/ Electronic Journal of Qualitative Theory of Differential Equations
(;J;La%ﬁj?/ 2026, No. 24, 1-19; https://doi.org/10.14232/ejqtde.2026.1.24 www.math.u-szeged.hu/ejqtde/

Existence of normalized solutions for nonlinear
Schrodinger system with potential

Zhen-Zhen Fan and Gui-Dong Li*

School of Mathematics and Statistics, Guizhou University, Guiyang, 550025, P.R. China

Received 30 June 2025, appeared 3 July 2026

Communicated by Dimitri Mugnai

Abstract. In this paper, we study the following Schrodinger system with coercive po-
tential

—Au+Vy(x)u = Mu+ F,(u,0) inRN,

—Av+ Va(x)v = Ay v+ Fy(u,v) inRN,

/N\u\zdx:a and /N|v\2dx:b,
R R

where 4,0 > 0, N > 3, A1,A; € R are Lagrange mulitipliers. For sufficiently small
mass parameters a,b > 0, we establish that the system possesses two distinct solutions:
a local minimizer and a mountain pass type solution. Furthermore, we prove that the
local minimizer is a ground state solution under certain monotonicity conditions.
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1 Introduction and main results

In this paper, we consider the following system:

—Au+Vi(x)u = Au + F,(u,0) inRN,
—Av+ Va(x)v = Ao+ Fy(u,0) inRN, (1.1)

/N]ulzdx:a and /N]vlzdxzb,
R R

where a,b > 0, N > 3, Vi(i = 1,2) are external potentials, (1,v) € H'(RN) x H!(RN),
Ai(i=1,2) € R appear as Lagrange multipliers, and F,, F, denote the partial derivatives of F.
The problem (1.1) arises from studying the standing waves solution @ (¢, x) = e~ 1*y(x) and
@y (t, x) = e M2ty(x) (where i2 = —1) for the following nonlinear Schrédinger system

{—iatcbl = AD; — V}(x)@1 + G (|®P1]% |@,]2)P; inR x RY, "

—id; Py = AP, — Vz(x)(Dz + G2(|<I)1|2, |CD2‘2)CD2 inR x ]RN,
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where Gi, G, are partial derivatives of G and F(u,v) = 1G(|u|? |0[?). This system is moti-
vated by several physical scenarios, including phase-separation in multi-state Bose-Einstein
condensates and the propagation of mutually incoherent wave packets in nonlinear optics. It
is well known that equation (1.2) is conservation of mass with the L?-norms, namely

/ |<I>1(t,-)\2dx:/ ®,(0,-)2dx and / |<I>2(t,-)|2dx:/ 1, (0,-) [2dx.
RN RN RN RN

Consequently, it is natural and meaningful to consider solutions with a L?-constraint, which
are referred to as normalized solutions.
When Vi (x) = Va(x), u = vand Ay = A, system (1.1) transforms to the following equation

Au +2V(x)u =AM+ f(u) inRN, (1.3)
[ Juldx = a.

For the case where V(x) = 0, we refer to [2,6,11,19,20]. Jeanjean [19] introduced a minimax
approach to study equation (1.3), under the following assumptions on f:

(f0) f:R — R is continuous and odd;

(f1) there exists (,8) € R x R satisfying 2+ 3 < a < B < 2* such that aF(t) < f(t)t <
BF(t), where 2* = 2 if N > 3 and 2* = w0 if N = 1,2;

(f2) let F: R — R, F(t) = f(t)t — 2F(t). Then F'(t) exists and F/(t)t > 2N F(#).

Here, (f1) is referred to as the Ambrosetti-Rabinowitz condition, which is often used to ad-
dress the boundedness of Palais-Smale sequences. By constructing a mountain pass geometry,
Jeanjean proved that equation (1.3) admits ground state solutions for N > 1. Subsequently,
when N > 2 and f satisfies (f0)—(f1), Bartsch and de Valeriola [2] obtained infinitely many
solutions to equation (1.3) from a fountain theorem. In [6], Bartsch and Soave obtained in-
finitely many solutions to equation (1.3) by using a natural constraint approach, but they
required f to additionally satisfy condition (f2). Moreover, we note that [20] and [11] weaken
(f1)-(f2) from different perspectives. In [20], Jeanjean and Lu considered:

(£3) limy o0 F(t)/[t]?*/N = 4-00;
(f4) t — E(t)/[t|***/N is strictly decreasing on (—oo,0) and strictly increasing on (0, o);
(f5) when N >3, f(#)t < 2*F(t) for all t € R\ {0}.

