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Abstract. In this work we study the local and global existence, uniqueness and well-
posedness of solutions for abstract integro-differential equations with state-dependent
delay. We establish these results without requiring the conventional assumption of local
Lipschitz continuity in the forcing terms. Furthermore, our goal is to apply the abstract
theory to the study of a problem involving a memory and diffusion-coupled integro-
differential system with state-dependent delay.
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1 Introduction

In this work, we are first interested in the investigation of the existence and uniqueness,
regularity, well-posedness, and global existence of solutions, problems that are crucial and
challenging when dealing with differential equations involving state-dependent delays. In
this article, we study the integro-differential abstract equations modeled by

;t (u(t) —l—/OtP(t—s)u(s)ds)

= Au(t) + /Ot Q(t—s)u(s)ds+ G(t,u(t —o(t,u))),t € [0,4], (1.1)
up=¢ € B=C([-p,0];Z2), (1.2)
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where A and Q(t) for t > 0 are closed linear operators defined on a common domain D(A)
that is dense in Z, while (P(t))¢>0 is a family of bounded linear operators on Z. The variable
u; represents the history of u(-) at time f (uy € B and u4(6) = u(t+6) for 6 € [—p,0], t > 0)
and G(-) and ¢(-) are continuous functions.

Secondly, we apply abstract theory to study the existence and uniqueness of mild and
classical local and global solutions for a diffusion-coupled integro-differential system with
state-dependent delay described by

pm _u(t,x) + /Ot(t — S)“e_w(t_s)v(sfx>d5]
= Au(t,x) +/0tB(t—s)Av(s,x)ds+C(f)/Qb(u((’(f/ut)ry))f(x—}/)d%

r t
— v(t,x)+/ (t—s)"‘e_”(t_s)u(s,x)ds}
ot | 0

= Av(t,x) + /Ot C(t —s)Au(s, x)ds + g(v(o(t, ut), x)),

M(t, )‘aQ =0, Z)(t, )’80 =0
u(,y) = 9(0,y), v(6,y) =¢(6,y), 6€[-p0,yeQ,

for t € [0,a] and x € ), where f € C(Q;IR), Q= {x—y:xy € Q}, g € Cip(R,;R"),
b € CLp(R%;R"), 0 € Crip([0,a] x B;R),d —p < oft,¢) <t for all (t,¢) € [0,a] x B and
s CLip(lR,' ]R)

It is well-known that integro-differential equations in abstract spaces play a significant
role in the literature due to their ability to model a wide range of important equations aris-
ing in physical and biological systems. For example, in the classical theory developed by
Gurtin and Pipkin [14], Miller [27], and Nunziato [29], integro-differential equations are em-
ployed to describe heat conduction in materials with fading memory. They are also used
to model the non-equilibrium thermal response of glass-forming substances with dynamic
(time-dependent) heat capacity under fast thermal perturbations (see [28] for more details).

In [2], the author considers a coupled linear integro-differential wave system with memory.
In this work, the existence and uniqueness of global solutions are studied, and the uniform
stabilization of the total energy is proved as time goes to infinity. Another example of the
importance of integro-differential equations is the McKean-Vlasov equation, which has at-
tracted considerable attention due to its broad applicability. It models not only continuous
phenomena in areas such as statistical physics, stochastic control, mean field games, financial
mathematics, Bayesian inference, and neural networks, but also discontinuous phenomena
in mean-field dynamics—such as the motion of particles in polymer dynamics, the onset of
financial crises, and discontinuities in control systems [23].

An important framework for analyzing partial integro-differential equations in abstract
spaces is the theory of resolvent operators. This theory is widely used to establish the ex-
istence, uniqueness, and qualitative properties of solutions to such equations. The resolvent
operator approach has been developed in several works. Firstly, by Grimmer et al. [11-13].
Secondly, Da Prato et al. [3,4] and Lunardi [24,25] studied systems with P = 0. Recently, Dos
Santos et al. [7,8,16] addressed the general case where both P # 0 and Q # 0.

An important topic in the theory of differential equations, abstract differential equations
with state-dependent delay are a field of great significance due to their applications (see [1,15])
and because their qualitative theory is rather different from the usual theory on functional
differential equations with constant time-dependent delay. The literature on state-dependent
delay problems is extensive. For ordinary differential equations (ODE) in finite-dimensional
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spaces, notable works include [1,9,10,15] and their associated references. For ODEs and
partial differential equations (PDEs) with state-dependent delay, one can refer to the papers
[17-19,19-22,26]. Many works in the literature prove the existence of solutions of integro-
differential equations with state-dependent delay [5,7,30,32]. But these papers establish only
local solutions by fixed point results using compactness; they do not address uniqueness,
the regularity of solutions, or the existence and uniqueness of maximal solutions for integro-
differential equations. The central difference emerges from the fact that functions of the form
u—u(-—o(,uey))and u— u,, ;) are not Lipschitz in spaces of continuous functions, and
this has implications concerning the uniqueness of solutions and the well-posedness of certain
differential equations with state-dependent delay.

Inspired by the ideas from [17-19], we establish the local and global existence, uniqueness
and local well-posedness of the problem (1.1)—(1.2) in spaces of Lipschitz functions. In this
context, we emphasize the importance of inequalities like the following:

[u(o (-, u(-))) — v(e(, o)) leqow;z)
< (T4 ey, (-piz) [Tl (op < xr) 11 = llcqopyz)-

where
[o(t) —v(s)llz

[Olcuy(-piyz) == sup |t — s

tse[—p,b) t#s

Moreover, such analysis becomes even more challenging in the context of integro-
differential equations, since the associated resolvent operator does not satisfy the semigroup
property. This difficulty motivates the present work, whose main contributions can be sum-
marized as follows:

First, we establish existence and uniqueness results—both local and global—as well as
well-posedness for the integro-differential problem described above in spaces of Lipschitz
functions. This contribution is significant because the absence of the semigroup property
in the associated resolvent operator makes the construction of maximal solutions consider-
ably more intricate. Our results therefore extend the theory beyond the scope of classical
semigroup-based approaches.

Second, we introduce and rigorously analyze a new class of coupled integro-differential
systems that incorporate fading memory terms and diffusion operators with state-dependent
delays. To the best of our knowledge, this paper provides the first systematic treatment of
such systems, thereby opening new avenues of research in the field.

Third, we address additional aspects that, to date, have not appeared in the literature,
reinforcing the novelty and breadth of our contributions.

Finally, the paper is organized into five sections. Section 2 introduces the notation and
preliminary results used throughout the study. Section 3 develops the existence and unique-
ness theory for problem (1.1)-(1.2), both locally and globally. Section 4 establishes the local
well-posedness of (1.1)-(1.2) in the spaces D, and C([0,a]; Z). Section 5 concludes with the
analysis of a non-trivial coupled diffusive integro-differential system with state-dependent
delay, further illustrating the scope of our framework.

2 Preliminaries

Let (Z,| - ||z) and (W, || - ||w) be Banach spaces. In this work B = C([—p, 0]; Z) endowed with
the usual norm || - ||5, CLip([b, c]; Z) is the space of the Lipschitz functions from [b, c] into Z
endowed with the norm

I Newpasz) = I lle@asz) + e be2),



4 M. Pierri and ]. P. C. dos Santos

where [C]c,, ((b,c:2) = SUP: se(h el 45 W and C7([b,c]; Z), with v € (0,1), is the space of

the y-Holder functions from [b, ¢] into Z, endowed with the norm

|- llerpesz) = I leqpasz) + Flerpez),

where [é] Cr([bel;z) = supt,se[b,c],t;ﬁs %

Furthermore, £(Z, W) is the space of bounded linear operators from Z into W endowed
with the operator norm || - || £z w) and we write £(Z) and | - || if Z = W. Finally, for r > 0
andz € Z,B,(z,Z) ={x € Z;||x —z|z < r}.

