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Abstract. In this work, our objective is to study the operators involving the nonstan-
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1 Introduction

In this paper, our objective is to study the operators with unbalanced growth of (p, q) type. We

first study the problems involving double phase operator and supercritical growth in the sense
of Sobolev embedding. Precisely, we establish an existence result for the following problem

—Apu —div(a(x)|Vu|T2Vu) = [u] 2u+ plul*?u inQ, P,

u=~0 on 0(), "

where QO C RY is a bounded domain with Lipschitz boundary, N > 2,1 < s < p < g <
r,N > pand 0 < a(x) € L*(Q). Note that there is no control on r from above and hence r can
take values greater than p* = NN—fp which is a critical exponent for the compact embeddings
of Musielak-Orlicz spaces (see Proposition 2.15 in [5]). The operator involved in the problem
(Py) is known as double phase operator. The behaviour of this operator switches between two
different elliptic situations depending on the values of the weight function a : QO — [0, c0). In
other words, the operator is called as double phase operator as on the set {x € Q : a(x) =0}
it will be controlled by the gradient of order p and in {x € ) : a(x) # 0} it is the gradient of

order q.
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Firstly, Zhikov [21] introduced such classes of operators in order to describe models of
strongly anisotropic materials, see also [8,22,23] and the monograph [24]. The energy func-
tional corresponding to this operator is

s /Q(\wyv +a(x)|Vul7) dx,

where the integrand H (x, ¢) := ||V + a(x)|&|? for all (x,&) € Q x RN has unbounded growth,
ie.
&P < H(x,&) < b(1+|¢]7) forae. x € Qand forall & € RY,

with b > 0. This functional is also related to non-Newtonian fluids, see [11,14,19]. Due to
unbalanced growth of the integrand, the appropriate space to deal of this class of problems is
generalized Orlicz and generalized Orlicz-Sobolev spaces, see [5,11,18].

The problem (P,) has concave-convex non-linearity. In this direction, a very first work has
been done by Ambrosetti, Brézis and Cerami in [1] where authors have proved the existence
of at least two positive solutions with the non-linearity u” + Auf? satisfying 0 < g < 1 < p.
The result in [1] received a lot of attention because there was no control on p from the above.
There are numerous results, when p < 2%, the existence of infinitely many solutions was
established for an appropriate choice of A. We refer interested readers to see [2,4,6,10] also
for concave-convex problems with supercritical growth in bounded domains for the existence
of infinitely many solutions. In [3] authors discussed the mixed local-nonlocal operator with
concave-convex nonlinearities of sublinear and critical growth and are interested in proving
one or more positive weak solutions. To show an existence result for the problem (P,), we
used a variational principle discussed in [15].

Secondly, following the variational principle developed for (P,) we show the existence of
a solution for a sublinear problem having a competing Laplacian operators. We consider the
following problem with homogeneous Dirichlet boundary and sublinear growth condition

—Au+Aju=Aul*2u in Q,
{ ! (P»)

u=20 on 0(),

where () C RY is a bounded domain with Lipschitz boundary, N > 3 and 1 < s < 2 < g.
Note that the left hand side of the (P,) is in the divergence form —Au + Aju = —div(a(|Vul))
with a(t) =t — t7 for all t > 0. The ellipticity condition for an operator in divergence form
—div(a(|Vul|)) is to have a(t) > 0 for all t > 0 which is not satisfied in the case of a(t) = t> — #1.
Thus the ellipticity is lost for the operator in problem (P, ). For this reason, we call the operator
—Au + Aju as competing (2, q) Laplacian operator. There is not a very rich literature available
for this class of problems. The competing (2,q) Laplacian operator with concave-convex type
nonlinearity involving supercritical growth is discussed in [16]. Interested readers can find
the works of [12,17] dealing with general competing (p, q) Laplacian operator with 1 < p < g.

1.1 Main results

In this paper, we are dealing with operators having nonstandard growth with two types of
nonlinearities: supercritical and sublinear. We prove the following result related to the prob-
lem (P,).

Theorem 1.1. Assume that 1 < s < p < q < r. Then there exists u* > 0 such that for each
u € (0, u*), problem (P,) has at least one non-negative solution with negative energy.
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Finally, the main result concerning problem (P,) is the following.

