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Abstract. In this paper we study the existence of ground state solutions for the asymp-
totically periodic Schrodinger—Poisson systems which are coupled by a Schrodinger
equation of p-Laplacian and a Poisson equation of g-Laplacian. The method relies on
a variational approach and the case of the nonlinearity exhibits a critical growth is also
considered. Some results in the literature are extended.
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1 Introduction

This paper deal with the existence of ground state solutions for the quasilinear Schrodinger—
Poisson system

{—Apu + V() |u|P2u 4+ K(x)plu|"2u = g(x,u)  inR3, W)

—Agp = K(x)|u|™ inIR3,

where V, K and g are asymptotically periodic functions in x, Aju = div(|Vu|=2Vu)(i = p,q),
1 < p <3, q and m satisty

oy <q<3, UL gy LY (1.2)
p* = %. With p = g = m = 2. System (1.1) reduces to the semilinear Schrédinger—Poisson
system

{_Au +V(x)u+K(x)pu =g(x,u)  inR3, (1.3)

—A¢p = K(x)u? in R3,

which has been studied intensively in the last twenty years due to its physical background,
starting with the pioneering paper [6]. For the results on existence and non-existence of
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solutions, radial and non-radial solutions, positive and sign-changing solutions, multiplicity of
solutions, and ground states of system (1.3), we refer to [1,3-5,9-12,19,21,23,24,27-29,32-36].

Azzollini and Pomponio [5] first considered the existence of a ground state solution for
system (1.3) with K = 1 and g(x,u) = |u|"~'u, when V is a positive constant and 2 < r < 5, or
V is possibly unbounded below satisfying V(x) < Vi := lim|y_,, V(x) ace. inx € R® and 3 <
r < 5. For the case of K = 1 and g(x,u) = |u|""'u with 2 < r < 3, the existence of a ground
state solution to system (1.3) was proved in [34]. In [28], when K = 1, V and g are periodic
functions in x, the authors obtained a ground state solution for system (1.3). A positive
ground state solution of system (1.3) was obtained in [9], when V = 1, g(x,u) = a(x)|u|"lu
with 3 < r < 5, where the nonnegative functions a and K satisfy a(x) > e := lim|y|_,. a(x)
for Vx € R3, lim|x| 00 K(x) = 0. In [1], the authors assumed that K = 1 and V satisfies

(Vo) 0 < V(x) < Vr(x) for Vx € R?, and the strict inequality holds on a set of positive
measure, limjy_,« [V (x) — Vr(x)|=0 and Vr(x +z) = Vr(x) for all x € R® and z € Z°.

They obtained the existence of a positive ground state solution to system (1.3). Concerning
the asymptotically periodic system (1.3), the same result was obtained in[28,32] under more
weaker assumptions on V and K than that in [1]. In [28], the authors supposed that g is an
asymptotically periodic function, V and K satisfy

(V) 0 < V(x) < Vr(x) € L*(R3) and V(x) — Vr(x) € Fp, where
Fo :={k(x) : for any € > 0,meas {x € By(y) : |k(x)| > e} — 0as |y| — oo}
and V7 satisfies Vj := inf,cgs Vi > 0 and Vr(x +z) = Vr(x) for all x € R® and z € Z3;

(K) 0 < K(x) < Kr(x) € L*(R%), K(x) — Kr(x) € Fo, and Ky satisfies Ky := inf,.gs KT > 0
and Kr(x +z) = Kr(x) for all x € R® and z € Z3.

The existence of a positive solution for asymptotically periodic system similar to (1.3) was
established in [18], which has critical nonlocal term.
We mention that the following quasilinear Schrédinger-Poisson system

—Apu A+ [ulP U+ Aplu"?u = |u|""*u  in RS, (1.4)
—Agp = |u|™ in R '
was first studied in [16], where A > 0,1 < p < 3,p <r < p*, g and m satisfy
maX{1,5p363}<q<3, max{l,(q_*l)p}<m<(q_*l)r) (15)

Other works regarding the quasilinear (1.4), we refer to [14,15].

As far as we know, there is no results on the existence of ground state solutions to the
asymptotically periodic Schrodinger—Poisson system (1.1), this is one of the aims for our paper.
In this article, we assume that ¢ € C(IR® x R, R) and satisfies the following hypotheses:

(1) lims—yo él(;c—f’z)s = 0 uniformly for x € R?;

(82) limg 4o gf;‘%ﬁs = 0 uniformly for x € R3;

(g3) g(qile is nondecreasing on R\{0};

E
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(g1) there exists ¢r € C(R3 x R, R) such that

(i) g(x,8) > gr(x,s) forall (x,5) € R?> x RT, ¢(x,s) < gr(x,s) for all (x,s) € R® xR,
and g(x,s) — gr(x,s) € F, where
F :={g(x,s) : for any € > 0, meas {x € Bi(y) : |g(x,s)| > €} — Oas |y| - o
uniformly for |s| bounded};
(i) gr(x +z,8) = gr(x,s) forall (x,s) € R* x R and z € Z3;

(iii) limg_o %x’f)z = 0 uniformly for x € R?;
|s|7=1 s

(iv) gTﬁ’i is nondecreasing on R\{0};
Is| 71
(v) limg_e0 GT(;{;) = 400 uniformly for x € R®, where Gr(x,s) = [ gr(x, t)dt.
s| 91—

We next consider the following quasilinear Schrodinger-Poisson system with critical ex-
ponent

Ay VO 2+ K™ 2= g(x0) + Q) 2 inR,

—Ag¢p = K(x)|u|™ inR3, '

where V, K, Q and g are asymptotically periodic functions in x. The non-existence of solutions,
positive and sign-changing solutions, ground states of the semilinear system (1.6) with p =
g = m = 2 have been studied in [5,19,28,33,35,36].

Azzollini and Pomponio [5] proved the existence of a ground state solution for the semilin-
ear system (1.6) withp =g=m=2,K=Q=1,¢(x,u) = |u|""luand 3 <r < 5, when Visa
positive constant, or V is possibly unbounded below satisfying V(x) < Vo := limy_,o V(x)
a.e.in x € R%. For the case of p = q = m = 2, K = 1 and g(x,u) = plu|""'u with
u >0, when3 <r <5o0r2 <r < 3and y is sufficiently large, the existence of a posi-
tive ground state solution to the semilinear system (1.6) was established in [19] if V satisfies
V(x) < Vy = liminf}, o V(x). In [28,33], the authors assumed that V,K,Q and g are
asymptotically periodic functions in x, and obtained a ground state solution for the semi-
linear system (1.6) with p = q = m = 2. In [13], the authors obtained the ground state
solutions and nontrivial solutions to the quasilinear system (1.6) for the case of g =2, m = p,
V=0Q=1,g(xu) =Alul""'u, where 3 < p <3and A > 0.

Observe that when K = 0 and p = 2. System (1.6) becomes to the semilinear Schrédinger
equation

—Au+V(x)u=g(x,u)+Q(x)|ul* 2u inRN, (1.7)

In [20], the authors studied the existence of a positive ground state solution for equation (1.7),
when V and g are asymptotically periodic functions in x and Q € C(RY,R) satisfies

(Qo) there exist a function Qr € C(RN,R), 1-periodic in x;,1 < i < N, and a point xg € RV
such that Q — Qr € Fo, Q(x) > Qr(x) > 0 for all x € RN and

Q(x) =1QJeo +O(|x — x0|*), asx —x9, a =1for N=3and a« =2 for N > 4.

Motivated by these works mentioned above, a natural question arises: do ground state solu-
tions for asymptotically periodic Schrodinger—Poisson system (1.6) exist or not? In this article,
we consider the ground state solutions for system (1.6). We assume that Q € C(R3,R) satisfies
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(Q) there exist a function Qr € C(R3 R), 1-periodic in x;,1 < i < 3, and a point xy € R3
such that Q — Qr € Fo, Q(x) > Qr(x) > 0 for all x € R® and

Q(x) = |Qleo + O(|x — x0|P) asx — xp, where g > 0;

and g € C(IR%, R) satisfies (g1)—(g4) and

(g5) lims e G|(;|Cf) +o00 uniformly for x € R?, where G(x,s) fo x,t)dt and -y satisfies

the following hypotheses when 1 < p < /3,

an B> -2,
=gl B=Bp qm _ p; (1.8)
max{ 37;7 /F}/ ‘B<ﬁ,
when V3 < p <3,
* mq p(4p—6)  3pg— 3]!7 4q+3 L 3
sy > maxJ p G- (p—1)’ BG=p)(p—1)’ BG=p)(p—1) ’ 4— } B> 51/ 19
p ~ | max _ . mq p(4p—6)  3pg—3p— 4q+3 3 )p L} B3 .
P G-D(p—1)’ G=p)(p—1)’ B=p)(p-1) * 3—p ’q-1 p1

We point out that it is hard to give an explicit expression for the solution of the quasilinear
Poisson equation —A;¢ = K(x)|u|™, which leads to the ineffectiveness of the method used
in [27,28,32,33] for the proof of Lemma 2.4 in this paper. We have overcome the obstacle by
some basic inequalities and calculations of some delicacy. It is noted that the range of values
for g and m in this article is smaller than that in [16], since g and m not only need to satisfy
(1.5), but also need to satlsfy 1 < p*, which guarantees that G(x,s) is subcritical growth in
s at infinity.