In particular, the condition (f4) is a weaker version of (f2). Under condition (f4) that (f3)
and (f5) can be used to replace (f1). Bieganowski and Mederski in [11] weakened (f1) to:

(f6) wF(t) 2 F(t) = (2* —2)F(t) fort € R,

where f1(s) < fa(s) for s € R denotes that f1(s) < fa(s) for all s € R and for any > 0 there
is |s| < 7y such that fi(s) < f2(s). In [14], Ding and Zhong introduced an external potential V,
under the same assumptions on f as in [19], then they obtained the existence of ground state
solutions by applying PohoZaev manifold, where V satisfies:
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0, N(a=2)—4

(A1) limy e V(x) = sup gy V(x) = 0 and there exists 1 € [0, N2

) such that

/RN V(x)utdx| < oy|Vul2, Vue H(RV);

(A2) VV(x) exists for a.e. x € RN, put W(x) := %(x, VV(x)). There exists 0 < 05 <

min{w - 1,% — N2} such that

< oo|Vul3, Yu € HY(RN);

/]RN W (x)u>dx

(A3) VW(x) exists for a.e. x € RN, put Y(x) := (§a — N)W(x) + (x, VW(x)). There exists
03 € [0, 5o — N —2) such that

‘/Nn(x)uzdx < o3| Vul2, Vue H'(RV).
R

For the case where f(u) = |ulf72u (2 < p < 2*), we refer to [1,5,30]. Alves and Ji [1]
considered that 2 < p < 2+ 1, and V represents various types of potentials, including
periodic, asymptotically periodic, steep, and asymptotically constant potentials, then obtained
the existence of the global minimizer. Bartsch et al. in [5] considered that 2 + % <p<
2*, and V is positive and vanishing at infinity, including potentials with singularities, then
obtained the existence of solutions by a min-max argument. The same nonlinear term was
also considered in [30], whose difference is that N = 2 and the potential V is coercive, which
satisfies

(A4) lim|, e V(x) = 00, inficge V(x) = 0;
(A5) (p—3)V+x-VV > —Ciand |x-VV(x)| < C(V(x) +1), where C; > 0,i = 1,2,

and then authors obtained the existence of two solutions, one is a local minimizer, and the
other is a mountain pass type solution. In this proof, p needs to be sufficiently close to 4. In
addition, the authors also considered the asymptotic behavior of the solution as p tends to 4.
For additional related results about equation (1.3), one can refer to [18,23,25,29,31].

Now let us return to system (1.1). For the following special case of system (1.1),

—Au+ Au = puP~t 4 Briun o inRN,
—Av+ A0 = upvT 1 4 Brou"o2"! inRN, (1.4)

/N lul*dx =a and /N |o]2dx = b,
R R

where 1, yp, p > 0, we refer to [3,4,8,15,21]. In [15], Gou and Jeanjean proved that system (1.4)
possesses a local minimizer and a mountain pass type solution when either of the following
conditions holds:

(HI) N>1,2<p,g<2+x5,r,mn>1 2+ % <r+rn<2%5

(H2) N>1, 2+ 5 <pq<2t,r,n>1rn+n<2+%.
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When N =3, p =g =4, r = rp, = 2, Bartsch, Jeanjean and Soave [4] obtained the existence
of solutions for system (1.4) provided 0 < B < B1(a,b) or B > Ba(a,b). Bartsch and Jeanjean
in [3] considered the more general case of 2 < N < 4, 2 + % < p,q,11 + 12 < 2" and proved
the existence of solutions, but it is also necessary that 0 < < B1(a,b) or B > B2(a,b). The
thresholds B1(a,b) and B2(a,b) depend on a, b heavily. Thus it is natural to ask whether there
exists some $ > 0 such that the existence of solutions holds for any a,b > 0. In fact, this has
been posed as an open problem by Bartsch, Jeanjean and Soave (see [4, Remark 1.3-(a) and
(d)]). Partial answers were given by [8,21], both of which have expanded the ranges of . No-
tably, in [8], Bartsch, Zhong and Zou established that when N =3,p =g =4,r1 = r; = 2, the
existence result holds for all a,b > 0 provided B € (0, 7o min{p1, p2}| U (19 max{p1, y2}, +00),
where 15 € (0,1) is explicitly determined. Subsequently, Jeanjean, Zhang and Zhong [21]
proved that when N = 3,4 and 2 + % < p,q,11 + 12 < 2%, the existence of solutions holds
forall a,b,f > 0if ri,r; € (1,2). When V3, V, # 0, Chen and Zou [13] studied the following
system with linear coupled:

—Au+Vi(x)u = Au+ pulP"2u+ pu  inRY,
—Av+ Vo (x)v = A0+ ua|o|7 20+ pv inRY, (1.5)

/N lul*dx =a and /N lv|2dx = b,
R R

where 2 < p,g < 24 5, u,u2 > 0, B € R\ {0}, and under the assumption that
im0 Vi(x) = sup gy Vi(x) € (i, +00] with ¢; = min,cgn Vi(x) > —oo(i = 1,2), they
demonstrated the existence of ground state solutions for system (1.5). Building on this work,
Guo and Liang [17] considered replacing the linear coupled with quadratically coupled, and
also derived existence results. About system (1.1), we also mention that Guo, Zeng and Zhou
[16] considered the case of N = 2 with F(u,v) = %u‘* + %04 + guzvz (1, 42, B > 0), where
Vi(x)(i = 1,2) are trapping potentials of the following type

Vi(x) € LY. (R?), lim Vij(x) =c0 and inf Vi(x) =0,

|x]—o00 x€R?

then they established the existence, non-existence and uniqueness of solutions. For more
relevant results of system (1.1), please refer to [24,26] and their references.