As cited in the introduction, our results on existence and uniqueness of solutions are
proved without assuming that G(-) and o(-) are locally Lipschitz, they belong to a more
general class of functions. The next definition comes from [18].

Definition 2.1. Let Y;, i = 1,2, be Banach spaces and p > 1. A function G € C([c,d] x Y3;Y2)
is a LP-Lipschitz function, if there exists an integrable function [G]. .y : [c,d] x [c,d] — R
and a non-decreasing function Wg : R — R such that [G],.) € LP([c,t];R™) and [G]. o) €
LP([c,t];RT) for all t € (¢, d], and

IG(t, x) = G(s,y)llv, < Wa(max{|[x]ly,, [[yllv })[Gls) (1t = 5|+ l[x = yllv, ).

for all x,y € Y1 and ¢ < s <t < d. We use the notation Lﬁip([c, d] X Y1;Y>) for the set formed
by this type of functions.

The next result can be found in [18, Lemma 1] and there for p,b > 0, u € C([—p, b]; Z) and
o€ C([0,a] x B;[0,p]), u” : [0,b] — Z is the function given by u’(t) = u(t — o (t,us)).
Lemma 2.2 ([18, Lemma 1]). Assume 0 < b < a, u,v € C([—p,b];2), 0 € Lilp([O,a] X
B;[0,p) and let p = max{|[ullc(-ppz) 10lc-peyz) b Fu € Crp(l=p,0LZ) and uy,, <

-p0]

CLip([0,b]; Z), then u € Crip([—p,b]; Z), u() € CLip([0,b]; B) and
max{ [u] e, (—pajiz) ) lewy (oor8) } < [oley, (—poiz) + 1), leuy (07:8)
(s +h) —u” ()| < [u)ey, (1-pp1z) (1 + [0 (s 1ms) We () (1 + [u] ey (- paiiz)) )
[u?(s) =07 (s)|| < (14 [u]cy, ((-pb12) (0] (s.5) We (o)1t = 0l (1~ p 1,2
forall h,s € [0,b] withs+h € [0,b].

In addition, if w € C([—p,b];Z), € (0,1), w) - € C*([0,b]; Z) and wy € C*([—p,0]; Z), then
w(y € C¥([0,b]; B), w” € C¥([0,b]; Z) and

[yl opm) < @(w, &) :=[w]ce [0 b;x) T [Wolcx([=p02)/
(@) o1,2) < [@lea(-papx) (0 + [0y (o) xBilop) (B + [@lee(—ppz)"
(@) o) < @lespaiy (O + 1018 oawsiopy B + @1 piz)-

To achieve our results, we mention the main points about the theory of the resolvent
operator (V(t))¢>0 on Z to the integro-differential abstract Cauchy problem.

;t [u(t) + /OtP(t —s)u(s) ds] = Au(t) + /OIf Q(t—s)u(s)ds, (2.1)
u(0) =z € Z. 2.2)
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where A : D(A) C Z — Z, is a closed linear operator and the notation [D(A)] represents the
domain of A endowed with the graph norm, ||z||1 = ||z||z + ||Az|lw, z € D(A), and Q(t) for
t > 0 are closed linear operators defined on a common domain D(A) that is dense in Z, while
P(t) for t > 0 is a family of bounded linear operators on Z.

Next we present the definition of resolvent operator family for the problem (2.1)—(2.2).

Definition 2.3. A one parameter family of bounded linear operators (V(t));>0 on Z is called
a resolvent operator of (2.1)—(2.2) if the following conditions are verified.

(a) The function V(-) : [0,00) — L(Z) is strongly continuous, exponentially bounded and
V(0)z =z forall z € Z.

(b) Forz € D(A), V(-)z € C([0,00);[D(A)]) NC((0,00);Z), and

% [V(t)z + /OtP(t — S)V(S)zds] =AV(t)z+ /Ot Q(t —s)V(s)zds, (2.3)
% [v(t)z+/0tv(t —S)P(S)st] = V(t)Az—l—/OtV(t—s)Q(s)zds, (2.4)

for every t > 0.

The existence of a resolvent operator for problem (2.1)—(2.2) was studied in [7,8]. In these
works we considered the following conditions:

(C1) The operator A : D(A) C Z — Z is the infinitesimal generator of an analytic semigroup
(T(t))t>0 on Z, and there are constants My > 0 and ¢ € (77/2,7) such that p(A) D Ay =
{AeC\{0}: |arg(A)| < 8} and ||[R(A, A)|| < My|A| 7! forall A € Ay.

(C2) The function P : [0,00) — L(Z) is strongly continuous and P(A)z is absolutely con-
vergent for z € Z and Re(A) > 0. There exists « > 0 and an analytical extension of
P(A) (still denoted by P(A)) to Ag such that ||P(A)|| < No|A|~* for every A € Ay, and
|P(A)z]| < Ni|A|7Y||z||; for every A € Ag and z € D(A).

(C3) Forallt >0, Q(t) : D(Q(t)) € Z — Z is a closed linear operator, D(A) C D(Q(t)) and
Q(+)z is strongly measurable on (0, c0) for each z € D(A). There exists g(-) € L (R™T)

1
such that g(A) exists for Re(A) > 0 and [|Q(#)z]| < q(t)|z[[1 forall t > 0 and z EOB(A).
Moreover, the operator valued function Q : Ay — L([D(A)];Z) has an analytical
extension (still denoted by Q) to Ay such that ||Q(A)z|| < ||Q(A)]| [|z]]1 for all z € D(A),

and |Q(A)|| — 0 as [A] — .

(C4) There exists a subspace D C D(A) dense in [D(A)] and positive constants C;, i = 1,2,
such that A(D) € D(A), Q(A)(D) € D(A), P(A)(D) € D(A), [[AQ(A)z|| < Ciljz]| and
|P(A)z]|1 < Ca|A|7¥||z]|1 for every z € D and all A € Ay.

The following result has been established in [8, Theorem 2.1].

Theorem 2.4 ([8, Theorem 2.1]). Assume that conditions (C1)—(C4) are fulfilled. Then there exists a
unique resolvent operator for problem (2.1)—(2.2).

For the development of this work we will assume that the conditions (C1)—(C4) are satis-
fied.

Remark 2.5. From Theorem 2.4 it follows that there exists a constant M > 0 such that the
resolvent satisfies ||V (t)|| < M, for all t € [0,4] and there exists a constant C > 0 such that
|AV(t)|| < & forallt € (0,4] and z € Z.
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Let E be the space consisting of z € Z such that
V(-)z € C([0,00), [D(A)]) N C([0,00); Z).

It is clear that E C D(A) and 4£V(t)z|;—o = Az — P(0)z for z € E. For more details see
[8, Remark 2.2]
The following definitions and results are related to the non-homogeneous problem

cllit {u(t) + /OtP(t - s)u(s)ds} = Au(t) + /Ot Q(t —s)u(s)ds + G(t), tel=100b], (25)

with initial condition (2.2), where G : [0,b] — Z is a continuous function.

