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Abstract. In this paper, we study the following Schrödinger system with coercive po-
tential 

−∆u + V1(x)u = λ1u + Fu(u, v) in RN ,
−∆v + V2(x)v = λ2 v + Fv(u, v) in RN ,∫

RN
|u|2 dx = a and

∫
RN

|v|2 dx = b,

where a, b > 0, N ≥ 3, λ1, λ2 ∈ R are Lagrange mulitipliers. For sufficiently small
mass parameters a, b > 0, we establish that the system possesses two distinct solutions:
a local minimizer and a mountain pass type solution. Furthermore, we prove that the
local minimizer is a ground state solution under certain monotonicity conditions.

Keywords: normalized solution, Schrödinger system, local Ambrosetti–Rabinowitz
condition, coercive potential.
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1 Introduction and main results

In this paper, we consider the following system:
−∆u + V1(x)u = λ1u + Fu(u, v) in RN ,

−∆v + V2(x)v = λ2 v + Fv(u, v) in RN ,∫
RN

|u|2 dx = a and
∫

RN
|v|2 dx = b,

(1.1)

where a, b > 0, N ≥ 3, Vi(i = 1, 2) are external potentials, (u, v) ∈ H1(RN) × H1(RN),
λi(i = 1, 2) ∈ R appear as Lagrange multipliers, and Fu, Fv denote the partial derivatives of F.
The problem (1.1) arises from studying the standing waves solution Φ1(t, x) = e−iλ1tu(x) and
Φ2(t, x) = e−iλ2tv(x) (where i2 = −1) for the following nonlinear Schrödinger system{

−i∂tΦ1 = ∆Φ1 − V1(x)Φ1 + G1(|Φ1|2, |Φ2|2)Φ1 in R × RN ,

−i∂tΦ2 = ∆Φ2 − V2(x)Φ2 + G2(|Φ1|2, |Φ2|2)Φ2 in R × RN ,
(1.2)
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where G1, G2 are partial derivatives of G and F(u, v) = 1
2 G(|u|2, |v|2). This system is moti-

vated by several physical scenarios, including phase-separation in multi-state Bose–Einstein
condensates and the propagation of mutually incoherent wave packets in nonlinear optics. It
is well known that equation (1.2) is conservation of mass with the L2-norms, namely∫

RN
|Φ1(t, ·)|2dx =

∫
RN

|Φ1(0, ·)|2dx and
∫

RN
|Φ2(t, ·)|2dx =

∫
RN

|Φ2(0, ·)|2dx.

Consequently, it is natural and meaningful to consider solutions with a L2-constraint, which
are referred to as normalized solutions.

When V1(x) = V2(x), u = v and λ1 = λ2, system (1.1) transforms to the following equation−∆u + V(x)u = λu + f (u) in RN ,∫
RN

|u|2 dx = a.
(1.3)

For the case where V(x) ≡ 0, we refer to [2, 6, 11, 19, 20]. Jeanjean [19] introduced a minimax
approach to study equation (1.3), under the following assumptions on f :

( f 0) f : R → R is continuous and odd;

( f 1) there exists (α, β) ∈ R × R satisfying 2 + 4
N < α ≤ β < 2∗ such that αF(t) ≤ f (t)t ≤

βF(t), where 2∗ = 2N
N−2 if N ≥ 3 and 2∗ = ∞ if N = 1, 2;

( f 2) let F̃ : R → R, F̃(t) = f (t)t − 2F(t). Then F̃′(t) exists and F̃′(t)t > 2N+4
N F̃(t).

Here, ( f 1) is referred to as the Ambrosetti–Rabinowitz condition, which is often used to ad-
dress the boundedness of Palais–Smale sequences. By constructing a mountain pass geometry,
Jeanjean proved that equation (1.3) admits ground state solutions for N ≥ 1. Subsequently,
when N ≥ 2 and f satisfies ( f 0)–( f 1), Bartsch and de Valeriola [2] obtained infinitely many
solutions to equation (1.3) from a fountain theorem. In [6], Bartsch and Soave obtained in-
finitely many solutions to equation (1.3) by using a natural constraint approach, but they
required f to additionally satisfy condition ( f 2). Moreover, we note that [20] and [11] weaken
( f 1)-( f 2) from different perspectives. In [20], Jeanjean and Lu considered:

( f 3) limt→∞ F(t)/|t|2+4/N = +∞;

( f 4) t → F̃(t)/|t|2+4/N is strictly decreasing on (−∞, 0) and strictly increasing on (0, ∞);

( f 5) when N ≥ 3, f (t)t < 2∗F(t) for all t ∈ R \ {0}.

In particular, the condition ( f 4) is a weaker version of ( f 2). Under condition ( f 4) that ( f 3)
and ( f 5) can be used to replace ( f 1). Bieganowski and Mederski in [11] weakened ( f 1) to:

( f 6) 4
N F(t) ⪯ F̃(t) ⪯ (2∗ − 2)F(t) for t ∈ R,

where f1(s) ⪯ f2(s) for s ∈ R denotes that f1(s) ≤ f2(s) for all s ∈ R and for any γ > 0 there
is |s| < γ such that f1(s) < f2(s). In [14], Ding and Zhong introduced an external potential V,
under the same assumptions on f as in [19], then they obtained the existence of ground state
solutions by applying Pohožaev manifold, where V satisfies:
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(A1) lim|x|→∞ V(x) = supx∈RN V(x) = 0 and there exists σ1 ∈
[
0, N(α−2)−4

N(α−2)

)
such that∣∣∣∣∫

RN
V(x)u2dx

∣∣∣∣ ≤ σ1|∇u|22, ∀u ∈ H1(RN);

(A2) ∇V(x) exists for a.e. x ∈ RN , put W(x) := 1
2 (x,∇V(x)). There exists 0 ≤ σ2 <

min{N(α−2)(1−σ1)
4 − 1, N

β − N−2
2 } such that∣∣∣∣∫

RN
W(x)u2dx

∣∣∣∣ ≤ σ2|∇u|22, ∀u ∈ H1(RN);

(A3) ∇W(x) exists for a.e. x ∈ RN , put Y(x) := (N
2 α − N)W(x) + (x,∇W(x)). There exists

σ3 ∈ [0, N
2 α − N − 2) such that∣∣∣∣∫

RN
Y+(x)u2dx

∣∣∣∣ ≤ σ3|∇u|22, ∀u ∈ H1(RN).