Theorem 1.2. There exists a A* > 0 such that the problem (P,) has a non-negative solution for
0 <A <AL

The outline of the paper is as follows. In Section 2, we give a formal introduction of the
appropriate spaces to study the problem (P,), which are known as Musielak-Orlicz spaces
along with an abstract variational principle on closed convex sets and apriori estimate for
the weak solutions of the problem (P,). In Section 3, we establish Theorem 1.1 by proving
some technical lemma. We conclude the paper by studying a competing Laplacian problem
in Section 4.

2 Musielak-Orlicz spaces and variational principle

In this section, we recall the main properties of the Musielak—Orlicz spaces along with their
suitable embeddings. We also establish the variational setup for the problem (P,). To this end,
we suppose that () C RN, N > 2, is a bounded domain with Lipschitz boundary dQ). For any
s € [1,00), we denote by L*(Q)) and W,*(Q) the usual Lebesgue and Sobolev spaces with the
norm || - [|s and || - |15, respectively. Moreover, the Sobolev space W,*(Q) is equipped with an
equivalent norm as ||V - ||;.

Recall that the function H: Q x [0,00) — [0,00), involving concave-convex terms, is de-
fined as

H(x,t) =P +a(x)t.
Define the space L7 (Q) by
L7(Q) = {u: O — R measurable function : o3 (1) < o}
and supplied with the Luxemburg norm
u
=i : )<
[ mf{r >0 oy (T) < 1},

where the function ¢y is given by

onu) = [ H(x ul)dx = [ (|ul” +a(x)lul?) dx.
Furthermore, the space W7 (Q) is defined as
WIH(Q) = {u e L*(Q) : |Vul € LH(Q)}
equipped with the norm
el = 1Vl 4 (el 2,

where ||Vullyy = |||Vul|||%. As usual, we denote by Wé'H(Q) the completion of CZ(Q)) in
WL(Q). From [11], as 1 < p < g, the norms ||u|;% and ||Vu||3 are equivalent norms on
WS’H(Q). It is worth recalling (see [5], [11]) that the spaces L*(Q)), W!*(Q)) and WS’H(Q) are
reflexive Banach spaces. We refer the interested readers to see [5],[11] and references therein
for the results related with embeddings of Musielak—Orlicz space. Let us recall the following
notions of differentiability on Banach spaces.
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Definition 2.1 (Gateaux and Fréchet differentiability). Let X and Y be Banach spaces and let
F: X — Y. We say that F is Gateaux differentiable at x € X if there exists a linear map
DF(x) : X — Y such that

lim F(x +th) — F(x)
t—0 t

— DF(x)[h], VheX.

The functional F is Fréchet differentiable at x if there exists a bounded linear operator DF(x)
satisfying

[ECx+h) — F(x) = DE()[A]lly _

]l x—0 11l '

Remark 2.2. We say F is a class of C!(X,R) if and only if F is Fréchet differentiable on X and
DF : X — X* is continuous.

Now consider the Banach space W = W,"(Q) N L’ (Q) equipped with the following norm
lllw = [lellyor + [l (@)-
Next we define the weak solution for the problem (P,,).

Definition 2.3 (Weak solution). We say u € WV is a weak solution to problem (P,), if
/ (|VulP2VuVo +a(x)|Vul1"2VuVo) dx = / (|| 2uv + plul*2uv) dx
Q Q

forallv € W.

Let ] : W — R be the Euler-Lagrange functional corresponding to (P,),
T(u) = 1/ VulP dx + 1/ a(x)|Vul? dx — 1/ ulrdx =2 [ jufax
pJa q Ja rJa s Ja

Define @ : W — R by
D) = 1/ uldx+ £ [ s,
rJo s JO
where ® € C!(W, R) and
(D®(u),v) :/ |u|r’2uvdx+y/ lul*"2uv dx, (2.1)
0 0

where (-, -) is duality pairing between W and its dual. Define the function ¥ : W — R by

¥ (u) :1/ |vu|r’dx+1/ a(x) |Vl dx,
pJo g Ja

where Y is Gateaux differentiable. The restriction on ¥ to a weakly closed and convex subset
K of W is denoted by Yk and defined by

‘PK(M) =

{‘F(u) if u € K, 22)

+oo ifu ¢ K.
Finally, let us introduce the functional Jx : W — (—oo, +0c0| defined by
Jk(u) = ¥ (u) — d(u).

As in [20], we have the following definition of critical points of Jx.
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Definition 2.4. A point u € )V is said to be a critical point of Jx if Jx(u) € R and it satisfies
the following inequality,

(D®(u),u —v) +¥Yx(v) —¥x(u) >0 Voe W.
Using convexity of Yk, it is easy to show the following result (see [20]).

