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Abstract. In this work, our objective is to study the operators involving the nonstan-
dard growth via variational methods. We first study a double phase problem having
supercritical growth via minimization technique on convex sets. Alongside, the case of
competing (p, q) Laplacian problems with sublinear growth also has been studied by
adopting the variational principle developed for double phase problems.
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1 Introduction

In this paper, our objective is to study the operators with unbalanced growth of (p, q) type. We
first study the problems involving double phase operator and supercritical growth in the sense
of Sobolev embedding. Precisely, we establish an existence result for the following problem{

−∆pu − div(a(x)|∇u|q−2∇u) = |u|r−2u + µ|u|s−2u in Ω,

u = 0 on ∂Ω,
(Pµ)

where Ω ⊂ RN is a bounded domain with Lipschitz boundary, N ≥ 2, 1 < s < p < q <

r, N > p and 0 ≤ a(x) ∈ L∞(Ω). Note that there is no control on r from above and hence r can
take values greater than p∗ = Np

N−p which is a critical exponent for the compact embeddings
of Musielak–Orlicz spaces (see Proposition 2.15 in [5]). The operator involved in the problem
(Pµ) is known as double phase operator. The behaviour of this operator switches between two
different elliptic situations depending on the values of the weight function a : Ω̄ → [0, ∞). In
other words, the operator is called as double phase operator as on the set {x ∈ Ω : a(x) = 0}
it will be controlled by the gradient of order p and in {x ∈ Ω : a(x) ̸= 0} it is the gradient of
order q.
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Firstly, Zhikov [21] introduced such classes of operators in order to describe models of
strongly anisotropic materials, see also [8, 22, 23] and the monograph [24]. The energy func-
tional corresponding to this operator is

u 7→
∫

Ω
(|∇u|p + a(x)|∇u|q) dx,

where the integrand H(x, ξ) := |ξ|p + a(x)|ξ|q for all (x, ξ) ∈ Ω ×RN has unbounded growth,
i.e.

|ξ|p ≤ H(x, ξ) ≤ b(1 + |ξ|q) for a.e. x ∈ Ω and for all ξ ∈ RN ,

with b > 0. This functional is also related to non-Newtonian fluids, see [11, 14, 19]. Due to
unbalanced growth of the integrand, the appropriate space to deal of this class of problems is
generalized Orlicz and generalized Orlicz–Sobolev spaces, see [5, 11, 18].

The problem (Pµ) has concave-convex non-linearity. In this direction, a very first work has
been done by Ambrosetti, Brézis and Cerami in [1] where authors have proved the existence
of at least two positive solutions with the non-linearity up + λuq satisfying 0 < q < 1 < p.
The result in [1] received a lot of attention because there was no control on p from the above.
There are numerous results, when p ≤ 2∗, the existence of infinitely many solutions was
established for an appropriate choice of λ. We refer interested readers to see [2, 4, 6, 10] also
for concave-convex problems with supercritical growth in bounded domains for the existence
of infinitely many solutions. In [3] authors discussed the mixed local-nonlocal operator with
concave-convex nonlinearities of sublinear and critical growth and are interested in proving
one or more positive weak solutions. To show an existence result for the problem (Pµ), we
used a variational principle discussed in [15].

Secondly, following the variational principle developed for (Pµ) we show the existence of
a solution for a sublinear problem having a competing Laplacian operators. We consider the
following problem with homogeneous Dirichlet boundary and sublinear growth condition{

−∆u + ∆qu = λ|u|s−2u in Ω,

u = 0 on ∂Ω,
(Pλ)

where Ω ⊂ RN is a bounded domain with Lipschitz boundary, N ≥ 3 and 1 < s < 2 < q.
Note that the left hand side of the (Pλ) is in the divergence form −∆u + ∆qu = −div(a(|∇u|))
with a(t) = t2 − tq for all t > 0. The ellipticity condition for an operator in divergence form
−div(a(|∇u|)) is to have a(t) > 0 for all t > 0 which is not satisfied in the case of a(t) = t2 − tq.
Thus the ellipticity is lost for the operator in problem (Pλ). For this reason, we call the operator
−∆u + ∆qu as competing (2, q) Laplacian operator. There is not a very rich literature available
for this class of problems. The competing (2, q) Laplacian operator with concave-convex type
nonlinearity involving supercritical growth is discussed in [16]. Interested readers can find
the works of [12,17] dealing with general competing (p, q) Laplacian operator with 1 < p < q.