For the case where f (u) = |u|p−2u (2 < p < 2∗), we refer to [1, 5, 30]. Alves and Ji [1]
considered that 2 < p < 2 + 4

N , and V represents various types of potentials, including
periodic, asymptotically periodic, steep, and asymptotically constant potentials, then obtained
the existence of the global minimizer. Bartsch et al. in [5] considered that 2 + 4

N < p <

2∗, and V is positive and vanishing at infinity, including potentials with singularities, then
obtained the existence of solutions by a min-max argument. The same nonlinear term was
also considered in [30], whose difference is that N = 2 and the potential V is coercive, which
satisfies

(A4) lim|x|→∞ V(x) = ∞, infx∈R2 V(x) = 0;

(A5) (p − 3)V + x · ∇V ≥ −C1 and |x · ∇V(x)| ≤ C2(V(x) + 1), where Ci > 0, i = 1, 2,

and then authors obtained the existence of two solutions, one is a local minimizer, and the
other is a mountain pass type solution. In this proof, p needs to be sufficiently close to 4. In
addition, the authors also considered the asymptotic behavior of the solution as p tends to 4.
For additional related results about equation (1.3), one can refer to [18, 23, 25, 29, 31].

Now let us return to system (1.1). For the following special case of system (1.1),
−∆u + λ1u = µ1up−1 + βr1ur1−1vr2 in RN ,

−∆v + λ2 v = µ2vq−1 + βr2ur1 vr2−1 in RN ,∫
RN

|u|2 dx = a and
∫

RN
|v|2 dx = b,

(1.4)

where µ1, µ2, β > 0, we refer to [3,4,8,15,21]. In [15], Gou and Jeanjean proved that system (1.4)
possesses a local minimizer and a mountain pass type solution when either of the following
conditions holds:

(H1) N ≥ 1, 2 < p, q < 2 + 4
N , r1, r2 > 1, 2 + 4

N < r1 + r2 < 2∗;

(H2) N ≥ 1, 2 + 4
N < p, q < 2∗, r1, r2 > 1, r1 + r2 < 2 + 4

N .
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When N = 3, p = q = 4, r1 = r2 = 2, Bartsch, Jeanjean and Soave [4] obtained the existence
of solutions for system (1.4) provided 0 < β < β1(a, b) or β > β2(a, b). Bartsch and Jeanjean
in [3] considered the more general case of 2 ≤ N ≤ 4, 2 + 4

N < p, q, r1 + r2 < 2∗ and proved
the existence of solutions, but it is also necessary that 0 < β < β1(a, b) or β > β2(a, b). The
thresholds β1(a, b) and β2(a, b) depend on a, b heavily. Thus it is natural to ask whether there
exists some β > 0 such that the existence of solutions holds for any a, b > 0. In fact, this has
been posed as an open problem by Bartsch, Jeanjean and Soave (see [4, Remark 1.3-(a) and
(d)]). Partial answers were given by [8,21], both of which have expanded the ranges of β. No-
tably, in [8], Bartsch, Zhong and Zou established that when N = 3, p = q = 4, r1 = r2 = 2, the
existence result holds for all a, b > 0 provided β ∈ (0, τ0 min{µ1, µ2}] ∪ (τ0 max{µ1, µ2},+∞),
where τ0 ∈ (0, 1) is explicitly determined. Subsequently, Jeanjean, Zhang and Zhong [21]
proved that when N = 3, 4 and 2 + 4

N < p, q, r1 + r2 < 2∗, the existence of solutions holds
for all a, b, β > 0 if r1, r2 ∈ (1, 2). When V1, V2 ̸= 0, Chen and Zou [13] studied the following
system with linear coupled:

−∆u + V1(x)u = λ1u + µ1|u|p−2u + βu in RN ,

−∆v + V2 (x)v = λ2 v + µ2|v|q−2v + βv in RN ,∫
RN

|u|2 dx = a and
∫

RN
|v|2 dx = b,

(1.5)

where 2 < p, q < 2 + 4
N , µ1, µ2 > 0, β ∈ R \ {0}, and under the assumption that

lim|x|→∞ Vi(x) = supx∈RN Vi(x) ∈ (ci,+∞] with ci = minx∈RN Vi(x) > −∞(i = 1, 2), they
demonstrated the existence of ground state solutions for system (1.5). Building on this work,
Guo and Liang [17] considered replacing the linear coupled with quadratically coupled, and
also derived existence results. About system (1.1), we also mention that Guo, Zeng and Zhou
[16] considered the case of N = 2 with F(u, v) = µ1

4 u4 + µ2
4 v4 + β

2 u2v2 (µ1, µ2, β > 0), where
Vi(x)(i = 1, 2) are trapping potentials of the following type

Vi(x) ∈ L∞
loc(R

2), lim
|x|→∞

Vi(x) = ∞ and inf
x∈R2

Vi(x) = 0,

then they established the existence, non-existence and uniqueness of solutions. For more
relevant results of system (1.1), please refer to [24, 26] and their references.

