q(x)|u|p∗dx.

From (g3) and p < qm
q−1 < p∗, this yields a contradiction with tu ̸= t̃u. Thus, the claim follows

and the proof is complete.

With essentially the same arguments as in [22, 30], the following remark can be proved.
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Remark 4.4. We have

inf
u∈Ñ

J̃ (u) = inf
u∈E\{0}

max
t>0

J̃ (tu) = inf
η̃∈Γ̃

max
t∈[0,1]

J̃ (η̃(t)) > 0,

where
Γ̃ := {η̃ ∈ C([0, 1], E) : η̃(0) = 0, J̃ (η̃(1)) < 0}.

Lemma 4.5. Assume that (V), (K), (Q) and (g1)–(g4) hold. Then there exists a bounded sequence
{un} ⊂ E satisfying

J̃ (un) → m̃0, ∥J̃ ′(un)∥∗ → 0 as n → ∞. (4.5)

Proof. By Lemma 4.3 and the mountain pass theorem [2], we obtain the existence of a sequence
{un} ⊂ E satisfying (4.5). Moreover, applying Lemma 2.6(i) and the assumption (Q), we
deduce that

m̃0 ≥ J̃ (un)−
q − 1
qm

⟨J̃ ′(un), un⟩

=

(
1
p
− q − 1

qm

)
∥un∥p +

∫
R3

(
q − 1
qm

g(x, un)un − G(x, un)

)
dx

+

(
q − 1
qm

− 1
p∗

) ∫
R3

Q(x)|u|p∗dx

≥
(

1
p
− q − 1

qm

)
∥un∥p.

It follows that the sequence {un} is bounded in E, since 1
p − q−1

qm > 0. The proof is complete.

Lemma 4.6. Assume that (V), (K), (Q) and (g1)–(g4) hold. If u ∈ Ñ and J̃ (u) = m̃0, then (u, ϕu)

is a solution of system (1.6).

Proof. The proof follows the same argument as in [20, Lemma 3.4], we omit it here.

According to[25], Sp is the best Sobolev constant for D1,p(R3) ↪→ Lp∗(R3), that is,

Sp = inf
u∈D1,p(R3)\{0}

∫
R3 |∇u|pdx(∫

R3 |u|p∗dx
) p

p∗
. (4.6)

The achieving function of Sp is denoted by

Uε,p(x) =
ε

3−p
p(p−1)

(
3(3−p)p−1

(p−1)p−1

) 3−p
p2

(
ε

p
p−1 + |x|

p
p−1

) 3−p
p

, ε > 0. (4.7)

Let ρ > 0 and ψ ∈ C∞
0 (R3) satisfy

ψ(x) = 1 for |x| ≤ ρ,

0 ≤ ψ(x) ≤ 1 for ρ < |x| < 2ρ,

ψ(x) = 0 for |x| ≥ 2ρ.
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We set
uε,p(x) = ψ(x)Uε,p(x). (4.8)

From [26], with a simple computation one finds that

∫
R3

|∇uε,p|pdx = S
3
p
p + O

(
ε

3−p
p−1

)
, (4.9)

∫
R3

|uε,p|p
∗
dx = S

3
p
p + O

(
ε

3
p−1

)
, (4.10)

∫
R3

|uε,p|pdx =


O
(

ε
3−p
p−1

)
+ b1εp, 1 < p <

√
3,

O (εp) + b2εp| ln ε|, p =
√

3,

O
(

ε
3−p
p−1

)
,

√
3 < p < 3,

(4.11)

∫
R3

|uε,p|γdx =


O
(

ε
γ(3−p)
p(p−1)

)
, γ < 3(p−1)

3−p ,

O
(

ε
3
p
)
+ b3ε

3
p | ln ε|, γ = 3(p−1)

3−p ,

O
(

ε
γ(3−p)
p(p−1)

)
+ b4ε

3− γ(3−p)
p , γ > 3(p−1)

3−p ,

(4.12)

∫
R3

|x|β|uε,p|p
∗
dx =


O
(

ε
3

p−1

)
+ b5εβ, β < 3

p−1 ,

O
(

ε
3+β

p

)
+ b6ε

3+β
p | ln ε|, β = 3

p−1 ,

O
(

ε
3

p−1

)
, β > 3

p−1 ,

(4.13)

where ε > 0 is small and bi(i = 1, 2, 3, 4, 5, 6) are positive constants independent of ε. For the
Poisson term, using (4.12), elementary computations yield that

