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Abstract. In this paper, we investigate new forms of instability for linear discrete-time
dynamical systems in Banach spaces, focusing on characterizations described by non-
exponential growth rates. We introduce and analyze the concept of h-instability, where
h = (hu)nen is a non-decreasing sequence that diverges to infinity. This formulation
generalizes classical and nonuniform notions of exponential and polynomial instability
by allowing for a variety of growth profiles. Our approach studies a linear system. We
establish sufficient conditions for h-instability, investigate its connections with known
instability concepts, and provide examples illustrating the sharpness of the results.
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1 Introduction

In recent years, the study of asymptotic behavior in linear discrete-time systems has seen
substantial progress, largely due to their relevance in modeling a broad range of real-world
phenomena.

The instability problem has become one of special interests in the field of the asymptotic
behavior of linear discrete-time systems. In this context, there are various characterizations of
instability have been proposed in papers by van Minh et al. [15], Megan et al. [11,13], Naulin
and Vanegas [17], A. L. Sasu [26], Slyusarchuk [28], Wang and Wang [30]. Recently, new
concepts of instability have been introduced and studied (see [12] for semigroups of operators,
[8] for evolution operators, [9] for families of evolutions, [11] for linear skew-product flow).
Among the most studied notions in this field are exponential instability [8,9,11-13] and the
polynomial instability [2,7,25].

Besides the concept of instability, presented in various forms, it should be mentioned that
we also used the concept of h-decay, introduced by Naulin and Pinto in [16].

This paper aims to introduce and investigate a new type of instability, called h-instability,
which is defined with respect to a prescribed sequence (h,) satisfying lim,, o 1, = co. This
approach allows for a unified treatment of both regular and irregular growth patterns and
offers a flexible tool for describing the asymptotic divergence of solutions. This concept was
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firstly introduced by M. Pinto [18] in his work with the intention of obtaining results about
stability for a weakly stable system under some perturbations. Furthermore, it was studied in
the papers [4] and [14].

Let X be a real or complex Banach space and B(X) the Banach algebra of all bounded
linear operators from X into itself. The norms of both spaces will be denoted by || - ||. Let N
be the set of all positive integers and define the following sets:

A= {(m,n) € N*:m >n}, T={(mn,p) € N>:m>n>p}.

The symbol U denotes the evolution operator of the system, defined on IN and naturally
extended to a pairs (m,n) € A as U(m,n). It also labels the main equation of the system.
We consider linear discrete-systems of the form

) Xpp1 = U(n)xy, nelN

where U : IN — B(X) is a sequence in B(X).
Then every solution x = (x,) of system (I{) is given by

Xm =U(m,n)x,, forall (m,n) €A,

where
Um—-1Um—-2)...U(n), m>n,
I, m=n

Z/{(m,n)z{

and [ is the identity operator on X.
In addition, we have that the following properties are verified:

(i) U(n+1,n) =U(n), foralln € N
(i) U(m,n)U(n,p) =U(m,p), for all (m,n,p) € T.

Our focus lies in the asymptotic behavior of the norms ||U(m, n)x|| for x € X, as m — oo,
in relation to the growth rate h;,.

The notion of h-instability we propose is defined by the existence of constants N > 1 and
0 > 0 such that for all # € N and all x € X with ||x|| > ¢, there exists m > n satisfying
U, )] > N 5]

This paper is structured into three sections. In Sections 2 and 3, we investigate specific
properties of uniform and nonuniform h-instability in linear discrete-time systems. Relations
between these notions are established, and several theorems are provided to characterize the
instability of such systems in Banach spaces.

The study further develops the characterization of instability with prescribed growth rates
in discrete-time systems, with emphasis on both the uniform and nonuniform frameworks.
By introducing fundamental concepts such as instability with growth rates for linear discrete-
time systems, the paper establishes the foundation for [5] Datko-type characterizations and
[1], Lyapunov function formulations associated with these instability types.

