Electronic Journal of Qualitative Theory of Differential Equations
2025, No. 67, 1-31; https://doi.org/10.14232/ejqtde.2025.1.67 www.math.u-szeged.hu/ejqtde/

Multiple solutions for a fractional (p, t)-Laplacian
system with logarithmic nonlinearities

Romulo D. Carlos®™!, ® Victor C. de Oliveira? and
Olimpio H. Miyagaki®

1Departamento de Matematica Universidade de Brasilia — UnB, Brasilia — DF, 70910-900, Brazil
2Gecretaria de Educacdo do Distrito Federal, SEE-DF, Brasilia — DF, 70716-900, Brazil
3Departamento de Matematica Universidade Federal de Sdo Carlos, UFSCAR, Sao Carlos — SP,
13565-905, Brazil

Received 21 May 2025, appeared 5 December 2025

Communicated by Dimitri Mugnai

Abstract. This paper is concerned with the existence and multiplicity of a ground state
solution for a class of fractional (p, t)-type systems involving logarithmic nonlinearities
with sign-changing coefficients, which are obtained by variational methods. More pre-
cisely, by combining Nehari manifold and fibering map method. The paper proves two
results: The first one provides the existence of a ground-state solution for the proposed
problem. Under a different set of hypotheses with respect to the first result, a second
result is obtained, which provides the existence of at least two nontrivial ground state
solutions.
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1 Introduction and main results

The study of elliptic equations and systems involving fractional operators (see [14]), as well
as, fractional (p, t) Laplacians has energized many applications in nonlinear mathematical and
physical analysis. In recent years, much attention has been paid to research on very delicate
readings about the existence and multiplicity of ground state solutions for such elliptic prob-
lems with different types of nonlinearities. This paper deals with nonhomogeneous systems
of equations involving fractional operators of type (p, t) with logarithmic coupling terms with
coefficients changing sign, specifically we study the following equation

(=A)u+ (=A)u = AHy (x)[u|2uln Ju| + %Rl(x)|v|r\u|%2u in O,
|
r+4q

(=)0 + (—8)20 = pHy(x) ol 2oln fo] + ——Ry(®)|ul foli 20 inQ,  (P)

u=9v=0, RN\ Q,
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where Q € RY is a bounded domain with Lipschitz boundary, s € (0,1), N > ps, A, u > 0,
O0<sr<s1 <1<t<p<O<p; = N’f\;sl, A, u >0 are twcz parameters, ¥ > 1,5 > 1 satisfies
q+r < pi and the additional weights Hy, Hy, Ry, Ry € C(Q) are such that: R;(x), Rx(x) are
positive functions and Hj(x), Hz(x) are sign-changing functions. The operators (—A);' and
(—A)$? represents, both, fractional p-Laplacian operator, a generalization for the fractional

Laplacian (—A)*,0 < 's; < 1 for p = 2, defined in a integral way as

(—A)siu(x) — C(nzlsi) /IRN Zu(x) — (T;’_nzls]_ u(x — y) dy, = IRN,

where c(n, s) is a positive normalizing constant, and another fractional operator.
Specifically, the operators (—A);i are defined, up to a normalization constant, by the for-
mula )
— pi— —
(AYi(e) = tim 2 u(x) ~ )2 (ux) ~ u(y)
’ e=0"  JRN\B,(x) |x — y| N+

dy,

where u € u € CP(RY) and B,(x) denotes ball in RN with centre x and radius e. When
s1 = s the equation reduces to a (p,t)-type Laplacian problem which appears in a more
general reaction-diffusion system

uy =V - (f(u)Vu) +h(x,u) (1.1)

where f(u) = |Vul|P~2Vu + |Vu|""2Vu. Such problems have a wide range of applications
in physics and related sciences such as biophysics, plasma physics, and chemical reaction
design, etc. where u describes a concentration, and the first term on the right-hand side of
(1.1) corresponds to a diffusion with a diffusion coefficient f(u); the term g(x, u) stands for the
reaction, related to sources and energy-loss processes. On the other hand, since logarithmic
nonlinearities play a significant role in depicting the mathematical and physical phenomena,
they have received much attention in PDEs (see [19,20,22] and references therein).