Proposition 2.5. If Jx is a proper, convex and lower semi continuous functional, then each local
minimum is necessarily a critical point of J.

Inspired by [15] and [16], we have the following result.
Theorem 2.6. Let K be a convex and weakly closed subset of WW. If the following two assertions hold

(i) The functional Jx : W — R U {400} defined by Jx(u) = ¥x(u) — ®(u) has a critical point
il € W as in Definition 2.4 and

(ii) there exists © € K such that
—A,0 — div(a(x)|V3|12V5) = DP(),
in the weak sense and in the sense of (2.1), then it € K is a solution of the equation
—Apu — div(a(x)|Vu|T2Vu) = ulu|"" + pulul*~2.
Proof. Since i is a critical point of Jx(u), it follows from Definition 2.4 that
Yx(v) —Yk(it) > (D®(i),v—ii) YoeW,
where (D®(i1),v — i) = [, (|i|" "2 + p|i|*~2i) (v — it) dx which leads to

p/ IVolP dx + = / |Vv|‘7dx—p/ (Val? dx

—;/Qa(x)\VﬁW dx > (D®(),0 — il).

Now by second assumption of Theorem 2.6, there exists 7 € K such that
/Q (IV5P2V5 + a(x)| V5|7 2V5) Vhdx = /Q (a2 + plaf~2a) hdx  Vh e W.
Puth=9—1
/Q (|V|P~2V5 + a(x)|Vo|12V0) (Vo — Vi) dx = /Q (|a|"~%a + pla|*%a) (o —a) dx. (2.4)

Put v = 7 in (2.3) and combine with (2.4) to obtain

o (93 = 19ap) dxt 2 [ () Vol — (V) dx
p (2.5)
2/ (IV3]P-2V5 + a(x)|Vo|~2V5) (Vo — Vi) dx
Q
On the other hand, by the convexity of ¥, we get
o (war = (vop) dxt 2 [ () (Vap - Vol dx
p (2.6)

2/ (IV3]P-2V5 + a(x)|Vo|"2V5) (Vi — V5) dx
Q
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which by (2.5) and (2.6) results into

1 1
= (el - |val)d f/ Vol — |Vil7)d
[ vor = valryax+ L [ ao) (Ve - (Va) dx

2.7)
= /Q (IVo|P~2Vo + a(x)|Vo|T2V0) (Vo — Vi) dx.

Note that |t |¥ < |ta|® + x(|t1|*72t1,t1 — t2) for k > 1 with strict inequality whenever t; # t,.
Suppose t; # t then apply this inequality for x = p and after substituting t; = V& and
t, = Vii, we get

;|Vﬁyr’—;|ww < (|V3P-2V3, Vo — V). 2.9)
Similarly, for ¥ = g,

1 1

g\ww— 5|Vaw < {|V3|172V5,Vd — Vii). (2.9)

Since a(x) > 0, we multiply (2.9) by a(x) and add it to (2.8). This gives,
1, 1, 1 1 D~ g _
E!Vv\”—;|Vu|p+a(x) 5\VU|‘7—5|VM\‘7 <(|Vo|P~*Vo+ |Vo|T“V5,Vi— Vii).

Thus,

1 1
= (vl - |valP) d f/ V|7 — |val?)d
[ Vol = 9a) x4 [ ax) Vol - (Vap) dx

(2.10)
< /Q (|Vo|P~2V5 + a(x)|Vo|12V0) (Vo — Vi) dx.

Moreover, (2.10) implies that equality occurs only if V& = Vii a.e. in Q). Since 7,1 € W&’H, it
follows that 7 = . O

In order to find the weakly closed convex subset K, we need apriori estimates for the weak
solutions of the double phase operator. In [8], [13] and Proposition 3.2 of [19], authors have
applied the Moser’s iteration for the apriori estimate of the weak solutions of double phase
operator. Following [9], we present a different proof of the estimate.