∫
R3

K(x)ϕuε,p |uε,p|mdx ≤



O
(
ε

mq(3−p)
p(p−1)(q−1)

)
+ Cε

4pq−3qm+pqm−3p
p(q−1) , 1 < p <

3qm + 4q − 3
qm + 4q − 3

,

O
(
ε

4q−3
p(q−1)

)
+ Cε

4q−3
p(q−1)

∣∣ ln ε
∣∣ 4q−3

3(q−1) , p =
3qm + 4q − 3
qm + 4q − 3

,

O
(
ε

mq(3−p)
p(q−1)(p−1)

)
,

3qm + 4q − 3
qm + 4q − 3

< p < 3,

(4.14)

where 3
2 < 3qm+4q−3

qm+4q−3 < 3 for p > 1. Actually, by the assumption (K), Lemma 2.3, the Hölder
and Sobolev inequalities, we deduce that

∫
R3

K(x)ϕuε,p |uε,p|mdx ≤ C
(∫

R3
|uε,p|

mq∗
q∗−1 dx

) (q∗−1)q
q∗(q−1)

. (4.15)

Using (4.12) and (4.15), we obtain the estimate (4.14).

Lemma 4.7. Assume that (V), (K), (Q) and (g1)–(g5) hold. Then the following inequality holds

inf
u∈E\{0}

max
t>0

J̃ (tu) <
1
3

S
3
p |Q|

− 3−p
p

∞ . (4.16)
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Proof. To prove (4.16), it is enough to check that for the function uε,p defined in (4.8),

max
t>0

J̃ (tuε,p) <
1
3

S
3
p
p |Q|

− 3−p
p

∞ as ε > 0 small.

Applying (4.9) and (4.10), we deduce that

max
t>0

(
tp

p

∫
R3

|∇uε,p|pdx − tp∗

p∗

∫
R3

|Q|∞|uε,p|p
∗
dx
)

=

(
1
p
− 1

p∗

) (
S

3
p
p + O

(
ε

3−p
p−1

)) p∗
p∗−p

[(
S

3
p
p + O

(
ε

3
p−1

))
|Q|∞

] p
p∗−p

=
1
3

S
3
p
p |Q|

− 3−p
p

∞ + O(ε
3−p
p−1 ).

According to Lemma 4.3, there exists a unique tε > 0 such that ℓ̃(tε) = maxt>0 J̃ (tuε,p) > 0
and ℓ̃′(tε) = 0. It is easy to verify that for some positive constants C1, C2,

C1 ≤ tε ≤ C2 as ε > 0 sufficiently small. (4.17)

Let ε be sufficiently small and |x| ≤ ε < ρ. Then, it follows from (4.8) and (4.17) that

tεuε,p =
tεCε

3−p
p(p−1)(

ε
p

p−1 + |x|
p

p−1

) 3−p
p

≥ Cε
p−3

p . (4.18)

From (4.18) and (g5), we deduce that for any R > 0, there exists s0 > 0 such that G(x, s) ≥
R|s|γ for x ∈ R3 and |s| > s0. As a consequence,∫

R3
G(x, tεuε,p)dx ≥ Rtγ

ε

∫
R3

|uε,p|γdx ≥ RC
∫

R3
|uε,p|γdx. (4.19)

Then, by the assumption (Q) and (4.19), we derive that

max
t>0

J̃ (tuε,p)

≤ max
t>0

(
tp

p

∫
R3

|∇uε,p|pdx − tp∗

p∗

∫
R3

|Q|∞|uε,p|p
∗
dx
)
+

tp∗
ε

p∗

∫
R3
(|Q|∞ − Q(x))|uε,p|p

∗
dx

+
(q − 1)t

qm
q−1
ε

qm

∫
R3

K(x)ϕuε,p |uε,p|mdx +
tp
ε

p

∫
R3

V(x)|uε,p|pdx −
∫

R3
G(x, tεuε,p)dx

≤ 1
3

S
3
p
p |Q|

− 3−p
p

∞ + M(ε),

where

M(ε) = O(ε
3−p
p−1 ) +

tp∗
ε C
p∗

∫
R3

|x|β|uε,p|p
∗
dx +

(q − 1)t
qm

q−1
ε

qm

∫
R3

K(x)ϕuε,p |uε,p|mdx

+
tp
ε

p

∫
R3

V(x)|uε,p|pdx − RC
∫

R3
|uε,p|γdx.
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Next, we have only to prove that