Inspired by the results about equation (1.3), we naturally consider generalized nonlinear
terms in system (1.1), where F satisfies:

(F1) F(w) ∈ C1(R2, R) and F(w) ≥ 0, where w = (t, s);

(F2) lim|w|→0
F(w)

|w|2+
4
N
= 0 and lim|w|→+∞

F(w)
|w|2∗ = 0;

(F3) there exist θ > 2 + 4
N and R0 ≥ 0, such that for any |w| ≥ R0, 0 < θF(w) ≤ w · ∇F(w),

where t, s ̸= 0 and ∇F(w) = (Ft(w), Fs(w)),

and Vi(i = 1, 2) satisfies:

(V1) Vi ∈ C1(RN , R), infx∈RN Vi(x) = 0 and there exists d0 > 0 such that

lim
|y|→∞

meas({x ∈ RN : |x − y| ≤ d0, Vi(x) ≤ D}) = 0 ∀D > 0;

(V2) 2Vi(x) + x · ∇Vi(x) ≥ −C̄i a.e. in RN , where C̄i > 0.
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From a variational point of view, solutions to system (1.1) can be obtained as critical points of
the energy functional

I(u, v) =
1
2

∫
RN

(
|∇u|2 + |∇v|2 + V1(x)|u|2 + V2(x)|v|2

)
dx −

∫
RN

F(u, v)dx

on the constraint

S(a)× S(b) :=
{
(u, v) ∈ H :

∫
RN

|u|2dx = a,
∫

RN
|v|2dx = b

}
,

where

H :=
{
(u, v) ∈ H1(RN)× H1(RN) :

∫
RN

V1(x)|u|2dx < ∞,
∫

RN
V2(x)|v|2dx < ∞

}
.

We define the following scalar product on H,

⟨(u1, v1), (u2, v2)⟩H =
∫

RN
(∇u1 · ∇u2 + V1(x)u1u2)dx +

∫
RN

(∇v1 · ∇v2 + V2(x)v1v2)dx,

and the corresponding norm is given by

∥(u, v)∥H = ⟨(u, v), (u, v)⟩
1
2
H.

In the sequel, we denote

B(k) =
{
(u, v) ∈ S(a)× S(b) :

∫
RN

|∇u|2 + |∇v|2dx ≤ k
}

.

Our first main result is stated as follows:

Theorem 1.1. Suppose that (V1), (V2) and (F1)–(F3) hold. Then there exist a∗, b∗ > 0 and ρ > 0
such that for all a ≤ a∗, b ≤ b∗, the functional I|S(a)×S(b) possesses two critical points. One is the
local minimizer (ū, v̄) ∈ B(ρ), i.e.,

I(ū, v̄) = inf
(u,v)∈B(ρ)

I(u, v) =: m(ρ)

and the other is the mountain pass type critical point (ũ, ṽ) with I(ũ, ṽ) > m(ρ).

Remark 1.2. It is noted that (F3) indicates that our nonlinear term only satisfies the local
Ambrosetti–Rabinowitz type condition. Therefore, our results generalize the existing ones. In
addition, when our conditions are imposed on a single equation, a local minimum solution
and a mountain pass type solution can be obtained in a similar manner. This shows that our
results, in a certain sense, generalize the results of [30].

In addition to the existence results established in Theorem 1.1, we further demonstrate
that the local minimizer can be characterized as a ground state solution under specific mono-
tonicity conditions on F and V. To formalize this, we recall the definition of the ground state
solution:

Definition 1.3. We say that (û, v̂) is a ground state solution of system (1.1) on S(a)× S(b) if
I ′|S(a)×S(b)(û, v̂) = 0 and

I(û, v̂) = inf{I(u, v) : I ′|S(a)×S(b)(u, v) = 0 and (u, v) ∈ S(a)× S(b)}.
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Theorem 1.4. Suppose that (V1), (V2) and (F1)–(F3) hold. Then system (1.1) has at least one
ground state solution. Moreover, if the following conditions hold,

(F4) for any fixed s1, s2 ∈ R, H(y) denotes the Hessian matrix of F at y and

g(y) =
(

2(N + 1)F(y)−
(

3N
2

+ 1
)
(y · ∇F(y)) +

N
2
(yT H(y)y)

)
|y|−(2+ 4

N ),

here y = y(t) = (ts1, ts2). Then g(y(t)) is strictly increasing with respect to t on (0,+∞);

(V3) for any fixed x ∈ RN , let Li(t) = ((tx) · ∇Wi(tx) + Wi(tx)) t2 is non-decreasing with respect
to t on (0,+∞), where Wi(x) = x · ∇Vi(x),

then the local minimizer (ū, v̄) is a ground state solution of system (1.1).

Remark 1.5. There are a large number of nonlinear terms that satisfy the (F1)–(F4). For
example, F(u, v) = |u|r1 |v|r2 , where 2 + 4

N < r1 + r2 < 2∗ and r1, r2 > 1. At the same time,
there are also numerous potential functions that satisfy the (V1)–(V3). A typical example of
such potential function is V1(x) = V2(x) = |x|2.

The rest of this paper is organized as follows. In Section 2, we collect and introduce some
relevant results for future reference. Then, in Section 3, we establish the proofs of Theorem
1.1 and Theorem 1.4.

Notation. Throughout the paper, we use | · |p to denote the Lp(RN) norm. C, C1, C2 stand for
positive constants possibly different in different places. For (t, s) ∈ R2, we denote |(t, s)| =√
|t|2 + |s|2.

2 Preliminary results

In this section, we introduce some preliminary results which will be used in the rest discus-
sion. The following Gagliardo–Nirenberg inequality can be found in [28].

Lemma 2.1. For any u ∈ H1(RN), let 2 ≤ p ≤ 2∗ if N ≥ 3 and p ≥ 2 if N = 1, 2, we have

∫
RN

|u|pdx ≤ CN,p

(∫
RN

|u|2dx
) p(1−γp)

2
(∫

RN
|∇u|2dx

) pγp
2

,

where γp = N(p−2)
2p .

To overcome the lack of compactness, we need the following lemma, which can be proved
as in [7].

Lemma 2.2. Suppose that (V1), (V2) hold, then the embedding H ↪→ Lp(RN)× Lq(RN) is compact
for any p, q ∈ [2, 2∗).

In the proof of Theorem 1.1, the most important step is to verify the convergence of Palais–
Smale sequences. Here we recall the following lemma without proof, due to the Brézis and
Lieb [12].
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Lemma 2.3. Suppose that un ⇀ u in H1(RN), then for 2 ≤ s ≤ 2∗, we have

lim
n→∞

∫
RN

|∇un|2 − |∇u|2 − |∇(un − u)|2dx = 0,

lim
n→∞

∫
RN

|un|s − |u|s − |un − u|s dx = 0.

