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Abstract. This paper establishes the existence of positive weak solutions for a class
of semipositone Kirchhoff-type problems involving nonlocal operators and anisotropic
®-Laplacians. By combining variational methods with careful asymptotic analysis, we
prove that for sufficiently small a > 0, the problem admits a positive solution. Our re-
sults extend previous work on semipositone problems to the nonlocal Kirchhoff setting,
overcoming challenges arising from the interplay between the nonlocal term and the
indefinite nonlinearity.
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1 Introduction

Semipositone problems, where the nonlinearity satisfies 1(0) < 0 (see (1.2)), arise naturally
in many physical and biological contexts, including population dynamics with harvesting
and chemical reaction processes. These problems present substantial mathematical challenges
compared to their positone counterparts, as the standard techniques based on sub-super so-
lutions often fail due to the lack of a natural subsolution at zero (see [2-5,7-15,19-23,26,30]).

In 2021, Figueiredo, Massa and Santos [16], proved the existence of positive solution for
the semipositone problem

—M( [y |[Vul?dx)Au =h(u) —a inY,
u(x) >0 inY, (1.1)
u=20 on dY,
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where Y C RY is a smooth bounded domain, M, f are continuous nonnegative functions and
a > 0 and small enough. They generalize the classical superlinear and sublinear problems.
Recently, Razani and Figueiredo [30] studied a Dirichlet semipositone anisotropic p-Laplacian
problem.

In this work, we investigate the existence of positive solutions for a class of nonlocal elliptic
problems of Kirchhoff type with semipositone nonlinearities. Specifically, we consider:

—T ([, ®(u)dx) Apu = h(u) —e inY,
>0 iny, (1.2)
u=20 on dY,

where Ag denotes the ®-Laplacian operator, a generalization of the p-Laplacian that arises in
the study of non-Newtonian fluids and nonlinear elasticity. The term I'( [ ®(u)dx) introduces
a nonlocal dependence on the solution, modeling phenomena where the system’s behavior at
a point depends on its global state.

Here we assume Y C RY is a smooth bounded domain, ¢ > 0 and % : [0; +o) — R is a
continuous function where

(71) 0 =1(0) = mineq o) (1)

h(t) _
oof = O-

(h3) There is q € (m,1*) such that

(f2) limy o+

(1)

|t oo [£]97T

< 400

(hy) There are 6 > m and ty > 0 such that
OH(t) < h(t)t, forallt > t,
where H(t) = fot h(t)dt is the primitive of 7.

Notice that
Ap(u) = div(¢p(|Vul)Vu)

where ®(t) := Olt‘ ¢(s)sds and ¢ satisfies the following conditions:
(p1) ¢ : RT — R* is a C'-function.

(92) ¢(t), (9(£)t) >0, £ >0

(¢3) There exists I, m € (1,N) with m € [1,1*) and I* = {&; such that

_ @)

0]

< m, vVt >0

(¢4) There exists [, 717 > 0 such that

1< <m, forallt>0.

Assume I : [0, +00) — R is an increasing and continuous function and I'(t) > mg > 0 for all
t € [0,400). Weset F (t) = fOt I'(t)dt and we assume



Positive solutions for semipositon ®-Laplacian 3

(Tp) liminf; o =8 > 0.

()
#01

(T'w) There exists 61 € (1,0) such that limsup, , < ©

(T'ar) There exists 8 > 1, D, > 0 such that

OF (t) —T(t)t > Bt — D for every t > 0,

Definition 1.1. A function u € Wol’(b(Y) is called a weak solution of problem (1.2) if:
(i) u is continuous and positive in Y;

(ii) For every test function ¢ € Wy*®(Y), the following identity holds:

r </ d)(u)dx) /Yq>(|Vu|)Vu -Veodx = /Y (h(u) —€)pdx,
Y
where 71 and T satisfy the assumptions stated above.

The mathematical study of semipositone problems was initiated by Castro, Castro, and
Shivaji [13], who revealed fundamental differences from positone problems, including the
breakdown of symmetry properties and more complex solution structures. Subsequent works
[4,5,12] developed various techniques to handle these challenges, particularly for local oper-
ators. For problems of Kirchhoff type, recent progress has been made in [2,16,27,29], but the
semipositone case with general ®-Laplacian operators remains largely unexplored.

Our work makes several significant contributions:

e We extend the existence theory for semipositone problems to the nonlocal Kirchhoff
setting with anisotropic ®-Laplacian operators.