1.1 Main results

In this paper, we are dealing with operators having nonstandard growth with two types of
nonlinearities: supercritical and sublinear. We prove the following result related to the prob-
lem (Pµ).

Theorem 1.1. Assume that 1 < s < p < q < r. Then there exists µ∗ > 0 such that for each
µ ∈ (0, µ∗), problem (Pµ) has at least one non-negative solution with negative energy.
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Finally, the main result concerning problem (Pλ) is the following.

Theorem 1.2. There exists a λ∗ > 0 such that the problem (Pλ) has a non-negative solution for
0 < λ < λ∗.

The outline of the paper is as follows. In Section 2, we give a formal introduction of the
appropriate spaces to study the problem (Pµ), which are known as Musielak–Orlicz spaces
along with an abstract variational principle on closed convex sets and apriori estimate for
the weak solutions of the problem (Pµ). In Section 3, we establish Theorem 1.1 by proving
some technical lemma. We conclude the paper by studying a competing Laplacian problem
in Section 4.

2 Musielak–Orlicz spaces and variational principle

In this section, we recall the main properties of the Musielak–Orlicz spaces along with their
suitable embeddings. We also establish the variational setup for the problem (Pµ). To this end,
we suppose that Ω ⊂ RN , N ≥ 2, is a bounded domain with Lipschitz boundary ∂Ω. For any
s ∈ [1, ∞), we denote by Ls(Ω) and W1,s

0 (Ω) the usual Lebesgue and Sobolev spaces with the
norm ∥ · ∥s and ∥ · ∥1,s, respectively. Moreover, the Sobolev space W1,s

0 (Ω) is equipped with an
equivalent norm as ∥∇ · ∥s.

Recall that the function H : Ω × [0, ∞) → [0, ∞), involving concave-convex terms, is de-
fined as

H(x, t) = tp + a(x)tq.

Define the space LH(Ω) by

LH(Ω) = {u : Ω → R measurable function : ϱH(u) < ∞}

and supplied with the Luxemburg norm

∥u∥H = inf
{

τ > 0 : ϱH
(u

τ

)
≤ 1

}
,

where the function ϱH is given by

ϱH(u) =
∫

Ω
H(x, |u|) dx =

∫
Ω

(
|u|p + a(x)|u|q

)
dx.

Furthermore, the space W1,H(Ω) is defined as

W1,H(Ω) =
{

u ∈ LH(Ω) : |∇u| ∈ LH(Ω)
}

equipped with the norm

∥u∥1,H = ∥∇u∥H + ∥u∥H,

where ∥∇u∥H = ∥ |∇u| ∥H. As usual, we denote by W1,H
0 (Ω) the completion of C∞

c (Ω) in
W1,H(Ω). From [11], as 1 < p < q, the norms ∥u∥1,H and ∥∇u∥H are equivalent norms on
W1,H

0 (Ω). It is worth recalling (see [5], [11]) that the spaces LH(Ω), W1,H(Ω) and W1,H
0 (Ω) are

reflexive Banach spaces. We refer the interested readers to see [5],[11] and references therein
for the results related with embeddings of Musielak–Orlicz space. Let us recall the following
notions of differentiability on Banach spaces.
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Definition 2.1 (Gâteaux and Fréchet differentiability). Let X and Y be Banach spaces and let
F : X → Y. We say that F is Gâteaux differentiable at x ∈ X if there exists a linear map
DF(x) : X → Y such that

lim
t→0

F(x + th)− F(x)
t

= DF(x)[h], ∀ h ∈ X.

The functional F is Fréchet differentiable at x if there exists a bounded linear operator DF(x)
satisfying

lim
∥h∥X→0

∥F(x + h)− F(x)− DF(x)[h]∥Y

∥h∥X
= 0.

Remark 2.2. We say F is a class of C1(X, R) if and only if F is Fréchet differentiable on X and
DF : X → X∗ is continuous.

Now consider the Banach space W = W1,H
0 (Ω)∩ Lr(Ω) equipped with the following norm

∥u∥W = ∥u∥W1,H
0

+ ∥u∥Lr(Ω).

Next we define the weak solution for the problem (Pµ).