Hereafter, we always assume that 1 < p < 3,4 and m satisfy (1.2). The main results are the
following.

Theorem 1.1. Assume that (V'), (K) and (g1)—(ga) hold. Then system (1.1) admits a ground state
solution.

Corollary 1.2. Let V(x) = Vr(x), K(x) = Kr(x) and g(x,s) = gr(x,s). Assume that (V), (K),
(g1)—(g4) hold. Then system (1.1) admits a ground state solution.

Theorem 1.3. Assume that (V),(K), (Q) and (g1)—(g5) hold. Then system (1.6) admits a ground
state solution.

Corollary 1.4. Let V(x) = Vr(x), K(x) = Kr(x), Q(x) = Qr(x) and g(x,s) = gr(x,s). Assume
that (V), (K), (Q), (g1)—(g5) hold. Then system (1.6) admits a ground state solution.

Remark 1.5.
(i) In some sense, this paper extend the results in [1,27,28,32,33] to the case of p,q # 2.

(ii) The proofs of Corollaries 1.2 and 1.4 can be obtained by arguing as in Theorems 1.1 and
1.3, respectively.

(iii) The functional sets Fj in (V) and F in (g4) were first introduced in [20].

The paper is organized as follows. Section 2 is devoted to some notations and essential
lemmas. In Section 3 we establish the variational setting of the subcritical system (1.1) and
give the proof of Theorem 1.1. Finally, in Section 4 we deal with the critical system (1.6),
proving Theorem 1.3.
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2 Preliminaries

In this section, we present some notations and lemmas, which are crucial in proving our
results.

o WUP(IR3) is the usual Sobolev space endowed with the norm

1/p
1]l = (/R Vul? + |u|de) .

e DM (R%) denotes the closure of C§°(IR®) with respect to the norm

1/q
HuHDu,:</ ]Vu|‘7dx> .
IR3

e ['(R?) (1 <r < o) is the Lebesgue space endowed with the norm

1/r
uler = ([ o)
R3

and L®(IR3) is the space of measurable functions with the norm

|tt|oo = esssup |u(x)].

e E:={u € LV (R% : |Vu| € LP(R®) and /SV(x)\u]pdx < oo} is equipped with the
R
norm

ot = ([ 09+ vy

e Er := {u € LV (R®) : |Vu| € LP(R®) and /]R3 Vr(x)|u|Pdx < oo} is equipped with the
norm

e, = ( [ (9 + il yiz)

Indeed, there holds
E=Er. (2.1)

Since V(x) < Vr(x) in R3, the inclusion Ey C E is straightforward. Now, let u € E. By
Lemma 2.1, we have

| veGolurds < Vel [ ulPdx < ClVilollull?,
RR3 R3

which implies u € Er. Hence, E C Er, and the result is verified.

We denote by E* the dual space of the space E, which is endowed with the norm || - ||.. C
denotes a positive constant that can different from line to line. The notation o(1) represents
the quantity that tends to zero.

Arguing as in [20], we prove the following lemma.
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Lemma 2.1. Let V satisfy (V). Then there exist positive constants ¢ and c, such that for every u € E,

crf[ully, < llull? < caffu

lep lep

Furthermore, the embedding E — L'(IR3) is continuous for all | € [p,p*]. In particular, E —
Ll (R3) is compact if | € [p, p*).

loc

Proof. Clearly, the assumption (V) implies that ||u||P < max{1, |Vr|«}||
cp = max{1, |Vr|~}. Let

“len Then, we set

W(x) := V(x) — Vp(x).
We deduce from the assumption (V) that W(x) € Fy. We first show that for any ¢ > 0, there
exists G, > 0 such that

ulPdx < C/ u pdx_|_C53 u for every u € E, 29
/{xeR3:|w<x>|zs}| | GM' | [ s y (2.2)

where Bg, 11 := {x € R%: |x| < G + 1}, and C is a positive constant that is independent of .
Actually, for any € > 0, there exists G, > 0 such that for every |y| > G,

meas{x € B1(y) : [W(x)| > ¢} <e¢, (2.3)

where By (y) := {x € R¥: |[x — y| < 1}. Let R3 be covered by balls B; (y;) for i € N, in this way
that every point x € R® lies within at most 4 balls. For simplicity, we assume that |y;| < G,
fori =1,2,3,...,n, and |y;| > G, fori = n. +1,n. +2,n.+3,...,+00. Applying (2.3), the
Holder and Sobolev inequalities, we obtain that

u|Pdx < Z/ |u|Pdx

{x€B1(y):|W(x)|>¢}
Ne

/ urdc+ Y / luPdx
im1 /{x€B1(y):|W(x)[>e} i=n 41/ {x€B1(yi):|W(x)| =}

[{xe]R3:W(x)>e}

<4 ulPdx + meas{x € Bi(y;) : |[W(x)| > ¢ 5
o o 1»:%1( [x € Bily): W(x)| > ¢})

3—p

Tt
{x€By(yi):|W(x)|=e}

<4 \ulPdx + ( sup (meas{x € B1(y) : [W(x)| > 8})>

W=

Bge+1 ly|>Ge
3—p

+oo . =
¥ (/ ul” dx)
i=mot1 \{xEB1(yi):|W(x)|>e}
3—p
<4/ yu|vdx+85f</ |u\v*dx>3
BGe+1 Bi1(vi)

i=1

34/ yu\PdHCea / (IVul? + u]?)dx
Gg+1

< c/ ]u|”dx—|—C£3Hu||wlp
Gg+l
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Thus, the inequality (2.2) holds. From (V) we can see that |W(x)| < 2|Vr|«. Together with
(2.2), by the Holder and Sobolev inequalities, we have

[ WG lulax

= [W () |[u]Pdx + [W () [u|Pdx
{x€R3:|W(x)|>¢} {x€R3:|W(x)|<e}
SCWT’”/GM [ulPdx + C|Vr|wh ullE,, + /S\u\de 2
3—p

W

< C|Vr|e (measBg,+1)

. 3
(/ lul? dx) +C|VT|008 Hunlp /}Rs lu|Pdx

<c/ VuulPdx + C|Vr|aag5 [ul|2,, + /]Rs|u|’”dx,

where C, is a positive constants that is dependent of e. From (V), it is clear that V(x) > 0,
Vr(x) > Vo > 0 and W(x) < 0. Then by (2.4), we obtain

(Co+ Dl = (Cc+1) [ [Vuldx+ [ V() |uldx
:(cg+1)/ yW|de+/ vTx|udex—/ W (x) | |u|Pdx
RR3 R3 RR3
z(ce+1)/ |Vu|7"dx+Vo/ |u|"’dx—C8/ Vu|Pdx
R3 R3
— ClVrlweS ullhy, —¢ [ IulPdx

= [ IVupdx+ (Vo—e) [ lul’dx = C|VrlueS ]},
R3
For ¢ > 0 small enough, there exists constant ¢; > 0 such that the inequality c; ||u||Wl » < lull?
holds. Moreover, using the Sobolev embedding theorem, the continuity of the embedding

E — L'(IR3) for all | € [p,p*] and the compactness of the embedding E — LI (IR3) for all
I € [p,p*) can be concluded. The proof is complete. O

Lemma 2.2. Assume that (K) holds. Then for every u € E, there exists a unique ¢, € DV1(IR®) such
that

—Agp = K(x) |u]™. (2.5)

Proof. Fix u € E and v € D™(IR3), thanks to the Holder and Sobolev inequalities, we obtain

‘/ x)|u"vdx| <

For u € E, the linear functional £ is defined by

ClK]eo[1e]™ [|0][ prs- (2.6)

L(o) = /]R3K(x)|u|mvdx, v € DYI(RY).

Then (2.6) implies that the functional £(v) is well-defined and continuous on D'7(IR?®). Indeed,
when g = 2, the result follows directly from the Lax-Milgram theorem [7]. When q # 2, by
the Minty—-Browder theorem [7], we obtain the desired conclusion using the same arguments
as in [16, Proposition 2.1]. The proof is complete. O



8 Y. Du and L. Fan

In the same way as in the proof of Lemma 2.2, for any u € E, we can show that the
equation
—Ngp = Kr(x)|u|™  inR3 (2.7)

has a unique solution which is denoted by ¢;,.
Although the precise form of the solution ¢, is hard to obtain, based on [16, Proposition
2.2], we summarize its key properties as follows.

Lemma 2.3. Let (K) hold. Then for any u € E, the following properties hold
@ Jrs (51VPul? = K(x)[u]"pu)dx = minye prago) s (51VP17 = K(x) u|"p)dx and ¢, > 0;
(ii) for t >0, ¢, = t1-1¢p,, and for all y € R?, Pu(ty) = Pul-+y);
(i) ||¢pullprs < CHuHﬂnfll, where C > 0 is independent of u;

(iv) if uy — uin E, then ¢y, — ¢, in DVI(R3) and
/3 K(X)u, |ttn|" 2 @dx — /3 K(x)pu|u|" 2updx forall ¢ € D¥(R?).
R R
Lemma 2.4. Assume that (K) holds. If u, — 0 in E, then up to subsequences, we have

/]R3 (K(x)¢un|”n|m_2”n§0(' —2Zy) — KT(X)$Mn|”n|m_2”n¢(' - Zn)) dx = o(1),

where |z,| — o0, ¢ € C(IR3), ¢y, and §y, are the solutions to equations (2.5) and (2.7), respectively.

