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Abstract. This paper is devoted to the study of semi-stable radial solutions u € H'(B;)
of —Au = |x|*f(u) in By \ {0}, where f € C!(R) is a general nonlinearity, « > —2 and
By is the unit ball of RN, N > 1. We establish the boundedness of such solutions for
dimensions 2 < N < 10 + 4« and sharp pointwise estimates in the case N > 10 + 4«. In
addition, we provide, for this range of dimensions, a large family of semi-stable radially
decreasing unbounded H'(B;) solutions.
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1 Introduction

This paper deals with the semi-stability of radial solutions u € H!(B;) of
—Au = |x|*f(u) in By \ {0}, P)

where x = (x1,...,xN) and B; the unit ball of RN with measure wy/N for N > 1. In the
whole paper we assume a > —2, and f € C!(R). We deal with the regularity of semi-
stable radially symmetric energy solutions u € H'(B;) of (P). Denoting by r := |x| standard
arguments show that these radial solutions u = u(|x|) = u(r) are continuous in r € (0,1]

and can be viewed as classical solutions. We denote as usual u, := <x"z|”> and constants by

capital letters C,K, C’,K’ ... that may vary throughout the discussion and computations, with
subscripts that determine the dependence of the constants on other parameters.
The equation (P) corresponds to the Euler-Lagrange equation of the energy functional

E(u) = /B <’V2”’2 _ |x|“P(u)> dx, (1.1)

where F(t) = fot f(s)ds. Since f € C}(R) and u is continuous, then f’(u) is continuous. It is
meaningful to call a solution u € H'(B;) semi-stable if the second variation of the energy is
nonnegative definite, i.e.,

PE(9.9) = [ (VP ~ xl*f (w)g?) dx >0, (1.2
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for all ¢ € C'(B;) with compact support in B; \ {0}.

Equation (P) can be regarded as a generalized version of the so called Hardy—-Hénon equa-
tion which corresponds to power-type nonlinearity f(u) = |u|P~'u. That equation is in partic-
ular called the Lane-Emden equation in the autonomous case & = 0. Another nomenclature
has been used for f(u) = ¢, the Hénon-Gelfand problem.

The study of this problem is preceded by the study of the so called Hénon equation whose
origins goes back to the celebrated work of S. Chandrasekhar [3, Chapter IV, 87-88] on the
stellar structure in polytropic equilibrium in astrophysics.

The pioneering contribution in the autonomous case « = 0 is due to [12] where the authors
prove that for power-type nonlinearity f(u) = |u|P~!u and posed in the whole space RY, there
is no positive solution for p € (1, ps(N)), where pg(N) :=2* —1 = {2 if N < 3and ps =
if N < 2 is the classical critical Sobolev exponent.

For p = ps(N), the same equation is known to have (up to translation and rescaling) a
unique positive solution, which is radial and explicit (see [2]).

Let now pjr.(N) > ps(N) denote the so called Joseph-Lundgren exponent:

™) {+oo if N <10,
PIL = ) (N-22—4N+8VN-1 .
N N >1L

This exponent can be characterized as follows: for p > ps(n), the explicit function
us(x) = Cpn|x| 7~ 7T for an appropriate constant C, y depending only on p and N, is a sin-
gular solution of the Lane-Emden equation, which is stable if and only if p > p; (N). It
was proved in [9] that Lane-Emden equation has no nontrivial finite Morse index solution
whenever 1 < p < pj.(N), p # ps(N). Through the application of some blow-up analysis
technique, such Liouville-type theorems imply interior regularity for solutions of a large class
of semilinear elliptic equations: they are known to be equivalent to universal estimates for
solutions of

—Lu = f(x,u,Vu) inQ, (1.3)

where L is a uniformly elliptic operator with smooth coefficients, the nonlinearity f scales like
lu|P~1u for large values of u, and () is an open set of RY. For precise statements, see the work
[17] in the subcritical setting, as well as its adaptation to the supercritical case by [6].

In [10], the authors consider Liouville-type theorems for Hénon-Lane-Emden systems, as
well as solutions of the fourth-order Hénon equation with finite Morse index.