Definition 2.3 (Weak solution). We say u ∈ W is a weak solution to problem (Pµ), if∫
Ω

(
|∇u|p−2∇u∇v + a(x)|∇u|q−2∇u∇v

)
dx =

∫
Ω

(
|u|r−2uv + µ|u|s−2uv

)
dx

for all v ∈ W .

Let J : W → R be the Euler–Lagrange functional corresponding to (Pµ),

J(u) =
1
p

∫
Ω
|∇u|p dx +

1
q

∫
Ω

a(x)|∇u|q dx − 1
r

∫
Ω
|u|r dx − µ

s

∫
Ω
|u|s dx.

Define Φ : W → R by

Φ(u) =
1
r

∫
Ω
|u|r dx +

µ

s

∫
Ω
|u|s dx,

where Φ ∈ C1(W , R) and

⟨DΦ(u), v⟩ =
∫

Ω
|u|r−2uv dx + µ

∫
Ω
|u|s−2uv dx, (2.1)

where ⟨·, ·⟩ is duality pairing between W and its dual. Define the function Ψ : W → R by

Ψ(u) =
1
p

∫
Ω
|∇u|p dx +

1
q

∫
Ω

a(x)|∇u|q dx,

where Ψ is Gâteaux differentiable. The restriction on Ψ to a weakly closed and convex subset
K of W is denoted by ΨK and defined by

ΨK(u) =

{
Ψ(u) if u ∈ K,

+∞ if u ̸∈ K.
(2.2)

Finally, let us introduce the functional JK : W → (−∞,+∞] defined by

JK(u) = ΨK(u)− Φ(u).

As in [20], we have the following definition of critical points of JK.
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Definition 2.4. A point u ∈ W is said to be a critical point of JK if JK(u) ∈ R and it satisfies
the following inequality,

⟨DΦ(u), u − v⟩+ ΨK(v)− ΨK(u) ≥ 0 ∀v ∈ W .

Using convexity of ΨK, it is easy to show the following result (see [20]).

Proposition 2.5. If JK is a proper, convex and lower semi continuous functional, then each local
minimum is necessarily a critical point of JK.

Inspired by [15] and [16], we have the following result.

Theorem 2.6. Let K be a convex and weakly closed subset of W . If the following two assertions hold

(i) The functional JK : W → R ∪ {+∞} defined by JK(u) = ΨK(u)− Φ(u) has a critical point
ū ∈ W as in Definition 2.4 and

(ii) there exists v̄ ∈ K such that

−∆pv̄ − div(a(x)|∇v̄|q−2∇v̄) = DΦ(ū),

in the weak sense and in the sense of (2.1), then ū ∈ K is a solution of the equation

−∆pu − div(a(x)|∇u|q−2∇u) = u|u|r−2 + µu|u|s−2.

Proof. Since ū is a critical point of JK(u), it follows from Definition 2.4 that

ΨK(v)− ΨK(ū) ≥ ⟨DΦ(ū), v − ū⟩ ∀v ∈ W ,

where ⟨DΦ(ū), v − ū⟩ =
∫

Ω

(
|ū|r−2ū + µ|ū|s−2ū

)
(v − ū) dx which leads to

1
p

∫
Ω
|∇v|p dx +

1
q

∫
Ω

a(x)|∇v|q dx − 1
p

∫
Ω
|∇ū|p dx

− 1
q

∫
Ω

a(x)|∇ū|q dx ≥ ⟨DΦ(ū), v − ū⟩.
(2.3)

Now by second assumption of Theorem 2.6, there exists v̄ ∈ K such that∫
Ω

(
|∇v̄|p−2∇v̄ + a(x)|∇v̄|q−2∇v̄

)
∇h dx =

∫
Ω

(
|ū|r−2ū + µ|ū|s−2ū

)
h dx ∀h ∈ W .