In [19], the authors studied the existence and multiplicity of a class of fractional Laplacian
systems with logarithmic nonlinearity in which three types of weights with certain regularity
are involved.

(—A)u = Agi (x)uln(|u|) + piqb(x)yvmmp—zu in Q)
(—A)'o = uga(x)oIn(|o]) + q:_rb(x)]u|r|v|‘720 in Q) (1.2)
u=v=0, inRN\Q

where QO C RY is a bounded domain with Lipschitz boundary, s,t € (0,1), N > max{2s,2t},
Au>0,2<qg+p<min{ NZE\IZS, %}’ and the additional weights g1,¢2,b € C(Q)) are such
that: b(x) are positive functions and g1 (x), g2(x) are sign-changing functions.

In [20], the authors studied a class of systems of equations where they showed the existence
and multiplicity of solutions for a mixed local-nonlocal system with logarithmic nonlinearities

{(—A)SM]‘ + uj = )L]a](X)M] In |u]| + Zz;é] ‘Bij’uj’q_zuj in Q' (13)

u=v=0, in RN\Q

where QO C R is a bounded domain with Lipschitz boundary, s € (0,1), N > 4, A; are

parameters, B;; > 0 forall 1 <i < j <k ;= pjforalij=1,..ka € C(Q)). When
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1<2g<2<2" =2 andg; j they are functions that change sign, they obtained two different
solutions using Nehar1 Method. When 2 < g < 2 < 2* = AZ,—N and a; are positive con-
stant functions, the existence of the ground state solution is obtained using the minimization
method.

In [13], the authors studied a class of fractional Laplacian systems where they showed
the existence of solutions using the Nehari method and multiplicity of solutions using the
Lusternik-Schnirelmann category, with polynomial nonlinearity.

(—A)*u = AMu|P~2u + 10[Plu|*?u in Q,

20
2+/5
(=AY = plulP~2u+ f ul*|olf20 in 0, (1.4)
u=v=0 inRN\Q

2N
—2s

where Q € RV is a bounded domain, s € (0,1), N > 4s, A, u > 0 are parameters, a + § =
is the critical Sobolev exponent.

In [5], the authors showed the existence of solutions for the fractional critical system (p, q)
Laplacian using variational method

2u
(—A)’;lu—l—(—A)szu—/\Q x)|u) "u+ —— P lolPlul*2u inQ,

2
(=)0 + (~8)f0 = pQOlul u+ f|u| o2 in 0, )
u=0v=0 inRV\Q

where O C R is a bounded domain, 0 <5, <51 <1,1<g<p<r<pi,N>ps, Au>0
are parameters and & > 1 f > 1 satisfy a + f = p;, with Nljzsl is the critical Sobolev exponent,

and (—A)j is the fractional t-Laplacian operator.

In [22] was concerned with the existence and asymptotic behavior of normalized ground
states solutions for the following coupled Schrodinger system with logarithmic terms:

—Auq + wiug = HiUq logu% + |M2‘q|111‘p_2111, in (),

—Auy + woup = pouylog u% +
Jo |uil?dx = pj, i=1,2,

where Q = RN or Q € RY(N > 3) is a bounded smooth domain, w; € R, u;,p; > 0,i = 1,2.
Moreover, p,q > 1,2 < p +q < 2* where 2* := 2.
In [11] the authors demonstrate existence of solutions for fractional (p,q) Laplacian sys-

tems

1 q|u1|p|u2|q*2uz, in Q, (1.6)

(=A)pu+ (—A)u = Au| 2+ —— ; + |ul"=2|v|'u in Q,

(=A)po+ (=A)Fv = plo| 2+ 0] 2|ulmo  in Q, (1.7)

v+7
u=v=0 xcRN\Q,

pN
N—psy’

where ) € RY is a bounded smooth domain, 0 < s, <51 <1<g<r<p<pi =
A, p > 0 are two parameters, r > 1,9 > 1 satisfies g +r = pg,.
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In [21] the authors studied the existence of least energy solutions to the following fractional
Kirchhoff problem with logarithmic nonlinearity

s,t

M([u)f )(=A)5u = h(x)|[ulP2ulnfu] + Alul"2u, xcQ (1.8)
u=0, xcRN\Q, '

where s € (0,1),1 < p < Np, Q C RY is a bounded domain with Lipschitz boundary,
M([u]},) = [u]gp_l)p, with § > 1 and u,h € C(Q)) may change sign, A > 0 and g € (1, p}.).