The results obtained in this work not only contribute to the advancement of the theoretical
understanding of discrete dynamical systems but also offer analytical tools that may serve as
a basis for future research in the field.
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2 Uniform h-instability

The following definition generalizes the classical uniform instability by means of a growth
rate.

Definition 2.1. A solution x = (x,) of the system (I{) is uniformly h-unstable (and denote as
w.h.is) if there exist N > 1 and v > 0 such that

hyllx|| < Nh||[U(m,n)x||, forall (m,n,x)e€AxX.

In this remark, we restate the same concept, but in a more general form involving three
variables (m,n, p).

Remark 2.2. A solution x = (x,) of the system (/) is uniformly h-unstable if and only if there
exist N > 1 and v > 0 such that

hy, |U(n, p)x|| < Nhy||U(m, p)x||, forall (m,n,p,x)eTxX.

Proof. Since ||U(m, p)x|| = ||U(m,n)U(n, p)x||, we obtain

1 (hw\’
Juttm,p)xl = 3 (32) 1t s

which is equivalent to the stated inequality. O
The next remark describes the specific cases that arise when the growth rate is changed.
Remark 2.3. As particular cases we have:
1. If h, = ¢€", for all n € IN we obtain the concept of uniform exponential instability (u.e.is).
2. If h, =n+1, for all n € IN we obtain the concept uniform polynomial instability (u.p.is).
In the next example, we show a solution of the system that is uniformly h-unstable.

Example 2.4. On X = R? endowed with the norm ||x|| = ||(x1,x2)|| = max{|x1], |x2|}, we
consider that a solution x = (x;,,) of the systems (i) defined by

is uniformly h-unstable, for all (m,n,x) € A x X.
Indeed,

hm 1 ("
U(m,n = —|x|| 2 = — X

which is equivalent to
F | x[] < Nhy [[U (m, m) x|
for N=1,v=1andall (m,n,x) € AxX.

Thus, a solution x = (x,) of the system (I/) is uniformly h-unstable.

In the following, using the same approach, we show a solution for which the system has
uniform h-decay.
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Definition 2.5. A solution x = (x,) of the system (/) has uniform h-decay (and denote as
d.h.u) if there exist M > 1 and w > 0 such that

|| x|| < Mhg,||U(m,n)x||, forall (m,n,x)eAxX.

Remark 2.6. A solution x = (x,) of the system (I/) has uniform h-decay if only if there exist
M > 1 and w > 0 such that

W U(n, p)x|| < Mhug,||U(m, p)x|, forall (m,n,,p,x)eTxX.
Proof. Since, ||U(m, p)x|| = ||U(m,n)U(n, p)x|| we have,

1 (h\"
Iutm, )l = 37 (32 ) 10, )]

which yields the stated relation. O
Remark 2.7. As particular cases we have:

1. If hy, = €™, for all m € IN we obtain uniform exponential decay (d.e.u)

2. If hy, = m+1, for all m € IN we obtain uniform polynomial decay (d.p.u)

Example 2.8. On X = R? endowed with the norm ||x| = ||(x1,x2)| = max{|x1], |x2]|}, we
consider that a solution x = (x,) of the systems (U/) defined by

h

U(m,n)x = ﬁx

has uniform h-decay, for all (m,n,x) € A x X.
Indeed,

h, 1/ h, \
= >
U (m,n)x|| hmlle > N(hm> [ ]|

which gives
iy |l < M | U, ) x|

for M =1, w =1 and for all (m,n,x) € A x X.
Thus, a solution x = (x,) of the system ({/) has uniform h-decay.

In what follows, we present the relationship between the concepts of uniformly h-unstable
and uniform h-decay, including a example.

Remark 2.9. It is obvious that if a solution x = (x,) of the system (/) is u.h.is then it has
d.h.u. The converse implication, however, is not valid, as shown in the following example.