For the Hénon-Hardy equation (i.e. « # 0, f(u) = |u|P~'u), there are also an extensive
literature. In [5], the authors show the following:

Theorem 1.1 (Dancer, Du, Guo [5])). Let u be a stable solution of the Hénon—Hardy equation with
x> =2, Q0 = RN, and one of the following hypothesis is true: 2 < N < 10+ 4a and p > 1; or
N >10+4aand 1 < p < pj(N, a); where we have defined

+oo if2 < N <10+ 4a,

P]L(N/‘X) T Y (N-2)2-2(a+2)(a+N)+24/(a+2)3(a+2N-2) .
(N—2)(N—4a—10) if N >10+4a.

Then u = 0. On the contrary, for p > pjL(N, ) the equation admits a family of radially symmetric
positive stable solutions.

These results were later generalized in [19] for sign-changing solutions where the authors
also proved that assuming 0 € (), no weak solution exists for « < —2. As they remark in
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their proof, the result remains valid for any positive, convex and nondecreasing nonlinearity
f. This indicates that the case « < —2 carries additional pathological behavior, highlighting
the necessity of avoiding that values for a. For a > —2, QO = RY they also prove the following
two results:

(i) If 2 < N < 10 + 4a, there is no weak stable solution of the Gelfand-Hénon equation.

(i) If 2 < N < 10+ 4a~ where a~ = min{a, 0}, then any weak solution of the Gelfand-
Hénon equation has infinite Morse index.

Remark 1.2. The dimension range 2 < N < 10 + 4« is optimal, since for N > 10 4 4«
u(x) = —(2+ ) log || +log[(2+a)(N —2)],
is a radial stable weak solution to the Gelfand—Hénon equation.

For analogous recent results in the fractional /non local setting we refer to [8,11,13-15] and
even with a Hardy potential term |x|~%u on the right-hand side [16] or concerning systems
[4,7] and references therein.

In our case, we are mainly concerned with the regularity of semi-stable radial solutions
of the general Hénon-Hardy equation, although we think that our results can be further
developed in several directions involving extensions of what is known in the autonomous
case. For instance, it would be interesting to investigate the existence and regularity of a
critical solution of the equation —Au = A|x|*f(u) with the appropriate set of hypothesis
over « and f in the spirit of [1]. The content is developed through a series of lemmas and
propositions, arriving at the end to the proof of the theorem stated at the beginning of the
next section.

2 Statement of the main result and steps of the proof

We directly proceed to state the main result of the paper: a classification of the behavior of
semi-stable radial solutions of (P) depending on the dimension.

Theorem 2.1. Let N > 2, f € C}(R), a > —2 and u € H'(By) be a semi-stable radial solution of
(P). Then there exists a constant C, N depending only on a and N such that:

(i) if N <10 + 4a, then |[u||p~(p,) < Ca,NH”HHl(B]\m)/’
(i) if N =10 + 4w, then |u(r)| < Cojo+4alltell g p,\5,,) (Ilogr| +1), Vr € (0,1];

(iii) if N > 10+ 4a, then |u(r)| < Conl[ull (g5 "N, Vr € (0,1],

where we have defined the exponent y(N,a) :=2—N/2+a/2+ /(a +2)(a +2N —2)/2.

Remark 2.2. Observe that y(N,a) = 0 if and only if N = 10 + 4« and (N, «) < 0 if and only
if N > 10+ 4w so that the pointwise estimates ii) and iii) do not give rise to boundedness
of u.

We shall divide the proof in several lemmas and propositions.
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Lemma 2.3. Let N > 2, f € C}(R), « > —2 and u € H'(By) be a semi-stable radial solution of (P).
Let v € C%(0,1] such that v(1) = 0. Then

/r: N2 (1) (v’(t)2 + avl(t)tv(t) + (1 ~N-— (XN> ”<t>2> dt >0, 2.1)

2 £2

for every rg € (0,1).

Proof. Assume, as a first step, that v € C®(0,1) has compact support and v = 0 in (0, ro| (later

we will prove it for any v € C%1(0,1] with v(1) = 0). Differentiating (P) with respect to r we
obtain

N-1
U = ar™ L (u) 4+ 7 (u)u,.