Finally, we have the following Pohožaev identity, which is inspired by [9, Proposition 1]
and [22, Proposition 2.3], and interested readers may refer to these literatures for further
details.

Lemma 2.4. Suppose that (V1), (V2) and (F1)–(F3) hold. If (u, v) ∈ H1(RN)× H1(RN) solves{
−∆u + V1(x)u − λ1u = Fu(u, v) in RN ,

−∆v + V2(x)v − λ2 v = Fv(u, v) in RN ,
(2.1)

then (u, v) satisfies the following Pohožaev type identity

P(u, v) =
∫

RN
|∇u|2 + |∇v|2dx − 1

2

∫
RN

(x · ∇V1)|u|2 + (x · ∇V2)|v|2dx

− N
2

∫
RN

(u, v) · ∇F(u, v)− 2F(u, v)dx = 0.

Proof. Let (u, v) be a solution to system (2.1), then rewrite system (2.1) as:{
−∆u = g1(x, u),

−∆v = g2 (x, v),
(2.2)

where {
g1(x, u) = −V1(x)u + λ1u + Fu(u, v),

g2(x, v) = −V2 (x)v + λ2v + Fv(u, v).

Since Vi ∈ C1(RN) for i = 1, 2, it follows that Vi ∈ L
N
2

loc(R
N), combining with (F1)–(F3), there

exists ai(x) ∈ L
N
2

loc(R
N) such that

|g1(x, u)| ≤ a1(x)(1 + |u|) and |g2(x, v)| ≤ a2(x)(1 + |v|). (2.3)

By [27, Lemma B.3], we have u, v ∈ Lq
loc(R

N) for any 1 ≤ q < ∞. In view of (2.3), one can see
−∆u = g1(x, u) ∈ Lq

loc(R
N) and −∆v = g2(x, v) ∈ Lq

loc(R
N) for any 1 ≤ q < ∞. Applying the

Calderon–Zygmund inequality of [27, Theorem B.2], we deduce that u, v ∈ W2,q
loc (R

N) for any
1 ≤ q < ∞. Then we define

G1(x, u) :=
∫ u

0
g1(x, s)ds, G2(x, v) :=

∫ v

0
g2(x, s)ds.

At first, we multiply the equation 0 = (∆u + g1(x, u)) by x · ∇u and integrate over the ball
BR = {x ∈ RN : |x| < R}. We then show that the boundary term (on ∂BR) to converge to 0 as
R → +∞. Indeed, one has∫

BR

g1(x, u)x · ∇udx =
∫

BR

div(xG1(x, u))− NG1(x, u)− x · ∇xG1(x, u)dx,
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and ∫
BR

∆ux · ∇udx =
∫

BR

div(∇ux · ∇u)− |∇u|2 − x · ∇
(
|∇u|2

2

)
dx

=
∫

BR

div
(
∇ux · ∇u − x

|∇u|2
2

)
+

N − 2
2

|∇u|2dx,

where ∇xG1 is the gradient of G1 with respect to x. By the divergence theorem, we obtain∫
BR

div(xG1(x, u))dx =
∫

∂BR

xG1(x, u) · ndS =
∫

∂BR

RG1(x, u)dS

and ∫
BR

div
(
∇ux · ∇u − x

|∇u|2
2

)
dx =

∫
∂BR

(
∇ux · ∇u − x

|∇u|2
2

)
· ndS

=
∫

∂BR

(
|x · ∇u|2

R
− R

2
|∇u|2

)
dS,

where n denotes the unit outward normal vector to ∂BR. Combining with the Cauchy–
Schwarz inequality, we have

−R
2

∫
∂BR

|∇u|2dS ≤
∫

∂BR

(
|x · ∇u|2

R
− R

2
|∇u|2

)
dS ≤ R

2

∫
∂BR

|∇u|2dS.

Next we claim that there exists a suitable sequence {Rn} such that

lim
n→∞

Rn

∫
∂BRn

|∇u|2 + 2|G1(x, u)|dS = 0,

where Rn → ∞ as n → ∞. In fact, if

lim inf
R→+∞

R
∫

∂BR

|∇u|2 + 2|G1(x, u)|dS = α > 0.

Then there exists R̄ > 0, such that for all R > R̄,∫
∂BR

|∇u|2 + 2|G1(x, u)|dS ≥ α

2R
.

Therefore,

+∞ >
∫

RN
|∇u|2 + 2|G1(x, u)|dx

=
∫ +∞

0

∫
∂BR

|∇u|2 + 2|G1(x, u)|dSdr

≥
∫ +∞

R̄

∫
∂BR

|∇u|2 + 2|G1(x, u)|dSdr

= +∞,

which is a contradiction. Moreover,∫
BRn

|∇u|2dx →
∫

RN
|∇u|2dx and

∫
BRn

G1(x, u)dx →
∫

RN
G1(x, u)dx
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as n → ∞. Combining these results, one can see∫
RN

NG1(x, u) + x · ∇xG1(x, u)− N − 2
2

|∇u|2dx = 0.

It follows that

(N − 2)
∫

RN
|∇u|2dx + N

∫
RN

(V1(x)− λ1)|u|2dx +
∫

RN
(x · ∇V1(x))|u|2dx

= 2N
∫

RN
F(u, v)dx. (2.4)

By a similar discussion, we can deduce that

(N − 2)
∫

RN
|∇v|2dx + N

∫
RN

(V2(x)− λ2)|v|2dx +
∫

RN
(x · ∇V2(x))|v|2dx

= 2N
∫

RN
F(u, v)dx. (2.5)

Add (2.4) and (2.5), eliminating the terms with λ1, λ2, we have

0 =
∫

RN
|∇u|2 + |∇v|2dx − 1

2

∫
RN

(x · ∇V1(x))|u|2 + (x · ∇V2(x))|v|2dx

− N
2

∫
RN

(u, v) · ∇F(u, v)− 2F(u, v)dx.

This completes the proof.

3 The proofs of theorems

In this section, we mainly show the existence of two critical points of the functional I on the
sphere S(a)× S(b). Recall

B(k) =
{
(u, v) ∈ S(a)× S(b) :

∫
RN

|∇u|2 + |∇v|2dx ≤ k
}

.