Example 2.10. On X = R? endowed with the norm ||x|| = ||(x1,x2)|| = max{|x1],|x2|}, we
consider a solution x = (x,) of the system (/) defined by

U(m,n)x = Z:Zx.

Then for M = 1 and w = 1 we have that system has uniform h-decay.
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Suppose, however, that a solution x = (x,,) of the system (/) is uniformly h-unstable. Then
there would exist constants N > 1 and v > 0 such that

v
ety = 5 1 = (5 ) 1
which is equivalent to
Wl < NRYtL, o for all (m,n, x) € A.

For n = 0 and m — o0, we obtain a contradiction.
Hence, uniform h-decay does not imply uniform h-instability.

In this paper, we will consider H the set of growth rates (/) that satisfy the following
properties:

(0) Let Hg be the collection of growth rates h € H such that 3Hy > 1: h,, <m+1,Vm € N.
(1) Let H; be the collection of growth rates h € H such that 3Hy > 1: hy41 < Hihy, VmeIN.

(2) Let Hy be the collection of growth rates i € H such that Va € (—1,0),3 H, > 1 :
Z]?"’:n h}’-‘ < Hyh%,,Vm € N.

(3) Let #H3 be the collection of growth rates h € H such that Va € (0,1),3H; > 1: Z;-”:O h}?‘ <
th%,Vm € NN.

(4) Let H4 be the collection of growth rates i € H such that Vmm > 0,3Hy > 2 : h(Hhy,)

IN

(5) Let Hs be the collection of growth rates & € H such that da < 0,3Hs > 1: Z}";n h;‘_l <
H5h%, Vn € IN.

The initial characterization of uniform h-instability, based on a finite sum, is provided by

Theorem 2.11. Let h € Ho N H3z and a solution x = (x,) of the system (U) with uniform h-decay. A
solution x = (x,,) of the system (U) is uniformly h-unstable if and only if exist D > 1 and d € (0,1)
such that

m
(uhDy) Zh]-—dHll(j,p)xH < Dh, U (m, p)x|, forall (m,n,p,x)€TxX.
j=n

Proof. Necessity. Assume that a solution x = (x,) of the system (I/) is uniformly h-unstable.
Letd € (0,v). Then we have

moo ‘ oy v
3 a4yl < N Y (7)o |
j=n j=n "

— Nl [[U(m, p)]| Y B

j=n
< Nhy, Hahy, ?|U(m, p)x|| < Dhy, || U (m, p)x|
where D = NH3 > 1, for all (m,n,p,x) € T x X.

Sufficiency. We suppose that there exist D > 1 and d € (0, 1) satisfying (uhD-).
Taking j = n in (uhD;) we obtain

I |U(n, p)x|| < Di,* U (m, p)x]|.
By Remark 2.2, we have that a solution x = (x,,) of the system (/) is uniformly h-unstable. [
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The characterization of uniform h-instability via a Datko-type theorem leads to a
Lyapunov-type characterization, presented in the following corollary.

Corollary 2.12. Let h € Ho N Hsz and a solution x = (x,) of the system (U) with uniform h-decay.
Then, a solution x = (x,) of the system (U) is uniformly h-unstable, if only if, there exist D > 1,
d € [0,1) and a function L : A x X — Ry such that

(uhLy) L(m,p,x) < D||U(m, p)x||, V(m,p,x) € AxX.

m h: —d
(uhLy) L(n,p,x) < L(m,p,x) =Y <h]> Wu@G, p)x|, Y(m,n,p,x) €T xX.
j=n \ftm

Proof. Necessity. We suppose that a solution x = (x,,) of the system (/) is uniformly h-unstable
and we consider the Lyapunov function L : A x X — R, defined by

L) =¥ (5 ')dnuu,p)xn.