Multiplying by the radial function u,v* and integrating by parts yields

(=Au), = —Au, +

/B1 <VurV(u,vz) + Nr; 1u302> dx = /B1 (zxr”‘_lf(u) + r"‘f’(u)ur) u,v*dx.

Therefore

/ (vz\Vur\z +2u,oVu,Vo + Nr; 1u302> dx = / <ocr"‘_1f(u)u,v2 + r"‘f’(u)u%vz> dx. (2.2)
Bl Bl

On the other hand, since u is stable, we can consider the radial function u,v (which is a
C!(By) function with compact support in B; \ {0}) obtaining

/ |V (u,0))?dx > / r* f'(u) (u,0)*dx. (2.3)
B1 Bl
Subtracting (2.2) from (2.3) we can assert that
-1
/ (ufv% _N 5 u%vz> > —uc/ L (u)u,vdx. (24)
By r By

Let us expand this last term:

2 1 _ >
/ raflf(u)uﬂﬂdx :/ (_Au)%dx — CUN/ tN*l <_u7’7’ - I\]lur> u, v dt
By B T Yo

t t
w 1 l w 1
=-- (tZN—%t%) tNoZdt = —N/ N2 (1 No?) dt
2 o 2 70

1 —Nu2v?  uod
=w gN-1 r r dt.
N /ro ( 2 # " t >

Combining this and (2.4) we obtain

T N-1 L =Nu2v? oo
wN/rotN1<u$v'2— 2 u%vz>dt2—u¢wN/ tN1< > ;2 + )dt,

1o t

which is the desired conclusion.

In fact, by standard density arguments, the above formula is also true if we consider a
C%1(0,1] function vanishing in (0, 7] U {1}.
Now, for the sake of clarity of the exposition let us denote

I(a,b;v) := /ﬂb Nl () (v’(t)2 + MAQLIO) + <1 —~N-— aN) U(t)z> dt. 2.5)

t
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For an arbitrary v € C%1(0,1] vanishing at t = 1, we define a radial truncated function

0 fo<t<e,
Te(t) = Z;(Er_og(t —e) ife<t<ry, (2.6)
v(t) ifro<t<1,

for any 0 < & < ro. Now, applying the first step of the lemma to the function @, we have that
I(¢,1;7¢) > 0 and thus

I(ro,1;0) > —I(g,r0; 3¢)

:_(Zﬁﬂ)zlmﬂhwxwzP+wt;€+<1—N—ag><ﬁ;djdt

Observe that since u € H'(B;) the whole right hand side is uniformly bounded for € € (0, ).
Therefore

Hmﬂw)2—hmﬂam@):—<dmv20+@(1—g>/mw1%0?&2&

e—0 Tro 0

as we claimed. O

Remark 2.4. In the last step, it is shown that the assumption u € H'(B;) is essential. Indeed,
it is well known (see for instance [1]), that there exists semi-stable weak solutions to —Au =

Cn,g(1+ u)qT in B; of the form u(x) = |x|7 —1 such that u ¢ H'(B;) in the range g €
(-¥+2-vN-1, -§+1],N>3.

Proposition 2.5. Let N > 2, f € C}(R), « > —2 and u € H'(By) be a non constant semi-stable
radial solution of (P). Then u, # 0in (0,1].

Proof. Assume by contradiction that there exists r; € (0,1] such that u,(r;) = 0. From
u € HY(By), f € C}(R) and the radial symmetry we know that u(r) € C3((0,1]). Thus,
in particular there is a constant C,, > 0 such that |u,(r)| < C,,|r — r1| for any r € [r1/2,r1]. On
the other hand, we take the following test function

L if0<t<r—g
o(t)=q8= ifrn—e<t<n,
0 ifry<t<i1,

with 0 < & < r1/2. Applying Lemma 2.3 we have that —I(rg, 11 — & v) < I(r1 —¢,r1;v) for any
0 < rg < r1 — €. Therefore