The first critical point of I will be found as a minimizer of a minimization problem on B(k),
i.e.

m(k) = inf
(u,v)∈B(k)

I(u, v), (3.1)

and it is necessary to show that the minimizer is not on the boundary of B(k):

∂B(k) =
{
(u, v) ∈ S(a)× S(b) :

∫
RN

|∇u|2 + |∇v|2dx = k
}

.

In fact, we have the following proposition.

Proposition 3.1. Suppose that (V1), (V2) and (F1)–(F3) hold. Then there exist a∗, b∗ > 0 and
ρ > 0, such that if a ≤ a∗, b ≤ b∗, the functional I has a critical point (ū, v̄), and I(ū, v̄) =

inf(u,v)∈B(ρ) I(u, v).
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Proof. Invoking (F2) and (F3), for arbitrary ϵ1, ϵ2 > 0, there exists a constant Cϵ1,ϵ2,p > 0 such
that∫

RN
F(u, v)dx ≤ ϵ1

∫
RN

|(u, v)|2+ 4
N dx + Cϵ1,ϵ2,p

∫
RN

|(u, v)|pdx + ϵ2

∫
RN

|(u, v)|2∗dx, (3.2)

where p ∈
(
2 + 4

N , 2∗
)
. Then we give an estimate of

∫
RN |(u, v)|pdx. By the Minkowski

inequality and the Gagliardo–Nirenberg inequality, we obtain∫
RN

|(u, v)|pdx =
∫

RN
|u2 + v2|

p
2 dx ≤ (|u|2p + |v|2p)

p
2

≤
(

CN,p|u|
2−2γp
2 |∇u|2γp

2 + CN,p|v|
2−2γp
2 |∇v|2γp

2

) p
2

≤ C
(∫

RN
|u|2 + |v|2dx

) p(1−γp)
2

(∫
RN

|∇u|2 + |∇v|2dx
) pγp

2

(3.3)

where γp = N(p−2)
2p . Therefore, for any (u, v) ∈ S(1)× S(1), there exists a ρ > 0 sufficiently

small, such that for
∫

RN |∇u|2 + |∇v|2dx = ρ, then

I(u, v) =
1
2

∫
RN

|∇u|2 + |∇v|2dx +
1
2

∫
RN

V1(x)|u|2 + V2(x)|v|2dx −
∫

RN
F(u, v)dx

≥ 1
2

ρ − ϵ1C1ρ − C2ρ
pγp

2 − ϵ2C3ρ
N

N−2

≥ 1
4

ρ.

Since the first eigenvalue of the operator −∆ + Vi(x)(i = 1, 2) is positive, then there exists
(wi, µi) ∈ H1(RN)× R+, i = 1, 2, such that∫

RN
|∇wi|2 + Vi(x)|wi|2dx = µi

∫
RN

|wi|2dx =: µici.

Thus, for t > 0, we have

I(tw1, tw2) ≤
t2

2

(
µ1

∫
RN

|w1|2dx + µ2

∫
RN

|w2|2dx
)
=

t2

2
(µ1c1 + µ2c2).

Select t0 > 0 small enough so that

t2
0

(∫
RN

|∇w1|2 + |∇w2|2dx
)
<

1
2

ρ and
t2
0
2
(µ1c1 + µ2c2) <

ρ

8
.

Set
a∗ = t2

0

∫
RN

|w1|2dx and b∗ = t2
0

∫
RN

|w2|2dx.

For any a ≤ a∗ := min{1, a∗} and b ≤ b∗ := min{1, b∗}, there exist s1, s2 ∈ (0, t0] such that∫
RN |s1w1|2dx = a,

∫
RN |s2w2|2dx = b and∫

RN
|∇(s1w1)|2 + |∇(s2w2)|2dx <

1
2

ρ.

Moreover,

I(s1w1, s2w2) ≤
s2

1
2

µ1c1 +
s2

2
2

µ2c2 ≤ t2
0
2
(µ1c1 + µ2c2) <

ρ

8
,
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which implies

m(ρ) ≤ I(s1w1, s2w2) < inf
(u,v)∈∂B(ρ)

I(u, v) (3.4)

by (3.1). Next we consider the minimization problem:

m(ρ) = inf
(u,v)∈B(ρ)

I(u, v).

Let {(um, vm)} ⊂ B(ρ) be a minimizing sequence of m(ρ). Applying (3.2) and (3.3), we derive
the lower bound

m(ρ) + om(1) = I(um, vm)

≥ 1
2
∥(um, vm)∥2

H − C1(a + b)
2
N ρ − C2 (a + b)

p(1−γp)
2 ρ

pγp
2 − C3ρ

N
N−2 ,

which establishes the boundedness of {(um, vm)} in H. So (um, vm) ⇀ (ū, v̄) ∈ H. By the
compact embedding H ↪→ Lp(RN)× Lq(RN)(2 ≤ p, q < 2∗), we can deduce∫

RN
F(um, vm)dx →

∫
RN

F(ū, v̄)dx as m → ∞.

It follows from the lower semi-continuity of the norm that

I(ū, v̄) ≤ lim inf
m→∞

I(um, vm) = m(ρ).

Therefore, I(ū, v̄) = m(ρ), which implies that (ū, v̄) is a minimizer of m(ρ). Again due to the
compactness of the embedding and (3.4), one can see that (ū, v̄) ∈ B(ρ) \ ∂B(ρ). Then (ū, v̄) is
the critical point of I . By using the method of Lagrange multipliers [10], we know that (ū, v̄)
is the solution to system (1.1).

Subsequently, we employ the variant mountain pass theorem to search for the second
critical point of I . We shall prove that I possesses the mountain pass geometrical structure.

Lemma 3.2. Suppose that (V1), (V2) and (F1)–(F3) hold. Then I has a mountain pass geometry on
S(a)× S(b).