Inspired by the results about equation (1.3), we naturally consider generalized nonlinear
terms in system (1.1), where F satisfies:

v) F(w) _

(F1) F(w) € C}(R?%,R) and F(w) > 0, where w = (t,s);
(2 T —Oandhm|w|ﬁ+oo‘ 7 =

(F2) hm|w\%0 e

(F3) there exist § > 2+ £ and Ry > 0, such that for any |w| > Ry, 0 < 6F(w) < w- VF(w),
where t,5s # 0 and VF(w) = (F,(w), Fs(w)),

and V;(i = 1,2) satisfies:
(V1) V; € CY(RN,R), inf,.gv Vi(x) = 0 and there exists dy > 0 such that

lim meas({x € RN : [x —y| < do, Vi(x) < D}) =0 VD >0;

|y|—c0

(V2) 2Vi(x) + x - VVi(x) > —C; a.e. in RN, where C; > 0.
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From a variational point of view, solutions to system (1.1) can be obtained as critical points of
the energy functional

1
T(u,0) = f/ (1Vuf? + [ Vo2 + Vi (x) |uf? + Va(x)[o]?) dx—/ F(u,v)dx
2 JrN RN
on the constraint

S(a) x S(b) := {(u,v) eH :/ luf2dx = a,/ I0|2dx = b},
RN RN
where
H:= {(u,v) € HY(RM) x H'(RN) : /N Vi (x)|ul*dx < oo,/N Va(x)|v)?dx < oo}.
R R
We define the following scalar product on #,

((u1,01), (uz,02) )y = /]RN(Vul -Vuy + Vi (x)ugup)dx + /]RN(Vvl -Vouy + Vo(x)vy0;)dx,

and the corresponding norm is given by

1 0,0) e = (a0, (11, 0))

In the sequel, we denote
B(k) = {(u,v) € S(a) x S(b) : /N |Vu|*> + |Vo|?dx < k}.
R

Our first main result is stated as follows:

Theorem 1.1. Suppose that (V1), (V2) and (F1)—(E3) hold. Then there exist a*,b* > 0 and p > 0
such that for all a < a*,b < b*, the functional T|g(,)xs(p) possesses two critical points. One is the
local minimizer (ii,7) € B(p), i.e.,

Z(i1,7) = (urvi)r;g(p)Z(u,v) =:m(p)

and the other is the mountain pass type critical point (i1, 0) with Z(u,v) > m(p).

Remark 1.2. It is noted that (F3) indicates that our nonlinear term only satisfies the local
Ambrosetti-Rabinowitz type condition. Therefore, our results generalize the existing ones. In
addition, when our conditions are imposed on a single equation, a local minimum solution
and a mountain pass type solution can be obtained in a similar manner. This shows that our
results, in a certain sense, generalize the results of [30].

In addition to the existence results established in Theorem 1.1, we further demonstrate
that the local minimizer can be characterized as a ground state solution under specific mono-
tonicity conditions on F and V. To formalize this, we recall the definition of the ground state
solution:

Definition 1.3. We say that (i1,9) is a ground state solution of system (1.1) on S(a) x S(b) if
Z'|s(a)xs()(#,9) = 0 and

Z(,9) = inf{Z(u,v) : T'|g(a)xs(p)(,v) = 0 and (u,v) € S(a) x S(b)}.
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Theorem 1.4. Suppose that (V1), (V2) and (F1)—(F3) hold. Then system (1.1) has at least one
ground state solution. Moreover, if the following conditions hold,

(F4) for any fixed s1,s, € R, H(y) denotes the Hessian matrix of F at y and

st) = (2094 VF) - (5 +1) 0 VE@) + F 0 HOW ) 1920,

here y = y(t) = (ts1,ts2). Then g(y(t)) is strictly increasing with respect to t on (0, +o0);

(V3) for any fixed x € RN, let L;(t) = ((tx) - VW;(tx) + W;(tx)) t? is non-decreasing with respect
to t on (0, +00), where W;(x) = x - VV;(x),

then the local minimizer (i, 0) is a ground state solution of system (1.1).

Remark 1.5. There are a large number of nonlinear terms that satisfy the (F1)-(F4). For
example, F(u,v) = |u|"|v|"2, where 2 + % < r1+71 < 2and r, 7o > 1. At the same time,
there are also numerous potential functions that satisfy the (V1)-(V3). A typical example of
such potential function is V;(x) = Va(x) = |x|2.

The rest of this paper is organized as follows. In Section 2, we collect and introduce some
relevant results for future reference. Then, in Section 3, we establish the proofs of Theorem
1.1 and Theorem 1.4.

Notation. Throughout the paper, we use | - |, to denote the L?(RN) norm. C, Cy, C, stand for
positive constants possibly different in different places. For (t,s) € IR?, we denote |(t,s)| =

VI A+ [s]2
2 Preliminary results

In this section, we introduce some preliminary results which will be used in the rest discus-
sion. The following Gagliardo-Nirenberg inequality can be found in [28].