Theorem 2.7. Let f € L®(Q). If u € Wy (Q) is the weak solution of the problem

—Apu — div(a(x)|Vul|T2Vu) = f(x) inQ,
u=20 in 0Q),

where 1 < p < g < Nand 0 < a(x) € L}(Q), then
%1
Collulle= < £l -
Proof. Let t > 0 be a fixed real number and define

0<s<t,
(s—t) t<s<t+h,
t+h <s,

On(s) =

_ = O
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and 0,(—s) = —0,(s). Let u(t) = |[{x € Q : |u(x)| > t}| # 0 and for every h > 0, we define
Ey,={xe€Q:t<|u(x)| <t+h}. We observe that

/Q \VulP2VuVe,(u) dx < /Q(ywv’—Zw +a(x)|Vu|T"2Vu) Ve, (u) dx (2.11)
and

/ IV ulP 2V UV 6, (1) dx = / VP dx = hP~! / V6, ()| dox. 2.12)
Q h JE, E,

Now using Holder’s inequality, we have

</Q V()] dx>P - (/Eh VV@h(”)WX) |Enl" (2.13)

By (2.11), (2.12) and (2.13)

p—1
(/ V6, (u ydx) < ’Ehhp'l /Q(\Vu]p_ZVu+a(x)|Vu!q_2Vu)V0h(u)dx.

Since u € Wg’H(O) C W, (Q), by Sobolev embedding W1(Q) < L~ (Q)), we get

1 PIE, |P—1
10n(u)])Py < cl 'I\Z‘l il /Q(\Vu]’”’ZVu—i—a(x)\Vu\q’ZVu)VGh(u)dx. (2.14)
N-1
On the other hand,
[ F@ ) dx < £l [ 10 dx < o) @15

Now combine (2.14) and (2.15),

C(1,N)P|E,|P~1
oty < SLPOIE o ),

Since (t) is a decreasing function, it is differentiable almost everywhere. Hence, by taking
the limit as 1 — 0,

u(t) " < O, NYP (= (8)P V()| oo
1< (1, N) P () T (1) |1

On integrating both sides from 0 to ¢, we have

P
t( (p—DN ) ‘Q‘pw< y()ppm<0
C(1,N)7 T £ f-

4
—1

-
This is the case when u(t) # 0. If, for some ¢t > WKI\ TN ||f||Loo , then p(t) =
Thus, by definition of y(t), we conclude that

1
lullee < Coll Il

L
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Now we can define the required closed convex subset K C Wg’H as,
KR)={ueWnL®(Q) : ||u|~ <R}
for some R > 0 to be determined later.
Lemma 2.8. Let R > 0. The set
K(R) = {u € WAL™(Q) : ulli~ < R}
is weakly closed subset of VV.

Proof. In order to show that its weakly closed, we suppose {u]-};?‘;l be a sequence in K such
that
u; —u weakly in WNL*(Q).

Then in particular, u; — u weakly in Wol’H also. By using compact embedding W&’% =
L™(Q) for all T € [p, p*), we get uj — u in L7(Q)). Then, there exists a subsequence of u; , call
it u; again, such that

uj—u ae in.

However, {u;}?2; C K, so ||uj|[r~ < R. Further taking j — oo, we have [Ju||~ < R. O

3 Proof of Theorem 1.1

In this section, we study the double phase operator with supercritical growth (P,). To prove
Theorem 1.1, we present the following lemma addressing condition (ii) of Theorem 2.6.

Lemma 3.1. Let 1 < s < p < g < r. Then there exists y* > 0 and R > 0 with i € K(R) we have
—Ayo —div(a(x)|Vo|T2Vo) = ala|" "> + pa|al* >
for some v € K(R) and for each u € (0, u*).

Proof. Let g(x) = i|a|"~2 + pit|@t)*~2. Since @1 € K(R) we have ¢ € L®(Q)). Now define
1 1
— = [ |Vulrd f/ vm—/ dx.
QU =1 [ [VuP ] [ atorvultax— [ g

The functional Q is well defined on Wy (Q) due to the continuous embedding of W, (Q)
into L'(Q)) and admits its infimum at some v € WS’H(Q) which satisfies

—Apv — div(a(x)|Vo|72Vo) = g(x) = D® (1)
in the weak sense. Since right hand side is in L*((}), by Theorem 2.7, we have

1
p—1

1
ol < Collgllfuiqy < Co (R + pR™)

Since p — 1 < r — 1, choose R small enough such that R"~! < %(C%)”_l. For this chosen R, we

can choose y* such that y* = ZRC%: which gives u*RS7! = % Thus we have R"~! + uRs~1 <

(CoR)P~! for each u € (0, u*). This completes the proof. O
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3.1 Proof of Theorem 1.1

Now we sketch the proof of Theorem 1.1 in the following two steps. First assume that R and
#* be as in Lemma 3.1 with u € (0, u*). Set K = K(R).