M(ε) < 0 as ε > 0 small enough. (4.20)

It follows from (g5) that γ > 3(p−1)
3−p . Then, by (4.12), we obtain

M(ε) = O
(

ε
3−p
p−1

)
+ O

(
ε

γ(3−p)
p(p−1)

)
− RCε

3− γ(3−p)
p + M̃(ε), (4.21)

where

M̃(ε) =
tp∗
ε C
p∗

∫
R3

|x|β|uε,p|p
∗
dx +

(q − 1)t
qm

q−1
ε

qm

∫
R3

K(x)ϕuε,p |uε,p|mdx +
tp
ε

p

∫
R3

V(x)|uε,p|pdx.

When 1 < p ≤
√

3 and β ≥ 3
p−1 , from (4.17), (4.11), (4.13), (4.14), one has

M̃(ε) ≤ O
(

ε
3+β

p

)
+ Cε

3+β
p | ln ε|+ O

(
ε

3
p−1

)
+ O

(
ε

3−p
p−1

)
+ Cεp + O (εp) + Cεp| ln ε|

+



O
(
ε

mq(3−p)
p(p−1)(q−1)

)
+ Cε

4pq−3qm+pqm−3p
p(q−1) , 1 < p <

3qm + 4q − 3
qm + 4q − 3

,

O
(
ε

4q−3
p(q−1)

)
+ Cε

4q−3
p(q−1)

∣∣ ln ε
∣∣ 4q−3

3(q−1) , p =
3qm + 4q − 3
qm + 4q − 3

,

O
(
ε

mq(3−p)
p(q−1)(p−1)

)
,

3qm + 4q − 3
qm + 4q − 3

< p < 3.

(4.22)

Using 1 < p ≤
√

3, 3p
4p−3 < q < 3, m > (4q−3)p

3q , qm
q−1 ≤ γ < p∗, β ≥ 3

p−1 , by elementary
computations, it can be checked that

0 < 3 − γ(3 − p)
p

≤ min
{

3 + β

p
,

3
p − 1

,
3 − p
p − 1

, p,
mq(3 − p)

p(p − 1)(q − 1)
,

4q − 3
p(q − 1)

,
4pq − 3qm + pqm − 3p

p(q − 1)

}
.

(4.23)

By (4.21), (4.22) and (4.23), we derive that (4.20) holds. When 1 < p ≤
√

3 and β < 3
p−1 , from

(4.17), (4.11), (4.13), (4.14), we deduce that

M̃(ε) ≤ O
(

ε
3

p−1

)
+ Cεβ + O

(
ε

3−p
p−1

)
+ Cεp + O (εp) + Cεp| ln ε|

+



O
(
ε

mq(3−p)
p(p−1)(q−1)

)
+ Cε

4pq−3qm+pqm−3p
p(q−1) , 1 < p <

3qm + 4q − 3
qm + 4q − 3

,

O
(
ε

4q−3
p(q−1)

)
+ Cε

4q−3
p(q−1)

∣∣ ln ε
∣∣ 4q−3

3(q−1) , p =
3qm + 4q − 3
qm + 4q − 3

,

O
(
ε

mq(3−p)
p(q−1)(p−1)

)
,

3qm + 4q − 3
qm + 4q − 3

< p < 3.

(4.24)

From 1 < p ≤
√

3, 3p
4p−3 < q < 3, m > (4q−3)p

3q , max
{ (3−β)p

3−p , qm
q−1

}
≤ γ < p∗, by some elemen-

tary calculations, we have

0 < 3 − γ(3 − p)
p

≤ min
{

3
p − 1

, β,
3 − p
p − 1

, p,
mq(3 − p)

p(p − 1)(q − 1)
,

4q − 3
p(q − 1)

,
4pq − 3qm + pqm − 3p

p(q − 1)

}
.