Lemma 2.1. Foranyu € H'(RN), let2 < p <2*if N >3 and p > 2 if N = 1,2, we have

/ lulPdx < Cw, (/ ,u|2dx>
RN RN

N(p—2)
2p

p(1=7p)

(/ |Vu\2dx> i ,
RN

where v, =

To overcome the lack of compactness, we need the following lemma, which can be proved
as in [7].

Lemma 2.2. Suppose that (V1), (V2) hold, then the embedding H — LP(RN) x L1(RN) is compact
forany p,q € [2,2%).

In the proof of Theorem 1.1, the most important step is to verify the convergence of Palais—
Smale sequences. Here we recall the following lemma without proof, due to the Brézis and
Lieb [12].
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Lemma 2.3. Suppose that u, — u in H'(RN), then for 2 < s < 2*, we have

lim |Vun)? — |Vul® — |V (1, — u)*dx =0,
RN

n—o0
lim |t |® — |u|® — |uy —ul*dx = 0.
n—oo JRN

Finally, we have the following Pohozaev identity, which is inspired by [9, Proposition 1]
and [22, Proposition 2.3], and interested readers may refer to these literatures for further
details.

Lemma 2.4. Suppose that (V1), (V2) and (F1)-(F3) hold. If (u,v) € H'(RN) x H'(RN) solves

—Au+ Vi(x)u — Au = F,(u,0) inRN, 2.1)
—Av+ Vi (x)v — Ayv = F,(u,0v) inRN, '
then (u,v) satisfies the following PohoZaev type identity
1
P(u,0) = / IVul? 4 |Vol2dx — - / (x- VW) [ul? + (x - V)[o|2dx
RN 2 JRN
_N (u,v) - VF(u,v) — 2F(u,v)dx = 0.
2 JRN
Proof. Let (1,v) be a solution to system (2.1), then rewrite system (2.1) as:
“Au =
u=gixu), 2.2)
—Av = g (x,0),

where

g1(x,u) = =Vi(x)u + Au + F,(u,v),
82(x,v) = =V (x)v 4 A0 + Fy(u, ).

N
2

Since V; € C(RN) for i = 1,2, it follows that V; € L
(RN) such that

(RN), combining with (F1)—(F3), there

loc

N
exists a;(x) € L2,

g1(x,u)| < ar(x)(1+Jul) and |ga(x,0)| < a2(x)(1+ |o]). (2.3)

By [27, Lemma B.3], we have u,v € quo C(IRN ) for any 1 < g < co. In view of (2.3), one can see
—Au = g1(x,u) € L] (RN) and —Av = g5(x,v) € L] (RN) for any 1 < g < co. Applying the

Calderon-Zygmund inequality of [27, Theorem B.2], we deduce that u,v € leo’z(]RN ) for any
1 < g < co. Then we define

u

Gi(x,u) := /o g1(x,s)ds, Ga(x,v) := /Ov Qo(x,s)ds.

At first, we multiply the equation 0 = (Au + g1(x,u)) by x - Vu and integrate over the ball
Br = {x € RN : |x| < R}. We then show that the boundary term (on dBg) to converge to 0 as
R — +c0. Indeed, one has

/ g1(x,u)x-Vudx = | div(xGy(x,u)) — NGy (x,u) —x - VyGy(x,u)dx,
Br Br
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and

2
Aux - Vudx = / div(Vux - Vu) — ]Vu|2 —x-V <W”’> dx

Br 2

Br
|Vul?

2

= [ div <Vux-Vu—x ) +N_2|Vu]2dx,
Bg 2

where V,G; is the gradient of G; with respect to x. By the divergence theorem, we obtain

div(xGy(x,u))dx = /

xGy(x,u) -ndS :/ RGy(x,u)dS
dBr

Br dBR

2 2
/ div (Vux -Vu — x]Vu|> dx = / (Vux -Vu — x]Vu|> -ndS
Bk 2 3Bg 2

B |x - Vul? R 2
= |, (R 2|Vu\ ds,

and

where n denotes the unit outward normal vector to dBg. Combining with the Cauchy-
Schwarz inequality, we have

R |x-Vul> R R
= \V/ 2ds</ (—v 2)d5</ Vul?dS.
> aBR\ ul?ds < - R 2| u| <5 aBRI u|

Next we claim that there exists a suitable sequence {R,} such that

lim Rn/ IVu[? +2|Gy (x, u)|dS = 0,
n—o0 aBRn

where R,, — o0 as n — oo. In fact, if

liminfR [ |Vu[?+2|Gy(x,u)|dS = a > 0.
R—+o0 9Br

Then there exists R > 0, such that for all R > R,

o

Vul* +2|Gy(x,u)|dS > —.
J, 9uP 421G (x w)lds > 5o

Therefore,
too > /N (Vul? 4 2|Gi (x, u) |dx
R
+o00
:/ / |Vul? 4 2|Gy (x, u)|dSdr
0 9Bg
400
> / / IVul +2|Ga (x, u)|dSdr
R 9Bg
= +OO/
which is a contradiction. Moreover,