Definition 2.6. A function u € C([0,b]; Z), 0 < b < a is called a mild solution of (2.5)-(2.2) on
[0,b] if u(0) = z and

u(t) =V(t)z+ /OtV(t —5)G(s)ds, vVt e |0,b]. (2.6)

Definition 2.7. A function u : [0,b] — Z, 0 < b < 4, is called a classical solution of (2.5)-(2.2)
on [0,b] if u € C([0,b], [D(A)]) N CL((0,b]; Z), the condition (2.2) holds and the equation (2.5)
is verified on [0, b]. Moreover, if u € C([0,b],[D(A)]) N CY([0,b]; Z), the function u is said to
be a strict solution of (2.5)-(2.2) on [0, b].

Remark 2.8. From the above definition, it is clear that V(-)z is a classical solution of problem
(2.5)-(2.2) on (0,00) for z € D(A) and G(t) = 0.

In the work [8] the following results are established for the problem (2.5)—(2.2)

Theorem 2.9 ([8, Theorem 2.4]). Let z € D(A). Assume that G € C([0,b];Z) and u(-) is a
classical solution of problem (2.5)—(2.2) on (0, b]. Then

t
u(t) = V(t)z+/ V(t—s)G(s)ds,  te[0,b]. 2.7)
0
Theorem 2.10 ([8, Lemma 3.1.1]). If R(Ag, A) is compact for some Ay € p(A), then V(t) is compact

forall't > 0.

Theorem 2.11 ([8, Theorem 2.6]). Let z € D(A) and let G € WV([0,a];Z). Then the mild
solution u(-) of problem (2.5)—(2.2) is a classical solution on [0,a]. Further, if z € E, then u(-) is a
strict solution on [0, a].

Corollary 2.12 ([8, Corollary 2.2]). Let z € D(A) and G € C([0,a];Z). Let u(-) be the mild
solution of problem (2.5)—(2.2). If u € C([0,a],[D(A)]), then u(-) is a classical solution on (0, a).

3 Existence and uniqueness of solution

In this section we begin by studying the existence and uniqueness of mild solution for the
integro-differential problem (1.1)—(1.2). First, we establish some concepts and assumptions
that will be used in this work. For this remember that for p,b > 0, u € C([—p,b];Z) and
o € C([0,a] x B;[0,p]), u” : [0,b] — Z denotes the function given by u?(t) = u(t — o(t,us)).

Definition 3.1. A function u € C([—p,b];Z), 0 < b < a is called a mild solution of (1.1)-(1.2)
on [—p,b] if uy = ¢ on [—p,0] and

u(t) =V(t)e(0) + /OtV(t —5)G (s,u(s))ds, vVt e [0,b]. (3.1)
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Definition 3.2. A function u € C([—p,b];Z), 0 < b < a, is said to be a strict solution (resp.
a classical solution) of (1.1)=(1.2) on [—p,b] if Uy, € CY([0,b]; Z) N C([0,b]; [D(A)]) (resp.
Uy € C((0,b); Z) N C((0,b]; [D(A)])), uo = ¢ and u(-) satisfies (1.1) on [0, b] (resp. satisfies
(1.1) on (0, b]).

To establish the main results of this section, we introduce the following condition.

Condition H?'

G,0,a
o € Li,, ([0,a] x B; [0, pl).

Notation 3.3. If condition H?"

G,0,a

tqr>1,0(qr) =1 +;<1,Ge L (0,4 xZZ)and

holds, we use the notations

Z1(b) := sup 1G] 4,y X+ [ (g, L2 f0,67)-
h,c€[0,b],h+c€[0,b]

Yo(b) == sup [|[G](.0)(1+ [o]0)llLr(0,e))-
ce(0,b]

In addition, if ®(g,7) < 1, A(g,r) is the number defined by the relation ®(g,7) + —+— = 1.

Now we can present the first theorem of this work.

Theorem 3.4. Suppose ¢ € Crip([—p,0];Z), V(-)9(0) € Crip([0,a]; Z). If condition HY' _ is sat-

G,0,a

isfied and X1 (b) + X2 (b) — 0as b — 0, then there exists a unique mild solution u € Crip([—p,b]; Z)
of the problem (1.1)~(1.2) on [—p, b] for some 0 < b < a.

Proof. Consider Ry > [V(-)9(0)]c,,,(0.a2) + 9l@llcy, (-posz) + MIIG(0, (=0 (0, 9))|. From
the hypothesis on %;(-), i = 1,2, we can choose 0 < b < a such that

V() eO)lepoaiz) + 9l (—posz) T MIG(0, (= (0, 9))|
+(1+ Ry)*We (p) (1 + Wa(p)) M (Z1(b) + Za(b)) < Ry, (3.2)

(14 Ry) W () M(1 + W (p))Z1(b) < 1 (33)

with p := Ry (b +p) + ||| 5.
Define the space

Z(b,Ry) = {u € CI-p,b:2) s w0 = @, e piiz) < Ro},

endowed with the metric d(u,v) = [[u — v||c(j0p);2) and let T : Z(b,Ry) — C([—p,b];Z) be
the map defined by T'u(t) = ¢(t) for t € [—p,0] and

Tu(t) =V(t)p(0) + /OtV(t —5)G (s,u’(s))ds, forte[0,b].

We state that I'(-) is a contraction. Indeed, for u € Z(b,R,) and s € [0,b], we note that

max{ [[u(s) |, [[u7 (s) ||, l|usl| 8} < S[upm [u(7) = 9(0) || + [l (0)]]
T€[-p,

< [l (poi (04 P) + lolls
< Ry(b+p) + lglls < p. (34)
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Using the former estimate and Lemma 2.2, for s, h € [0,b] with s + h € [0, b], we have that

1G(s +h,u’(s + 1)) — G(s,u’(s))|

[Cl(s+ns)Wa () (h =+ [ty (- paysz) (B + We ()0 (s4m,5) (B + [l ey (- payzy 1))
[Gls+nsyWa(p) (1 + Re(1+ Wa(P)[U] (s+hs) (1 + Rp)))h
(14 Rp)*Wa(0) (1 4+ Wo(0))[Gl(ssns) (1 + [0] (51,5 )P (3.5)

ININ TN

For 0 < s < h < b and arguing as above, we also have that
IG(s,47(5)) = G0, @(=0 (0, )| < (14 Ry} We(p) (1+ We(p)) [Glion) (1 + [l o0 (36)
Using the previous inequalities, for i, t € [0, b] with ¢ 4 h € [0, b], we obtain
|\Tu(t+h) —Tu(t)||
< VOPOleomanh + [ IV0+1—)G0,9(~o(0,9))lds
+ [ IV = IIGE () ~ G0, 9~ (0, )
+ [ IV =G + 1 (s ) = G, () s
< VO P(0) ey oz + MIIG(O, 9(~0 (0, )|
+ (14 Rp)Wa(p) (1 + Welp M/ 0y (1+ [0] 50y )sls
+ (1R Wo(0) L+ Wolo))M [ (Gl (1+ (0] s

< V) e0)]eyy(op2)1 + MIG(O, ¢(=0 (0, 9)) [
(L4 Ry We(p) (1 + We(0))M(Ex (b) + Ea(b)h. 67)
Then [ru]cup([o,h];z) < R, and [ru]cup([—p,h];z) < R, since ||§9||CLip([—p,0];Z) < R,. This proves

that IT'(-) is a Z(b, Ry)-valued function.
Also, from Lemma 2.2, for u,v € Z(b,R,) and t € [0, b] it follows that