Proof. According to Proposition 3.1, there exists a ρ > 0 such that I(u, v) ≥ ρ
4 for any∫

RN |∇u|2 + |∇v|2dx = ρ, and there exists (ū, v̄) ∈ B(ρ) \ ∂B(ρ) such that I(ū, v̄) < ρ
8 .

Let (ϕ1, ϕ2) ∈ C∞
0 (RN , R2) be such that |ϕ1|22 = a, |ϕ2|22 = b. For t > 0, denote t ◦ ϕi =

t
N
2 ϕi(tx), i = 1, 2, and

I(t ◦ ϕ1, t ◦ ϕ2) =
t2

2

∫
RN

|∇ϕ1|2 + |∇ϕ2|2dx +
1
2

∫
RN

V1

( x
t

)
|ϕ1|2 + V2

( x
t

)
|ϕ2|2dx

− 1
tN

∫
RN

F(t
N
2 ϕ1, t

N
2 ϕ2)dx.

By the definition of (ϕ1, ϕ2) ∈ C∞
0 (RN , R2), we have∫

RN
V1

( x
t

)
|ϕ1|2dx → aV1(0),

∫
RN

V2

( x
t

)
|ϕ2|2dx → bV2(0) as t → +∞. (3.5)

Combining with (F3), we get that

I(t ◦ ϕ1, t ◦ ϕ2) → −∞ as t → +∞.

Taking a sufficiently large t1 such that
∫

RN |∇(t1 ◦ ϕ1)|2 + |∇(t1 ◦ ϕ2)|2dx > ρ and I(t1 ◦ ϕ1, t1 ◦
ϕ2) < 0. Therefore, I satisfies the mountain pass geometric structure.
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For s ∈ R and u ∈ H1(RN), we define the function

(s ⋆ u)(x) := e
Ns
2 u(esx).

Then by a direct calculation we have

|s ⋆ u|22 = |u|22 and |∇(s ⋆ u)|22 = e2s|∇u|22.

As a consequence, given (u, v) ∈ S(a)× S(b), it results that s ⋆ (u, v) := (s ⋆ u, s ⋆ v) ∈ S(a)×
S(b) as well, for every s ∈ R. Let R ×H be equipped with the scalar product

⟨·, ·⟩R×H = ⟨·, ·⟩H + ⟨·, ·⟩R

and corresponding norm
∥ · ∥2

R×H = ∥ · ∥2
R + ∥ · ∥2

H.

To abbreviate the notation we set Y = R ×H, ⟨·, ·⟩Y = ⟨·, ·⟩R×H and ∥ · ∥Y = ∥ · ∥R×H. Let
Ĩ : R ×H → R be the functional

Ĩ(s, u, v) = I(s ⋆ u, s ⋆ v) =
1
2

e2s
∫

RN
|∇u|2 + |∇v|2 + V1(e−sx)|u|2 + V2(e−sx)|v|2dx

− 1
esN

∫
RN

F(e
sN
2 (u, v))dx. (3.6)

We define

Γ̃ = {γ̃ ∈ C([0, 1], R × S(a)× S(b)) : γ̃(0) = (0, ū, v̄), γ̃(1) = (0, t1 ◦ ϕ1, t1 ◦ ϕ2)}

and
c̃ = inf

γ̃∈Γ̃
max
t∈[0,1]

Ĩ(γ̃(t)).

Let c be the mountain pass level of functional I defined by

c = inf
γ∈Γ

max
t∈[0,1]

I(γ(t))

where
Γ = {γ ∈ C([0, 1], S(a)× S(b)) : γ(0) = (ū, v̄), γ(1) = (t1 ◦ ϕ1, t1 ◦ ϕ2)}.

We want to get that there exists a Pohožaev–Palais–Smale sequence for I restricted to
S(a) × S(b) at the level c. In fact, we have the following lemma, which is motivated by
[3, 4, 19].

Lemma 3.3. Suppose that (V1), (V2) and (F1)–(F3) hold. Then there exists a sequence {(un, vn)} ⊂
S(a)× S(b) such that

I(un, vn) → c, ∥I ′|S(a)×S(b)(un, vn)∥H−1 → 0 and P(un, vn) → 0 as n → ∞.

Proof. By the definition of c, there exists a sequence {(ûn, v̂n)} ⊂ S(a)× S(b) such that

I(ûn, v̂n) → c.

Next we prove c = c̃. In fact, from Γ ⊂ Γ̃ we have c̃ ≤ c. On the other hand, for any

γ̃(t) = (s(t), γ1(t), γ2(t)) ∈ Γ̃,
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we have for all t ∈ [0, 1], γ(t) = s(t) ⋆ (γ1(t), γ2(t)) ∈ Γ and

Ĩ(γ̃(t)) = I(s(t) ⋆ (γ1(t), γ2(t))) = I(γ(t)).

It follows from the definition of c̃ that c̃ ≥ c. Hence c̃ = c and (0, ûn, v̂n) is also a minimizing
sequence of I . Now Ekeland’s variational principle (see also [3, Lemma 5.5]) yields there
exists a sequence {(sn, ũn, ṽn)} ⊂ R × S(a)× S(b) such that

(1) Ĩ(sn, ũn, ṽn) ∈ [c̃ − 1
n , c̃ + 1

n ],

(2) ∥(sn, ũn, ṽn)− (0, ûn, v̂n)∥Y ≤ 1√
n .

(3) ∥Ĩ ′|R×S(a)×S(b)(sn, ũn, ṽn)∥Y−1 ≤ 2√
n .