J,

|Vu|>dx — |Vu*’dx and Gi(x, u)dx — Gy (x, u)dx
RN Bg, RN

n
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as n — oo. Combining these results, one can see
N-2
/N NGi(x,u) + - V3G (x,u) — ~—=|Vuldx = 0.
R

It follows that

(N —2) /RN \vu|2dx+N/RN(v1(x) — ) |uPdx + /RN(x VYV (x)|uPdx

= ZN/ F(u,v)dx. (2.4)
]RN
By a similar discussion, we can deduce that

(N —2) /IRN\Vv|zdx+N/]RN(V2(x)—A2)|v\2dx+/]RN(x.VVz(x))|v|2dx

— N / F(u,0)dx. 2.5)
RN
Add (2.4) and (2.5), eliminating the terms with A, A, we have

0= qu|2+\vU|2dx—1/ (x- VVi () |ul? + (x - VVa(x))[o[?dx
RN 2 JRN

_N (u,v) - VF(u,v) — 2F(u,v)dx.
2 JRN

This completes the proof. O

3 The proofs of theorems

In this section, we mainly show the existence of two critical points of the functional Z on the
sphere S(a) x S(b). Recall

B(k) = {(u,v) € S(a) x S(b) : /]RN |Vu|? + | Vol*dx < k}.

The first critical point of Z will be found as a minimizer of a minimization problem on B(k),
ie.

m(k) = inf Z(u,v), 3.1
()= inf T(u,v) @)

and it is necessary to show that the minimizer is not on the boundary of B(k):
dB(k) = {(u,v) € S(a) x S(b) : /N (Vul? +|Vo|*dx = k}.
R

In fact, we have the following proposition.

Proposition 3.1. Suppose that (V1), (V2) and (F1)—(F3) hold. Then there exist a*,b* > 0 and
p > 0, such that if a < a*,b < b*, the functional T has a critical point (ii,7), and Z(ii,0) =
inf(ulv)eg(p) I(u, U).
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Proof. Invoking (F2) and (F3), for arbitrary €1, €2 > 0, there exists a constant Ce, ¢, , > 0 such
that

/ F(u,v)dx < 61/ \(u,v)]2+%dx+c€1,€2,p/ \(u,v)|pdx+ez/ |(u,v)]2*dx, (3.2)
RN RN RN

RN

where p € (2+ %,2%). Then we give an estimate of [y |(1,0)|Pdx. By the Minkowski
inequality and the Gagliardo—Nirenberg inequality, we obtain

Py — 2, .25 2 2
/]RN|(u,v)| dx /RN]u + ) fdx < (Jul2 + o)

2-2 27y 2-2 2
< (Covpluly " |Vul3" + Cnplof; 7" [Vo0[3")
p(1—7p) Prp

2
gc(/ \u|2+yv|2dx> </ qu|2+\vU|2dx> (3.3)
RN RN

where 7, = %{2). Therefore, for any (u,v) € S(1) x S(1), there exists a p > 0 sufficiently
small, such that for [y |[Vu|*> +|Vo|[?dx = p, then

14
2

P
2

T(u,0) = 1/ \Vu|2+|Vv|2dx+1/ Vl(x)|u]2+V2(x)|v|2dx—/ F(u,0)dx
2 JRN 2 JRN RN
1 P N_
> 5P —€1C1p—Cp 2 — e2C3pN2
1
> 20

Since the first eigenvalue of the operator —A + V;(x)(i = 1,2) is positive, then there exists
(wi, ui) € H'(RN) x R*,i = 1,2, such that

/1RN |Vw; | + Vi(x)|w;2dx = p; /]RN lw;|2dx =: pc;.
Thus, for t > 0, we have
2 t2
Z(twy, twy) < 5 <pt1 /]RN |w1|?dx + uo /IRN \w2|2dx) = E(ylcl + U202).

Select ty > 0 small enough so that

1 12
t% (/ \le\z + ]sz\zdx> < =p and —0(;41c1 + 1ac2) <
RN 2 2

® D

Set
a, = t%/ lwi|*dx and b, = t%/ |wy |*dx.
RN RN

For any a < a* := min{1,a.} and b < b* := min{1,b,}, there exist 51,5, € (0, o] such that
Jgn [s1w12dx = a, [pn |s2w2]*dx = b and

1
/RN [V (s1100) [+ |V (s202) Pk < 5p.