Put h = v̄ − ū,∫
Ω

(
|∇v̄|p−2∇v̄ + a(x)|∇v̄|q−2∇v̄

)
(∇v̄ −∇ū) dx =

∫
Ω

(
|ū|r−2ū + µ|ū|s−2ū

)
(v̄ − ū) dx. (2.4)

Put v = v̄ in (2.3) and combine with (2.4) to obtain

1
p

∫
Ω
(|∇v̄|p − |∇ū|p) dx +

1
q

∫
Ω

a(x) (|∇v̄|q − |∇ū|q) dx

≥
∫

Ω

(
|∇v̄|p−2∇v̄ + a(x)|∇v̄|q−2∇v̄

)
(∇v̄ −∇ū) dx

(2.5)

On the other hand, by the convexity of Ψ, we get

1
p

∫
Ω
(|∇ū|p − |∇v̄|p) dx +

1
q

∫
Ω

a(x) (|∇ū|q − |∇v̄|q) dx

≥
∫

Ω

(
|∇v̄|p−2∇v̄ + a(x)|∇v̄|q−2∇v̄

)
(∇ū −∇v̄) dx

(2.6)
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which by (2.5) and (2.6) results into

1
p

∫
Ω
(|∇v̄|p − |∇ū|p) dx +

1
q

∫
Ω

a(x) (|∇v̄|q − |∇ū|q) dx

=
∫

Ω

(
|∇v̄|p−2∇v̄ + a(x)|∇v̄|q−2∇v̄

)
(∇v̄ −∇ū) dx.

(2.7)

Note that |t1|κ ≤ |t2|κ + κ⟨|t1|κ−2t1, t1 − t2⟩ for κ > 1 with strict inequality whenever t1 ̸= t2.
Suppose t1 ̸= t2 then apply this inequality for κ = p and after substituting t1 = ∇v̄ and
t2 = ∇ū, we get

1
p
|∇v̄|p − 1

p
|∇ū|p < ⟨|∇v̄|p−2∇v̄,∇v̄ −∇ū⟩. (2.8)

Similarly, for κ = q,
1
q
|∇v̄|q − 1

q
|∇ū|q < ⟨|∇v̄|q−2∇v̄,∇v̄ −∇ū⟩. (2.9)

Since a(x) ≥ 0, we multiply (2.9) by a(x) and add it to (2.8). This gives,

1
p
|∇v̄|p − 1

p
|∇ū|p + a(x)

(
1
q
|∇v̄|q − 1

q
|∇ū|q

)
< ⟨|∇v̄|p−2∇v̄ + |∇v̄|q−2∇v̄,∇v̄ −∇ū⟩.

Thus,
1
p

∫
Ω
(|∇v̄|p − |∇ū|p) dx +

1
q

∫
Ω

a(x) (|∇v̄|q − |∇ū|q) dx

≤
∫

Ω

(
|∇v̄|p−2∇v̄ + a(x)|∇v̄|q−2∇v̄

)
(∇v̄ −∇ū) dx.

(2.10)

Moreover, (2.10) implies that equality occurs only if ∇v̄ = ∇ū a.e. in Ω. Since v̄, ū ∈ W1,H
0 , it

follows that v̄ = ū.

In order to find the weakly closed convex subset K, we need apriori estimates for the weak
solutions of the double phase operator. In [8], [13] and Proposition 3.2 of [19], authors have
applied the Moser’s iteration for the apriori estimate of the weak solutions of double phase
operator. Following [9], we present a different proof of the estimate.

Theorem 2.7. Let f ∈ L∞(Ω). If u ∈ W1,H
0 (Ω) is the weak solution of the problem{

−∆pu − div(a(x)|∇u|q−2∇u) = f (x) in Ω,

u = 0 in ∂Ω,

where 1 < p < q < N and 0 ≤ a(x) ∈ L1(Ω), then

C0∥u∥L∞ ≤ ∥ f ∥
1

p−1
L∞ .

Proof. Let t > 0 be a fixed real number and define

θh(s) =


0 0 < s ≤ t,
1
h (s − t) t < s < t + h,

1 t + h ≤ s,
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and θh(−s) = −θh(s). Let µ(t) = |{x ∈ Ω : |u(x)| > t}| ̸= 0 and for every h > 0, we define
Eh = {x ∈ Ω : t < |u(x)| ≤ t + h}. We observe that∫

Ω
|∇u|p−2∇u∇θh(u) dx ≤

∫
Ω
(|∇u|p−2∇u + a(x)|∇u|q−2∇u)∇θh(u) dx (2.11)

and ∫
Ω
|∇u|p−2∇u∇θh(u) dx =

1
h

∫
Eh

|∇u|p dx = hp−1
∫

Eh

|∇θh(u)|p dx. (2.12)

Now using Holder’s inequality, we have(∫
Ω
|∇θh(u)| dx

)p

≤
(∫

Eh

|∇θh(u)|p dx
)
|Eh|p−1. (2.13)

By (2.11), (2.12) and (2.13)(∫
Ω
|∇θh(u)| dx

)p

≤ |Eh|p−1

hp−1

∫
Ω
(|∇u|p−2∇u + a(x)|∇u|q−2∇u)∇θh(u) dx.