For the convenience of notation, we denote wn := (un, vn) = sn ⋆ (ũn, ṽn) =: sn ⋆ w̃n. By (3), we
have

⟨Ĩ ′(sn, w̃n), z⟩Y−1,Y = o(∥z∥Y), (3.7)

for all z ∈ T(sn,ũn,ṽn)S(a)× S(b) := {(z1, z2, z3) ∈ Y : ⟨ũn, z2⟩2 = ⟨ṽn, z3⟩2 = 0} .
Choosing z = (1, 0, 0) in (3.7), we get

⟨Ĩ ′(sn, w̃n), (1, 0, 0)⟩

=
d
dt
I((sn + t) ⋆ w̃n)

∣∣∣∣
t=0

=
d
dt
I(e

(sn+t)N
2 w̃n(esn+tx))

∣∣∣∣
t=0

= e2sn

∫
RN

|∇w̃n|2dx − e−sn N
∫

RN

N
2

e
sn N

2 w̃n · ∇F(e
sn N

2 w̃n)− NF(e
sn N

2 w̃n)dx

− 1
2

∫
RN

e−sn x · ∇V1(e−sn x)|ũn|2 + e−sn x · ∇V2(e−sn x)|ṽn|2dx

=
∫

RN
|∇wn|2dx − N

2

∫
RN

wn · ∇F(wn)− 2F(wn)dx

− 1
2

∫
RN

x · ∇V1(x)|un|2 + x · ∇V2(x)|vn|2dx

= P(un, vn) → 0.

Then for any (φ1, φ2) ∈ T(un,vn)S(a)× S(b) := {⟨un, φ1⟩2 = ⟨vn, φ2⟩2 = 0}, setting (φ1, φ2) =

(sn ⋆ ψ1, sn ⋆ ψ2), we have

⟨I ′(un, vn), (φ1, φ2)⟩ =
∫

RN
∇un · ∇φ1 +∇vn · ∇φ2dx

+
∫

RN
V1(x)un φ1 + V2(x)vn φ2dx

−
∫

RN
(φ1, φ2) · ∇F(un, vn)dx

= esn(
N+2

2 )
∫

RN
∇ũn(esn x) · ∇φ1 +∇ṽn(esn x) · ∇φ2dx

+ e
sn N

2

∫
RN

V1(x)ũn(esn x)φ1 + V2(x)ṽn(esn x)φ2dx

−
∫

RN
(φ1, φ2) · ∇F(e

sn N
2 ũn(esn x), e

sn N
2 ṽn(esn x))dx
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= e2sn

∫
RN

∇ũn · ∇ψ1 +∇ṽn · ∇ψ2dx

+
∫

RN
V1(e−sn x)ũnψ1 + V2(e−sn x)ṽnψ2dx

− e−
sn N

2

∫
RN

(ψ1, ψ2) · ∇F(e
sn N

2 ũn, e
sn N

2 ṽn)dx

= ⟨I ′(sn ⋆ (ũn, ṽn)), (ψ1, ψ2)⟩
= ⟨Ĩ ′(sn, ũn, ṽn), (0, ψ1, ψ2)⟩. (3.8)

For (φ1, φ2) ∈ T(un,vn)S(a)× S(b) we have∫
RN

ũnψ1dx =
∫

RN
((−sn) ⋆ un)((−sn) ⋆ φ1)dx

=
∫

RN
e−sn Nun(e−sn x)φ1(e−sn x)dx

=
∫

RN
un φ1dx = 0.

A similar calculation implies that∫
RN

ṽnψ2dx =
∫

RN
vn φ2dx = 0.

As a consequence (ψ1, ψ2) ∈ T(ũn,ṽn)S(a)× S(b). By (3.8), we have

⟨I ′|S(a)×S(b)(un, vn), (φ1, φ2)⟩ = o(∥(ψ1, ψ2)∥H), (3.9)

and (2) implies that

|sn| = |sn − 0| ≤ ∥(sn, ũn, ṽn)− (0, ûn, v̂n)∥Y → 0 (3.10)

as n → ∞. Then for n large enough there exist A1, A2 > 0 such that

A1 <
∥(φ1, φ2)∥H
∥(ψ1, ψ2)∥H

< A2,

where (φ1, φ2) ̸= (0, 0). It results in

⟨I ′|S(a)×S(b)(un, vn), (φ1, φ2)⟩ = o(∥(φ1, φ2)∥H).

This completes the proof.

Lemma 3.4. Suppose that (V1), (V2) and (F1)–(F3) hold. Then the sequence {(un, vn)} in Lemma
3.3 is bounded in H.

Proof. We assume that ∥(un, vn)∥H → ∞ as n → ∞. Let zn = (un,vn)
∥(un,vn)∥H , so ∥zn∥H = 1, going if

necessary to a subsequence, we may assume that

zn ⇀ z in H,

zn → z in Lp(RN)× Lq(RN)(2 ≤ p, q < 2∗),

zn(x) → z(x) a.e. x ∈ RN .
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Set Ω = {x ∈ RN : z(x) ̸= (0, 0)}. We claim that meas(Ω) = 0, if not, then meas(Ω) > 0 and
|(un, vn)| → ∞ for a.e. x ∈ Ω. From (F1)− (F3) and Fatou’s lemma, one has

lim inf
n→∞

∫
RN F(un, vn)dx
∥(un, vn)∥2

H
≥ lim inf

n→∞

∫
Ω

F(un, vn)|zn|2
|(un, vn)|2

dx

≥
∫

Ω
lim inf

n→∞

F(un, vn)|zn|2
|(un, vn)|2

dx = ∞. (3.11)

Since I(un, vn) → c, we obtain that

lim inf
n→∞

∫
RN F(un, vn)dx
∥(un, vn)∥2

H
≤ lim sup

n→∞

∫
RN F(un, vn)dx
∥(un, vn)∥2

H

≤ 1
2
− lim inf

n→∞

I(un, vn)

∥(un, vn)∥2
H

→ 1
2

, (3.12)

which contradicts with (3.11). Hence, meas(Ω) = 0, which implies z(x) = (0, 0) for a.e.
x ∈ RN and zn → (0, 0) in Lp(RN)× Lq(RN)(2 ≤ p, q < 2∗).

By (F2) and (F3), we get that there exists C̃1 > 0 satisfying

|F(w)| ≤ C̃1(|w|2+ 4
N + |w|2∗) ≤ 2C̃1|w|2+ 4

N ≤ 2C̃1|w|2, ∀|w| ∈ [0, 1].

Again by (F2) and (F3), there exists M > 0 such that

|F(w)| ≤ C̃1(|w|2+ 4
N + |w|2∗) ≤ M ≤ M|w|2, ∀|w| ∈ [1, R0].