Proof. We set H(x) := K(x) — Kr(x). It follows from the assumption (V) that H(x) € F.
Then

[ (P " 219 = 20) = K () a0 (- = 2) v
= /R ((K(x) — Kr (%)) pu, [1n ™ 210 p(- — z0)dx + /R Kr(2)u, [t |" 21100 (- — zn)> dx
B /][{3 KT(’Q‘?W |un|m_2”n§0(’ — zy)dx

- /]Rs H(x)47u,l|“n|m_2“n‘/’(‘ — zZn)dx + /]R3 Kr(x)(@u, — @un)|”n|m_2”n§"(' — zp)dx
=: A+ B.
To end the proof, it suffices to show that
A —Q, B—0 asn— oo. (2.8)
From the assumption (K), for all ¢ > 0, there exists G, > 0 such that
meas{x € B1(y;) : |H(x)| > ¢} <e forany |y| > G.. (2.9)

According to Lemma 2.1, we know that R is covered by balls By (y;) for i € IN, in this way that
every point x € IR3 lies within at most 4 balls. We also assume that lyi| < Gefori=1,2,...,n,,
and |y;| > Ge fori =n.+1,n.+2,n.+3,..., +o0. Then

Al < H iy m—2 (- — 2z
’ | - /{x€R3ZH(x)zg} | (x)¢ n|u | u gﬂ( ya )‘ dx
| H () pu, [tn|" 1t p (- — 20) | dx (2.10)

/
{x€R3:|H(x)|<e}
=: A1+ A,.
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Moreover, we deduce that

A :/ H(x ununm*2un - —z,) | dx
1 {xen@:\H(x)\zs}’ () Pu,, |11 ( )|

’H(x)4)un|uﬂ‘mi2unq)(' - Zn)‘ dx

/{xelR3:H(x)>e,x|>Gg+1}

H m—2 L d
/{XE]R?’:H(X)>8,X|<G£+1} ‘ (X)(,bu,,|1/ln| an)( Zn)‘ X

—+o00

IN

H n m-2 n T 4n d
i—nsﬂ/{xeBl(yowH(x)Zs,|x|>cs+1}‘ () lta"Ztnpl- = 2| dx

[ HE P (- 2,) | dx
BGe+1
::All + AlZ-

Combining (2.9), Lemma 2.3(iii), the Holder and Sobolev inequalities, we get

—+00
Al = / H(x)py, |uy m=2y o(- —z,)|dx
H =141 {xeBl(yi)¢|H(x)|Z€r|x\>Gs+1}‘ G 7 )’
sy 1 * qL*
< meas{x € B |H(x)| > ¢ A(/ L(x ”’dx)
i:§+1( { 1(y) : [H(x)| > ¢}) By )2 Gt 1) |, ()]

1
¥

|t

m—1
* p*
Pdx . / - —Zn mdx)
> ( {x€Bi(yi):|H(x)| =g |x|>Ge+1} 9 )

m—1

p* dx) p*

' </{xeBl(yi>:|H<x>|>e,|x>Ge+1}

—+o00

1
< Cen LDt (/
H‘Pu HD q i:§+1 {x€By(yi):|H(x)|>¢,|x|>Ge+1}

|un

1
p*
. i mdx)
</{x631(yi):|H(X)|2&|x>Ge+1} ol )|
< Ce?,
and

An= [ [HE) " (- — 20)ldx
BGet1

1 (g* =12 (m-1)

. \7T AN\ @ Rm
<l ([ loalrax)” ([l ar)
BGe41 Bge 41
. (m+qg*-1)(g*-1)
qm
(ot =z )
BGng]

(g* =12 (m-1)

(7%)2m
<l (a2 ,
BGe+1

where .
Ar=—FI1 5o (2.11)
pq —mq-—p
From (1.2), we see that p < qq:—_"q < p*. Since u, — 0 in E, it follows from Lemma 2.1 that

q*m

uy — 0in L] " (R%). Then we conclude that

A1 —0 ase—0,n— oo (2.12)



10 Y. Du and L. Fan

Using the Holder and Sobolev inequalities, and by Lemma 2.3(iii), we obtain
A2 = / H "2y (- — 24)|d
2= [ ero i) <e) |H (x)pu, [ttn | 1n (- — z4)|dx

<e [ 19wl 2ung(- —z,)ldx

% (g* =12 (m-1)

' am (4%)2m
<o (e

(m+q*—1)(g*~1)

*m 2
(flot = =)

(g*~1)(m-1)
q*

< Cel[un |7 - [Jun]|
< Ce.

Let e — 0, then A, — 0. Together with (2.10) and (2.12), we deduce that
A= 0. (2.13)
Furthermore, thanks to the Holder and Sobolev inequalities, we get

BI< [ K@), — ol (-~ 2)ldx

(g* =12 (m-1)

~ E/* L]L* ’7:7’”1 (7%)2m
< [Krls ([ = @uldx )" ([ Jual T

. ey g (2.14)
:‘7 q*)em
(o lote =207
. (g =1)(m-1)
< Cllpu, — Pu Ml prallunl] .
Applying the elementary inequality, there exists ¢; > 0 such that for any x,y € R3,
(Ix|772x = [y|77%y, x = y)wo = cqlx — y|" for2 <gq<3, 2.15)
() + TyD> 91272 = [y %y, x —y)pe 2 cqlx —y]*  for1< g <2, '
where (-, -)gs is the standard inner product in IR>.
(i) For 2 < g < 3, by (2.15), we have
CqH()bun (P”nHqu — < Aq(l)”n - (_Aq(’)i\;un)’ (P”n - (’ﬁun>'
Since
[ =Bt @, = $u) = [ K@l (9, = §u, )
/]R3 _AQQEM (Pu, — Pu,) = /]R3 Kr (x) [un]" (Pu, — Pu, )dx
then
Cq ||(Pun ()bun Hqu — < l/]()bun’ (Pun ()bun> - <_Aq$un’ ()bun - $11n>
() 1™ (P, — P, )l (2.16)

D %
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We claim that D — 0. Indeed, it is easy to see that

Df < /]R | H () |t |" (Pu, — Pu, )| dx
- | H () |t ™ (s, — Pus,)| dx

{xeR3:|H(x)|>¢,|x|>Ge+1}

-l-/ H(x)|un|™ (P, — Pu, )| dx (2.17)
{x€R3:|H(x)|>¢,|x| <G +1}‘ () [t (P = )
+/ H Un Uy ~un dx
sy oo PO, = )
=: Dy + Dy + Ds.
By (2.9), using the Holder and Sobolev inequalities, we deduce that
+00 1 ﬂ*
D; = meas{x € B |H(x)| > e})r - / u"’dx)
' i:%( treBly): [H@] > ) < {xeBl<y,->:|H<x>|2e,|x\>ce+1}| "
) |¢un 4)”;1 ‘q dx)
(/{xelfﬁ(yf):H(X)>€,|X|>Gs+1}
1 X i
=g Z </ |un|p dx)
imm1 \{xEB1(yi):[H(x)|>¢,[x|>Ce+1}

1
7

* Uy Uy q dX)
<~/{x€Bl(yi):H(x)2£,|x|>Gg+1} |¢ 4) ‘

l ~
< Cet|[un|"||pu, — Pu,llpra,
where A is given by (2.11). Then we obtain D; — 0 as ¢ — 0. Since u, — 0 in E, we have

u, — 0in L‘7 i (R®). The Holder inequality yields that

loc

D, = ‘H(x)’”ﬂm(cpun _%n) dx

7=

([, o= paira)

as n — co. Moreover, by the Holder inequality, we get

/{erR3:H(x)>£,x|<Gg+1}

< |Hl|eo (/ |un|ﬂ*—1dx)
BGe11

— 0,

1
7

D:/ H(x)|tn|™ (P, — Pu, )| dx
3 {xGIR3:|H(x)|<£}‘ ( )| | ((P 4) )
g 8/ Hun|m<¢un _(fi;un) d'x
R3

*_q 1
7

SE</]R3|”n|quldx>qq*'(/]R3 |Pu, — ‘Pun)| dx>

< Cg,

which implies that D, — 0 as ¢ — 0. Then, from (2.17), we conclude that D — 0. Thus,
combining (2.14) and (2.16), we get that for 2 < g < 3,

B—0 asn — co. (2.18)
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(i) For 1 < g < 2, since {u,} is bounded in E, by (2.15), the Holder inequality and Lemma
2.3(iii), we have

92-q)

2 dx

i 190 = Gl < [ (TG @) (V0] + [V )

24

2

< (=B = (B = Pl ([ (V0] + V)10 )