* We develop new estimates to handle the interplay between the nonlocal coefficient I' and
the semipositone nonlinearity.

¢ We establish precise threshold values for the parameter ¢ that guarantee existence of
positive solutions.

* Our framework accommodates both degenerate and non-degenerate cases of the Kirch-
hoff term.

The proof strategy combines variational methods in Orlicz-Sobolev spaces with careful
asymptotic analysis. Key challenges include:

¢ Establishing the mountain pass geometry despite the semipositone nature of the prob-
lem.

* Deriving uniform L* estimates independent of the parameter e.
¢ Handling the nonlocal coefficient’s effect on the compactness properties.

* Ensuring positivity of solutions through delicate comparison arguments.
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Our results generalize and extend previous works in several directions, including [5] (local
®-Laplacian case), [16] (Kirchhoff Laplacian), and [30] (anisotropic semipositone problems).
The techniques developed here may be applicable to other nonlocal problems with indefinite
nonlinearities.

The paper is organized as follows: Section 2 introduces the necessary framework of Orlicz—-
Sobolev spaces. Section 3 establishes existence for an auxiliary problem, while Section 4
completes the proof of our main result through careful asymptotic analysis and positivity
arguments.

2 Preliminaries on Orlicz-Sobolev spaces

This section provides the necessary background on Orlicz and Orlicz-Sobolev spaces, which
serve as the functional framework for our analysis. We recall fundamental definitions, key
properties, and essential embedding results that will be crucial for our subsequent arguments.
For a comprehensive treatment of these topics, we refer to the standard references [1] and [28].

We begin by recalling key properties of the Orlicz-Sobolev space W®(Y), which becomes
a Banach space when equipped with the standard norm

[ullr,0 = lulle + |Vl (2.1)

Its subspace Wg’q)(Y), defined as the completion of C°(Y) under this norm, inherits these
Banach space properties. Crucially, both spaces are separable and reflexive when ® and its
conjugate @ satisfy the Aj-condition. This condition further characterizes convergence in
Lo(Y): a sequence {u,} converges to u if and only if

/<I>(|un—u|)dx—>0. 2.2)
Y
Three fundamental inequalities govern these spaces:

1. Poincaré inequality: There exists A > 0 such that for all u € Wy ®(Y),
/@(\u|)dx < A/ &(|Vu|)dx. 2.3)
Y Y

This implies ||u|| := ||Vu| e is an equivalent norm on W, ®(Y), which we adopt here-
after.

2. Sobolev embedding: There exists Sy > 0 such that

lullo. < Snllull, (24)

ensuring the continuous embedding Wy*®(Y) < Lo, (Y). For bounded domains, this
embedding becomes compact if the N-function B satisfies the growth condition

. B(t)
| =0. 2.5
el @, (1) 29

3. Structural assumptions: For our analysis, we assume ¢(s) = ¢(s)s and define

P(t) = /Olt| @(s)sds, (2.6)

extended continuously at t = 0. Under conditions (¢1), (¢2), (¢3), both @ and ® become
N-functions satisfying the Aj-condition, as established in [17].
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Lemma 2.1 (Growth estimates). Under assumptions (¢1) and (¢2), define the comparison functions
7(t) = min{t', "} and «(t) = max{t, "}, t>0.
Then the following estimates hold:
(i) Scaling property: Forall p,t > 0,
L)@ (1) < D(pt) < x(p)®(1),

(ii) Norm control: For any u € Lo (Y),

¢(lulle) S/YCP(IuI)dXSK(HuII@)-

Lemma 2.2 (Convergence criterion). Assume (¢1), (¢2), (¢3) hold and Y C RY is a smooth bounded
domain. Let u € Wy'®(Y) and {uy,} be a bounded sequence in Wy'®(Y) satisfying

/Y<r (/Y q)(“”)dx>4’(!Vun|)Vun

T (/Y‘P(M)dx> 4>(yvu|)w> Yty — u)dx 0. 2.7)

Then uy, — u strongly in Wy®(Y).
The proof follows from [5, Lemma 2.2].

Lemma 2.3 (Regularity result). Under assumptions (1), (¢2), (¢3), (@a), let h € L®(Y) and
ue W(}'(D(Y) be a weak solution of

—T ([, @(u)dx) div(p(|Vu|)Vu) =h inY,
u=20 on dY.