(4.25)
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By (4.21), (4.24) and (4.25), (4.20) holds. When
√

3 < p < 3 and β ≥ 3
p−1 , from (4.17), (4.11),

(4.13), (4.14), one has

M̃(ε) ≤ O
(

ε
3+β

p

)
+ Cε

3+β
p | ln ε|+ O

(
ε

3
p−1

)
+ O

(
ε

3−p
p−1

)

+



O
(
ε

mq(3−p)
p(p−1)(q−1)

)
+ Cε

4pq−3qm+pqm−3p
p(q−1) , 1 < p <

3qm + 4q − 3
qm + 4q − 3

,

O
(
ε

4q−3
p(q−1)

)
+ Cε

4q−3
p(q−1)

∣∣ ln ε
∣∣ 4q−3

3(q−1) , p =
3qm + 4q − 3
qm + 4q − 3

,

O
(
ε

mq(3−p)
p(q−1)(p−1)

)
,

3qm + 4q − 3
qm + 4q − 3

< p < 3.

(4.26)

Since
√

3 < p < 3, 3p
4p−3 < q < 3, β ≥ 3

p−1 and

max
{

p∗ − mq
(q − 1)(p − 1)

,
p(4p − 6)

(3 − p)(p − 1)
,

3pq − 3p − 4q + 3
(3 − p)(p − 1)

,
qm

q − 1

}
≤ γ < p∗,

with a simple computation one finds that

0 < 3 − γ(3 − p)
p

≤ min
{

3 + β

p
,

3
p − 1

,
3 − p
p − 1

,
mq(3 − p)

p(p − 1)(q − 1)
,

4q − 3
p(q − 1)

,
4pq − 3qm + pqm − 3p

p(q − 1)

}
.

(4.27)

Using (4.21), (4.26) and (4.27), we obtain that (4.20) holds. When
√

3 < p < 3 and β < 3
p−1 ,

from (4.17), (4.11), (4.13), (4.14), we derive

M̃(ε) ≤ O
(

ε
3

p−1

)
+ Cεβ + O

(
ε

3−p
p−1

)

+



O
(
ε

mq(3−p)
p(p−1)(q−1)

)
+ Cε

4pq−3qm+pqm−3p
p(q−1) , 1 < p <

3qm + 4q − 3
qm + 4q − 3

,

O
(
ε

4q−3
p(q−1)

)
+ Cε

4q−3
p(q−1)

∣∣ ln ε
∣∣ 4q−3

3(q−1) , p =
3qm + 4q − 3
qm + 4q − 3

,

O
(
ε

mq(3−p)
p(q−1)(p−1)

)
,

3qm + 4q − 3
qm + 4q − 3

< p < 3.

(4.28)

From
√

3 < p < 3, 3p
4p−3 < q < 3 and

max
{

p∗ − mq
(q − 1)(p − 1)

,
p(4p − 6)

(3 − p)(p − 1)
,

3pq − 3p − 4q + 3
(3 − p)(p − 1)

,
(3 − β)p

3 − p
,

qm
q − 1

}
≤ γ < p∗,

a direct calculation shows that

0 < 3 − γ(3 − p)
p

≤ min
{

3
p − 1

, β,
3 − p
p − 1

,
mq(3 − p)

p(p − 1)(q − 1)
,

4q − 3
p(q − 1)

,
4pq − 3qm + pqm − 3p

p(q − 1)

}
.

(4.29)

Applying (4.21), (4.28) and (4.29), we derive that (4.20) holds. The proof is complete.
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Let us give the periodic system corresponding to the asymptotically periodic system (1.6),{
−∆pu + VT(x)|u|p−2u + KT(x)ϕ|u|m−2u = gT(x, u) + QT(x)|u|p∗−2u in R3,

−∆qϕ = KT(x)|u|m in R3.
(4.30)

We denote by ÑT the Nehari manifold associated with system (4.30), namely

ÑT = {u ∈ ET \ {0} : ⟨J̃ ′
T(u), u⟩ = 0},

and set
m̃T := inf

u∈ÑT

J̃T(u),

where

J̃T(u) =
1
p

∫
R3
(|∇u|p + VT(x)|u|p)dx +

q − 1
qm

∫
R3

KT(x)ϕu|u|mdx −
∫

R3
GT(x, u)dx

− 1
p∗

∫
R3

QT(x)|u|p∗dx.

Remark 4.8. Arguing as in the proof of Remark 3.7, we can conclude that

m̃0 ≤ inf
u∈ET\{0}

max
t>0

J̃T(tu) = m̃T.