Since u ∈ W1,H
0 (Ω) ⊆ W1,1

0 (Ω), by Sobolev embedding W1,1(Ω) ↪→ L
N

N−1 (Ω), we get

∥θh(u)∥
p

N
N−1

≤ C(1, N)p|Eh|p−1

hp−1

∫
Ω
(|∇u|p−2∇u + a(x)|∇u|q−2∇u)∇θh(u) dx. (2.14)

On the other hand, ∫
Ω

f (x)θh(u) dx ≤ ∥ f ∥L∞

∫
Ω
|θh(u)| dx ≤ ∥ f ∥L∞ µ(t). (2.15)

Now combine (2.14) and (2.15),

∥θh(u)∥
p

N
N−1

≤ C(1, N)p|Eh|p−1

hp−1 ∥ f ∥L∞ µ(t).

Since µ(t) is a decreasing function, it is differentiable almost everywhere. Hence, by taking
the limit as h → 0,

µ(t)
(N−1)p

N ≤ C(1, N)p(−µ′(t))p−1µ(t)∥ f ∥L∞

1 ≤ C(1, N)
p

p−1 µ(t)
1

p−1 (1−
(N−1)p

N )(−µ′(t))∥ f ∥
1

p−1
L∞ .

On integrating both sides from 0 to t, we have

t

 p
(p−1)N

C(1, N)
p

p−1 ∥ f ∥
1

p−1
L∞

− |Ω|
p

(p−1)N ≤ −µ(t)
p

(p−1)N ≤ 0.

This is the case when µ(t) ̸= 0. If, for some t ≥ C(1,N)
p

p−1 N(p−1)
p |Ω|

p
(p−1)N ∥ f ∥

1
p−1
L∞ , then µ(t) = 0.

Thus, by definition of µ(t), we conclude that

∥u∥L∞ ≤ C0∥ f ∥
1

p−1
L∞ ,

where C0 = C(1,N)
p

p−1 N(p−1)
p |Ω|

p
(p−1)N .
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Now we can define the required closed convex subset K ⊂ W1,H
0 as,

K(R) = {u ∈ W ∩ L∞(Ω) : ∥u∥L∞ ≤ R}

for some R > 0 to be determined later.

Lemma 2.8. Let R > 0 . The set

K(R) = {u ∈ W ∩ L∞(Ω) : ∥u∥L∞ ≤ R}

is weakly closed subset of W .

Proof. In order to show that its weakly closed, we suppose {uj}∞
j=1 be a sequence in K such

that
uj ⇀ u weakly in W ∩ L∞(Ω).

Then in particular, uj ⇀ u weakly in W1,H
0 also. By using compact embedding W1,H

0 ↪→↪→
Lτ(Ω) for all τ ∈ [p, p∗), we get uj → u in Lτ(Ω). Then, there exists a subsequence of uj , call
it uj again, such that

uj → u a.e. in Ω.

However, {uj}∞
j=1 ⊂ K, so ∥uj∥L∞ ≤ R. Further taking j → ∞, we have ∥u∥L∞ ≤ R.

3 Proof of Theorem 1.1

In this section, we study the double phase operator with supercritical growth (Pµ). To prove
Theorem 1.1, we present the following lemma addressing condition (ii) of Theorem 2.6.

Lemma 3.1. Let 1 < s < p < q < r. Then there exists µ∗ > 0 and R > 0 with ū ∈ K(R) we have

−∆pv − div(a(x)|∇v|q−2∇v) = ū|ū|r−2 + µū|ū|s−2

for some v ∈ K(R) and for each µ ∈ (0, µ∗).

Proof. Let g(x) = ū|ū|r−2 + µū|ū|s−2. Since ū ∈ K(R) we have g ∈ L∞(Ω). Now define

Q(u) =
1
p

∫
Ω
|∇u|p dx +

1
q

∫
Ω

a(x)|∇u|q dx −
∫

Ω
g(x)u dx.