Moreover,

2 s3 12
Z(s1w1,52w7) < 51;1161 + Ezmcz < EO(chl + macr) <

4

® D
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which implies

m(p) < Z(sywq,s0wp) < inf  Z(u,v) (3.4)
(u,v)€0B(p)

by (3.1). Next we consider the minimization problem:

m(o) = inf Z(u,v).
(p) (u,v)eB(p)( )

Let {(um, vm)} C B(p) be a minimizing sequence of m(p). Applying (3.2) and (3.3), we derive
the lower bound

m(p) +omu(1) = I(”mrvm)
> L, om) 1B — Crla+ ) Fp— Co(a+ )7 pF — Cops,

which establishes the boundedness of {(uy, vy)} in H. So (U, vm) — (4,0) € H. By the
compact embedding H — LF(RN) x LI(RN)(2 < p,q < 2*), we can deduce

/ F(uy, vy)dx — / F(i1,5)dx as m — oo.
RN RN
It follows from the lower semi-continuity of the norm that
Z(i,0) < I%igfl(um,vm) =m(p).
Therefore, Z(i1,7) = m(p), which implies that (i7, ) is a minimizer of m(p). Again due to the
compactness of the embedding and (3.4), one can see that (i1,7) € B(p) \ 0B(p). Then (i1, 7) is

the critical point of Z. By using the method of Lagrange multipliers [10], we know that (i, 9)
is the solution to system (1.1). O

Subsequently, we employ the variant mountain pass theorem to search for the second
critical point of Z. We shall prove that Z possesses the mountain pass geometrical structure.

Lemma 3.2. Suppose that (V1), (V2) and (F1)—(F3) hold. Then T has a mountain pass geometry on
S(a) x S(b).

Proof. According to Proposition 3.1, there exists a p > 0 such that Z(u,0) > % for any
Jrn [Vu|> +|Vol?dx = p, and there exists (i7,7) € B(p) \ 9B(p) such that Z(i1,7) < §

Let (¢1,¢2) € CT(RN,R?) be such that |¢1]5 = 4, |23 = b. For t > 0, denote t o ¢; =
t2 gi(tx),i = 1,2, and

I(todr,tod) = 2/ \V¢1|2+|V4>2|2dx+2/ Vi >|4>1| +V2( >|4>2| dx

1 N N
— o [ gy

By the definition of (¢1,¢2) € CS"(]RN ,IR?), we have

X 2 X 2
/RN Vi (3) lgnfPdx = avi(0), /RN Va (3) gafPdx = b15(0) as £ 4o (35)
Combining with (F3), we get that
Z(tog¢y,tody) — —co as t— foo.

Taking a sufficiently large t; such that [y [V(t10¢1)[* + |V (to¢2)[*dx > pand Z(t oy, 10
¢2) < 0. Therefore, 7 satisfies the mountain pass geometric structure. O
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For s € R and u € H'(RYN), we define the function

(s*u)(x) := e%u(esx).

Then by a direct calculation we have
lsxulf =|u} and |V(sxu)} =e*Vul5.

As a consequence, given (u,v) € S(a) x S(b), it results that s x (u,v) := (s*u,sxv) € S(a) x
S(b) as well, for every s € R. Let R x H be equipped with the scalar product

(IRxw = (o )m + ()R
and corresponding norm
I scqe = 11 1R + 11 113
To abbreviate the notation we set Y = R X H, (,-)y = (-, )rxn and || - ||y = || - |[rx#-. Let
7 :R x H — R be the functional
- 1
Z(s,u,v) =Z(s*xu,sxv) = EEZS/N |Vul? + |Vo|? + Vi(e 5x) |ul* + Va (e x)|o|>dx
R

- ESLN /]RN P(e%(u,v))dx. (3.6)

We define

I'={%€C([0,1],R x S(a) x S(b)) : 9(0)

(0,2,2),7(1) = (0, tr0 1, fr 0 o) }

and

Let ¢ be the mountain pass level of functional 7 defined by

= inf Z(y(t
¢ = inf max (v(1))

where
I'={y € C([0,1],5(a) x S(b)) : 7(0) = (#,0), (1) = (1o P, 1 o $2) }.

We want to get that there exists a Pohozaev-Palais-Smale sequence for 7 restricted to
S(a) x S(b) at the level c. In fact, we have the following lemma, which is motivated by
[3,4,19].

Lemma 3.3. Suppose that (V1), (V2) and (F1)—(F3) hold. Then there exists a sequence {(u,,v,)} C
S(a) x S(b) such that

Z(uy,vy) = ¢, |]I’|5(Q)X5(b)(un,vn)||7_[71 —0 and P(uy,v,) >0 as n— oo.
Proof. By the definition of ¢, there exists a sequence {(i,,9,)} C S(a) x S(b) such that
Z(1y,,0y) — c.

Next we prove ¢ = ¢. In fact, from I' C T we have ¢ < ¢. On the other hand, for any

F(t) = (s(t), 1 (), 72(t)) €T,
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we have for all t € [0,1], y(t) = s(t) * (71(¢), 72(t)) € T and
Z(7(8) = Z(s(t) * (m(t), 12(1))) = Z(7(t))-

It follows from the definition of ¢ that ¢ > c¢. Hence ¢ = ¢ and (0, 11,,9,) is also a minimizing
sequence of Z. Now Ekeland’s variational principle (see also [3, Lemma 5.5]) yields there
exists a sequence {(s,, iy, 7,) } C R x S(a) x S(b) such that

(1) Z(s it 00) € [ = 38+ 1],
@) 115, 30) = (0,0, 8) |y < L.
3) ||f/|1[{xs(a)xs(b)(Sn,ﬁn,ﬁn)||Y,1 < %

For the convenience of notation, we denote w,, := (U, vy) = Sy * (i, 0y) =: Sy * Wy. By (3), we
have