Proof of Theorem 1.3. Lemma 4.5 implies that there exists a bounded sequence {un} ⊂ E satis-
fying (4.5). Then there exists u ∈ E such that, up to a subsequence,

un ⇀ u in E,

un → u in Ll
loc(R

3) for all l ∈ [p, p∗),

un(x) → u(x) a.e. in R3.

For every φ ∈ C∞
0 (R3), by Lemma 2.3(iv), Lemma 4.1 and [31, Proposition 5.4.7], we have

⟨J̃ ′(u), φ⟩ = 0. It follows that (u, ϕu) is a solution of system (1.6). We will show that system
(1.6) has a ground state solution.

Assume u = 0 and set
sup
z∈R3

∫
Bδ(z)

|un|pdx → µ̃.

We first prove that µ̃ > 0. Assume for contradiction that µ̃ = 0. Then, it follows from
[16, Lemma 3.2] that un → 0 in Ll(R3) for all l ∈ [p, p∗). Moreover, using the assumptions
(K), (Q), (V), Lemmas 2.3, 2.5 and (4.6), we derive that

|Q|∞

S
p∗
p

p

(∫
R3

|∇un|pdx
) p∗

p

≥ −|Q|∞
∫

R3
|un|p

∗
dx

≥ −
∫

R3
K(x)ϕun |un|mdx +

∫
R3

g(x, un)undx +
∫

R3
Q(x)|un|p

∗
dx + o(1)

≥ −
∫

R3
|∇un|pdx + o(1).
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This means that only the following two cases can occur:

either
∫

R3
|∇un|pdx + o(1) ≥ S

3
p |Q|

− 3−p
p

∞ or
∫

R3
|∇un|pdx = o(1),

then by the assumptions (K), (V), Lemmas 2.3, 2.5 and un → 0 in Ll(R3) for all l ∈ [p, p∗), we
deduce from (4.5) that

m̃0 = J̃ (un)−
1
p∗

⟨J̃ ′(un), un⟩+ o(1)

=

(
1
p
− 1

p∗

)
∥un∥p +

(
q − 1
qm

− 1
p∗

) ∫
R3

K(x)ϕun |un|mdx

+
∫

R3

(
1
p∗

g(x, un)un − G(x, un)

)
dx + o(1)

≥
(

1
p
− 1

p∗

)
∥un∥p + o(1)

≥ 1
3

S
3
p
p |Q|

− 3−p
p

∞ ,

which contradicts to Lemma 4.7. If
∫

R3 |∇un|pdx = o(1), then Sobolev inequality implies that
∥un∥ = o(1). From (4.5), it is easy to see that m̃0 = 0, which yields a contradiction because
m̃0 > 0. Thus, we conclude that µ̃ > 0. Then, up to a subsequence, there exists a sequence
{zn} ⊂ Z3 such that ∫

Bδ(zn)
|un|pdx ≥ µ̃

2
> 0. (4.31)

We set ũn(x) := un(x + zn). Then exists ũ ∈ E such that up to subsequence,
ũn ⇀ ũ in E,

ũn → ũ in Ll
loc(R

3) for all l ∈ [p, p∗),

ũn(x) → ũ(x) a.e. in R3.

(4.32)

According to (4.31) and (4.32), it is easy to see that ũ ̸= 0 and {zn} is unbounded. Then, up to
a subsequence, |zn| → ∞. Moreover, for every φ ∈ C∞

0 (R3), using (4.32), Lemmas 2.3 and 4.1,
by [31, Proposition 5.4.7], Lemmas 2.9, 2.4 and 4.2, we deduce that

⟨J̃ ′
T(ũ), φ⟩ =

∫
R3

(
|∇ũ|p−2∇ũ∇φ + VT(x)|ũ|p−2ũφ

)
dx +

∫
R3

KT(x)ϕ̃ũ|ũ|m−2ũφdx

−
∫

R3
gT(x, ũ)φdx −

∫
R3

QT(x)|ũ|p∗−2ũφdx

=
∫

R3

(
|∇ũn|p−2∇ũn∇φ + VT(x)|ũn|p−2ũn φ

)
dx +

∫
R3

KT(x)ϕ̃ũn |ũn|m−2ũn φdx

−
∫

R3
gT(x, ũn)φdx −

∫
R3

QT(x)|ũn|p
∗−2ũn φdx + o(1)

=
∫

R3

(
|∇un|p−2∇un∇φ(· − zn) + VT(x)|un|p−2un φ(· − zn)