ITu(t) — To(®)]
< [V = 9)G (s 17 () = Gls, o7 (5)) s

t

< Wo(p) || MIGl(os)lu”(s) = o7 (5)]|ds
t

< Ws(p) /O MG (55 (1 + [l ey (- pa12) W (0) [0)(s9)) 1 = 0l e (0,57,2) 45
t

< We(p) [ MIGliss) (1 + RoWe(p)[0] (o)) = 0llcq sz

< (14 Ry)Wo(0) 1+ Wo ()M [ 1G]3(1 + [0] 505l = ol o
< (14 Rp) W (p) (1 + Wi(p))Za (b >M||u—v||c<[o,b],.z>, 9

and, from (3.3), we conclude that I'(-) is a contraction on Z(b,Ry) and then there exists a
unique mild solution u € Crip([—p, b]; Z) of (1.1)=(1.2) on [—p, b]. O



Local and global solutions for abstract integro-differential equations 9

For the next result we will use the Radon-Nikodym property. It is well-known that every
reflexive space has the Radon-Nikodym property (abbreviated, RNP) and that there are non
reflexive spaces that have the RNP. We refer to [6] several characterizations of the RNP. For
this reason, in the sequel, we consider spaces that have the RNP.

Proposition 3.5. If conditions in Theorem 3.4 are valid, Z has the RNP, the functions [G]. ., and
] ...y are continuous, and u € Crip([—p, b]; Z) is the unique associated mild solution of the problem
(1.1)—(1.2), then u(-) is a classical solution if ¢(0) € D(A) and a strict solution if ¢(0) € E.

Proof. Note that
|G(t,u”(t)) — G(s,u”(s))l
< [GliesyWa (o) (1 + [ul ey (1-pp1iz) (1 + We() 0] (1,6) (1 + [u] ey (- pp12)) ) (E = 5)
< K|t —s|,

where p = |[ul|c(—py;z) and

K= sup  ([GClpssWa(p)(X+ [u]c (- pbz) (1 + Welp) o] 15 (1 + [y, (- paiiz))-
(t,5)€[0,a] x[0,4]

Consequently, the function t — G(t) = G(t,u(t)) is Lipschitz continuous and since the
space Z has satisfies the RNP, the function G(-) € WY1([0,b]; Z). The statement is now conse-
quence of Theorem 2.11. O

In the next corollary, ®(g,r) and A(g,r) are the numbers defined in Notation 3.3.
Corollary 3.6. Suppose that ¢ € Crip([—p,01;Z), V(-)9(0) € CLip([0,a]; Z) and assume that
O(q,r) < 1. If there exists 0 < ¢ < a such that

Ts(c) = sup G () Tzao,an (X + (0] gy 10,0y < 0
be[0,¢],dhe(0,b],d+h<b

Then there exists a unique mild solution u € Cyip([—p, b; Z) of the problem (1.1)~(1.2) on [—p, b] for
some 0 < b < a. In particular, the assertion is valid if G(-) and o (-) are Lipschitz.

Proof. From Theorem 3.4, it is sufficient to show that X;(b) + X5(b) — 0 as b — 0. For
be0,c],t,he|0,b)witht+h <b,itis easy to see that

t
/0 [G] (s+h,s)(1 + [U] (s+h,s))ds < 23(C)I

t
/0 [Gl(s,0) (1 + [0](5,0))d5 < [[[G](.0)lLagoon 1 (X + o0 |7 (0,0)
which implies that X1 (b) + X2(b) — 0 as b — 0. The last claim is direct. O

Now we will discuss solutions defined on a pre-defined interval [—p, a] and on the whole
semi-axis [—p, ).

Remark 3.7. If condition Hg”rgl , is satisfied, for x > 0 and b € [0, 4], we assume that
Tip(x) = sup IWee(0(x, DG g,y (L4 0] () 21 0,61
h,c€[0,b],h+c€[0,b]

Yop(x) = Sl[zlf;] [Weo(0(x,))[Gl0) (X + o]0 1 (j0,6])-
cell,

where We,(p(x,5)) = W (p(x,5))(1+Ws(p(x,s))) and p(x,s) = x(s + p) + || ¢|| 5, are finite.
Additionally, if the condition HE"  is satisfied for all a > 0, we use the notations X o (x) :=

supy~o Z1,p(x) and Zpe(x) 1= su}’)h’ZO Zop(x).
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From the proof of Theorem 3.4, we deduce the next result.

Proposition 3.8. Suppose that condition HE, , is satisfied, ¢ € Crip([—p,0];Z), V(-)9(0) €
Crip([0,a]; Z) and let P, : R +— R be the functzon given by

Pa(x) := [V()9(0)]c,(0.a2) + 1@l (—ponz) + MIG(0, (=0 (0, 9)) |
+ (14 x)2M(Z1,4(x) + Zo,0 () +(1 4+ x)MZq 5 (x)x — x.
If Pa(Ry) < O for some Ry, > 0, then there exists a unique mild solution u € Crip([—p,al;Z) of
problem (1.1)~(1.2) on [—p, al.

Proof. The demonstration of this proposition follows from the proof of Theorem 3.4 and we
will include some details to complete the proof. We remark, from the definition of P,(-) and
our hypothesis about P,(R,), that

V)90 o.ax) + 1@l i-pox) + MIGO, (= (0, ¢))]
+ M(1+4 Ry)? (Z1,4(Ry) +Z24(Ry)) +M(1 4+ Ry)E1,4(Ry)Ry < Ry (3.9)
Consider Z(a,R,) and T'(-) as in the proof Theorem 3.4, but using a instead of b and let
uc Z(a,Ry).
Proceeding as in the proof of Theorem 3.4 and from the definition of p(Ry,s), for s € [0, a]
we obtain

max{|[u(s) ||, [[u”(s) |, [lusll} < Rop(a+p)+[els<p(Re,s).
From the inequality above and the proof of Theorem 3.4, for s € [0,a] and 7,h € [0,a] with
T+ h € [0, a], it follows that

IG(T +h,u’(T+h)) — G(t,u" (1))
< (14 Ry Wa(p(Rp, 1)) (1 + We(p(Rg, 1)) [Gl(r-ir) (1 + 0] (4,0) ),

IG(s,u”(s)) = G(0, (=0 (0, 9)))|
< (14 Rg)*We(p(Rg,5)) (1 + We(p(Ry,5))) [Gl(50) (1 + [0 (50

From the previous inequalities and arguing as in the estimates (3.7) and (3.8) we have that

ITu(t+h) =Tu(®)]| < [V(-)90)]cy, (0.0:x) 1 + M]G0, p(=0 (0, 9)) |11
+ (1 + R@)ZM(ZM( q)) + ZZ,a,(ch))hr
[Tu(t) —To(t)[| < (14 Ry)MZ1,4(Rp) |1 — vllc(po,ax),

for all t € [0,a]. Then, I'(-) is a contraction on Z(a,R,) and we conclude that there exists a
unique mild solution u € Crip([—p,a]; X) of (1.1)~(1.2) on [—p, a]. O

Proceeding as in the proof of the Proposition 3.8, we can demonstrate the next result.
Corollary 3.9. Let ¢ € Crip([—p,0]; Z) and V(-)(0) € Crip([0,a]; Z).