Then:
o u € CY(Y) for some a > 0 depending on | and m
e There exists K = K(||l||co, I, ,Y) > 0 such that |u|y, < K
e K—0as | hllec—0
The proof follows from the regularity results in [24,25].

Definition 2.4 (Differential inequality). For u,v € Wg’q)(Y), we say that

-T (/Yq)(u)dx> Apu < —T (L@(v)dx) Agpv inY

if for all w € W&’CD(Y) with w > 0,

F(/\{@(u)dx) /Yq>(|Vu|)Vu-dex§F</Yd>(v)dx> /Yq>(|Vv])Vv-dex.
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Lemma 2.5 (Comparison principle). Let u,v € Wy'®(Y) satisfy

T(/Ytb(u)dx> /ch(]Vu\)Vu-deng</YCI>(v)dx> /ch(]Vv])Vv-dex

for all nonnegativew € Wy'®(Y). Thenu < vinY.

Proof. Consider (u —v)* € Wy®(Y). On the set Y; = {x € Y : u(x) — v(x) > 0}, we have:

/ </q> dX> (IVu]) Vi =T (/@ dx>¢(|Vvy)vU,V(v—u)>dxgo_

By strict convexity of ®, this implies V(1 —v) = 0 a.e. in Y;. Since (# —v)* = 0 on 9Y, we
conclude u <vin'Y. O

The following maximum principle was established by Guedda et al. [18]:

Theorem 2.6 (Maximum principle). Let Y C RN be a smooth bounded domain and u € C(Y) a
nonnegative function satisfying
—Apu >0 inY. (2.8)

Then
e Ifu#0,thenu>0inY

e Foru € CHYU{xo}) withu(xo) = O0at xg € Y, the normal derivative satisfies g—;‘(y) >c>0
forall y € dY.

o In particular, for u € C1(Y) with u = 0 on 9Y, there exists ¢ > 0 such that $“(y) > c for all
y € aY.
3 Auxiliary problem and functional framework

We begin by defining the modified nonlinearity 7, : R — IR:

h(t)—e ift>0,
he(t) = { —e(t+1) ift € [~1,0],
0 ift < —1,

where 0 < € < 1 and —e = mincR 7¢(t). This leads us to study the auxiliary problem:

—F(fY dx)Aqm_h( ) inY,
u>0 inY, (3.1)
u=20 on dY.

The corresponding energy functional I : W&’¢(Y) — R is defined by:

Ie(u) = (/cp Vul) dx> /H
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where H; is the primitive of 7,:

H(t) —et ift >0,
He(t) = ¢ —5(1— (t+1)?) ifte[-1,0],
£ if t < —1.

The functional [, is Fréchet differentiable and I} is given by
(I'(u),0) =T (/ @(\Vu])dx) / ¢(|Vu|)VuVodx — / he (1) vdx,
Y Y Y

forall v € W&’q)(Y).

Lemma 3.1 (Mountain Pass Geometry). There exist constants r,e1 > 0 such that for any p € (0,r)
and ||u|| = p, we have:

e I.(u) >ua(p) >0foralle c (0,¢&).
e The constants r and p are independent of € € (0, €7).

Proof. Notice that H,(t) < +®(t) + C% + 5 forall t € R and some C > 0. Also by (I'g) one
can have F (t) > Cyt. Therefore

L(u) =F </ ®(|Vu|)dx> —/Hg(u)dx
Y Y
C e
> </ q><yw|)dx> - f/ u)dx — £y
Y qJy 2
> g(ul) - < [ Juprax— §Jv
— q Y 2 7
where { was given in Lemma 2.1. Thus, there is C; > 0 verifying
C €
() = §(lull) = > [ lultdx = S 1Y),
q Jy
Taking ||u|| = p with p small enough and using Lemma 2.1, we get
€
() > p"(1— Cip?™) — S]]

Now, we fix ¢; = €1(p,q,m) > 0 and r > 0 such that

m _ q—m
p"(1=Cipt ) = 2JY| = B ( flp ) o
forall e € (0,¢1) and p € (0,7).
From this, Ig(u) > a > 0if HMH =p where o := w -

Lemma 3.2 (Mountain Pass Condition). For each ¢ € (0,¢1), there exists v € W&'q)(Y) with
||| > p and I;(v) < 0.
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Proof. Let ¢ € C5°(Y) be a function verifying
¢ >0,inYand | ¢| =1.