J=p

Then using Theorem 2.11, we have

" —d
(WhL)  L(mpx 2( ) \UG, p)xll < DU, pxl,  V(m,p,x) € A x X
and
n d m h d
Whl) L) = L p) < 3 () NG p)xl = 1 (52) G o
=P J=p

m d
Z( ) U@, p)x|l, ¥(m,n,p,x) €T xX.

Sufficiency. We suppose that exists L : A x C — Ry and are D > 1,d € (0,1) such that the
properties (uhL1) and (uhL,) are satisfied. Then we have

m

N\ —d
3 () WGP < Lo px) = Lo prx) < L, )

For p = n and using Theorem 2.11, we obtain conclusion. O

Using the same approach as in the previous two results, we now provide a characterization
based on an infinite sum, together with a corollary that yields a Lyapunov-type characteriza-
tion. At the same time, we aim to present the first result, namely the sufficiency theorem,
through two different methods.

Theorem 2.13. Let h € Hy N Hy and suppose that a solution x = (x,) of the system (U) has uniform
h-decay. A solution x = (x,) of the system (U) is uniformly h-unstable if and only if exist D > 1 and
d € (0,1) such that

Dh
XH [U(n, p)x]|

(uhisDy) Z HU , forall (m,n,p,x) € T x X, U(n,p)x # 0.
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Proof. Necessity. We suppose that a solution x = (x,,) of the system (/) is uniformly h-unstable.
Let d € (0,v). Then we have

d - 1
Z||u ] < Zh(m) [, p)a]

N
hd v
= 0, ] " Z

NHhihé—v  Dhd
U@, p)xl|  [[U(n, p)x]]
where D = NH, > 1, U(n,p)x # 0, for all (m,n,p,x) € T x X.

Sufficiency. Method I: We suppose that there are D > 1 and d € (0,1) such that (uhD,) hold.
For j = m in (uhD,) we have

he. - Dhd
[U(m, p)x|| = [[U(n, p)x||

For Remark 2.2, we have that a solution x = (x,) of the system (/) is uniformly h-unstable
ford =vand D = N.

Method II: Let (m,n,p) € T and x € X/{0}.
If m > n+1 we have

hd m hd

[U(m, p)x| ]§1||u<m HUG, p)x]
me e\ he mo o\ he
SMF% (h;) UGl Z < > TG, e
<u £ ()" s <Mt
T i N U, p)x|l = H;*’*”’ HUJ, x||
MDHYhd - N
= U p)xl = u(n, p)x|

where Nj = MDH;”d, U(n,p)x #0,(m,n,p,x) €T x X.
If m = n+1 we have

h% M<hm)w+d h‘riz
[U(m, p)x|| Iy [U(n, p)x||
M<hn+1>“’+d M MHPYR Nl
hy, U, p)xl| = U, p)x|| U, p)x|
where N, = MHi”d, U(n,p)x #0, for all (m,n,p,x) € T x X.

Then, for N = max{N1, N»}, v = d and using Remark 2.2, we have that a solution x = (x,)
of the system ({/) is uniformly h-unstable. O

IN

IN

Corollary 2.14. Let h € Ho N Hy and suppose that a solution x = (x,,) of the system (U) has uniform
h-decay. A solution x = (x,) of the system (U) is uniformly h-unstable, if and only if, exist D > 1,
d € [0,1) and a function L : A x X — Ry such that:
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(uhL}) Alx #£0, Y(m, p,x) € AxX.