(@) Assume that G € Crip([0,a] x B,(0,X); Z) and that ¢ € Crip([0,a] x B,(0,B); [0, p]) for all
r > 0and let P, : R — R be the function given by

Pa(x) = [V()(0)]cy,0.a12) + 1@l (- po12) +MHG(0,¢(—0(0, ®))ll
+[(1 + %)% + (1 + x)][G] 1+ [0] )Ma —

CLlp p(x CLlp p(x

where p(x) = x(a+2p) + ||¢||g and [G]CLW /0]y (v are the Lipschitz constants of G(+)
and o (-) on [0,a] X By, (0, X) and [0,a] x B, (0, B) IfPa( ) < 0 for some y > 0, then
there exists a unique mild solution u € CLip([ ,a);Z) of (1.1)—(1.2) on [—p, a].

7
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(b) If G(-) and o (-) are Lipschitz and P,(y) < 0 for some y > 0, where

Pa(x) = V() (0)]c,,,(0a12) + 1@l (- porz) + MIIG(0, (—=0(0, 9)) |
+ (1 + x)z[G]CLip(l + [U]CLip)Ma + (1 + x)[G]CLip,p(x) (1 + [U]CLip,p(x))Ma - X
=0+ (1+x)2pus + (14 x)ps — x, (3.10)

then there exists a unique mild solution u € Crip([—p,al;Z) of (1.1)~(1.2) on [—p,a]. In

particular, the affirmation holds if 1 > %.

With respect to the existence and uniqueness of the solutions defined in [—p, o), we have
the next corollary.

Corollary 3.10. Assume that V(-)¢(0) € Crip([0,00);Z), ¢ € Crip([—p,0]; Z), that the condition
H{'  is satisfied for all a > 0 and that % (x) < co for i = 1,2 and every x > 0. Let Pe : [0,00) =

[0, 00) be the function given by

Poo(x) = [V(-)9(0)] e,y (1000,2) + 1 @llcpp (- pojsz) + MIIG(0, (=0 (0, 9))|
4 (14 )2 M (Z1,00 (%) 4 Zp,00(%)) 4+ (1 + x) MZq oo (x)x — x. (3.11)

If Po(y) < O for some y > 0, then there exists a unique locally Lipschitz mild solution u €
C([—p,o0); Z) of the problem (1.1)—(1.2) on [—p, o).

Proof. Given a > 0, let P,(+) be the function in Proposition 3.8. As 0 < P,(x) < Pw(x) for all
x > 0, it follows that 0 < P,(y) < 0 for alla > 0.

From Proposition 3.8, there exists a unique mild solution u® € Crip([—p,a]; Z) of (1.1)-
(1.2) on [—p,a]. Since the solution is unique and setting u : [0,00) — X as u(t) = u®(t) for
t € [0, a], we get a unique locally Lipschitz mild solution of (1.1)—(1.2) defined on the semi-axis
[—p, ). O

Remark 3.11. The first example of Section 5 contains comments with respect to the existence
of the numbers %, ,(x) and an application of Corollary 3.10.

In the next result we investigate the existence and uniqueness of a maximal locally
Lipschitz mild solution for (1.1)-(1.2). For this purpose, we say that 7 : [c,d] — R is a
Gronwall’s type function, if the Gronwall’s inequality is valid for inequalities of the form
Y(it) <h+Dh][ Ct 17(s)y(s)ds with (-) continuous, that is, this inequality implies that y(t) <

e Js 1) for all t € [c,d].

Proposition 3.12. Suppose that the hypotheses of Theorem 3.4 hold, g > 1,[G](s ) is a Gronwall-type
function, Weo := sup-g Wa(s)(1 + We(s)) < oo, and there is a € (0, %), such that

sup ||y« [o]f. <o
teioa) || (=)' " L1([0,1])
and that
Y3(c,v) == sup  |[G] (o (T + [ an ) o=y = O (3.12)

hel0,v],de(c,c+v]

as v | 0, for all c € [0,al. Then there exists a unique maximal mild solution u € Crip([—p,a]; Z) of
the problem (1.1)—(1.2) on [—p, a].
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Proof. Let u € Crip([—p, b]; Z) be the mild solution obtained in Theorem 3.4. From the demon-
stration of Theorem 3.4, we can show that there exists § > 0 and a unique mild solution
v € Crip([—p,b+6]; Z) of (1.1)=(1.2) such that v = u on [—p, b].

Indeed, let Ry, b and p presented in the proof of Theorem 3.4 and assume a > b. Consider
Ry > [V(')(P(O)]CLip([b,u};Z) +2R,. Using (3.12), we can choose 0 < § < b small such that

2Ry + V()9 (0)]cy(tbalix) + (14 Ri)*Wa(01) (1 + We(01)) MZ5(b,8) < Ry,
where p1 := R1(2b+ p) + || ¢||5. Now consider the space
Y ={welC([-pb+4;2); W)y = U (W] ppinzy < Ribs (3.13)

endowed with the metric d(u,v) = ||u — v||c(j0p+4];z) and define the map I': Y — C([—p, b+
0];Z) as (Tw) and

leps = Mg
b t
Tw(t) = V(t)e(0) —l—/o V(t—s)G(s,u’(s))ds —|—/h V(t—5)G(s,w’(s))ds, (3.14)

fort € [b,b+ 4.
Letw € 9. Then, [Tw]c, ((—ppz) < Ry since Tw(-) = u(-) on [—p,b]. We remark that the
inequalities (3.4), (3.5) and (3.6) are verified. Moreover, using (3.4), for s € [b, b + 6] we obtain

max{|[w(s)||, [|w”(s) |, [lws|[5}
< max{||w(-) ”C([b,bJr(S];Z)/ HwHC([bfp,bJr(S];Z)f HwHC([hfp,bJrﬁ];Z)}
< max{|lw(-)leqppra:z), 14l cp—pesz)
< max{||w — u(b)|lcqpp+ax) + 1u®) ] Nullcqp-prsz) b
< [Wley, (poraz2)0 + Ro(b+p) + [lolls
< R0+ Ry(b+p) + llolls
< Rib+Ri(b+p)+ ols < p1-

In addition, since R, < R; and p < pg and , for s,h € [0,b+ 6] with s+ h € [b,b+ 4] and
arguing as in the estimate (3.5), it follows that

|G(s +h,w’(s +h)) — G(s,w(s))|
< We(p1)(1+Wo(01)) (1 + R1)?[Gl (s s) (1 4 [0] (s05) ) -

Lett€[b,b+0)and h >0 with t + h € [b,b + ¢]. From the above inequalities, the inequal-
ities (3.4)—(3.6), the fact that 0 <h < < b, and proceeding as in the estimate (3.7), we get

|Tw(t+h) — Tw(t)||
< VOPOleyaesft+ [ IVE+E—9)G(0,9(~0(0, ) ds
b [0 = )G (s (5)) — G(0, 9(~o(0, ) s

+ /Ot |Vt —s)|||G(s+hw(s+h)) —G(s,w(s))||ds
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< VO 9Oy s+ MIGLO, o0, )
FWalp) L+ Wel@)) 1+ Ry [ MIG) 01+ o)) s

b—h
[ IVE=9)(Gls + hu (s 1) = Gls,u(s)) s
+/bth V(= $)(G(s + h,w’(s + h)) = G5, (s))) | ds
< V)9O (02 M GO, 9 (= (0, 9)) ||
FWap) (L + Wel@)) 1+ Ry [ MIG) o)1+ oo s
b—h

+We(p)(1+Welp))(1+Ry)? /0 MGl (ssns) (1 + [0 (sn,5) )l

+ WG(pl)(l + WU(Pl))(l + Rl)z /bt L M[G] (s+h,s)(1 + [‘7] (s+h,s))hd5

< VO eO)ey,(porazh +h+ L+ 1

+Wa(p1)(1+We(p1)) (1 + Ry)? /bt_h MG (51n,6) (1 + [0](511,6) ) dls.