The functional Q is well defined on W1,H
0 (Ω) due to the continuous embedding of W1,H

0 (Ω)

into L1(Ω) and admits its infimum at some v ∈ W1,H
0 (Ω) which satisfies

−∆pv − div(a(x)|∇v|q−2∇v) = g(x) = DΦ(ū)

in the weak sense. Since right hand side is in L∞(Ω), by Theorem 2.7, we have

∥v∥L∞(Ω) ≤ C0∥g∥
1

p−1

L∞(Ω)
≤ C0

(
Rr−1 + µRs−1

) 1
p−1

.

Since p − 1 < r − 1, choose R small enough such that Rr−1 ≤ 1
2 (

R
C0
)p−1. For this chosen R, we

can choose µ∗ such that µ∗ = Rp−s

2Cp−1
0

which gives µ∗Rs−1 = Rp−1

2Cp−1
0

. Thus we have Rr−1 + µRs−1 <

(C0R)p−1 for each µ ∈ (0, µ∗). This completes the proof.
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3.1 Proof of Theorem 1.1

Now we sketch the proof of Theorem 1.1 in the following two steps. First assume that R and
µ∗ be as in Lemma 3.1 with µ ∈ (0, µ∗). Set K = K(R).

Step 1: In this step, we show that there exists ū ∈ K such that JK(ū) = infu∈W JK(u) then by
Proposition 2.5, ū is a critical point of JK. Denote η := infu∈W JK(u). Using definition of ΨK(u)
for every u ̸∈ K we have JK(u) = +∞ and therefore η = infK JK(u). For every u ∈ K, we have

Φ(u) =
1
r

∫
Ω
|u|r dx +

µ

s

∫
Ω
|u|s dx ≤ Rr−1

r

∫
Ω
|u| dx +

µRs−1

s

∫
Ω
|u| dx.

By the compact embedding of W1,H
0 (Ω) into L1(Ω) (see Proposition 2.15 and Proposition 2.18

in [5]), we obtain

Φ(u) ≤ C1∥u∥W1,H
0 (Ω)

where C1 = C
(Rr−1

r + µRs−1

s

)
and C > 0 is the constant for the embedding W1,H

0 (Ω) into L1(Ω).
Thus for u ∈ K, we have

JK(u) = ΨK(u)− Φ(u) ≥ 1
p
∥u∥W1,H

0 (Ω)
− C1∥u∥W1,H

0 (Ω)
(3.1)

from which we obtain that η > −∞. Now suppose that {un} is sequence in K such that
JK(un) → η. It follows from (3.1) and the definition of set K that the sequence {un} is bounded
in W1,H

0 (Ω) ∩ L∞(Ω). Passing to a subsequence if necessary there is ū ∈ W1,H
0 (Ω) such that

un ⇀ ū in W1,H
0 (Ω), un → ū a.e. x ∈ Ω which implies that ū ∈ L∞(Ω) with ∥ū∥L∞(Ω) ≤ R. As

a consequence of ū ∈ K, we now show that Φ(un) → Φ(ū) in R. We have

1
r
|un|r +

µ

s
|un|s ≤

Rr−1

r
|un|+

µRs−1

s
|un|

by strong convergence in L1(Ω) because of the compact embedding W1,H
0 (Ω) ↪→ L1(Ω) and

the dominated convergence theorem, we obtain that

Φ(un) → Φ(ū).

Since ΨK is lower semi continuous and JK = ΨK −Φ, it follows that JK(ū) ≤ lim infn→∞ JK(un).
So, JK(ū) = η = infu∈W JK(u). As JK(ū) = JK(|ū|), we can assume ū ≥ 0.

Step 2: In this step, we show that there exists v ∈ K such that

−∆pv − div(a(x)|∇v|q−2∇v) = ū|ū|r−2 + µū|ū|s−2.

Using Lemma 3.1 together with the fact that ū ∈ K, we obtain that v ∈ K. It now follows
from Theorem 2.6 together with Step 1 and Step 2 that ū is a non-negative solution of (Pµ). To
complete the proof, we show that ū is non-trivial. In fact, for e ∈ K and t ∈ [0, 1], we have that
te ∈ K and therefore, JK(te) < 0 for sufficiently small t as 1 < s < p < q < r. Thus, we can
conclude that JK(ū) < 0. Consequently, ū is a non-trivial and non-negative solution of (Pµ).
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4 Competing Laplacian problem

In this section, we study the competing Laplacian problem (Pλ). To prove Theorem 1.2, we
adopt the variational principle developed in Theorem 2.6.