<il(snlwn)/Z>Y—1,Y = O(HZHY)r (3-7)

forall z € T(s, 5,5,)5(a) x S(b) := {(21,22,23) € Y : (lln, 22)2 = (O, 23)2 = 0} .
Choosing z = (1,0,0) in (3.7), we get

(Z'(sn,@n), (1,0,0))
d N
= %I((sn +t) * W) .
d (sntHN 4t
=—TZ(e 7 w,(e"'x))
dt A
2s ~ 12 —s,N N un sulN N
=e ”/ |V, | dx —e™™" / —e 2 W, -VF(e 2 @,) — NF(e 2 @,)dx
RN RN 2
_ % y e Snx - V Vi (e x)|y|? + e S x - VVa(e 5 x)| 3, |[*dx
R
= / |Vw, [*dx — N/ wy, - VF(wy) — 2F (w,)dx
RN 2 JrN
1

T fon© VVi(x)|un)? + x - VVa(x)|v,|*dx

— P(Lln,Un) — 0.

(Sn * Y1, 50 * P2), we have

(T (tn, vn), (91, 92)) = /]RN Vi, - V14 Vo, - Veodx
+ /]RN Vl(x)unq71 + Vz(x)vnqozdx

B /]RN(q)l/ 472) ’ VF(””’ Un)dx
— on(M52) / § Vii,(e¥x) - V1 + Vi, (e’ x) - Vpodx
R
suN

+e% [ VAt (€)1 + Va(x)8 (e x) padlx

= [olor02)- VFCe

RN

i, (e®x),e 2 Ty(e’x))dx
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= o2 / Vit V1 + V5, - Vida
R

+ . Vi(e™®mx)ti,p1 + Va(e ™ x)dppadx
_ suN

suN suN
2 fiy,e 2 0y)dx

e 2 RN(lPl,l/h) - VF(e

= (T’ (50 * (ln, On)), (1, ¥2))
= (Z'(sn, 11, Bn), (0, 91, 2)). (3.8)

For (¢1,¢2) € Ty, ,)S(a) x S(b) we have

[t = [ ((50) ) ((-50) 5 1)l

—su N

= e "N uy (e x)p1 (e x)dx

JRN
= /RN upprdx = 0.

A similar calculation implies that

/]RN Tpippdx = /]RN Upp2dx = 0.

As a consequence (1, 2) € T(z,5,5(a) x S(b). By (3.8), we have

(T |s(a)xs(0) (tn, 0n), (@1, 92)) = o([| (W1, 92)l|32), (39)
and (2) implies that

Isul = |sn — O] < ||(Sn, @, Bn) — (0, i, 0u) ||y — O (3.10)
as n — oo. Then for n large enough there exist A1, A, > 0 such that

A < (@1, 92)1l%

Ay,
1)l 2

where (¢1, ¢2) # (0,0). It results in

(T'|s(ayxs (o) (s 0n), (@1, 92)) = o([[ (@1, 92) %)
This completes the proof. O

Lemma 3.4. Suppose that (V1), (V2) and (F1)—(F3) hold. Then the sequence { (i, v,)} in Lemma
3.3 is bounded in H.

(,0n)

Tl SO 1Znlln = 1, going if

Proof. We assume that ||(u,, v, )|y — c0 as n — co. Let z, =
necessary to a subsequence, we may assume that

Zn — Z inH,
Zy = 2 in LP(RN) x LT(RN)(2 < p,q < 2%),

zu(x) = z(x) ae x € RN
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Set O = {x € RN : z(x) # (0,0)}. We claim that meas(Q) = 0, if not, then meas(Q) > 0 and
|(uy,v,)| — oo for a.e. x € O. From (F1) — (F3) and Fatou’s lemma, one has

Up, Uy )dx F 2
tim g SR 0 0n)AX e [ on)
neo | (u, vn)||3, n—co Jo  |(tn,vy)

F(itn, vn)|2a|*

dx

liminf dx = oo. 3.11
o M T o) P2 G.11)
Since Z(uy,v,) — ¢, we obtain that
F(uy,v,)dx Uy, Uy )dx

lim inf Jy Ftn n2 < limsup Sy FCn 112

n—oo H(”nrvn)HH n—00 | (u H/UH)HH
< 1_ hrnmfI(uni'vn)2 — 1, (3.12)

2 n—eo ||(uy, vy) HH 2

which contradicts with (3.11). Hence, meas(Q2) = 0, which implies z(x) = (0,0) for a.e.
x € RN and z, — (0,0) in LP(RYN) x Lq(IRN)(%S p,q <2%).
By (F2) and (F3), we get that there exists C; > 0 satisfying