On the other hand, parabolic and hyperbolic type equations with logarithmic nonlinearity
have been studied extensively in recent years. Here we only refer some results involving frac-
tional Laplacian. [2] considered the Cauchy problem of the following Schrodinger equation

iuy — (—A)u-+uloglu>=0, x€Q, t>0. (1.9)

The existence of global solutions was obtained by using a compactness method. Moreover,
the author obtained the existence of ground states by the Nehari manifold approach.

The main tool used in this paper is the so-called fibering method introduced by Pohozaev
[15], [16] and [17], and applied to a single equation of p-Laplacian type by Drébek and Po-
hozaev in [12]. Bozhkov and Mitidieri [3] used this method to study the existence for multiple
solution for a quasilinear system. Fibering method is very used to proof existence of multiple
solution for a large class of equations. For example, Brown and Wu [4] used this method to
show the existence of at least two positive solutions for the semilinear elliptic boundary-value
problem. For more recent applying of fibering method we indicate [1], used to show existence
of multiple solution for a class of Schrodinger equations involving indefinite weight functions,
and other interesting work involving the fractional operator is [7].

Inspired by references [9,10,13,19,20,22], in this article, we investigate the existence and
multiplicity of ground state solutions for problem (P) in both subcritical and critical cases.
One goal of this present work is to establish the existence of a nontrivial ground state solution
using variational methods. We remark that there are several types of difficulty in deriving the
existence results:

(1) Furthermore, we need to deal with essential difficulties due to the fact that the loga-
rithmic term f(u) = |u|®~2uln |u| neither satisfies the monotonicity condition nor the
Ambrosetti-Rabinowitz (A-R) condition, we manage to overcome these difficulties by
combining the Brezis-Lieb lemma with some delicate estimates of this logarithmic term.

(2) Since the weights Hy, H, € C(Q) change sign, the study of this type of problem becomes
difficult, to overcome this difficulty we use the fibers in the Nehari manifold.

3) The operator (—A); + (—A)? does not have homogeneity properties, which makes it
P p t g Yy prop
difficult to solve.

(4) This system is a broader class of the system studied in [9].
The main results of this paper is writing as follows:

Theorem 1.1. Problem (P) has a nontrivial ground state solution in W for 0 < s <s1 <1 <t <

p < 0 < p;, and Hy, Hy being positive functions in C(Q}).
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Theorem 1.2. Problem (P) has a nontrivial ground state solution in W for 0 < s, <s1 <1 <t <

p < 6 < pi and Hy, Hy two sign-changing functions in C(Q).

The paper is organized as follows. In Section 2 we study the variational framework. In
Section 3 we study Nehari Manifold and fibering map analysis. In Section 4 we prove Theo-
rem 1.1. In Section 5 we prove Theorem 1.2.

2 The variational framework

This paper starts with an introduction to the fractional Sobolev space, where the solutions for
problem (P) lies. After this introduction, some technical results that will be use to proof the
next results that will be shown in the others chapters.

For this, let Q be a bounded domain in RN with smooth boundary, for p € (1,+),
s1 € (0,1) and N > s1p, we define the fractional Sobolev space.

WP (Q) = {u € LP(Q) : W € L'(Q) x LP(Q)}. 2.1)

The space W*17(Q)) is an intermediate Banach space between L?(Q)) and W'P(Q), endowed

with the natural norm
1/p
Jullwer = (7)o

P lu(x) —u(y)[?
[uls,p = /on dedy

where

is the so-called Gagliardo seminorm of .

We set O° = RN\ Q) and Q° = RN \ OF x ()°. We define the following set

() e dy RN : |u(x) —u(y)[?
XP(Q)) = {u :R™ — R is measurable, u|q € LF(Q)), and o dedy < +oo .

The space X*17(Q}) is endowed with the norm defined by

L u(x)—u P
lullxonior = ([ o)+ () B gy

Also, we define the space
X3P Q) :={ue X" (Q): u=0aein Q},
S ,p
or equivalently as C8°(Q)Xl Y It is well-known that for p > 1, X" (Q) is a uniformly
convex Banach space endowed with the norm

B Ju(x) — u(y)| Yy
[ut]]s,p = </Q|x_y|N+psldxd}/ :

Since u = 0 in RN \ {0}, the above integral can be extended to all of RN.