D
L0 P %) < i,

m h d 1
(uhL ) L(m/ p/x) S L(Tl, P/x) - Z <]’l]> W, A%x 7£ 0/ V(m, n, p/x) € T x X.
j=n n ’

Proof. Necessity. We suppose that a solution x = (x,,) of the system (I/) is uniformly h-unstable
and we consider the Lyapunov function L : A x X — R, defined by

1

Lin,p,x §< )duuo,xw

Then using Theorem 2.13, we have

d
(uhL}) L(n,p,x Z( > T ]1]9) P < < D||U(n,p)x||, U(n,p)x #0, V(n,p,x) € AxX
and
) \Nd 1 ) h d 1
hIl) L , , — — ]> T R
(kL) Lim,p,x) = L p.x ]2,71( ') TG E(m G, P

— — | —————, U(m,n)x #0, V(m,n,p,x) € TxX.
% (52) g el U #0. ¥lommp
Sufficiency. We suppose that exists L : A x C — Ry and D > 1,d € (0,1) such that the
properties (uhL)) and (1hL}) are satisfied. Then we have

d
Z < ) ||U(]1)xH < L(n,p,x) = L(m, p,x) < L(n, p, x).

For m — oo and using Theorem 2.13, we obtain the conclusion. O

Using the same framework, the following two results are derived with an infinite sum,
differing only in the exponent of /; in the sum.

Theorem 2.15. Let h € Ho N Hy and a solution x = (x,) of the system (U) with uniform h-decay. A
solution x = (xy,) of the system (U) is uniformly h-unstable if and only if exists D > 1and d € (0,1)
such that

d—1
h; Dht

(uhisDY) , forall (m,n,p,x) € TxX, Un,p)x #0.
2 Zuu Pl < T, pya] o7 ot (o) ()

Proof. Necessity. We suppose that a solution x = (x,,) of the system (/) is uniformly h-unstable.
Letd € (0,v). Then

d—1 —v 1

d—1
7T < Zh (i) o

N o0
I D N e
T pyay e B

j=n

K
Lt pl
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Using property Hs we have:
i VT < Hshi
j=n
Hence,
! _ NHshyhi  Dhf
Z||u = TU0n p)ll ~ TG, p)x]

where D = NHs > 1, U(n,p)x # 0, for all (m,n,p,x) € T x X.
Sufficiency. Method I: We suppose that there are D > 1 and d € (0,1) such that (uhD}) hold.
For j = m in (uhisD}) we have
i1 < Dhd
U (m, p)x|| = [U(n, p)x|

which is equivalent to
o U (n, p)x|| < WG |IU(m, p)x|| < Dh|[U(m, p)x||.

For Remark 2.2, we have a solution x = (x,) of the system (/) for d = v and D = N.

Method II: Let (m,n,p) € T and x € X/{0}.
If hy,, > 2n we have

K ) N K
. m = Z m
[UCm, p)xll - B 5y 1 UG, U, p) ]|

w d—1 w+d d—1
S < > _ﬁ-hf ) I <2M % <hm> ’ h h]: )
iy ) e T TG =M 2, ) TUG

Hin wtd . pi-1 B wtd . pi-1
j Chw UG P : 27 1hy, h U], p)x||

]:hm/z ]:hm/z
d—1 d—1
< pwtd+lpg hi h(hm) ) hj < pwtd+l g % h(Hghy, ) . h;
a ]:hm/2 hm Hu("’p)xH B j:hm/Z hm Hu(]’p>xH

hdl

2w+ MDH2hE - Nphi

2w+d+1M H
s ZHU(L x[[ (U, p)xl| -~ [[U(n, p)x||

where N; = 2W+d+1MDHZ, U(n,p)x #0,(m,n,p,x) €T x X.
If h,;,, < 2n we have

he (hm>“’ hd
—Mm ___ < M[-— +d.7n
[U(m, p)x]| h 1U(n, p)x|
_ ( 2n >“’+d. o 29%MBE Nl
- o \n+1 [U(n, p)x|| = U, p)x||  [[U(n, p)x|

where Np = 29T M, U(n, p)x # 0, (m,n,p,x) € T x X.
Then for N = max{Nj, N>}, v = d and using Remark 2.2, we have that a solution x = (x,)
of the system (I{) is uniformly h-unstable. O
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Building on the linearity property, we remark that in the finite-dimensional case, verifying
the instability conditions for a set of basis solutions is sufficient. The next theorem formalizes
this result.