Observing that in the estimate (3.7) the term I; 4 I + I3 also appears, we deduce that

|ITw(t+h) — Tw(t)||
< VO ey, (bpralz)h + Roh
t
+ We(p1)(1 4+ We(p1))(1+ R1)*M /bih [Gl(s1,5) (1 + [0 (s4n,5) ) s
< Rl + V() 9(0)]cy, (a2 P+ Wao1) (1 +Welp1)) (1 + Ri)?MZ3(b, 6)1t < Rih,

which allows us to conclude that | (bb+d):z) < Ruand [w]c,, (—pp+az) < Ra because

W [b,b+0] ] Crip Crip
[w\[,p,b]]cup([—p,b];z) = [u|[—p,b]]CLip([_p/b];Z) < Ry < Ry. Then, I'(+) is a Y-valued function.

Moreover, arguing as in (3.8), for t € [b,b + 6] and w, v € 2 we have that
ITa(t) — To()|
t
< [ MWe(p1) Gl 0" (5) = 7 (s) s
t
< /b MW (01)[Gl(s.5) (1 + [wley, (= porarzyWe(p1) [0 s,5)) [w = ©llc(o,s],2)95

t
< M(1+ Ri)We (1) (1 + We(p1)) /h [Gl(s,5) (1 + [](s,6))d8]|[w — 0| c(1p,p+0);2)
< M(1+ Ri)We(p1) (1 + We(01))Z3(b,6) |w — 0|l c(p,p10);2),

and then T'(-) is a contraction and there exists unique mild solution w € Cpip([—p, b + 4]; Z)
of (1.1)~(1.2) on [—p, b + ¢] such that w = u on [—p, b].

Proceeding this way, we obtain a maximal “locally Lipschitz” mild solution u € C(Imax; Z)
of (1.1)~(1.2).

Now let by, = sup Imax. We state that Imax = [—p, by] and that u € Cpip([0,b,); Z). Indeed,
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note that ||u?(t)|| < [|¢|l5 + |lullc(o,;2), for all t € [0,b,) and then

()l < IVOIoO) + [ V(= 9)G(s, o0 (0, 9))) [ds
+ [ IV =916, (5)) - Gls, 9010, ) s
< Mgl + [ 16G,9(~o(0,9))]ds)

t
+M /0 WeolGliss) (11l cqiosiiz) + 21l 9lls)ds,

that is, u(-) is bounded on [0, b,) and G(-,u’(-)) € L1([0,by); Z) N C([0, by); Z) because [G];. .,
is a Gronwall-type function.

Moreover, we can adapt the argument in [3, Proposition 6.3] to the resolvent family and
show that u € C*([b,by);Z) and lim; 5, u(t) exists. Let v : [—p,by] — Z be defined by
o(t) = u(t) for t < by and v(by) = lim; ,p, u(t). Obviously, v € C([0,by]; Z),v(-) is a mild
solution of (1.1)-(1.2) on [—p, b,]| and v € C*([0,b,]; Z). From the above, for t € (0,b,] and
0 = [v]c(=pby)iz) + lI0llc(-pp,)z), we have that

14V = 9)(G(5,7(5)) = 66,07 (1)) s

f [G] — 44 14 K—K (44 n
< [ O T (0 5) 4 pla o Welp) ol (0 ) ) =) )
[G](tl) a—a? e e «
< CWe sup ||[G .y + mp(u + We(p)*lo]fy ) (@) + 0%) (3.15)
tef0.a] (t—-) L1((0,)

Denote by Lo the right hand side of (3.15) and note that
o(t) = V(t)e(0) + /Ot V(t —s)G(t,07(t))ds + /Ot V(t—s)(G(s,v7(s)) — G(t,07(t)))ds
:V(t)go(O)-l—/OtV(s)G(t,v”(t))ds-I—/OtV(t—s)(G(s,v"(s)) _G(t,o7(1)))ds.  (3.16)

Defining V(t) = fot V(s)G(t,v7(t))ds and using the same argument of the [8, Lemma 2.10] we
can show the function AV (t) : [0, b,] — Z is continuous. Now we infer
)

C
< S e + 1AV ()llc(op,)z) + Leo- (3.17)

t
sup 4000 < sup (14V(0pO)]+ |4 [ ReIGE, 7 (0)as
tebby] te[b,by) 0

We get v(t) € D(A) for all t € (0,by], and from Corollary 2.12 we conclude that v(-) is a
classical solution of (1.1)—(1.2) on [—p,b,], which implies that SUPye b5, 10/ (#)]] < o0, v €
Crip([=p,by); Z), u(-) = v(-) on [0,by] and Imax = [—p, by].

Assume b, < a. This fact allows us to conclude that there exists &' > 0 and a unique
Lipschitz mild solution w € Crip([—p, by +9']; Z) of (1.1)—(1.2) on [—p, by 4 8'] such that w = u
on [—p,by], which is contrary to the maximality of u(-). Thus, by, = a, u € Crip([—p,a];Z)
and u(-) is the unique mild solution of (1.1)~(1.2) on [—p, 4]. O

For the next result we use Schauder’s fixed point Theorem to investigate the existence of
a mild solution.
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Proposition 3.13. Assume that condition Hq , holds, @ € B and V(t) is compact for all t > 0.
Then there exists a mild solution u € C([— p, ], Z) of the problem (1.1)—(1.2) on [—p, ] for some

O<b<a.

Proof. Letr >0, p :=r+||¢|l5 and A(r) := Wg(p)p. Since s — [G](s) is integrable on [0, ¢]

forallt € [0,a] then
t

24(0,¢) :== sup [ [Gl(s5)ds — 0,
te[0,¢] /0

as ¢ — 0. Moreover, as lim;o V() @(0) = ¢(0), we can choose b > 0 such that

1VO)9(0) ~ 9(O)lc(osz) + M (Z4(0,0)Wo(@)p + 16 0)c(omzb) < -
Consider the space

Y(0) = {u c C([=p,b];Z) : uo = ¢, [[u(-) = 9(0)lc(op):2) < 7},

endowed with the metric d(u,v) = [|u — v||¢c(jo4];z) and define I' : 9 (b) — C([—p,b]; Z

the proof of Theorem 3.4.
If u € Y(b), from the definition of Y(b), for s € [0, ] we note that

max{[lu(s)|, [[u”(s)[l, [[us|s} < sup [[u(7) = ¢0)[| +l[¢lls

T€[0,b]
<r+lells = e
which shows that
IG(s, u”(s))Il < G (s,u%(s)) = G(s,0) | + IG(-, 0)llc((o,p);2)
< [GlssyWe () l[u? ()l + 1G (-, 0)llc(o,p),2)
< [GlsyWa(p)p + G (-, 0)llc(jo,0):2)-

Using the previous inequalities, it is easy to see that

[Tu(t) = 9O} < IV()9(0) ~ 9(O)]| + M [ Gl Welp)pds
+ M||G(, )Hc ([0.4:2)b

< [[V()e(0) — ¢(0)[lc(o);2)
+ M(Z4(0,0)Ws(p)p + |G(+,0)|lc(o,a2)b) <1,

a 2 (b)-valued function.

which implies that I'(+) is
€ (0,b] and h > 0 with t + h < b, we obtain

Furthermore, for ¢

ITu(t +h) — Tu(t)||
< [V(E+1)e0) = V(E)e(0)]

t
+/ [V(t+h—s)=V(t—s)([GlsyWa(p)p + [IG(-,0)[lc(jo];2))ds

t+h
+ [ MUl Welo)p + G 0)le(os12))ds
<HVt+mm> V(H9(0)]
+ [ IV 1= ) = V(= )G Wolo)p + 16 Oy s
+ MG 1oy We (00 + G O leqiopz

(3.18)

) as in
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We can write the last inequality in the form
t
ITu(t+h) —Tu(t)|| < ey(t,t+h) + /O €5 (t,t+h,5)G(s)ds,

where G(s) = [G](ss)Wa(p)p + [IG(+,0)llc(j0,0);2)-

Note that e}o(t t+h) — 0as h — 0 uniformly for (t,u) € [0,b] x Y(b). Moreover, since

e5(t,t+n,5)G(s) — Oforalls € [0,t] as it | 0, €5(t,t +h,5)G(s) < MG(s) and MG(-) is
integrable on [0, ], we conclude that the second term at the right hand side converge to zero
as h — 0, uniformly for u € 9)(b).