The embedding X;'7(Q) < L*(Q) is continuous for any x € [0, ps] and compact for x €
[1’ P:l)
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Lemma 2.1 ([8]). Let 1 <t < p, 0 < sy < 51 < 1. Then, WP (Q)) C W24(Q)).

Lemma 2.2 ([8]). Let 1 <t < p, 0 < s < 51 < 1and and Q) be a smooth bounded domain in RN
where N > syp. Then, XyF (Q) C X' (Q) and there exists C = C(Q,t,p,s1,52) such that

[ullspr < Cllullsypr Y € X3"(Q). 22)

Let W, :== X7 (Q) x X3'"(Q) and W; := X'(Q) x X*(Q) be reflexive Banach spaces
equipped, respectively, with the norms

1/ 1/t
)" )

1w 0)llsip = (lullfp + l2l1Ep) 7 @ 0) e = (ulls,e + [1215,,0

In this paper, we work over the space W := W, N W; endowed the norm ||(u,v)| :=

[1(t, 0)[[s1,p + 1 (11, 0) [l
The following lemma is very important.

Lemma 2.3 ([8, Theorem 6.7]). W is continuously embedding on L°VF(Q)) x L(Q)).

Lemma 2.4. Let S, ,, the best fractional critical Sobolev constant of embedding Xg'" (Q0) to LP 1(Q)

Ss,i= inf (Y, . 2.3)
e o) | (f, lulridx)? P

and the definition of S, , is as follows:

in ||(ul ’U)Hf],p (2 4)
(wo)eW\(0} | ([ |ula[o]rdx)"' P |

Then,

Lemma 2.5. Let &, 17 € RN. Then,

2182 + Iy (& ), for p 22,
L L S WO (03 ) [ ) 25)
(P—l) (|§|P+|;ﬂp)(p_2)/7’ for]. <p<2

The proof of this lemma can be found in [18, Lemma 6].
Now we will use some technical results that involve the logarithmic term. This result
represents an important part of the continuation of this paper

Lemma 2.6 ([10, Lemma 2.6]). Let p be a positive real number. Then we have the following inequali-
ties

tpto
tPInt < ? forall1 <t (2.6)
and .
[t Int| < o0 forall 0 <t <1, (2.7)

where e is Euler logarithm basis.
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Proceeding with the introduction, we will now make some definitions about the variational
framework.

Definition 2.7. We say that (u,v) € W is a weak solution of problem (P) if

/ (%) = u() P2 ((x) — u®) (@) = 1)) 4,4,
QxQ

|x —y|NFPe
[v(x) —o(y) [P *(v(x) — v(y)) (e(x) — ¢(y))
i - v(x) — oy ’;_xy’prsyl plx) —oly dxdy
|u(x) —u(y) P2 (u(x) —u(y))(P(x) — ¢(y))
+/on x — y[N+E2 dxdy
LS o) o) — o)W — W)

ax0 |x_y|N+t52

za/ Hl(x)|u|9_2uln|u|q)dx+y/ Ha (x) [o)*~201n [0|pdx
Q Q

R T, 192 d L/ R qlo,|r—2 d ,
i L RaCeol el g 4 [ Ro(x) ol o

q
q+r
for any (¢, ¢) € W.

Because of the above definition, we consider the energy functional for problem (P), E :
W — R defined by

1 1 A A
E(w,0) = w0l + 1w ol — [ )l Infuldx + g [ (x)luld

— b [ Ha()lol” n foldx + £ [ Ha) ol - qir/Q(R1 + Ry) () [u]7]0] dx.
We also consider the auxiliary functional
I(u,0) = || (u,0)15,p + | (1, 0) |5, —A/()Hl(x)\ulgln!u!dx

—y/QHz(x)]v|61n]v]dx—/Q(R1+R2)(x)]u\‘7|v|rdx.