Note that forall t > 1,

Le(tp) = (/CD [Vitg|)dx )
—r </Y<I>(|Vt(p|)dx> -

By (14), there are Ay, By > 0 verifying

/YHg(tgo)dx
| Hel

H, t(p)dx+£/ todx.
Y

H(t) > A|t|® — By, forall t € R. (3.2)

and By (I's) there exists C,D > 0 such that f (f) < Ct" + D for t > 0. The last inequality
together with Lemma 2.1 leads to

L(tg) < Cr(H)x([loll) — 81t9A€09dX+ tal|g[l1 + (D + B1)[Y|
< Ct" —ert*||gll§ + tallglly + (D + By) Y.

where « was given in Lemma 2.1. Since # > m and € € (0,¢1), we can fix tp > 1 large enough
so that It(v) < 0, where v = tgp € Wy ®(Y). O

3.1 Compactness and existence results

Lemma 3.3 (Palais-Smale Condition). The functional I, satisfies the Palais—Smale condition for all
a>0.

Proof. Let {u,} be a sequence in Wy"®(Y) such that {I(u,)} is bounded and I’(u,) — 0.
Hence, there exists 1y € N such that |[(I](uy), uy)| < ||un]|| for n > ny. Thus,

—Junll < (L (un), )
—T (/Yq)(|Vun|)dx> /ch(|Vun|)VunVundx—/Yhs(un)undx

<or (/Yb(\wnndx) 1B (/YCD(Wun])dx) _D- /th(un)undx,

SO

]l - OF </Y<D(]Vun|)dx> y </YCI>(|Vun])dx> +D< —/th(un)undx. (3.3)

On the other hand, as there exists K > 0 such that |I(u,)| < K for alln = 1,2,..., it follows
that

</q> Vit ) dx> /H up)dx < K, forall n € N. (3.4)

This implies that

r </ ®(\Vu|)dx> —(19/ e (0 )t + %M|Y| <K, forallneN. (35)
Y Y
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This shows

r </Y<I>(\Vu])dx> P <K 2 (MY] + D),

for n large enough, which is a contradiction. This shows that {u,} is bounded in Wy"®(Y).
Thus, without loss of generality, we may assume that u, — u in W&’CD(Y) and since that
B(t) = |t|7 verifies (2.5), we get u, — u in LI(Y), m < g < I*. By conditions of 7,

/th(un)(un —u)dx — 0.
Since
0n = Il (uy) (uy — u)
—F</<I> |Vuy,|) dx)/gb |V, ) Vi,V (u, —u dx—/h Uy ) (Uy — u)dx

we have

r (/Y ¢(|Vun\)dx> /Y(P(|Vun|)vunV(un — uw)dx = 0, (3.6)

The weak convergence u, — u in W&’qD(Y) yields

r </YCI>(|Vu|)dx> /Yq>(|Vu|)VuV(un—u)dx—>0. (3.7)

This implies that

A{r </Y<I>(|Vun|)dx> ¢(|Vuy|)Vu, =T (/YQD(|Vu|)dx> ¢(yvu|)vu}v(un — w)dx — 0.

This shows u, — u in W&"D(Y) by Lemma 2.2. O

Lemma 3.4 (Existence of solutions). For ¢ € (0,¢1), problem (1.2) has a solution u, € Wol'q)(Y)
with I(u:) < C(e1,0,m,|Y]).

Proof. The verification of the Mountain Pass Geometry (Lemma 3.1), linking condition
(Lemma 3.2), and Palais-Smale condition (Lemma 3.3) allows us to apply the Mountain Pass
Theorem [6], yielding for each a € (0,¢1) a critical point u, € W(}@(Y) at level d; > 0, where
d. is the Mountain Pass level associated with I,.

Now, letting ¢ € C(Y),¢ > 0, t > 0 and using (3.2), we obtain

L(t¢ </®]Vt¢]dx> /Htcp
< Cr(t)x(|®]) —sl/Y(t<p)9dx+B1]Y| +/Ystcpdx

forall e € (0,&1). Then
Le(tg) < Cix(t) — Cat® + C3t + Cy,

where C; = «(||¢]|), C2 = Angng,Cg, = ¢1||¢||1 and C4 = By|Y|. Setting h(t) = Cix(t) — Cot? +
Cst + Cy4, we find

d. < max{L(t¢),t >0} < r?;aoxh(t) = C(e1,m,0,]Y]) >0

Thus I (u.) < C(e1,m,0,|Y]). O
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Lemma 3.5 (Uniform boundedness). There exists K = K(e1,q9,m,0, |Y|) > 0 such that |lue| < K
forall e € (0,¢€).