)
dx

+
∫

R3
KT(x)ϕ̃un |un|m−2un φ(· − zn)dx −

∫
R3

gT(x, un)φ(· − zn)dx

−
∫

R3
QT(x)|un|p

∗−2un φ(· − zn)dx + o(1)
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=
∫

R3

(
|∇un|p−2∇un∇φ(· − zn) + V(x)|un|p−2un φ(· − zn)

)
dx

+
∫

R3
K(x)ϕun |un|m−2un φ(· − zn)dx −

∫
R3

g(x, un)φ(· − zn)dx

−
∫

R3
Q(x)|un|p

∗−2un φ(· − zn)dx + o(1)

= ⟨J̃ ′(un), φ(· − zn)⟩+ o(1)

= 0.

Thus, (ũ, ϕ̃ũ) is the solution of system (4.30). By the assumption (Q) and the Fatou lemma,
using Lemmas 2.7, 2.8 and 2.10, we deduce that

m̃T ≤ J̃T(ũ)−
q − 1
qm

⟨J̃ ′
T(ũ), ũ⟩

≤
(

1
p
− q − 1

qm

) ∫
R3

(|∇ũ|p + VT(x)|ũ|p) dx +
∫

R3

(
q − 1
qm

gT(x, ũ)ũ − GT(x, ũ)
)

dx

+

(
q − 1
qm

− 1
p∗

) ∫
R3

QT(x)|ũ|p∗dx

≤
(

1
p
− q − 1

qm

) ∫
R3

(|∇ũn|p + VT(x)|ũn|p) dx +
∫

R3

(
q − 1
qm

gT(x, ũn)ũn − GT(x, ũn)

)
dx

+

(
q − 1
qm

− 1
p∗

) ∫
R3

QT(x)|ũn|p
∗
dx + o(1)

=

(
1
p
− q − 1

qm

) ∫
R3

(|∇un|p + VT(x)|un|p) dx +
∫

R3

(
q − 1
qm

gT(x, un)un − GT(x, un)

)
dx

+

(
q − 1
qm

− 1
p∗

) ∫
R3

QT(x)|un|p
∗
dx + o(1)

≤
(

1
p
− q − 1

qm

) ∫
R3

(|∇un|p + V(x)|un|p) dx +
∫

R3

(
q − 1
qm

g(x, un)un − G(x, un)

)
dx

+

(
q − 1
qm

− 1
p∗

) ∫
R3

Q(x)|un|p
∗
dx + o(1)

= J̃ (un)−
q − 1
qm

⟨J̃ ′(un), un⟩+ o(1)

= m̃0.

Together with Remark 4.8, this implies that J̃T(ũ) = m̃T = m̃0 > 0. According to Lemma 4.3,
there exists a unique tũ > 0 such that tũũ ∈ Ñ . Moreover, we get

m̃0 ≤ J̃ (tũũ) ≤ J̃T(tũũ) ≤ J̃T(ũ) = m̃0. (4.33)

Then J̃ (tũũ) = m̃0. It follows from Lemma 4.6 that (tũũ, ϕtũ ũ) is the ground state solution of
system (1.6).

Assume u ̸= 0. Since ũ ∈ Ñ , we get

J̃ (u) ≥ m̃0. (4.34)
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Applying the assumptions (V), (Q), the Fatou lemma and Lemma 2.7, we deduce that

J̃ (u) = J̃ (u)− q − 1
qm

⟨J̃ ′(u), u⟩

=

(
1
p
− q − 1

qm

) ∫
R3

∥u∥p +
∫

R3

(
q − 1
qm

g(x, u)u − G(x, u)
)

dx

+

(
q − 1
qm

− 1
p∗

) ∫
R3

Q(x)|u|p∗dx

≤
(

1
p
− q − 1

qm

) ∫
R3

∥un∥p +
∫

R3

(
q − 1
qm

g(x, un)un − G(x, un)

)
dx

+

(
q − 1
qm

− 1
p∗

) ∫
R3

Q(x)|un|p
∗
dx + o(1)

= J̃ (un)−
q − 1
qm

⟨J̃ ′(un), un⟩+ o(1)

= m̃0.

(4.35)

Then, from (4.34) and (4.35), we conclude that J̃ (u) = m̃0. Thus (u, ϕu) is a ground state
solution of system (1.6). The proof is complete.
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