As a consequence of embedding on Remark 2.3 and Lemma 2.4, we obtain that the functional
I is well-defined and E,I € C'(W,R). Furthermore, we have that the derivatives I’ and E’ in
the Fréchet sense are given as

u(x)—u 2(u(x) —u x) —
E'(1,0) (g, ) = /QXQ! () = u@)|P*((x) —uW))(9(x) = o)) 4, 0

- |x —y|NFPe

o(x) — o) 2(6(x) —e ) (9(x) —0(®)) 4.,

* axQ |x — y|N+ps1

|u(x) —u(y) P> (u(x) —u(y)) (¢(x) — ¢(y))
+/Q><Q |x — y|NFts2 dxdy
L @ o) el o) 00 ~ g

ax0O ’x_y‘N+t52
—/\/ Hl(x)|u]9_2uln|u|q)dx—y/ Ha (x) [0]°~201n [o|pdx
Q Q

/R1(x)\v\r\u|‘7’2ugodx— ! /Rz(x)\u|‘7]v]”2v¢dx
(@) Q

g+

_ 1
g
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and

F,o)(g,9) = p [ O Z#OIP0) —uw) () — W) ;4

ax0 |x_y|N+P51
i [o(x) — v(y)lp—zl(;,(_x])/ll_vig))((p(x) —0W) 4ty
[u(x) — u(@)["*(u(x) — u(y))(¢(x) — ¢(y))
g v — y|NF ey

o(x) — 0()2(0(x) ~ 2O =) 1.0

ax0 |x_y|N+t52

—w/ H1(x)|u|9_2u(pln]u|dx—A/ Hi (x) || 2uqdx

0 0

—yG/ Hz(x)\v\e’zvcpln\v\dx—y/ Ho(x)[0]?20pdx
0 0

_ (q_Hf)[/()Rl(x)\vyryu\q—zuq;dx—k/QRz(x)\u|‘7]z;|r—zv¢]dx

+t

for all (¢, ¢) € W.

We now prove the Lebesgue dominated convergence theorem for the logarithm function.

Lemma 2.8 ([9, Lemma 2.6]). Assume that (u,,v,) is bounded in W such that u, converges to u a.e.
and v, converges to v in ). Then

lim H1(x)|un|91n|un|dx:/ Hl(x)|u|91n]u|dx, for 0 € (2,;9;‘1),
o)

n—oo JO

and

: 0 _ 0 *
Jgrgo QHz(x)|vn| ln|vn|dX—/QH2(x)|v| In|v|dx, for6 € (Z,psl).

Lemma 2.9 ([6, Lemma 3.2]). Let the sequences (u,) and (v,) be in Wy"¥ (Q) such that u, — u,
vy — v in WP (Q) and u,(x) — u(x), v,(x) = v(x) a.e.in Q. Then,

nm/(|un|q|vn|f—|un—u|q|vn—v|f)dx:/ lu|7[0]" dx.

n—oo /) Q

Lemma 2.10. Let (u,v) € W\ {(0,0)}. Then
/Q(AHl(x)|u|91n]u|+ptH2(x)|v|9]n]v|)dx

< (ACry + 1Ci )L (1,0} I, p + 1| 1,9) 1)
10| (u,0)]| [ (A (0)|ul’ + puHa () fol?) dx

where

‘Q‘ 1 Pry
= O = H , = H
o0 e<p;<1 ~9) Spsl Ch lzleaﬁx‘ 1(x)] Ch, Ig?gaﬁ)q 2(x)]

and S > 0 denote the best constants of embeddings from Wy'"* (Q) to L” 5 (Q).
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Proof. Let us consider ) = (O U (), using integration properties over (), where ()1 = {x €
Q:u(x)| < |[[(u,0)]|} and O = {x € Q: |u(x)| > ||(u,v)||}. Then

ey WL e @) ey @1
Jo Gl nge S dx = [0l pSdck [ ) uln S

Using (2.7) by direct calculation gives that

() _
[, m@lul g S < Clw ) | o = Cnllw0)] |02

By Lemma 2.6 for p = p7, — 0 > 0 and direct calculation

T LICOINPN of ) 177"
J, F Gl 2 7 < pﬁ /W'{Huvﬂ ax

CH1 1 79/’ |p€1dx
e(ps, = 0) ||(u,v)
B T
CH1 ps 0
—S5 *1 u,o .
< oSl

Consequently, we get

Ps
Q| Sps
ueln[ ’]dx<C [’ + ——1 ] u,v)||°.