Then, the set {Tu : u € Y(b)} is right equicontinuous at t. Similarly, we show the left
equicontinuity at t € (0, b] and the right equicontinuity at t = 0.

Now, we need to prove that {Tu(t) : u € 9(b)} is relatively compact in Z for all t € [0, b].
Let t € (0,b] and & > 0. By noting that

t
/t_(SHV(f—S)HHG(S,H (s))llds < MT1G(-) |1s((0.)

for u € Y(b), we can select 0 < é < f such that

[ V=966 E)lds <e Vi e D),

From the continuity of V(-) on [4,t], we can choose N € IN and numbers 0 < t; < f <
<ty =t—0 < tyy = tsuchthat [[V(t —s) = V(t - t;)|| < ;¢ forall s € [t;,t;y1] and
i=1,...,N—-1.
Under the previous conditions and remarking that

i+1 t 1
[ 166w @) s < [ 16(s)1ds < © = BIGE) s 0,

foralli=1,...,N—1and every u < t, for u € )(b) we obtain

t N-1 tit
Tu(t) =V(t)e(0)+ /tN V(t —3)G(s,u’(s))ds + ; V(t— ti)/t G(s,u’(s))ds

i

N=T rtiq

+ 2/ (V(t =) = V(E— £))G(s, 1% (s))ds

i=1 7t

€ V(t)gD(O) + BS<O;Z) + NZ_:l V(t — ti)B®(O;Z) + SB@(O,'Z),
i=1

and hence, {Tu(t) : u € P(b)} C D, + K, where the diameter of D, go to 0 as ¢ — 0 and K is
relatively compact in Z. Then, {Tu(t) : u € 9(b)} is relatively compact in Z.

By hypothesis H?;’ o.q it follows that I'(+) is continuous and from the previous commentaries
we can conclude that F( ) is completely continuous. Therefore, from Schauder’s Fixed Point

Theorem, there exists a mild solution u € C([—p,b]; Z) of (1.1)-(1.2) on [—p, b]. O

4 Well-posedness

To begin our study on the local well-posedness of the problem (1.1)—(1.2), we first introduce
the next concept.
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Definition 4.1. Let (D, |- ||p) < (B,] - ||z) be a Banach space and a > 0. We say that the
problem (1.1)-(1.2) is locally well-posed related to the spaces (D, || - ||p) and C([0,a]; Z), if for
all € D and r > 0, there exists ¢, > 0 such that, for all € B,(¢, D) there exists a unique
mild solution u(-,¢) € C([—p,cy]; Z) of the problem (1.1)-(1.2) on [—p,c,| and

lu(, @) = ul- ) llcoeyz) =0 asllg—¢llp — 0. (4.1)

Combining the proofs of Theorem 3.4 and Corollary 3.6, we have the next result, with
D =Ds = {y € CLip([=p,0[; 2) : V(1)$(0) € Cuip([0,a]; 2), $(0) € E},
endowed with the metric d(1, $2) = [l — ¢2llcy,, (-po1z) + IV (1(0) = $2(0))ll ey (0a):2)-

Proposition 4.2. Suppose that condition HG v.q 15 satisfied and ©(q,r) < 1. Then the problem (1.1)-
1.2 is locally well-posed related to the spaces (D,, || - ||p,) and C([0,a]; Z).

Proof. Let ¢ € Dy, r > 0 and R, > 0 be such that
Ry>nim s (VOWOlay(oa) + IWlyi-posz) + MIGO#(-o0y))I).
€br(@; Dy

Since X;(c) — 0 as ¢ — 0 for i = 1,2, we can choose 0 < ¢, < a such that
A (14 RYPWe(p") (1 4+ We(p)) (E1(ey) + Ealey)) < Ry,

where p* := R¢(a +2p) + || ¢l 5 + 1.

Consider ¥ € B,(¢, D,). Proceeding as in the proof of Theorem 3.4, with ¢(-) instead of
¢(-), we can show that there exists a unique mild solution u(-, %) € Crip([—p,cy]; Z) of the
problem (1.1) with initial condition ¢(-). In addition, it follows that [u(, ¥)]c,, (- pe,2) < Ry

and () c(—peiz) < 0
We define K(-,Ry) = [G](. (1+[o](,.)). Let ¢ € B,(¢;Ds), u(-) = u(-, ¢) and v(-) =
u(-,1). From the above remarks and the last inequality in Lemma 2.2, for t € [0, c,] we get

[u(t) = o(t)]]
< [V(#)e(0) = V(£)(0)] !+/ V(E=s)[1G(s,u”(s)) = G(s,v7(s))|ds

< d(g,9) + Wo(p") [ MIG)ss[°(5) — o7 ()]s
<d(g,¥) +WG(P*)/O MIGJ(5,6) (1 + RoWe (0%) 0] (s,9)) 14 — 0llc((0,5):2)98

< (g )+ (1+ Ry Wo(p) 1+ Walp DM [ (s, Ryt — ol s,

and hence,
|u — UHC([o 2y < d(q),lp)e(l'*‘R*(p)WG(P*)(l-&-Wn(p*))MHIC(.,R*@)HLl([O/C[p]).

Therefore, there exists A > 0 such that [[u(, @) — 0(-, ¢)lc(oc,)z) < Ad(,9), forall p €
B,(¢; D), which completes the proof. O

Remark 4.3. Every result proved in this work can be easily adapted for the integro-differential
equations

du (t

dt

) = Au(t +/ Q(t —s)u(s)ds+ G(t,u(t —o(t,u))),t € [0,4], (4.2)
= ¢ € B=C([-p,0];2), (4.3)
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where A and Q(t) for t > 0 are closed linear operators defined on a common domain D(A)
that is dense in Z where the functions G(-) and ¢(+) are continuous. Simply use the resolvent
theory for integro-differential equations developed by Grimmer et al. [11-13].