Theorem 2.16. Let X = R" and consider the linear discrete-time system
) Xpy1 = U(n)xy,, neNN,

where U(n) € B(X) for all n.
Assume that there exists a set of n linearly independent solution {x), ..., x"} ( a basis of the
solution space) such that, for each i =1,...,n there exist constants N > 1 and v; > 0 satisfying

nllx @) < Nk |3\, for all (m,n) € A.
Then a solution x = (x,) of the system (U) is uniformly h-unstable.

Proof. Let x = (x,) be an arbitrary solution of (/). Since {x),...,x("} is a basis of the
solution space, there exist constants cy,...,c, € R such that

= )

1

Xy = E CiXy'.
i=1

By the triangle inequality,
- (i) (i)
Il < 3 il 471 < € e )

where C = Y7 ; |c1| depends only on the initial condition of the solution.
For each i, by hypothesis,
mlle O < Nib e,

i ha \" i
YRS NE

Taking the maximum over i, we obtain

SO

v
ma ] < N (3 ) max 5]
1 1

m

where N = max; N; and v = min, v;. Hence,
h v
n
Il < N (G- ) Tl
m

Mol || < CNR [[xm -

Rewriting, we have

Setting N’ = CN, we obtain
Tl all < N3 |[U (m, ) x ],

for all (m,n) € A, which is exactly the definition of a uniformly h-unstable solution. O

Remark 2.17. This theorem shows that in finite-dimensional spaces, the verification of h-
instability can be restricted to a basis of solutions. Once the instability inequalities hold for
the basis elements, they extend automatically to any linear combination of them. This result
generalizes the analogous property known for exponential and polynomial instability.
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3 Nonuniform h-instability

This section is devoted to the notion of nonuniform h-instability. Following the approach of
the previous section, we start with a definition and a remark; the main difference lies in the
number of variables considered, with the definition employing two variables (m,n) and the
remark three variables (m,n, p).

Definition 3.1. A solution x = (x,) of the system (I{) is nonuniformly h-unstable (and denote
as n.h.is) if there exists N > 1, ¢ > 0 and v > 0 such that

hyl|x|| < Nh,hy|U(m,n)x||, forall (m,n,x) € Ax X.

Remark 3.2. A solution x = (x,) of the system (/) is nonuniformly s-unstable (and denote as
n.h.is) if and only if there exists N > 1, € > 0 and v > 0 such that

h|[U (n, p)x[| < Nhy by |U(m, p)xl|, ¥ (m,n,p,x) € T X X.

Proof.

1,
[U(m, p)x] = [UGn,m)U(n, p)z] > <1y (h) \Un, p)x]

which is equivalent to
by, ||U(n, p)x|| < Nh§, by, ||[U(m, p)x||  for (m,n,p,x) € T x X. O
The next remark describes the specific cases that arise when modifications occur.
Remark 3.3. As particular cases we have:
1. If e = 0, for all n € IN, we obtain the concept of uniform h-instability (u.h.is.)

2. If hy = ¢", for all n € IN, we obtain the concept of nonuniform exponential instability
(n.e.is.)

3. If hy, = n+1, for all n € IN, we obtain the concept nonuniform polynomial instability
(n.p.is.)
In the following, using the same approach, we show a solution for which the system has
nonuniform h-decay.

Definition 3.4. A solution x = (x,) of the system (/) has nonuniform h-decay (and denote as
d.h.n) if there exists M > 1, § > 0 and w > 0 such that

K| x|| < MRS | U(m,n)x||, forall (m,n,x) € A x X.

Remark 3.5. A solution x = (x,) of the system (/) has nonuniform h-decay (and denote as
d.h.n) if only if there exists M > 1, § > 0 and w > 0 such that

B ||U(n, p)x|| < Mh%hﬁ”ll(m,p)x”, for all (m,n,p,x) € T x X.