On the other hand,

/\/ Hy () [u] In [ue)dox
Q

:/\/QHl(x)|u|91n[ ()] ]dx-l—ln(” 1,0)|) /AHl )u|®dx

[ (u, 0) |
< AC 1al + L | (u,0)||° + Ch, In(| (u U)||)/ Au|®dx (2.8)
S elpy -0 RO Jo AT |
Similarly,
[ o)l imold < | S )+ (a0 [ ol 29
Lo Tepi—oy) I 2l 2l J
Combining (2.8) and (2.9) follows the result. O

3 Nehari manifold and fibering map analysis

Continuing with the paper, for The main tool used in this paper is the so-called fibering
method, introduced by Pohozaev [15], [16] and [17]. In this section, we assume A, > 0, and
the functions Hy, Hp, Ry, Ry € C(Q).

We define the Nehari Manifolds as:

N = {(u,0) € W\ {(0,0)} | I(u,0) = 0}.
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For all (u,v) € N, we have (u,v) # 0 and
G0+ 100 = A [ Hr )l nfuldx 4+ [ Ha(x) ol In ol
+ [ (Ra() + Ro ) ulJoldx.

Now we define the fibering map @, : (0,00) — R, given by ®,, (k) := E(k(u,v)), k > 0, it
is
% , K Y o AKS ]
Pue) () = 1, 0) [+ 10,0 o= - I K] [ (o)l = g | () I
0 0 0
4 Ak T [ o)l M ln]k\/ H2<x)\v\9dx—“§/ Ho (x) 0] In [o]dx
Q QO

0
yk /H |v|9dx—

/Q(Rl(x) + Ro(x))|u]?o| dx. @3.1)

51

Differentiating (3.1) with respect to t, we have
Dy, (k) = K| (1w, 0) 15, + K[ (,0) [, — AK /Q Hy () u|” In [ku|dx
s /Q Hy (x)[0]? In [ko|dx — kP~ /Q(Rl(x) FRo(x))|ul?o"dx.  (32)
Again, differentiating (3.2) with respect to t, we get
D) (k) = (p = DK 2| (1w, 0) 15, + (t —1)kt_2||(u/v)||§2,t—(9—1)k9_27&/QH1(x)|M|91nIkuldx
(8- 1)k /Q Hy (x) |o]° In [kodx — A2 /Q Hy (x) |u|?dx
— k"2 [ Ha() ol = (pf, = DR 2 [ (Ri(2) + Ralx)) ulo] .

Thus, one can easily verify that for all (u,v) € N, CD’(M) (1) =0and

D0 (1) = (p =Dl (w,0) [, + (¢ = DIl (1, 0)]]5,.¢ —A(G—l)/QHl(X)W!oln!“\dx
—;4(9—1)/0 Hz(x)|v\91n|v|dx—A/QHl(x)|u|9dx—y/QHz(x)|v\9dx

= (P = 1) [ (Ra(x) + Ra()|ulJo] d,

which implies that

() = (p = PE) I (w,0) 15, + (f—P;)H(M,v)\\i2,t—(9—Pi‘l)?\/QHl(x)!M\glnluldx

—(9—p;)y/QHz(x)\v]eln\v\dx—)\/QHl(x)\u|9dx—y/QHz(x)]v]edx.

As a consequence of the previously calculus, it’s make possible to rewrite the Nehari
manifold NV as
N =NTUNUN", (3.3)
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where

{woyen | o0
{wo)enN | @f,,1)=0f=
{wo)e N | @, (1) <0} =

>0} =

=0

) tu,tv) € W\( ) ’ q)/uv (t) =0, q)/(;/v)(t) > 0};
)

N+
NO
N

(tu, o)
(1u,10) € W (0,0) | @0)(1) =0, @ (1) =0
(u,t0) € W\ (0,0) | ®,)(t) =0, ®f,,(t) <0}.

{
{
{

Lemma 3.1. Assume (u,v) € W\ {(0,0)} and k > 0. Then (ku,kv) € N if, and only if,

@, (k) =0.