Let V = W1,2
0 (Ω) ∩ W1,q(Ω) and define the Euler–Lagrange functional I : V → R associ-

ated to problem (Pλ), as

I(u) = 1
2

∫
Ω
|∇u|2 dx − 1

q

∫
Ω
|∇u|q dx − λ

s

∫
Ω
|u|s dx.

Next we define ϕ, φ : V → R, as

ϕ(u) =
1
q

∫
Ω
|∇u|q dx +

λ

s

∫
Ω
|u|s dx and φ(u) =

1
2

∫
Ω
|∇u|2 dx,

where ϕ ∈ C1(V , R) and φ is the proper convex and lower semi-continuous functional. In
addition, the restriction of φ on a subset K of V is denoted as φK(u) and defined similar to
(2.2). Since ϕ ∈ C1(V , R), then we have

⟨Dϕ(u), v⟩ =
∫

Ω
|∇u|q−2∇u∇v dx + λ

∫
Ω
|u|s−2uv dx. (4.1)

Let K := K(r) be the convex and weakly closed subset of V defined by

K(r) =
{

u ∈ V : ∥u∥W2,t(Ω) ≤ r
}

,

where t > N and for some r > 0 to be determined later. Define IK(u) : V → (−∞,+∞] as
IK(u) = φK(u)− ϕ(u). In addition, IK is weakly lower semi-continuous and the definition of
critical points of IK is followed by Definition 2.4. The following lemma is crucial in adopting
the approach based on the variational principle in Section 2.

Lemma 4.1. Let Ω ⊂ RN be a bounded domain with Lipschitz boundary and assume that 1 < s <

2 < q with t > N. Then

∥Dϕ(u)∥Lt(Ω) ≤ C1rq−1 + λC2rs−1, ∀ u ∈ K(r)

where C1 and C2 are suitable constants for the embedding W2,t(Ω) ↪→ W1,∞(Ω).

Proof. By the definition of Dϕ(u), we get

∥Dϕ(u)∥Lt(Ω) ≤ ∥− ∆qu∥Lt(Ω) + λ∥|u|s−2u∥Lt(Ω). (4.2)

By the definition of q-Laplacian, we have

∆qu = div(∇u|∇u|q−2) = ∆u|∇u|q−2 + (q − 2)|∇u|q−4
N

∑
i=1

N

∑
j=1

uxi uxj uxixj .



Double phase problems with supercritical and sublinear growth 11

Taking the ∥ · ∥Lt(Ω) norm on both sides and by the triangle inequality, we obtain

∥∆qu∥Lt(Ω) ≤ ∥∆u|∇u|q−2∥Lt(Ω) + (q − 2)

∥∥∥∥∥|∇u|q−4
n

∑
i,j=1

uxi uxj uxixj

∥∥∥∥∥
Lt(Ω)

≤
(∫

Ω
|∆u|∇u||t dx

) 1
t

+ (q − 2)

∫
Ω

∣∣∣∣∣|∇u|q−4
n

∑
i,j=1

uxi uxj uxixj

∣∣∣∣∣
t

dx

 1
t

≤ ∥u∥q−2
W1,∞(Ω)

(∫
Ω
|∆u|t dx

) 1
t

+ ∥u∥q−2
W1,∞(Ω)

∫
Ω

∣∣∣∣∣ n

∑
i,j=1

uxixj

∣∣∣∣∣
t

dx

 1
t

≤ ∥u∥q−2
W1,∞(Ω)

∥u∥W2,t(Ω) + (q − 2)∥u∥q−2
W1,∞(Ω)

∥u∥W2,t(Ω).

Now, using the Sobolev embedding W2,t(Ω) ↪→ W1,∞(Ω), we have

∥∆qu∥Lt(Ω) ≤ C
′∥u∥q−1

W2,t(Ω)
+ (q − 2)C

′∥u∥q−1
W2,t(Ω)

≤ C1∥u∥q−1
W2,t(Ω)

. (4.3)

Moreover,
∥|u|s−2u∥Lt(Ω) ≤ C2∥u∥s−1

W2,t(Ω)
. (4.4)

Since u ∈ K(r), using (4.2), (4.3) and (4.4), we get

∥Dϕ(u)∥Lt(Ω) ≤ C1rq−1 + λC2rs−1.