< OB, — (~Beu,), fu, — Pu,)
where

T(Gu, Pu) = ([ VPu, 172V pu, = [VPulT >V, Vpu, = Vébu, ) -
Thus, we obtain
cqllbu, = PunllBra < C(=Bau, — (=g, ), bu, — Pu,)-
Using the same argument as in (i), we can derive that
pu, — Puullpra = 0 as n — co.
Together with (2.14), this yields that 1 < g < 2.
B — 0. (2.19)

Hence, by (2.13), (2.18) and (2.19), we know that (2.8) holds. The proof is complete. O

Lemma 2.5. Assume that (1), (g2), and (i), (iii), (iv) of (ga4) hold. Then for all 6 > 0, there exist
rs > 0and Cs > 0, we have

(i) 0 < gr(x,8) < g(x,8) forall (x,5) € R3 x R*; g(x,s) < gr(x,8) < 0 forall (x,5) €
R3xR~;

(i) |g(x,8)| < 6|s|P~! forall (x,s) € R3 x [—rs,76);

(i) |g(x,8)| < S|s|P~1 4 Csls|P 1 for all (x,5) € R* x R; 0 < Gr(x,s) < G(x,s) <
%\s]p* for all (x,s) € R® x R;

(iv) |g(x,s)| < Csls|P~1 +6|s|P" ! forall (x,5) € R® x RR;

(v) forany a € (p,p*), there exists a constant Cs, > 0 such that |g(x,s)| < 5(|s|P~1 + |s|P"~1) +
Csals|* ! forall (x,5) € R x R; 0 < Gr(x,s) < G(x,5) < %|5|P + %|5|P* + S 5| for all
(x,5) € R® x R.

Proof. The proof proceeds exactly as in [20], so we omit it here. O

By Lemma 2.5, arguing as in [17], we conclude the following lemma.

Lemma 2.6. Assume that (g3) and (i), (iii), (iv) of (ga) hold. Then

qq_mlg(x,s)s > G(x,8) >0 forall (x,s) € R® xR,
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Lemma 2.7. Assume that (g1), (§2), and (i), (iii), (iv) of (ga) hold. Suppose u, — u in E, then, up
to a subsequence, we have

/]I{3g(x, Up ) Updx — /]ng(x,u)udx, (2.20)
/ G(x,un)dx—>/ G(x,u)dx, (2.21)
R3 R3

/ gT(x,un)undx—>/ gr(x, u)udx, (2.22)

]R3 ]R3

/ GT(x,un)dx—>/ Gr(x,u)dx. (2.23)
R3 R3

Proof. Since u, — u in E, then u, — u in L} (R?) for all | € [p, p*), and u,(x) — u(x) a.e. in
R3. Define v, := u, — u. According to the Brézis-Lieb lemma [8], up to a subsequence, we
deduce that

/]R3 g(x, vy)vpdx + /IR3 g(x, u)udx = /}RS g(x, up)uydx +0(1) asn — oco. (2.24)
To conclude the proof of (2.20), it only remains to show that
/3 g(x,vy)vydx — 0 asn — oco. (2.25)
R

Since {u,} is bounded in E, then sequence {v,} is also bounded in E. Therefore, there exists
¢ > 0 such that

[[onl] < ¢

From Lemma 2.5, for any é > 0, there exists positive constant C; , such that

/1123 g (x, vy)vydx

35/ \vn|pdx+C5,,x/ Ivnl”‘dx+5/ |0u|P"dx
R3 R3 R3
<o(&+e) +Cral,

where p < a < p* and Cs, depends on 6, a. Letting 6 — 0 and n — oo, we obtain that (2.25)
holds. From (2.24) and (2.25), the relation (2.20) is true. Similarly, (2.21)—(2.23) follow by the
same arguments. The proof is complete. O

The proof of the next lemma is inspired by [20]. We include its proof for the sake of
completeness.

Lemma 2.8. Assume that (1), (g2), and (1), (iii), (iv) of (ga) hold. If {u,} is bounded in E and

up — 0in L _(R3) for any I € [p, p*), then, up to subsequences, we have
/1R3 (g(x, up) — gr(x,uy))updx = o(1), (2.26)
[ (Gl a) = Grl, un))dx = o(1). (2.27)
R

Proof. Let g(x,s) := g(x,s) — gr(x,s), from (i) of (g1), we see that g(x,s) € F. For any ¢ > 0,
there exists G, > 0 such that for every |y| > G, and |s| < 1,

meas{x € B1(y) : [g(x,5)| > ¢} <e. (2.28)
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Let R? be covered by balls By (y;) for i € N, in this way that every point x € R lies within
at most 4 balls. We also assume that |y;| < G, fori = 1,2,3,...,n,, and |y;| > G, for i =
ne+1,n.+2,n.+3,...,+00. Then, it is easy to deduce that

/]RS (g(x’ u”) - gT(X, Mn))undx

< / 1§02, ) 1] dx

/ (o, up)||un|dx + Z / g(x, up)||tn|dx

i=ne+1

=: ]1 + J2,

where

B=Y [ 1) s,
i—17Bi(vi)

+o00

2= 1§ (x, )| [un|dx

1'7;4.1 /{XGBl(%‘)ig(x un)|<e}

+ 1§, )| [14n|dx

=41 [{xe& (vi) |u,,\< 18 (x,uy) |>s}

oy )l
i=ne+1 {xeBl vi) |un‘> 18 (14 |>g}

=: o1 + J22 + Jos.

Using Lemma 2.5 and the Sobolev inequality, since u,, — 0 in Lfo .(IR%), we derive that

<[ 18wl
Bge

< 4C5/ \un\pdx—i—élé/ un|P dx
Ge+1

G£+1

< Co+o(1),

which implies that J; = 0 as 6 — 0 and n — oo. Applying Lemma 2.5, (2.28), and by the
Holder and Sobolev inequalities, we have

=¥ 1308 )l

i=ng+1 7 {xEB1(Yi):|8(xun) [<e,[un| <15}

|8 (x, 1 )| |14 |dx
=t /{xeBl<y,~>:|§<x,un><s,un>r5} A

—+00
<

/ i 10, |Pdx
i—mo41 7 {x€B1(i):[8 (x )| <&, [un | <rs}

e

T / ~

15 iz Y AxEB(yi): g (vun) [<e |un > 15}

<45/ \un\”dx—l——/ |ty |Pdx
s

|un|Pdx

< Co + C(5£,
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+oo
< Cslun|? + 6|un|?")dx
L S PPN L

i=n.+1
oo 1 5
<Cs ). (meas {x € By (y;) : |un| < = 1S(x, uy)| > s})
i=n.+1

3—p

* 3 *
< e dx) +45/ i1 |7 dx
Bl y, ]RS

+o00
<éfc, ¥ / (Vi |? + || )dx + C5
i=ng+1

< 465 cy /W(ywm + un|P)dx + C5

< e5CC;s +Co,

and
s / 1 (8lun|P + 8lun|?” + Co ol ttn|*)dx
i=ne1 7 {¥EBr (yi):lunl> 1 }
<45/ s+ o Y .
' 1;+1 {x€B(y):un|>1} !

< 45/ (it
R3

< Co+ CCyaeP 7",

P Ydx + 4Cy P~ /]1{3 | |P°

where C;5 > 0 is a constant depending on §. We conclude that [, =+ 0asé — 0 and ¢ — 0.
Then (2.26) holds. Moreover, the mean value theorem yields

G(x,uy) — Gr(x,un) = (g(x, tptn) — g7(x, tyly)) Uy

for some t, € [0,1]. Repeating the above argument, we can deduce that (2.27) holds. The proof
is complete. O

Lemma 2.9. Assume that (V'),(g1),(g2), and (i), (iii), (iv) of (ga) hold. If {u,} is bounded in E,
then we obtain

[ Vi) = VDIl Puag(- = z)dx = o(1), (2.29)

[ (800 m) = gr(xu))p(- = z0)dx = o(1), (2.30)
where |z,| — 400 and ¢ € CF(R?).

Proof. The proof can be proceeded exactly as in [20, Lemma 2.5]. We present the proof for
the sake of completeness. It follows from the assumption (V') that W(x) € Fy, where W(x)
is defined in Lemma 2.1. Since ¢ € C5(RR®), applying the Lebesgue dominated convergence
theorem, we deduce that

[ lot=z)lrdx = o(). (231)
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By the Holder inequality, (2.2) and (2.31), we obtain that

/]R3 |W(x)|un P ung(- — z,) | dx

[ W (x) [tn] P 21un(- — z) | dx

/{x€R3:IW( )¢}

W np—Z n T 4n d
+/{x€]R3:|W( |<}‘ Jital™stnp(- =2 )} *

< 2|V71lso p1</ p— pdx>p—|—£u p-l
< 2|Vvr| ’”n’m {xe]R3:\W(x)|ze}|(P( Zu)| | ”’LP 25

1

<c(cf lot-mparsceiol,) e
Bge+1

< Ce3 + Ce+o(1).