Proof. Notice that

1
C(el, m, 9, |Y‘) 2 Ig(ug) - élé(ug)ug

—F</<D|Vug| dx> /H8 Ue)d
—< (/CID |Vie|) dx)/(p |Vu€|)|Vus|2dx—/h U uedx)
- (F (/ <I>(|Vug])dx> —fr </Y<I>(]Vug\)dx> /Y¢(|w£y)ng\2dx>
(/nggdx—g/h By
( (/q> Vi) dx) —%r </Y<I>(\Vug|)dx> /ch(ng\)dx)
</H Ue) dx—— Ug ) Uedx

> 9/‘1’ Vie|)d fD——|Y]

edx

Now the Ay-condition combines with the last inequality to gives
|lueg|| < K foralle € (0,¢7),

for some K = K(eq,q,m,0,|Y|). O

3.2 Regularity and positivity

Lemma 3.6 (L*-regularity). There exists e; € (0,¢e1) such that:
® u. € L®(Y) forall e € (0,¢7).
* ||ute||o < C uniformly for e € (0,¢€2).

Proof. To establish the uniform L* bound, consider any sequence ¢; — 0" with corresponding
solutions u; := ue; € Wg’q)(Y). Our proof proceeds in three steps:

1. Compactness: Since {u;} is bounded in Wy ®(Y) by Lemma 3.5, the subcritical growth
of 1 and the compact embedding Wol’(D(Y) — L1(Y) (for g < I*) yield a subsequence
(still denoted {u;}) converging strongly to some u € Wy ®(Y).

2. Regularity transfer: Each u; satisfies the equation
—T(Jy @(u))) Aouj = h(uj) —¢j.

The right-hand side remains bounded in L°(Y) for some s > 1 due to the growth condi-
tion on 7 and the uniform Wg’q) bounds.
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3. Bootstrap: Applying the regularity arguments from [31, Theorem 3.1], we obtain uni-

form L estimates:

4l oo yy < CIR(u) N1s + llejlleo +1) < C,

where C’ depends only on the structural constants and is independent of ;.

O]

Lemma 3.7 (Lower bound). There exist ¢35 € (0,e2) and 6 > 0 such that ||u¢l|e > 0 for all

S (0,83).

Proof. 1f u, is a solution of (1.2), then

r </Y<I>(|Vug\)dx> /Y'¢(|wg|)wquydx:/th(ug)qu

for all ¢ € Wy ®(Y). For ¢ = u,

/th(ug)ugdx:l" </YCI>(|Vug|)dx> /Yqb(]Vug|)|Vu€]2dx > ml/YCI>(|Vug])dx.

By As-condition,
/ch(ng\)dx 0 ase—0 = |luf =0 ase—0.
Since I (u.) > « for all e € (0, ¢y), there exists €3 € (0,&2) and wp > 0 such that
A®(|Vug])dx >y, forallee (0,¢3).

Thus,
/ fe(ue)uedx > Ima =: A >0, foralle e (0,¢3).
Y

There exists C > 0 such that
e ()] < C(|t]T+ ¢(|t])[t]) +¢ forallt € R and for all € € (0,¢€3).
Therefore
A< /Y(C(\ue\" + P (Juel)ue]) + efue|)dx
< (Cllluell + P lfelloo) e ) + ell e leo)-

Thus ||ue||c > 6 for some & > 0 for all € € (0, €3), decreasing ¢3 if necessary.

4 Existence of positive solution

The study of positive solutions for semipositone problems has long been challenging due to
the lack of natural subsolutions at zero. When combined with nonlocal Kirchhoff-type opera-
tors and anisotropic ®-Laplacian nonlinearities, these problems present intricate mathematical
structures that require novel analytical approaches. In this section, we establish our principal
existence result, which not only extends classical semipositone theory but also provides new

insights into the interplay between nonlocal effects and anisotropic operators.
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Theorem 4.1 (Existence of positive solutions). Under the structural conditions:
(51) Regularity and growth assumptions on ¢ ((¢1)—(¢4)),