Step 1: In this step, we show that there exists # € K such that Jx (i) = inf,c)y Jx(u) then by
Proposition 2.5, il is a critical point of Jx. Denote 7 := inf,cyy Jx (). Using definition of ¥ (1)
for every u ¢ K we have Jx(u) = 400 and therefore 7 = infx Jx(u). For every u € K, we have

r—1 s—1
D(u) = 1/ |u|’dx+ﬁ/ |u|® dx < R / |u| dx + iR / |u| dx.
rJo s Ja r Ja s Ja

By the compact embedding of Wol’H(Q) into L'(Q) (see Proposition 2.15 and Proposition 2.18
in [5]), we obtain

(1) < Cillull o

where C; =C (%71 + %H) and C > 0 is the constant for the embedding Wé’H(Q) into L' (Q)).
Thus for u € K, we have

1
Jr) = ¥(w) = @) 2l )~ Cilltlo @)

from which we obtain that 7 > —oco. Now suppose that {u,} is sequence in K such that
Jx (14n) — . It follows from (3.1) and the definition of set K that the sequence {u, } is bounded
in Wol'H(Q) N L*(Q)). Passing to a subsequence if necessary there is il € Wé’H(Q) such that
U, — 1 in W&’H(Q), un — i a.e. x € Q which implies that # € L*(Q) with [[#][;~(q) < R. As
a consequence of i € K, we now show that ®(u,) — ®(i1) in R. We have

r—1

1 R
ol + E < = ua| +

by strong convergence in L!(Q) because of the compact embedding Wé’H(Q) — L'(Q) and
the dominated convergence theorem, we obtain that

D (1ty) — (i)

Since ¥ is lower semi continuous and Jx = ¥k — @, it follows that Jx (1) < liminf, o Jx (1y).
So, Jx(i1) = n = inf,cpy Jx(u). As Jx(it) = Jx(]i]), we can assume ii > 0.

Step 2: In this step, we show that there exists v € K such that
—Apo — div(a(x) ’VU“FZV”U) = ﬁ]ﬁ\rfz + yﬁ]a|s’2.

Using Lemma 3.1 together with the fact that 7 € K, we obtain that v € K. It now follows
from Theorem 2.6 together with Step 1 and Step 2 that i is a non-negative solution of (P,). To
complete the proof, we show that i is non-trivial. In fact, for e € K and ¢ € [0, 1], we have that
te € K and therefore, Jx(te) < 0 for sufficiently small t as 1 < s < p < g < r. Thus, we can
conclude that Jx(i7) < 0. Consequently, i is a non-trivial and non-negative solution of (P,).
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4 Competing Laplacian problem
In this section, we study the competing Laplacian problem (P,). To prove Theorem 1.2, we

adopt the variational principle developed in Theorem 2.6.
Let V = W,?(Q) N WY(Q) and define the Euler-Lagrange functional Z : V — R associ-

ated to problem (P,), as
—1/ ]Vu|2dx—1/ |Vu|qu—/\/ |u)® dx.
2 Jo qJa s Ja

Next we define ¢, ¢ : V — R, as
P(u /|Vu]‘7dx+ /\u|sdx and ¢(u /]Vu|2dx

where ¢ € C!(V,R) and ¢ is the proper convex and lower semi-continuous functional. In
addition, the restriction of ¢ on a subset K of V is denoted as ¢x(u) and defined similar to
(2.2). Since ¢ € C}(V,R), then we have

(Dp(u) / |VulT2VuVodx + /\/ lu|*2uvdx. 4.1)
Let K := K(r) be the convex and weakly closed subset of V defined by

K(r) = {u €V [ullwarq) < r}
where t > N and for some r > 0 to be determined later. Define Zx(u) : V — (—o0, +00] as
Ik (u) = ¢x(u) — ¢(u). In addition, Zx is weakly lower semi-continuous and the definition of
critical points of Zx is followed by Definition 2.4. The following lemma is crucial in adopting

the approach based on the variational principle in Section 2.