As e — 0, (2.29) holds. Moreover, from (i) of (g4), we have g(x,s) € F, where ¢(x,s) is defined
in Lemma 2.8. As the previous lemmas, R is covered by balls Bj (y;). Thus, we obtain that

50 = oot - s

< [ 1860 ua)| g(- —za)ldx
<3 wllel -zl X[ gl gl -zl
i=1vP1li

i=ng+1
=: M + M.

Using Lemma 2.5 and the Holder inequality, we have

Mio<4 [ g m)llg(—2)ldx
BGet1

<4Cs [ ful gl —zn>|dx+45/ l” (- — 20

Ge+1 GE‘H
<cluls(f, Tt —zn>|de) +48lual]) gl
Ge+1
< Co+ 0(1)/
which implies that M; — 0 as § — 0 and n — co. Then, to prove (2.30), it suffices to check

that
M, — 0. (2.32)

Indeed, it is easy to see that

—+o0

M, = 1§ (x, )| (- — z)|dx

i nZ:—&-l /{xeBl(yi):g(x un)|<e}

* / X, u —z,)|dx
i=ng+1 {xeBl Yi) |un|< 13 (x ‘>8} | ( 71)| ‘40( n)’

+ E / ~ x/ un [ Zi’l dx
i=ng+1 {XGBl(y,-):|un|>%/|§(x’un)‘2£} ‘g( )‘ ‘(P( )’

=: M1 + My + Mys.
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By Lemma 2.5, (2.28), the Holder, Sobolev and Young inequalities, we derive the following
estimates

—+o0

My <e¢ (- — zn)[dx

i:§+1 /{x€Bl (vi):18 (xun) | <e}

< 4{»:/]R3 lo(- —zy)|dx
< Cg,

—+o0
Mxy< )

C np_l T 4n 5 np*_l T 4n d
/{xeBl(yi):lunKng(xlun)2£}< slital? (- — zu)] + Ol lP (- — z0)[)dx

+00 2

<Gy ), (meas{x € Bi(y;) : Jun| < %, 1g(x, un)| > e}) ’
i=ne+1
3—p

_ 3 3 *_1
N e e IR P e e
1\Yi

3—p

paa -1 1 N 3
oo X[ (Bl et =z Yax| T o
Bl(y:) p

i=met1 p

IN
0O

3—p 3—p
3

£5CsC f [(}7—1/ |u \”*dx>3 + (1/ (- —z )]V*dx>} +Cé
’ p e P Je.w) "

i=n.+1

IN

< 4e5CC (Junl?,e +1gl?, ) +Co
< e5C;C+Cs,

and
—+o0
M3 < / Ot [PV 4 8]un )P+ Co |t |* 1) @ (- — 2,) |dx
DO N e ol Dl — 2
<48 [ (el Mg — z0)| + gl — z0) e
—+o0
+Coat ™ Y | ] (- = 20 dx
! i:nZ£:+1 {xEBl(yi):\u,,|>%} ! !
-1 1 _ 1
< 40(lunlfy @l + [unl], [@l1e) +4Coue” ~unly, ol
< C6 + CCypeP ™™,
Letting ¢ — 0 and 6 — 0, we conclude that (2.32) holds. The proof is complete. O

Lemma 2.10. Let V satisfy (V). If u, — 0 in E, then we have
/IRS(V(x) ~ Vi (x) |un]? dx = o(1). (2.33)
(R3) for all I € [p,p*). It follows from the

Proof. Since u, — 0 in E, we get u, — 0 in L{OC
assumption (V) and (2.2) that

<

/ W) g + (W) P
{xeR3:|W(x)|>e} {xeR3:|W(x)|<e}

< ClVirles [ ualPdi + C|Vr oo ], +s/RS|un|de,

WL
Ge+1

[ (V) = V() i
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where W(x) is defined in Lemma 2.1. Letting ¢ — 0 and n — oo, then (2.33) holds. The proof
is complete. O

3 The subcritical case

In this section, we establish the variational framework for studying the solutions of system
(1.1) and present the proof of Theorem 1.1.
The energy functional for system (1.1) is defined by

1 qg—1
= p p — m _
T () P/RS(\wy FVE )+ TS | K gululdx /]RSG(x,u)dx.

Lemma 3.1. Assume that (V),(K), (1) and (g2) hold. Then J € C'(E,R) and for every u,v € E,
we have

(J'(u),0) = / (|VulP2VuVo + V(x)|ulP2uv) dx +/1R3 K(xX)y |u|™ *uvdx —/ng(x,u)vdx.

R3

Proof. The proof can be obtained working as in [16, Proposition 2.3] and we omit the details
here. O

According to [16, Proposition 2.4], (u,¢) € W'P(IR®) x D™ (IR®) is a solution of system
(1.1) if and only if u is a critical point of J and ¢ = ¢,,. Moreover, with the same arguments
of [16, Lemma 3.1], we can prove the following lemma.

Lemma 3.2. Assume that (V'), (K), (1) and (g2) hold. If {u,} is a bounded sequence in E satisfying
J'(un) — 0, then there exists u € E such that, up to a subsequence, Vu,(x) — Vu(x) a.e. in R3.

In what follows, we denote by A the Nehari manifold associated to the functional 7, that
is,
N = {ueE\{0}: (T (u),u) =0}

and set
m:= inf J(u). (3.1)
ueN

Lemma 3.3. Assume that (V'), (K), and (g1)—(ga) hold. For every u € E\{0}, there exists a unique
ty > 0 such that t,u € N and J (t,u) = max;~o J (tu).

Proof. For fixed u € E\{0}, we define a function ¢ : R" — R as ¢(t) = J(tu). Applying
Lemma 2.5(iii), the Fatou lemma and (v) of (g1), we obtain

G(x,t am Lo Gr(x,t qm
lim inf (x q:,l) |u]'1q*1 dx > liminf Lqmu)\uhq*ldx = +o00,
t——+o0 J M ‘tu|qj t—+o00 J M |tu|qj

where M := {x € R%: u(x) # 0}. Then, since p < ;_—ml, by Lemma 2.3, we deduce that

m p_qul _ .
e <o (S g+ I gufuprar - [ TRy gy
¢ ;
P qm . JR3 M |pylaT

— —o0.



The asymptotically periodic Schriodinger—Poisson systems with p-Laplacian 19

Using Lemma 2.5(iii) and the Sobolev inequality, we get

/ G(x, tu)dx < 51"’/ julPdx + S / ulP"dx < CotP|[ul|P + CsCH" ul|”’.  (3.2)
IR3 p JR p IR3

u

Then, by the assumption (K), Lemma 2.3 and (3.2), we derive that

tP g—1
— lyll? "
() = ; |lu||P + o o K(x)pp | tu|"dx /]R3 G(x, tu)dx

z(;—w)me—qaﬂwW.

Choose 6 > 0 such that % — Cd > 0. It follows that £(tp) > 0 for some #; > 0 small enough.

Consequently, there exists a t, > 0 such that J (t,u) = maxi~o J (tu) and t,u € N. If t, # t,
is positive constant that satisfies tyu € N, then

x,fuu)]u\qqul_lu
1

(]m
1P [P /K lulmd :/ 8( dx. 33
[Jull” + . () pu|u|"dx Wy X (3.3)

g
|tuu]oT

Replacing t, by t,, (3.3) still holds. Thus we have

_amo Lt , am _
e L e Il
M [t [Bafat

From (g3) and f, # t,, we reach a contradiction. Thus ¢, is unique, and the proof is complete.
O

The following remark can be proved working as in [22,30].

Remark 3.4. We have

BT = Rl R T = Jaf gy T (1) > 0

where
I':={neC(0,1,E):%(0)=0,T(n(1)) < 0}.

Lemma 3.5. Assume that (V'), (K) and (g1)—(ga) hold. Then there exists a bounded sequence {u,} C
E satisfying

J(un) = mo, || T (un)||« =0 asn — oo. (3.4)
Proof. According to Lemma 3.3, J has the mountain pass geometry. Then the mountain pass

theorem [2] yields the existence of a sequence {u,} C E satisfying (3.4). Furthermore, by
Lemma 2.6, we get

mo = ) = T2 (T ) 1) +0()

= (5= T Il + (s = ) ) dx+01)

p
1 -1
> (5= 1) ll? +o()
pqm
which implies that the sequence {u,} is bounded in E because % — qq;ml > 0. The proof is

complete. O
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Lemma 3.6. Assume that (V'), (K) and (g1)—(g4) hold. Let u € N and J (u) = mo, then (u, ¢py) is
a solution of system (1.1).

Proof. The argument to prove this lemma is essentially the same as that of [20], thus we omit
the details. O

We now present the periodic system that corresponds to the asymptotically periodic sys-
tem given in (1.1),

{—Apu + Vr(x)|[u]P~2u + Kr(x)p|u|"2u = gr(x,u) inR3, (35)

—Ag¢ = Kr(x)|u|™ inR3.

Let us define the energy functional of system (3.5) on Er,

Jr(u) = l/]R3(\Vu]p—FVT(JC)]u\’“)dx—i—q_l/IR3 I(T(x)cpu\u]mabc—/]R3 Gr(x, u)dx,

p qm
and
mr = uier}\lz Jr(u),
where

Nt ={u € Er\ {0} : (Jr(u),u) = 0}.