Hence, we know that

|F(w)| ≤ (M + 2C̃1)|w|2, ∀|w| ∈ [0, R0]. (3.13)

By a similar discussion, we can deduce that there exists C̃2 > 0 such that

|w · ∇F(w)| ≤ C̃2|w|2, ∀|w| ∈ [0, R0]. (3.14)

It follows from (3.13) and (3.14) that one gets

|w · ∇F(w)− θF(w)| ≤ C̃|w|2, ∀|w| ∈ [0, R0], (3.15)

where C̃ = C̃2 + θ(M + 2C̃1). Combining with (F3), we deduce that

w · ∇F(w)− θF(w) ≥ −C̃|w|2, ∀|w| ∈ R. (3.16)

Hence, it follows from (3.16) and (V2) that

on(1) =
(θ − 2)I(un, vn)− 2

N P(un, vn)

∥(un, vn)∥2
H

=
Nθ − 2N − 4

2N
+

∫
RN (un, vn) · ∇F(un, vn)− θF(un, vn)dx

∥(un, vn)∥2
H

+
1
N

∫
RN (2V1 + x · ∇V1)|un|2 + (2V2 + x · ∇V2)|vn|2dx

∥(un, vn)∥2
H

≥ Nθ − 2N − 4
2N

− (C̃ +
C̄1 + C̄2

N
)
∫

RN
|zn|2dx → Nθ − 2N − 4

2N
as n → ∞,

which implies that 0 ≥ Nθ−2N−4
2N . This is a contradiction with θ > 2 + 4

N . Therefore, {(un, vn)}
is bounded in H.



16 Z. Z. Fan and G. D. Li

Proof of Theorem 1.1. In view of Lemma 3.3 and Lemma 3.4, there exists (ũ, ṽ) ∈ H such that
(un, vn) ⇀ (ũ, ṽ) in H. Since I ′|S(a)×S(b)(un, vn) → 0 in H−1, Lagrange multiplier’s rule yields
that there exists a sequence {(λ1,n, λ2,n)} ⊂ R × R such that

I ′|S(a)×S(b)(un, vn) = I ′(un, vn)− λ1,n(un, 0)− λ2,n(0, vn) → 0 inH−1, (3.17)

where 
∫

RN
|∇un|2 + V1(x)|un|2 − λ1,n|un|2 − Fu(un, vn)undx = o(∥(un, vn)∥H),∫

RN
|∇vn|2 + V2 (x)|vn|2 − λ2,n |vn|2 − Fv(un, v n)vndx = o(∥(un, vn)∥H),

(3.18)

which implies (λ1,n, λ2,n) is bounded. We may assume there exist λ1, λ2 ∈ R such that
(λ1,n, λ2,n) → (λ1, λ2) as n → ∞. Passing to the limit in (3.18), then (ũ, ṽ) satisfies

∫
RN

|∇ũ|2dx +
∫

RN
V1(x)|ũ|2dx − λ1

∫
RN

|ũ|2dx =
∫

RN
Fu(ũ, ṽ)ũdx,∫

RN
|∇ṽ|2dx +

∫
RN

V2 (x)|ṽ|2dx − λ2

∫
RN

|ṽ|2dx =
∫

RN
Fv(ũ, ṽ)ṽdx.

(3.19)

By Lemma 2.3 and (3.2), we deduce
∫

RN
|∇un −∇ũ|2dx +

∫
RN

V1(x)|un − ũ|2dx = o(∥(un, vn)∥H),∫
RN

|∇vn −∇ṽ|2dx +
∫

RN
V2 (x)|vn − ṽ|2 dx = o(∥(un, vn)∥H).

which implies that (un, vn) → (ũ, ṽ) in H.

Proof of Theorem 1.4. Set c̄ = infK I , where

K = {(u, v) ∈ S(a)× S(b) : I ′|S(a)×S(b)(u, v) = 0}.

Let {(ūn, v̄n)} ⊂ K be a minimizing sequence of c̄. By Lemma 2.4, {(ūn, v̄n)} is also a
Pohožaev–Palais–Smale sequence for I restricted to S(a)× S(b) at the level c̄. It follows from a
similar argument as above, we conduct that there exists (u, v) ∈ H such that (ūn, v̄n) → (u, v)
in H. Thus (u, v) is a ground state solution of system (1.1) so that

I(u, v) = c̄ ≤ m(ρ) <
ρ

8
. (3.20)

Next we prove that the ground state is the local minimizer. In fact, for any t > 0, let

Ψ(u,v)(t) = I(t ◦ u, t ◦ v) =
t2

2

∫
RN

|∇u|2 + |∇v|2dx +
1
2

∫
RN

V1

( x
t

)
|u|2 + V2

( x
t

)
|v|2dx

− 1
tN

∫
RN

F(t
N
2 u, t

N
2 v)dx.

From Theorem 1.1, we are aware that Ψ′
(u,v)(t) possesses at least two zero points. On the other

hand, through a standard computation, we find that

Ψ′′
(u,v)(t) =

∫
RN

|∇u|2 + |∇v|2dx +
1
2

∫
RN

L1

(
1
t

)
|u|2 + L2

(
1
t

)
|v|2dx

− N
2

∫
RN

g(t
N
2 u, t

N
2 v)|(u, v)|2+ 4

N dx.
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According to (F4) and (V3), Ψ′′
(u,v)(t) is monotonically decreasing on (0,+∞). Thus Ψ′

(u,v)(t)
only has two zero points, denoted as t+

(u,v) and t−
(u,v), with 0 < t+

(u,v) < t−
(u,v). Additionally, we

have (t+
(u,v) ◦ u, t+

(u,v) ◦ v) ∈ B(ρ) and

I(t+
(u,v) ◦ u, t+

(u,v) ◦ v) <
ρ

8
< I(t−

(u,v) ◦ u, t−
(u,v) ◦ v).

Since (u, v) ∈ K and (3.20), we have t+
(u,v) = 1, which implies (u, v) ∈ B(ρ). Thus c̄ = I(u, v) ≥

m(ρ) ≥ c̄. It follows that (u, v) is the local minimizer.
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