[Fw)| < Cu(jwl** ¥ + [w*) < 2G [0S <2Ci[wf, Viw| € [0,1].
Again by (F2) and (F3), there exists M > 0 such that
[F(w)] < Ci(jw" ¥ + o) < M < Mlw]?, V|w| € [1,Ro].
Hence, we know that
[F(w)| < (M+2C)|wf?,  V|w| € [0,Ro). (3.13)
By a similar discussion, we can deduce that there exists 62 > 0 such that
|w- VFE(w)| < Colw|?, V|w| € [0,Ro)]. (3.14)
It follows from (3.13) and (3.14) that one gets
lw - VF(w) — 0F(w)| < Clw|?, V|w| € [0,Ro), (3.15)
where C = C; 4 (M + 2C;). Combining with (F3), we deduce that
w - VF(w) — 0F(w) > —Clw|?, V|w| € R. (3.16)
Hence, it follows from (3.16) and (V2) that

(0 —2)Z(up,vy) — %P(un,vn)
| (1, 0n) 113
N6 —2N —4  [pn(tn, 0n) - VF(un, vy) — OF (1, v, )dx
= —|— 5
2N | (n, 0n) 13
1 Jpn(2Vi 4 x- VW) |ug]? + (2Va + x - V) [v,|*dx
N [ (s, v) 13,
NO —2N —4 ~ C+G 2 NO —2N —4
> WTmevTE
> (C+ )/ 2P >
which implies that 0 > NO—2N—4 ZN 4 This is a contradiction with 6 > 2 + %. Therefore, { (1, v,)}
is bounded in H. O

0q(1) =

as n — 0o,



16 Z.Z.Fanand G. D. Li

Proof of Theorem 1.1. In view of Lemma 3.3 and Lemma 3.4, there exists (i,7) € ‘H such that
(un,vy) — (4,0) in H. Since I’|5(H)X5(b) (tty,vy) — 0in H !, Lagrange multiplier’s rule yields
that there exists a sequence {(A1,,,A2,,)} C R X R such that

I/|S(a)><5(b)(un/ Un) = I/<Mn/ Un) - Alln(un,O) — )\2,11 (O, Un) —0 in 7‘[71, (317)
where

/N |V“n|2 + Vl(x)|”n|2 - Al,n|”n|2 — Fuy(tn, vn)undx = o[ (tn, vn) |l ),
R (3.18)
/RN ‘an‘z + V2 (x)]vn\z — Ao ‘Un’2 — Fy(un, v ) vndx = o[ (tn, vn) %),

which implies (A1, A2,) is bounded. We may assume there exist A1,A, € R such that
(A1, A2n) — (A1, A2) as n — oo. Passing to the limit in (3.18), then (i, U) satisfies

/ \Vir2dx + / Vi (x)|ii]2dx — Ay / lii|Pdx = / F, (i1, 5)iidx,
RN RN RN RN

(3.19)
/ V5]2dx +/ Vs (x)|5%dx — Ay / 152dx = / F,(#,)7dx.
RN RN RN RN
By Lemma 2.3 and (3.2), we deduce
/ Vit — Vﬁ]zder/ Vi (%) [t — 12dx = (|| (e, o) |[20),
RN RN
/ Vo, — VoAdx +/ Va (x) 0w — 312 dxx = (|| (ttm, o) |1 30)-
IRN ]RN
which implies that (u,,v,) — (%, 7) in H. O

Proof of Theorem 1.4. Set ¢ = infi Z, where
K = {(u,0) € S(a) x S(b) : Z'|g(a)xs(p) (4, v) = 0}.

Let {(iln,7,)} C K be a minimizing sequence of ¢. By Lemma 2.4, {(ii,,3,)} is also a
PohoZzaev-Palais—Smale sequence for 7 restricted to S(a) x S(b) at the level ¢. It follows from a
similar argument as above, we conduct that there exists (1, v) € H such that (ii,, 7,) — (1,v)
in H. Thus (u,v) is a ground state solution of system (1.1) so that

Z(u,v) =¢ <m(p) < % (3.20)

Next we prove that the ground state is the local minimizer. In fact, for any t > 0, let

_ _t2 2 2 1 X 2 X 2
¥ (0 (t) = Z(tou,too) _E/RN'W + Vol dx+§/]RN Vi () 1P +va (3) ol
1 N N
—t—N/]RNF(tZu,tZU)dx.

From Theorem 1.1, we are aware that ‘I”(u ?) (t) possesses at least two zero points. On the other
hand, through a standard computation, we find that

1 1 1
7 _ 2 2 1 1 > 1 2
‘I’(u,v)(t) —/]RN|Vu\ + | Vo dx+2/]RNL1 (t) |u|”+ Ly (t> |o|~dx
N

=% Jo g(t2u,t20)|(u,v)|* Vdx.
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According to (F4) and (V3), ¥/ .\ (t) is monotonically decreasing on (0, +oc0). Thus T/(u,v) (1)

(1) _

only has two zero points, denoted as ta,v) and t(_u,v), with 0 < t?;t,v) < t(u,v). Additionally, we
have (t/ ”) © u,t- s ©0) € B(p) and

(u, (u,

e}

It

() © o ta/v) ov) < = <I(t,

8 (u,0) © Z)).

ou,t(_

1,0)

Since (u,v) € K and (3.20), we have ta’v) = 1, which implies (u,v) € B(p). Thus ¢ = Z(u,v)
c. 1

>
m(p) > ¢. It follows that (u,v) is the local minimizer. O
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