This completes the proof.

Lemma 4.2. Let 1 < s < 2 < q. Then there exists λ∗ > 0 and r > 0 such that for each ū ∈ K(r) the
following holds

−∆v = Dϕ(ū) = −∆qū + λū|ū|s−2 (4.5)

in the weak sense for some v ∈ K(r) and for each λ ∈ (0, λ∗).

Proof. Consider the Euler–Lagrange functional, given by

Ī(v) =
1
2

∫
Ω
|∇v|2 dx −

∫
Ω
|∇ū|q−2∇ū∇v dx − λ

∫
Ω
|ū|s−2ūv dx ∀v ∈ W1,2

0 (Ω).

Since Ī is coercive and convex, Ī admits its infimum at some point v ∈ W1,2
0 (Ω). So, v satisfy

(4.5) in weak sense, that is,∫
Ω
∇v∇ψ dx =

∫
Ω
|∇ū|q−2∇ū∇ψ dx + λ

∫
Ω
|ū|s−2ūψ dx ∀ψ ∈ W1,2

0 (Ω).

Since Dϕ(ū) ∈ Lt(Ω), by elliptic regularity theory (see Chapter 6 in [7]), we have that v ∈
W2,t(Ω). Since ∥∆ · ∥Lt(Ω) is an equivalent norm on W1,2

0 (Ω) ∩ W2,t(Ω), we have

∥v∥W2,t(Ω) = ∥∆v∥Lt(Ω) = ∥Dϕ(ū)∥Lt(Ω).

By Lemma 4.1, we obtain ∥v∥W2,t(Ω) ≤ C1rq−1 + λC2rs−1. Since 1 < q − 1, we choose r small
enough such that C1rq−1 ≤ r

2 . For this chosen r, we can choose λ∗ = 1
2C2

r2−s which gives
λ∗C2rs−1 = r

2 . Thus, we have C1rq−1 + λC2rs−1 < r for each λ ∈ (0, λ∗).
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4.1 Proof of Theorem 1.2

Assume that r > 0 and λ∗ be as in Lemma 4.2 with λ ∈ (0, λ∗). Set K = K(r). We have to
prove that there exists ū ∈ K such that IK(ū) = infu∈K IK(u). Let m = infu∈K IK(u). By the
Sobolev embeddings, W2,t(Ω) ↪→ Ls(Ω) and W2,t(Ω) ↪→ W1,q(Ω), we get

ϕ(u) =
1
q
∥u∥q

W1,q(Ω)
+

λ

s
∥u∥s

Ls(Ω) ≤ C1∥u∥q
W2,t(Ω)

+ C2∥u∥s
W2,t(Ω).

Thus for u ∈ K, we have

IK(u) = φK(u)− ϕ(u) ≥ −(C1rq + C2rs) (4.6)

from which we obtain that m > −∞. Now suppose that {un} is a sequence in K such that
IK(un) → m it follows from (4.6) and definition of K that sequence {un} is bounded in
W1,2

0 (Ω) ∩ W2,t(Ω). Moreover, as IK(un) = IK(|un|), we can assume that un ≥ 0. Thus, up to
a subsequence, un ⇀ ū for some 0 ≤ ū ∈ W2,t(Ω). Since K is weakly closed, ū ∈ K. Moreover,
IK is lower semi continuous. Consequently, m ≤ IK(ū) ≤ lim infn→∞ IK(un) = m. This gives
that ū is minimizer and by Proposition 2.5 we conclude that ū is a non-negative critical point
of IK(u). Finally, to show that there exists v̄ ∈ K such that −∆v̄ = −∆qū + λū|ū|s−2, we use
Lemma 4.2, with the fact that ū ∈ K. Therefore, using Theorem 2.6, we conclude that ū is a
non-negative solution of problem (Pλ). Take e ∈ K. For t ∈ [0, 1], we have te ∈ K and therefore
IK(te) < 0 for sufficiently small t as 1 < s < 2 < q. Thus, IK(ū) < 0. Hence, ū is a non-trivial
and non-negative solution of problem (Pλ).
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