_ (ﬁis)z /0 N T2(4) (2 + ) (1 - ) dt
</ﬁtNHﬂm[Lﬂﬁﬁ;ﬂ+(1—N—aN>U“%f]w

- &2 2 12

<:K/) dt<1<c2/r1 U_¢Q2m kG .
ri—e€ €2 3

Taking limit as ¢ — 0 we have that

T
-Qk2+m(1—g>/"ﬁ’Wﬂﬂmgo,

1’1 ro
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that implies that u, = 0 in [rg,r1] if N > 2. By the uniqueness of the corresponding Cauchy
problem, u, = 0 in (0, 1] which gives the contradiction for N > 2. Finally, if N = 2 we change
the test function by

B
t .
(rrs) fo<t<r —e
o(t) = § n=t ifri—e<t<m,
0 ifrp <t<1,

with B € R to be chosen later. With similar arguments we can conclude

T
%ﬁ(ﬁ -1 (B+a+1) / NSL26-2,2 () gp < 0,
1’1 ro

Choosing any B € (—1 —«, 1), we obtain u, = 0 in [rg, 7] which is again a contradiction.  [J

Lemma 2.6. Let N > 2, f € C}(R), a > —2 and u € H'(By) be a non constant semi-stable radial
solution of (P). Then

3= Ntat+y/(2+a)(2N—2+0)

4

T
5 2
/r 10t < Kan | Vulliz g g7

forany r € (0,1].
Proof. We first consider the case 0 < r < 1/2 and define

1t fo<t<r,
o(t) =¥ ifr<t<1/2,
25(1—t) if1/2<t<1

with s € R to be determined. By Lemma 2.3 applied for ro = r/2, we have
r N
0< r25_2/ tNT2(8) (2 + a) (1 - > dt
r/2 2
1/2 N
+ / tNT3H22(1) <52 +as+1—N— zx2> dt
r

1 o . 2
+ Nl () 227 [1 —txl ; t+ (1 —N—aI;]) <1tt> ] dt.

1/2

Choosing s, = —a/2 — /(2 +a)(2N — 2+ «)/2, the second term is indeed zero. Therefore,
we deduce

a2 1 N-1 2 _N
r N () (2+aw) (1 dt
r/2 2

1 o o 2
< / thlug(t) 2272s,k [1 _ le t + (1 —_ N— aN> <1t> ] dt.
1/2 t 2 t
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As a result

e [ (O e (15 ) a

25, —2 ' N-1 2 _ N
<r t “H(24a) (1 dt
r/2 2

1 1— 1—+\2
g/ N1y (1) 2272 Ly PR CEPVAR Y (L Iy
1/2 t 2 t

1
<C N"L2(Hdt,
1/2

Finally, we obtain

2+a)(1-5) 250 —3+N
_ SN 72503+ /r/z ( )dt < —HVMHLZ (B\Bi73)

which is the desired conclusion if N > 2. If N = 2, we change the test function by

rolmeBth ifo<t<r,
o(t) =t 1@ ifr <t<1/2,
22t%(1—t) if1/2<t<1.

with B € (=1 —«, 1) as in the previous proposition. We have

e [ ) (B 1)(B+a+ 1) dt

1 1—t 1—t)\?
< tu(H) 242 |1 —a=—— — (1 + <> dt,
< [ 1o [ = (1)

that gives the desired conclusion once the same argument as above is employed for the last
integral.

On the other hand, let us call R,y a constant such that 0 < R,y < r>"N=2% for all
r € [1/2,1]. Hence, applying the above conclusion for r = 1/2

r 1/2 1
/ W2(1)dt < / 2(tdt+ [ A (t)dt
r/2 1

/4 1/2

1 3—N-2s,
= Kan <2) HVMHLZ (Bi\Bijz) T HV HLZ (B1\B12)

1 3—N—-2s, 1
= Ka,N (2> + C(JiN ||VM||L2 (B1\By,2)

1 1 37N725m
K _
o)

<
Rtx,N
giving rise to the same conclusion again. O

HquLZ Bl\Bl/z)rf%foZSa,

Proposition 2.7. Let N > 2, f € CY(R), « > —2 and u € H'(By) be a non constant semi-stable
radial solution of (P). Then