Lemma 4.1. Let QO C RY be a bounded domain with Lipschitz boundary and assume that 1 < s <
2 < qwitht > N. Then

[1Dp(u) |y < Car™ Yy AGr™Y,  YueK(r)
where Cy and Cy are suitable constants for the embedding W>*(Q)) — WL=(Q).
Proof. By the definition of D¢(u), we get
ID() 10y < | = Aquelligay + Allul~ulli(q) (42)

By the definition of g-Laplacian, we have

N N
Agit = div(Vu|Vu|172) = Au|Vul172 4 (g — 2)|Vul™* 21 gux,-uxjuxixf-
i=1j=
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Taking the || - [|1+() norm on both sides and by the triangle inequality, we obtain

1
t 3
dx)
) i

18l oy < AUV ulT2] 110y + (9 = 2)

n
|Vu|14 Z Uy Uy Uy
=1

L)

1
H n
< (/Q|Au|Vu||tdx> +(q9-2) (/Qqu{Z Un U Ux;x;
i,j=1
<l ( [, 10l dx) i (/

< ullfyi iy 1 llwas ey + (7 = 2) 1y o) [l wer -

Z U,

ij=1

Now, using the Sobolev embedding W*!(Q)) — W1>®(Q), we have

HAq”HLf < C ||u||w2t Q) (51 2)C ||u||w2t < Cl””HWZt ) (4-3)
Moreover,
Hul*2ull ) < Callulliga - (44)
Since u € K(r), using (4.2), (4.3) and (4.4), we get
IDp(u)|| 1y < Car? ™+ ACr .
This completes the proof. O

Lemma 4.2. Let 1 < s < 2 < q. Then there exists A* > 0 and r > 0 such that for each 1i € K(r) the
following holds
—Av = D$(i1) = —Agil + Adt]il|* > (4.5)

in the weak sense for some v € K(r) and for each A € (0, A*).

Proof. Consider the Euler-Lagrange functional, given by

I(0) = ;/Q|Vv\2dx—/ﬂ\Vﬁ|q‘2VaVvdx—A/Q\ﬁ|5‘2ﬁvdx Vo € WI(Q).

Since I is coercive and convex, I admits its infimum at some point v € W&’Z(Q). So, v satisfy
(4.5) in weak sense, that is,

/www:/ |Vﬁ|‘7‘2VaV¢dx+A/ s apdx Yy e WR(Q),
(@) @) (@)

Since D¢(i1) € L'(Q), by elliptic regularity theory (see Chapter 6 in [7]), we have that v €
W2(Q). Since ||A - [|11(q) is an equivalent norm on Wy(Q) N W2!(Q2), we have

[llwar iy = 180y = IDP(@) || 1)

By Lemma 4.1, we obtain [|o[|y2s(q) < Cir77 1 + ACors 1. Since 1 < g — 1, we choose 7 small

enough such that C;r7~! < 7. For this chosen r, we can choose A* = 2%21”2_5 which gives

A*Cors~! = Z. Thus, we have Cqu 14 ACyrs=1 < r for each A € (0,1%). O
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41 Proof of Theorem 1.2

Assume that ¥ > 0 and A* be as in Lemma 4.2 with A € (0,A*). Set K = K(r). We have to
prove that there exists ## € K such that Ix(i1) = inf,cx Zx(u). Let m = inf,ex Zx(u). By the
Sobolev embeddings, W2/ (Q)) — L$(Q)) and W?!(Q) — W1 (Q), we get

1 A s s
D) = L1y + 5 1y < Gl + Colluliesa

Thus for u € K, we have
Tx(u) = o (u) — p(u) > —(Crr1 + Cor®) (4.6)

from which we obtain that m > —oo. Now suppose that {u,} is a sequence in K such that
Ik (un) — m it follows from (4.6) and definition of K that sequence {u,} is bounded in
Wy2(Q) N W2H(Q)). Moreover, as Zx (1) = Zi(|un|), we can assume that u, > 0. Thus, up to
a subsequence, u, — i for some 0 < i1 € Wz't(Q). Since K is weakly closed, # € K. Moreover,
Tk is lower semi continuous. Consequently, m < Zg (i) < liminf, ,c Zx(u,) = m. This gives
that i is minimizer and by Proposition 2.5 we conclude that i is a non-negative critical point
of Zx(u). Finally, to show that there exists o € K such that —A0 = —Agi1 + Aii|* 2, we use
Lemma 4.2, with the fact that i@ € K. Therefore, using Theorem 2.6, we conclude that i is a
non-negative solution of problem (P,). Take e € K. For t € [0,1], we have te € K and therefore
Tk (te) < 0 for sufficiently small t as 1 < s < 2 < g. Thus, Zx (1) < 0. Hence, 7 is a non-trivial
and non-negative solution of problem (P,).
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