5 Memory and diffusion-coupled system

To finish this paper, we study now the existence of solutions for a problem concerning the
coupled memory and diffusive integro-differential system with state-dependent delay. Specif-
ically, we consider the integro-differential system

[ (t,x) +/ Yo wt= S)v(s,x)ds]
= Au(t,x) + /0 B(t —s)80(s,x)ds + (1) [ blulo(tun) y)f(x=p)dy, 6D

E;)t [v(t,x) + /Ot(t — S)“e_v(t_s)”(sfx)ds]

= Av(t,x) + /Ot C(t —s)Au(s, x)ds + g(v(o(t, ut), x)), (5.2)
u(t/ )’an =0, Z)(t, )‘BQ =0, (5.3)
u(0,y) = 9(0,y), v(0,y) =¢0,y), 6H€[-p0,yeq, (5.4)

for t € [0,a] and x € ), where f € C(ﬁ;IR), Q= {x—y:xy e}, g € Cip(R;RY),
b € CLp(R%;R"), 0 € Crip([0,a] x B;R),d —p < o(t,¢) < t for all (t,¢) € [0,a] x B and
C € CLip(IR,' ]R)

To show the existence of solutions for the problem (5.1)-(5.4) we consider the operators
A,Q(t) : D(A) C X — X, t > 0, where X = L*(();R) given by Ax = Ax, for x € D(A) =
H?(Q) N H}(Q) and P, (t)x = t*¢ “'x and P,(t)x = t*¢ "'x for x € X. The operator A
is the infinitesimal generator of an analytic semigroup and for all ¢ € (77/2, 1) there exists
constant My > 0 such that ||R(A, A)|| < Mg|A|~! for all A € Ay. We assume that B(-) and
C(-) in L{,.(RT), furthermore B(-) and C(-) has Laplace transformed absolutely convergent
for Re(A) > 0 which analytical extension to Ag and |B(A)| + |C(A)| = O(W)’ as [A| —
co. To study this problem we define the functions ¢ : [0,00) x B — R by o(t,¢) = t —

ot ), Fi(t,u) (t) Jo blu —y)dy and B (u)(x) = g(u(x)).

LetU = ( ) in thls problem the space Z is defined by Z = L?((}; R) x L?((); R) under the
norm ||(%)] = ( Jo lul>+ |v|2dx) it is easy to see that Z is a Hilbert space. We define the
D(A) byD ={(4)eX:uveH(Q)NH|(Q)},and G:[0,a] x Z — Z
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Therefore, we can represent the system (5.1)—(5.4) in the abstract form

ii(dﬂ)+%j?@—sﬂﬂ®%>:=Aua)+%fQG—sﬂK®%+%ﬂtu%0L

Uy = <Z;>€B><B,

G(t,U(t)) = ( ?;Ei?ﬁigfg; )

Now we show that A is a sectorial operator, this fact follows that
uq fi,
A—A = ,
( ) ( U > ( fa- )

(/\ — A)Ml = fl/
(/\ — A)Mz = fz.

Assume that | arg(A)| < &. Then A € p(A), and the resolvent is written as

{ul =(A-A)"'fA,
Uy = (/\—A)flfz.

()= 0 ) ()

AT =A< [[(A=A) T+ [[(A=A)71|
< 2Mg|A| 7L

this is equivalent to

we get

Now we can show

The previous argument shows that A is a sectorial operator.
From the definitions of Q(t) we have for U € D(.A)

o[ “4) 2)

= [ IB()80 ) + || A(t) Au|dx

< (a0 + 502 ( | 1aolPar+ [ oulPa)
< (A®) + B)(LAU| + )2

2

Therefore

U]l < k(&) (l.AU| + [lu])),

19
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where k(t) = A(t) + B(t). From (5.7) we obtain the Laplace transform of (Q(f));>o is abso-
lutely convergent for Re(A) > 0, admits an analytical extension to Ay and

A 1
QM (payx) =0 <V\|> , as|A| = oo,

By the definitions of P(t) we get for i € Z

IP(tu|? = H( pvo(t) PwO(t) > < Z )

= [Pl + [ Pu(tyol P

< Pult) + (0 [ IulPax + [ ol )

< (Po(t) + Py (1)) U]

2

It is clear that the function P : [0,c0) — £(Z) is strongly continuous and P(A)z is absolutely
convergent for z € Z and Re(A) > 0. There exists an analytical extension of P(A) (still denoted
by P(A)) to Ay such that | P(A)|| < No|A|~*! for every A € Ay, and ||P(A)z| < Ni|A|7Y|z|
for every A € Ag and z € D(A). As well as D = C5°(Q) x CP(Q)), where C5°(Q) is the
space of infinitely differentiable functions that vanish at d(). It is easy to see that conditions
(C1)—(C4) are satisfied with the previous conditions.

By the [8, Theorem 2.] we obtain the next result.

Proposition 5.1. Assume that the above conditions are fulfilled. Then, there exists an analytical
resolvent operator family (V(t))s>o associated to (5.5)—(5.6).

Next, we prove that G(-) is a L7- Lipschitz function. Assume ( [ [, f(x —y)?dydx) < oo
It is easy to see that

IF1(t,u) = Fi(s, )]
< (Ilb HcL,p//fx— ) dydx)m(Q)) ([ull) ([C]es) + () (1t = ] + [lu —o])),

1E2(t,u) = Fa(s,0) | < lIgllcy, (1t = s+ [lu —2l]),

where m(Q)) represent the measure of (). Thus, G(-) is a L7-Lipschitz function, the condition
Hg”rgl , is satisfied with Wy(r) =1, [o]c,,, = [¢]c,,, +1and

Wg(r) =r+1,
9t = (Iblley, [ [ £Ox=y)dydx)m(@) + glles,) (se) +E(5))
We have the next result.
Proposition 5.2. Assume q > 1and V(-)¢(0) € Crip([0,a]; Z).

(@) If supyeio ) anefop),drhe || € (+n)lLaoa) < o0, for some 0 < ¢ < aor {(-) is Lipschitz, then
there exists a unique mild solution u € Cyip([—p, b]; Z) of the problem (5.1)~(5.4) on [—p, b] for
some 0 < b <a.

(b) If SUPye0,0),a he(0,6],d+h<b IZ] (4, la(po,ay) < 00, for some 0 < ¢ < a or {(-) is Lipschitz, then
if 9(0,-) and ¢(0,-) € H*(QY) N HL(Q), then there exists a unique classical solution u(-) of the
problem (5.1)—(5.4) on [—p, b] for some 0 < b < a.
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(c) If supye(0,c] d nefo,b],d+h<b 18] (-+n, [ La([o,a7) < 00, for some O < ¢ < aor {(+) is Lipschitz, more-

over, if {(+) is Lipschitz and 1 > 4(*33%9:2)@) -where § == [V(-)@(0)]cy,, (0a)2) + |9l e (- poyz) +

MIG(0, p(~(0, @) | and B := ([bliccy fo o Fx — y)dydx)m(Q) + [ig]cy,,) Ma, then
there exists a unique mild solution u € Crip([—p,a]; X) of (5.1)~(5.4) on [—p, a].

Proof. The first assumption (a) follows from Corollary 3.6.

It is well-known that every reflexive Banach space has the Radon-Nikodym property

(RNP). Since Hilbert spaces are reflexive, they automatically enjoy the RNP. By ¢(0, -), ¢(0, ) €
H2(Q) N Hy(Q), [G]+s) and () are continuous, the second assumption (b) follows from
Proposition 3.5.

The assumption (c), the existence of a Lipschitz mild solution defined on [—p, a] follows

from Proposition 3.8 noting that the function P, : R — R given by

has

6

Pa(x) = VO)P(O)lcuy (02 + 19l cy(poizy + MIG(O, 9(=0(0,9))]
(1020l [ [ FGx =y 2dydnym() + gl ) Ma
F () (bl [ ] FG=y)Pdydxym(©) + g, Ma
=0+ (1+x)*8+(1+x)B—x,

two positive root if 1 > 4&5:2)52), the results follow by Corollary 2.12 O
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