(52) Nonlocal term properties (I'n), T'ss), (ar)),

(53) Nonlinearity behavior ((f11)—(14)),

there exists a critical threshold ¢* > 0 such that for all e € (0,€*), the semipositone Kirchhoff-type
problem (1.2) admits at least one positive weak solution u, € W&"D(Y). Moreover, the solution satisfies:

(i) u. € CY(Y) for some a > 0.
(ii) infx ue > O for any compact K C Y,
(iti) Uniform bounds 6 < ||u;||« < C independent of ¢,

Proof. First, we prove that the solution u, is positive for ¢ € (0, €3), decreasing €3 if necessary.
Indeed, let {e,} € (0,¢3) be a sequence with ¢; — 0 as j — o, and let u; be a solution of (1.2)
with € = ¢;. Setting 7;(u;) = fe, (1), we have

—T( [y ©(uj)dx)Ae(u;) = hj(u;) inY,
ui=20 on dY.

By Lemma 3.6, there is C > 0 such that |[uj[|c < C for all j € N, then ||72;(u;) || < C; for all
jN and some C; > 0. Thereby, by Lemma 2.3, u; € C*#(Y) for some $ € (0,1), and

lujl1,5 < T(||7j(uj)]|o) < Ma, forall j € N and for some M, > 0.

From compactness embedding C"#(Y) — C'7(Y) for T € (0,B), there exists a subsequence
for {u;}, still denoted by {u;}, and u € C'*(Y) such that u; — u in C'7(Y).
Now we estimate

—Aq)uj

Assume v; is the solution of

3

—Ao(vj) = kj:= % inY,
{vj =0 on dY,
where k; = min{;(t),t € R} = —¢; — 0~ as j — co. Then u;,v; € € Wy®(Y) and
—Acp'U]' < —Aq>u]'
and by comparison principle
v; <uj inY, forall j € N. 4.1)
On the other hand, as k; — 0, the Lemma 2.3 gives

[vj]le0 — 0. (4.2)

Then, (4.1) combines with (4.2) to give u > 0 in Y. Notice that
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e Vu; — Vu uniformly in Y,

o [L®(|Vuj|)dx — [, ®(|Vu|)dx and then

T </Yq>(ywj|)dx> ST </Yq>(yW|)dx>,

o {f;(uj)} is bounded in L*(Y), s > 1,
o nj(u;) — zin L3(Y),
o ni(uj(x)) = ho(u(x)) ae. x €Y,

where fip(t) = h(t) if t > 0, and fip(t) = 0if t < 0. Thus z = fip(u), and for any ¢ € C5°(Y),

r(/Yq>(|W|)dx> /Y4>(|Vu|)Vchpdx: jETmF(L¢(|Vuj|)dx> /ng(|Vuj|)Vuchpdx

= lim h](u])qbdx
Y

j—+oo
= [ z¢dx,
/=
consequently
u>20 inYy,
u=20 on dY.

As ||ujl|c > Co for all j € IN, we derive that ||uj||c > Co, and so u # 0. As z > 0, by Theorem
2.6,

u>0, inY and gz<0 on dY

and by
uj—u inC'(Y)

we have u;(x) >0, x € Y, for j large enough. Decreasing &3 if necessary, the above analysis
guarantee that u, is positive for € € (0, €3). O

Conclusion

In this work, we have established the existence of positive weak solutions for a class of semi-
positone Kirchhoff-type problems involving nonlocal operators and anisotropic ®-Laplacians.
By employing variational methods in the framework of Orlicz-Sobolev spaces, we successfully
overcame the challenges posed by three key features of the problem:

e The semipositone nature of the nonlinearity (%2(0) < 0).
e The nonlocal Kirchhoff term T'( [ ®(u)dx).

¢ The anisotropic behavior of the ®-Laplacian operator.
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Our main result (Theorem 4.1) demonstrates that for sufficiently small positive values of the
parameter ¢, the problem admits at least one positive solution. The proof combined moun-
tain pass techniques with careful asymptotic analysis and delicate estimates to handle the
interaction between the nonlocal term and the indefinite nonlinearity.

Several interesting directions for future research emerge from this work:

* Investigation of multiplicity results for positive solutions.
¢ Extension to more general nonlocal operators.

* Study of critical growth cases in this framework.

¢ Analysis of related parabolic versions of the problem.

The methods developed in this paper may be applicable to other classes of nonlocal problems
with indefinite nonlinearities, particularly those arising in mathematical physics and biology
where such structural features naturally occur.
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