Remark 3.7. From Lemma 3.3, for each u € E\{0}, there exists t, > 0 such that t,u € N,
which implies that J (t,u) > my. Then, by the assumptions (V), (K), (2.1) and Lemma 2.5(iii),
we deduce that

mo < J(tyu) < Jr(tuu) < max Jr(tu).

It follows that mgy < infueET\ {0} MaX¢>0 Jr(tu). Under the assumptions on gr, the Remark 3.4
still holds with 7 and N replaced by Jr and N7, respectively. Hence,

mo < inf max Jr(tu) = mr.
ueEr\{0} t>0

Proof of Theorem 1.1. Lemma 3.5 yields the existence of a bounded sequence {u,} C E satisfy-
ing (3.4). It follows that there exists u € E such that, up to a subsequence,

Uy, —u in E,
Uy — U in L _(R%) foralll € [p, p*),
uy(x) — u(x) ae inR>.

Then, applying Lemma 2.3(iv), Lemma 3.2 and [31, Proposition 5.4.7], we deduce that
(J'(u), @) = 0 for every ¢ € CF(R®). Thus (u,¢y) is a solution of system (1.1). We will
prove the existence of a ground state solution for system (1.1).
Assume u = 0 and set

su uy|Pdx — .

28 Jae ! '
We claim that u > 0. Indeed, if 4 = 0, from [16, Lemma 3.2], we have u, — 0 in L!(IR®) for
all I € (p,p*). Using qq;ml - % < 0, the assumption (K), Lemma 2.3(i) and Lemma 2.5(v), we
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obtain
o = T (1tn) — ;<J'<un>,un> +o(1)
_ <‘1q‘ml - ;) [ K@) Jundx — [ <G(x, ty) — ;g(x,un)un> dx +o(1)
< ;/ng(x,un)undxnto(l)
< ;/}R (6 (Jutal? + uta]") + Colunl®) dx +0(1)
< o(1).

This is in contradiction with mg > 0. Thus u > 0, as we claimed. Consequently, up to a
subsequence, there exists a sequence {z,} C Z3 satisfying

rax > £ > 0. .
/Bé(zn) unPix > £ >0 (3.6)

Let u,(x) := uy(x + z,). Then, there exists 7 € E such that up to a subsequence,

Uy, U in E,
Uy — U in LI _(R%) foralll € [p,p*), (3.7)
i, (x) = u(x) ae.in R3.

It follows from (3.6) and (3.7) that [, [u|Pdx > £ > 0, which means that 7 # 0. We will show
that {z,} is unbounded. Actually, if {z,} is bounded, then there exists a constant G’ > 0 such

that
/ |ty |Pdx > / |ty |Pdx > B
’ B(S(Zn) 2

BG
This is a contradiction, since u, — 0 in L{ (IR®) for all ] € [p, p*). Hence, {z,} is unbounded.
Then, up to a subsequence, |z,| — . For every ¢ € CF(R®), using (3.7), Lemmas 2.4 and 3.2,
by [31, Proposition 5.4.7], Lemmas 2.9 , we conclude that

(TH@),9) = [ (VAP 2VaVe + Vi(fal 2ag) dx + [ | Kr(ogelal" ugds

—/]R38T(x/ﬁ)¢dx

= /IRS (| Vit |P2V 1,V @ + Vi (x) [, [P 210 9) dx+/]RB Ky (x)u, |0 |™ %, e x
—/RagT(x,ﬁn)(pdx—i—o(l)

= /]R3 (|Vun|P2Vu, V(- — zu) 4+ Vo () |tn|P2unp(- — z)) dx
[ K il Pung(- = z)dx = [ gr(xun)g(-—z)dx+o(1)

= /]R3 (VP 2Vuy V(- — zn) + V(x) [tn| P 2un@(- — z4)) dx

miz - —_ J— - —

[ KOl P = z0)dx = [ @) g(- = za)dx +0(1)

= (T (), 9(- —2a)) +0(1)

=0.
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Thus, (i, ¢7) is the solution of system (3.5). Applying Lemmas 2.7, 2.8 and 2.10, the Fatou
lemma, we deduce that

mr < Jr() — T (74, )

- (-0 [ v veon ax+ [ (T

gT(x u)u — Gr(x, u)) dx

< (5-T0) [ 09ml + Vet dx
+/ (qq;n g1 (x, 1)1y — Gr(x, un)) dx +o(1)

:<;_Z;>4Jw%w+wuwwmw
v (qq—lgT(x . GT(x,un)> dx +o(1)

= () = Lo ) )+ 0(1)

= my.

From Remark 3.7, we see that Jr(u) = mr = my > 0. It follows that u # 0. According to
Lemma 3.3, there exists a unique t; > 0 such that t;u € N. Then, it is easy to check that

mo < J (tzu) < Jr(tzu) < Jr(u) = mo.
Thus J (tz11) = mo. By Lemma 3.6, we conclude that (t;1, ¢+ 5 ) is the ground state solution of

system (1.1).
Assume u # 0. We know from (3.1) that

J (1) > my. (3.8)

Using the assumption (V), the Fatou lemma and Lemma 2.7, we obtain that

) =) -T2 ), w)
1 1
= (]19 — Zq) lu|P + / (qg(x u)u — G(x,u)) dx .
<(5- q)HMV+/ <gxwdn—G@m0>W+ﬂﬂ) '
= T (un) — (j’(un) Uy) +0(1)

[]11’1

[
3

Then, we deduce from (3.8) and (3.9) that J (u) = myg. Therefore, (u, ¢, ) is the ground state
solution of system (1.1). The proof is complete. O
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4 The critical case

In this section, we give the proof of Theorem 1.3. Let us define the functional 7 on E by

T(u) = ;Aa(]Vu|P+V(x)]u\P)dx+lz_ml/RSK(x)cpu]u\mdx—/IRBG(x,u)dx

1 .
- — P dx.
5o o Qul dx

By Lemma 3.1, j(u) € CY(E,R) and for any u,v € E,

(T (1), ) = /R (VU VUV + V() ul uv) dx + /]R K(x)pulu|"Puvdx

_/ng(xz”)vdX—/IRSQ(X)MP**Zuvdx.

Clearly, if u is a critical point of J (1), then (1, ¢,) is a solution of system (1.6).

Lemma 4.1. Assume that (V),(K),(Q), (1) and (g2) hold. Let {un} be a bounded sequence in E
satisfying J'(u,) — 0. Then, there exists u € E such that, up to a subsequence, Vi, (x) — Vu(x)
a.e. in R3.

Proof. The technique is the same as in [15, Lemma 2.2] for this proof and we omit the details.
O

Lemma 4.2. Let Q satisfy (Q) and {u,} C E be bounded. Then,
/na3(Q(x) = Qr(2)) [unl”" " 2ung(- — za)dx = o(1), (41)

where |z,| — oo and ¢ € CP(R3).

Proof. The proof proceeds as in [20, Lemma 2.5]. We define Q(x) := Q(x) — Qr(x). By the
assumption (Q), we see that Q(x) € Fy. Using (2.2) and (2.31), for every ¢ > 0, there exists
G¢ > 0 such that

- —zp)|Pdx <C/ . —z,)|Pdx + Ce5 | o]
S s 190 N <C [ g = z) el

< Ce5 +0(1).

Then, thanks to the Holder inequality and (4.2), we deduce that

’/]Rs(Q(x) - QT(X))’”n’p*_Z”nﬁp(‘ — zp)dx
<

- =1l —
- /{xE]R3:|Q(x)|>€} ‘Q(x) QT(x)’ |un| ’@( Zn)’dx

- -1 R
* /{xe]R3:|Q(x)<€} ‘Q(x) QT(x)| ’”n|p |(P( Zn)| dx

1

*_
p-r P

SZQoounp*:l °°p*</ ol T T Zp de>
QUelin 1018 (e oy 19620

< Ceo" +Ce+ o(1).

‘1
+€‘u”’2p* Pl

Letting ¢ — 0, we conclude that (4.1) holds. The proof is complete. O
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The Nehari manifold N corresponding to 7 is defined by

N ={uecE\{0}: (T (u),u) =0},
and set

it == inf 7 (u).
ueN

Lemma 4.3. Assume that ( ), (K), (Q) and (g1)—(g4) hold. Then for every u € E\{0}, there exists
a unique t, > 0 such that t,u € N and j(tu ) = maxsso J (tu).

Proof. We fix u € E with u # 0, and we consider the function /(t) := J(tu), where t > 0.
Arguing as we have done in the proof of Lemma 3.3, it is easy to see that

l(t) — —o0 as t — +oo.