_ - \/7_
|u(r) u(r/Z)] < K;,NHVLIHLZ(Bl\Bl/Z) 72 N/2+a/2++/(2+a)(2N 2+o¢)/2,
forallr € (0,1].
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Proof. Fix r € (0,1/2), using the Cauchy-Schwarz inequality and Lemma 2.6, we have the
following chain of inequalities:

lu(r) — u(r/2)| = ’//2 () dt‘ < //2 (1) dt < <//2 uf(t)dt>m <//2 dt>l/2

3-Ntaty/Qra)@N-2t) [T\ 3
< KaN[1Vull 25,0557 : (E)
- K/ v 4-N+at+/(2+a) 2N-2+a) ]
u r 2 .
NH HLz (B1\B1/2)

Proof of Theorem 2.1. Following the reasoning of [18], let r € (0,1], there exists r; € (1/2,1]
such that r = r1 /2™~ for some m € IN. By Sobolev embedding in dimension one we observe
that M(Tl) é ||u”Loo(Bl\Bl/2) S ENHuHHl(Bl\m)' Therefore

|u<r>r§|u<r1>—u<r>r+\u<n>|smzl\u(zlil) u (55 ) |+ lu(ry)
_ ++/(2+a)2N—2+a)

E
< KoVl 26, 57 Z C=) + s 1l g1 (5,157

(24+a)(2N—2+«)

R e e
< (K”N v (525) +5N> 2l 11 52 2.7)

* If2< N <10+4a, wehave2 — N/2+a/2++/(2+a)(2N —2+a)/2 > 0. Then

mol o p N2 4a/2+4/(2+a) 2N-24a) /2 @ 1 \ 2~ 2H+e/24y/(2+a)(2N-2+4)/2
v (54) <Y (7)
=27 21~

1
which is a convergent series. Hence, equation (2.7) implies statement i) of the theorem.

7

o If N=10+4a, we have 2 — N/2+a/2+/(2+a)(2N —2+a)/2 = 0. From (2.7) we
obtain

u(r)] < (Kin (m = 1) + sn) [l 1 8,\37,7)

logr1 —logr
_ < ;,N <10g2> +5N> ’|u||H1(Bl\m)

KN
< log 2 ([logr| + 1) [[ull g1 (p,\Br72)-

which proves statement ii).

e Finally, if N > 10 +4a, we have 2 — N/2+a/2+ /(2 +a)(2N —2 +a)/2 < 0. Then

— 2+a0)2N—2+4) _N_a VEH)@N-2+a)
.mil ( " 2_g+%+ (2+a)(22N 2+a) 727%4,%4', 5 - ? > +2+ )
y 2i—1 ) - (2+a) 2N—2+a)
i=1 (1 /2) tet—r——— 1

From this and again (2.7), we deduce

K; N o_N_ua (2+a)(2N—2+a)
— Ny VRO .
= (1/2)2—M+ /e R A i HuHHl(Bl\Bl/z)’

which completes the proof. O
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3 Optimality of Theorem 2.1

These a priori estimates are indeed optimal as one can see with the following examples:

e If N = 10 + 4a, then the function u(x) = |log|x|| is a solution to the Hénon-Gelfand
equation
—Au = (N —2)|x|*¢*?>™) in B \ {0},

such that |x|*f'(u) = %. This implies that the stability inequality (1.2) attaining

exactly the optimal Hardy constant and hence it is a stable solution.

e If N > 10 + 4a, recall that we have that for any « > —2, y(a, N) < 0. We consider the
function u(|x|) = |x|” — 1 for any

y(a, N) <9 <0, (3.1)
which is the solution to the power-type equation
~tu = [ (=) (r + N =2) 1+ in B\ {0},

In this case

() = (SYFEEDIENZD) 62)

Taking into account (3.1), (3.2) and comparing again the stability inequality (1.2) with
the hardy inequality, the constants satisfies:

(—v+w+2)<v+N—2>s(N;2)2,

implying the stability of u.
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