Proof. Since

1. o/ h, \“
\UGm, p)x]l = [U(m, n)U(n, p)x]| Mhnf(h) \U(n, p)x]
which is equivalent to

hy||[U(n, p)x|| < thnh%HU(m,p)xH, for all (m,n,p,x) € T x X.
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Remark 3.6. As particular cases we have:
1. If 6 = 0, we obtain the concept of uniform h-decay (d.h.u).
2. If hy, = €™, for all m € IN we obtain the concept of nonuniform exponential decay (d.e.n).
3. If hy, = m+1, for all m € IN we obtain the concept nonuniform polynomial decay (d.p.n).
In the next example, we show a solution of the system that is nonuniformly h-unstable.

Example 3.7. Let X = R? endowed with the norm ||x|| = ||(x1, x2)|| = max{|x1|, |x2|}. Con-
sider a solution x = (x;) of the system (/) defined by
2
Zm

U(m,n)x = . X.

Then a solution x = (x,) of the system (/) is nonuniformly h-unstable, for all (m,n,x) €
A x X.
Indeed,
n2, 1w\’
=Dyl > = (2 pe
ety = 201 2 (52 ) e

which is equivalent to

|| x| < Nhy by [[U(m, n) |

for N=1,v=1,e=1and forall (mn,x) € AxX.
Hence, a solution x = (x,,) of the system (/) is nonuniformly h-unstable.

In what follows, we present the relationship between the concepts of nonuniformly h-
unstable and nonuniform h-decay, including a example.

Remark 3.8. It is obvious that if a solution x = (x,) of the system (/) is u.h.is, then it is n.h.is.
The following shows that the converse implication is not valid.

Example 3.9. A solution x = (x,) of the system (I/) is nonuniformly h-unstable, but not is
uniformly h-unstable.
On X = R? endowed with the norm ||x|| = ||(x1,x2)|| = max{|x1], |x2|}, we consider a
solution x = (x,) of systems (/) defined by
2
U(m,n)x = ﬂx.
b
Then for N = 1, € = 1 and w = 1 we have that a solution x = (x,) of the system is
nonuniformly h-unstable.
If we suppose that a solution x = (x,) of the system ({{) is uniformly h-unstable, then exist
constants N > 1 and v > 0 such that

h? 1 o\’
)l = 3l > e (5) 1)
= K5V < NKUT2, forall (m,n,x) € A.
For n = 0 and m — oo, we obtain a contradiction.

The initial characterization of nonuniform h-instability, based on a finite sum, is provided
by
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Theorem 3.10. A solution x = (x,) of the system (U) is nonuniformly h-unstable if and only if there
exists a constant d > 0, € > 0 and N > 1 such that

. mo e\
(nhisD) z(hj) 1UG, p)xll < NS, [U(m, p)]|

j=n
forall (m,n,p,x) €T xX.

Proof. Necessity. We suppose that a solution x = (x,) of the system (/) is nonuniformly
h-unstable. Let d € (0,v). Then we have

/P N
LG phl < N, Lo () i

m
— NI VUG, p)x]) Y B

j=

< N, " Haly || U(m, p)x|| < Dh, 4| U(m, p)x|

where D = NH; > 1,V (m,n,p,x) € T x X.

Sufficiency. We suppose that there are D > 1 and d € (0,1) such that (nhD;) hold.
For j = nin (nhD;) we have

| U(n, p)x|| < Dh 4| U(m, p)x||.

For Remark 2.17, we have that a solution x = (x,) of the system (/) is nonuniformly h-
unstable. ]

Author contributions: As original contributions, we may consider Theorems 2.11, 2.13, 2.15
and 2.16, which have not been previously established in the context of instability with growth
rates for discrete-time systems. In particular, Theorems 2.13 and 2.15 are noteworthy, as their
sufficiency parts are demonstrated by two distinct methods.
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