By Lemma 2.5(iii) and the Sobolev inequality, we deduce that
5 CJ * * * *
/ G(x, tu)dx < ftp/ ulPdx + =247 / u|P'dx < CotP|[ul|P + CCst" ul|”’.  (43)
IR3 p JR p RR?
Then, from the assumptions (K), (Q), Lemma 2.3 and (4.3), we have

~ 1 -1
(1) = p||tu|\”+qqm/RBK(x)<ptu|tu|mdx—/ G(x, tu) x——/ ¥)|tul? dx

Y

Pl = [ Gy — Pd
Sl = [ Gl tuydx 1l [ Il dx

v

(; - c5> 9 ||u]]? — CCot?" |u|”

Since ¢ is arbitrary and p < p*, this shows that £(t) > 0 for small t > 0. Consequently, there
exists a f, > 0 such that J (f,u) = max;~ J (tu) and tuu € N. We claim that f,u is unique.
Actually, let ty # f, be positive constant satisfying tyu € N. It follows that

p o " g(x, fl,u)\uhqul_lu =i
Jull?+ [ KGgulumdx = [ SR Lax 10T | Q()

’tu“‘qj_l

(4.4)

where M is given by Lemma 3.3. Since (4.4) still hold when ¢, is replaced by f,. Then we

obtain
—am _p- N ,t qm _
(= e = [ (S5 - S
M |tu|iT" |fu]7T

x__gm * qm "
+ <?7 (. ”)/RSQu)!u\P dx.

From (g3) and p < quml < p*, this yields a contradiction with #, # t,. Thus, the claim follows
and the proof is complete. O

With essentially the same arguments as in [22,30], the following remark can be proved.
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Remark 4.4. We have

inf 7(u) = inf 7(tu) = inf 7(7(t)) > 0,
Inf Ty = nd e T (fu) = Inf max JG1(5))

where B N
I':= {77 € C([0,1], E): 7(0) = 0, 7 (77(1)) < 0}

Lemma 4.5. Assume that (V'),(K), (Q) and (g1)—(ga) hold. Then there exists a bounded sequence
{un} C E satisfying
T (un) = 7itg, | T (un)|ls =0 asn — oo. (4.5)

Proof. By Lemma 4.3 and the mountain pass theorem [2], we obtain the existence of a sequence
{u,} C E satisfying (4.5). Moreover, applying Lemma 2.6(i) and the assumption (Q), we
deduce that

It follows that the sequence {u,} is bounded in E, since 1 — qq;ml > 0. The proof is complete.

p
O
Lemma 4.6. Assume that (V), (K), (Q) and (g1)—(g4) hold. If u € N and J (u) = i, then (u, ¢,
is a solution of system (1.6).

Proof. The proof follows the same argument as in [20, Lemma 3.4], we omit it here. ]

According to[25], S, is the best Sobolev constant for D7 (R%) < LP"(R®), that is,

Vul|Pd
S,= i Jie [V iy (4.6)
wEDM RNO} ([ |ulP dx) 7*
The achieving function of S, is denoted by
- N\
o (gt 7
Uep(x) = T e > 0. (4.7)

Let p > 0 and ¢ € CP(R®) satisfy

P(x) =1 for |x| < p,
0<wy(x)<1 forp < |x| <2p,
P(x) =0 for |x| > 2p.
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We set
e,p(x) = P(x)Uep(x). (4.8)
From [26], with a simple computation one finds that
/ |wgpyr’dx—s’“+o< ’1’), 4.9)
3
P = F’ p—1
/]R3|ue,p| dx =S} +O( 1), (4.10)

O<£P1>+b1£’7 1<p<\/§,

/RS e p|Pdx = { O (¢7) + bae?|Ine|, p=+/3, 4.11)
3
O<srp>, V3 < p<3,
1(8=p) 3( _1)
O (err-1 |, ¥ < 3,7—7;7’
/3 |uep|Tdx = ¢ O (E%) + b3£% |Inegl, v = 3(317;1), (4.12)
R 2(3=p) 21(3—p) 3(p 1)
O | erp-1) _|_b4g P,y > 5=
@] (s%) + bseP, B < %,
xBluc,|Pdx=L0(e7 )+ b(,s i Ine|, B=-3, (4.13)
R3 P p—1
0 (s% ). B>,

where ¢ > 0 is small and b;(i = 1,2,3,4,5,6) are positive constants independent of ¢. For the
Poisson term, using (4.12), elementary computations yield that

( mq(. —3qm+pgm— _
O(SPPq13 qp)l ) N C€4M Sz(qtrlu)z 3p, l<p< 3qm +4q 3’
gm+4q —3
49-3 49-3 493 3qgm+4q —3
/]RS K(x)¢ue,p|ue,p|mdx < O(gn(q—l)) + CerlD) | lne‘S(q T, = m, (4.14)
o(gm%s)?p@n ), SgmrAg=3 g
gm+4q —3

where 3 < ZTLIL:__; < 3 for p > 1. Actually, by the assumption (K), Lemma 2.3, the Holder

and Sobolev inequalities, we deduce that

(g"=1)q
mg* 7 (=1)
[ K@ g <€ ([ gt ) @15
Using (4.12) and (4.15), we obtain the estimate (4.14).

Lemma 4.7. Assume that (V), (K), (Q) and (g1)—(g5) hold. Then the following inequality holds

-r

1
f tu) < S 0 K . 4.16
(Bl T ) < 35710l 16
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Proof. To prove (4.16), it is enough to check that for the function u,, defined in (4.8),
1 _3p
rpaxj(tugp) < S’"|Q|OO " ase > 0small
>0

Applying (4.9) and (4.10), we deduce that

tp tp* *
_ Pdx — p
s (5 o Vst 5 f bl )

According to Lemma 4.3, there exists a unique f, > 0 such that £(t;) = max;~q.J (tueep) > 0
and ¢'(t;) = 0. It is easy to verify that for some positive constants Cj, Cy,

Cy <t <Cy ase > 0 sufficiently small. (4.17)

Let ¢ be sufficiently small and |x| < ¢ < p. Then, it follows from (4.8) and (4.17) that

3—p
t.Cerlr—1 p=3
teus,p = 3 >Ce?

(7 +1al7T)

From (4.18) and (gs), we deduce that for any R > 0, there exists sp > 0 such that G(x,s) >
R|s|” for x € R3 and |s| > s. As a consequence,

(4.18)

/]R3 G(x, tettep)dx > Rt} /1[{3 |ue,p|Ydx > RC /]R3 |ue,p| Velx. (4.19)
Then, by the assumption (Q) and (4.19), we derive that

t
max T ()

t t .
<max(p/ |Vitg,p|Pdx — —/ |Qleoltte,p|” dx) /(!Q|oo—Q(x))\ug,p|P dx

>0
-1 i,‘”Tm1
+ (qqm)s /]R ( )¢llgp‘u€p’mdx +— / ‘ugp’pdx - /]R3 G(x’ tsus’p)dx
1.3 3—p
< 3Sh1Ql= " + M)
where

sy HC . D
M(e) = O(erT) + = /]R3]x|ﬁ|ug,p]p dx—i—M/RSK(x)%&p]u&p\mdx
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Next, we have only to prove that

M(e) <0 ase > 0small enough. (4.20)
It follows from (gs) that v > ( p) Then, by (4.12), we obtain
3—p 23-p) 3_23=p) ~
M(e) =0 (er T ) 4+0(ere D ) —RCe 7 + M(e), (4.21)
where
ﬂ
~ e )t
(e = £ [ ablu i + N [ g gt L [Vl P

When 1< p < +/3and g > % from (4.17), (4.11), (4.13), (4.14), one has

3—
M(e) <O< )—i—Ce 2 ]1n£|+O(sp 1) +O<£Pq> + Ce? + O (7)) + CeP | In¢g|

m ) —3qm+pgm— —
O(sv Pq(13 =y ) —|—C£4m7 3;7(;;17? Sp, l<p< —qu+4q 3,
gm+4q —3 (4.22)
3 q 3 4g — °
O(Sp(gl—q(la)(ppll))’ M < p < 3.
gm+4q —3

Using 1 < p < \/5,% <q<3m> %,% <9< p,B > %, by elementary
computations, it can be checked that

0<3_1B8-P)

. [3+B 3 3-—p mq(3 — p) 49 -3 4pq—3qm+pqm—3p}
< min , ’ ’ .
- { P p-1Up- 1P -Da-1)plg-1) p(g—1)

By (4.21), (4.22) and (4.23), we derive that (4.20) holds. When 1 < p < /3 and B < %, from
(4.17), (4.11), (4.13), (4.14), we deduce that

(4.23)

_ 3-
M(e) <O <s%> +Cef+0 (el”{> + Ce? + O (€P) + CeP | In¢|

( mq(3—p) —3qm-+pgm— —
Ofem i) +Ce ™ Hi T, 1< p< At ATd
gm+4qg —3
+ O(gv(qfl)) + Cerl=D) ‘ 1ng| 31, = m,
mq(3—p) —
O(gp(qjﬁ)(szl) ), Sqm + 44 =3 <p<3.
{ qgm+4q —3

From1 < p < \f,4 B <qg<3m> (4q 3)p max{ p qm} < 7 < p*, by some elemen-
tary calculations, we have

0<3_28=p)
(4.25)

—p mq(3 —p) 4q9 -3 4Pq—3qm+qu—3P}
: .

. 3 3
Smm{v—l’ﬁ’r)— Pl -D@ -1 plg-1) p(g—1)
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By (4.21), (4.24) and (4.25), (4.20) holds. When V3 < p<3and B > , from (4.17), (4.11),
(4.13), (4.14), one has

Aﬂ><o< >+Cqud+o@w)+oG%>

O(ng'q(f qp>1 ) + Ce4pq73zgtl17?mi3p, 1<p< —3qm 49~ 3,
qgm+4q —3 (4.26)
=3 3gm+4q—3 '
3 1) —
+ O( )—i—Cel’ \lns‘ = p_qm+4q—3'
mq(3—p) 3qm +4g — 3
G- D1 i A N B
O(sw P ), qm—|—4q—3<p<3'
Smce\f<p<3,4p 3<q4<3p=; -3 and
. mq p(4p—6) 3pg—3p—4q+3 qm } ;
max — , , , <y<p,
{p @-Dp-1'G-pp-1" G-pp-1) 'q-1 3
with a simple computation one finds that
0<3_168=p)
(4.27)
<min{3+ﬁ 3 3—-p mg(3 —p) 49 -3 4pq—3qm+pqm—3p}.
- p 'p-VUp-Tplp-1(-1)"pg-1) p(g—1)

Using (4.21), (4.26) and (4.27), we obtain that (4.20) holds. When V3 < p<3and B < %,
from (4.17), (4.11), (4.13), (4.14), we derive

M() <O (8%) +Cef 40 (sCM)

mg( —3qm+pgm— —
O(err i) 4 Ce A, 1< p < SIMEATS
gm+4q —3
4q-3 4q9-3 4q9-3 3qm + 4q _ 3 (428)
4 O(gp(qfl)) + Ce?l=D) ‘ lng‘ 31, — W'
O(sp(zli](l3)2ppzl) ), M < p < 3.
{ gm+4g —3

From\/§<p<3,4§—f3<q<3and

max < p* — g p(4p—6) 3pg—3p—49+3 B—B)p qm *
{p G-1D(p-1)GB-p(p-1" B-p(p-1)  3-p 'q—1}§7<p'

a direct calculation shows that

0<3_168-7)
(4.29)

§min{_ 3—p mgB—p) 493 4Pq—3qm+rﬂqm—3p}.

p—1plp—1@-1)"pla-1)’ plg—1)
Applying (4.21), (4.28) and (4.29), we derive that (4.20) holds. The proof is complete. O

3
1/,8/
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Let us give the periodic system corresponding to the asymptotically periodic system (1.6),

{_Apu + Vr(x)ulP~2u+ Kr(x)plul"?u = gr(x,u) + Qr(x)[u[""?u  inR’ (4.30)

—Agp = Kr(x)|u|™ in R3.
We denote by N7 the Nehari manifold associated with system (4.30), namely
Nt = {u € Er\ {0} : (Fr(u),u) = 0},
and set

TﬁT = lan jT(M),
MGNT

where

~ 1 qg—1
= = p p Y — mdy
Frtw) = [Vl + Ve(lul)dx+ T2 [ Kr()ululdx [ Grlx e

1 .
_ p
p* [, Qriolul dx.
Remark 4.8. Arguing as in the proof of Remark 3.7, we can conclude that

my < inf max jT(tu) = 7mir.
ueEr\{0} >0

Proof of Theorem 1.3. Lemma 4.5 implies that there exists a bounded sequence {u,} C E satis-
fying (4.5). Then there exists u € E such that, up to a subsequence,

Uy — U in E,
(R3) for all I € [p, p*),
uy(x) = u(x) ae inR>.

Up — U in L{ _

For every ¢ € Cy° (1R3), by Lemma 2.3(iv), Lemma 4.1 and [31, Proposition 5.4.7], we have
(J'(u), ) = 0. Tt follows that (1, ¢,) is a solution of system (1.6). We will show that system
(1.6) has a ground state solution.
Assume u = 0 and set

sup |un|Pdx — ji.

2cR3 7 Bs(z
We first prove that 7 > 0. Assume for contradiction that i = 0. Then, it follows from
[16, Lemma 3.2] that u, — 0 in L'(R®) for all I € [p, p*). Moreover, using the assumptions
(K), (Q), (V), Lemmas 2.3, 2.5 and (4.6), we derive that

5
> —1Qles [ lual?" dx
IR3
> —/ K(x)¢un|un\mdx+/ g(x,un)undx+/ Q(x) ] dx + (1)
R3 R3 R3
>

—/RS\Vuanx—i—o(l).
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This means that only the following two cases can occur:
3 _3r
either /3 |Vu,|Pdx +0(1) > S7|Q|e " or /3 |Vu,|Pdx = o(1),
R R

then by the assumptions (K), (V), Lemmas 2.3, 2.5 and u,, — 0 in L'(R3) for all ] € [p, p*), we
deduce from (4.5) that

my = j(“n) - pl*<j/(un)/ “n> + 0(1)

1 1 g—1 1
_ (11 unu(—)/ K (), || "dx
(p p*>H | a7 ) e (X)Pu, [

+ /]R3 <pl*g(x, un)ty — G(x, Mn)) dx +o(1)

(5= ) Il + 001

1 3 _°7P
2 §S£|Q|OO ’ 7

v

which contradicts to Lemma 4.7. If [; |Vu,|Pdx = 0(1), then Sobolev inequality implies that
|ln|]| = 0(1). From (4.5), it is easy to see that 11y = 0, which yields a contradiction because
mo > 0. Thus, we conclude that 7 > 0. Then, up to a subsequence, there exists a sequence
{zn} C Z3 such that

/ lun|Pdx > 2 > 0, 4.31)
Bs(zn 2
We set 11, (x) := u,(x 4 z,). Then exists # € E such that up to subsequence,
U, — U in E,
Uy — U in LI _(R3) foralll € [p,p*), (4.32)
Uy (x) — i(x) ae.inR3.

According to (4.31) and (4.32), it is easy to see that i # 0 and {z, } is unbounded. Then, up to
a subsequence, |z,| — co. Moreover, for every ¢ € C3°(R?), using (4.32), Lemmas 2.3 and 4.1,
by [31, Proposition 5.4.7], Lemmas 2.9, 2.4 and 4.2, we deduce that

(Fr(@,g) = [ (VaP29ave-+ ve()al2ig) dx+ [ ()bl 2pdy
- /1[{3 gr(x, ) pdx — /1[{3 Qr(x)|i|P ~2igpdx

= [ (V7 2V V g+ Vi) [Tl ) dx+ [ Ke(x), |20, pdx
- /IRS 8t (%, i) pdx — /Rs Qr(x)|#, |V i, pdx + 0(1)

= / (|Vun|P2Vuy V(- — zu) + V() |tin [P 2ung(- — zn)) dx
+/ K1 (X)Pu, |ttn|™ 2 un@(- — z,)d gr(x, un)@(- — zn)dx

R3

/ Qr ()| ttn]” 2t p(- — zn)dx + 0(1)
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= / (|Vun|P2VunV (- — zu) + V() |tin]|P " 2un@(- — z)) dx
[ K" P = zu)dx — [ gl — z)dx

/ %) [t |7 21t (- — 23)dx + 0(1)
T (un), (- — zu)) +0(1)

Thus, (i, ;) is the solution of system (4.30). By the assumption (Q) and the Fatou lemma,
using Lemmas 2.7, 2.8 and 2.10, we deduce that

iir < Jr () — TL (4@, )

< <1—”’_1> [ Q9 + Va(lalr) dx + <”’ L er(x, @i = Gr(x, u)> dx

p qm qn
+(qunl—pl) Qo) dx

< (-0 [Lavap s veolmpa+ [ (L Lertn )i - Gl ) ) dx
(o =7 ) [ QrEl dx o)

= <;19_Elq—ml>/ (|Vun|P + Vi (x)|ua|P) dx+/ (

-1

Lo (o ) GT(x,un)) i

3(|Vun]”—|—V(x)\un\p)dx+ . Dg(x,un)un—G(x,un) dx
o ('
+(L2- ;) [ @l dx+0(1)

(J’(un> un) +0(1)

N
AN
<=

|
=
=
s

[
Q
=
=

N—
|
&

Together with Remark 4.8, this implies that zT(ﬁ) = mr = iy > 0. According to Lemma 4.3,
there exists a unique f; > 0 such that ;i € N/. Moreover, we get

iy < J (i) < Jr(tait) < Jr(i) = fio. (4.33)
Then J (tgi) = my. It follows from Lemma 4.6 that (t;i, ¢;_;) is the ground state solution of

system (1.6).
Assume u # 0. Since U € N , we get

T (1) > g (4.34)
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Applying the assumptions (V), (Q), the Fatou lemma and Lemma 2.7, we deduce that

Ty = Fw) - 1T ), )

qm

1 -1 -1
— <p _ ‘7qm> /]R3 ul|? + /]R3 <qqmg(x,u)u - G(x,u)) dx
-1 1 *
(o =) el as
1 -1 -1
(5 ") it [ (T st~ Gl o 439

i (qunl ‘pl ) [, QElul dx + o(1)

= T~ L)) o)

AN

my.

Then, from (4.34) and (4.35), we conclude that J(u) = iitg. Thus (u,¢,) is a ground state
solution of system (1.6). The proof is complete. O
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