Proof. 1f k(u,v) € N, for k > 0 we have I(ku,kv) = 0. Then, we get
0 =k”||(u,0)|%, » + K'|| (w,0) ||}, ; — AK® /Q Hy (x)|u]? In [kue|dx — pkPr /Q(Rl + Ry) (x)|u|T|v|"dx.
Dividing the above equation for k > 0, we have
0=k (1, 0) 1§, + K (,0) 5, — A /()H1(X)\u|91n|kuldx
o /Q Ho(x)[u)° In [ko|dx — kP! /Q(R1 + Ro)(x)|u|7[0]"dx = @' (k).
This completes the proof. O

Lemma 3.2. If (u,0) is a local minimizer for the functional E on N, with (u,v) ¢ N°. Then,
E'(u,v) = 0.

Proof. By the assumption for u € N, applying Lagrange’s multipliers, there exists y € R such
that

E'(u,v)(u,0) = yI'(u,0)(u,v). (3.4)
But because of (1,v) € N, we get

E'(,0)(0,0) = N0,0)p + 10,0) [ = A [ Fa o)l il — o [ () ol folds
- /Q(R1 + Ro) (x)[ul|o| dx = 0.
Thus, yI'(1,v)(u,v) = 0. Now since (u,v) € N, we get
I'(u,0) (u,0) = (p = pi) | (w015, + (£ = p) 1, 0) 5,
—(9—p;k1))\/ Hi (x |u|91n|u|dx—(9—p;kl)y/ Hy (x)[0]° In [o|dx
(@) 0O

—A/QHl(x)|u|9dx—y/QHz(x)\vyedx =@/, (1).

Thus, v # 0, and E'(u,v) = 0. O

Lemma 3.3. Let 0 < ACy, + uCq, < % and 2 < g+r < pi. If R, Ry € L*(Q) are non-
negative functions satisfying Cp < K, where Cp := max, g |R1(x) + R2(x)| then, for any (u,v) €
W\ {(0,0)}, we get

1) If A o Hi(x )ul® + pfo Ha(x )|v|%dx > 0, then there exists a unique k(uo) > 0 such that
q)/(u,v) (k(u,0)) = 0 and k) (u,v) € N~ Moreover,

E(k(y0) 4, k(4,0)0) = sup E(ku, kv).
k>0
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2) If A [ Hi(x)ul® + p [ Ha(x)]0]%dx < O then there exists ki,ko > 0 such that 0 < ki <
kmax < ka < oo where (D/(u,v) (k1) =0= (u o) (k2) witch (kyu, kiv) € N and (kou, kov) €
N . Moreover,

E(kyu, kiv) = 0<Iir<1£ E(ku,kv) and E(kyu, kov) = ?{ugE(ku, ko).
max >

Proof. For k > 0, we defined a function f : R — W given by
) = K75 )+ 0,0 = A o] F ()l =4 [ a3l

—y1n|k|/QH2<x)yv|9dx—y/QHZ(x)|v|91n|v|dx}
We can rewrite f(k), for k > 0, as
FU) =k ([, 0)lIEp + I (w,0)[1,) — KPP lnlkM/Qﬂl(X)Wledx
—kP*P?IA/QHl(x)wy@ln\uux—kP*Pé‘l 1n\k\A/QH2(x)yvy"dx
—kP*Pé‘lA/QHZ(len|v|dx.
A direct computation shows that
flk) = kPPt [(P —p5) (16 0I5, p + 11w, 0)[15,) = Alp — PE,) /Q Hy (x) |u|dx
—Ap=p4) [ Hi(x) |l in ulax
| Ha(@)lol’dx — p(p— pi,) [ Ha(x)[of Infoldx
(=P H(r [ Bl p [ o)

Now we analyze all the possibilities:

i) If A [, Hi(x)[u|%dx + p [ Ho(x)|0|?dx > 0, then f € C(0,00) and because pi, > p > t, we
have
lim f(k) = +o0 and klim fk) =
—00

k—0+

Then there exists a unique minimum point kyin > 0 such that f’(kmin) = 0. Because kmin > 0,

(p = pi) 0 el [A [ F )l -+ g | Ha()]of'a]
= (= p2) (1wl + 0L, ]
—A [ H @)l —Ap = pt) [ Hi() |l inulax
[ Ha()lul’dx—p(p = p3,) [ Hax)[ol In fold.

This implies that

- . (3.5

e — ox 1l 0) 18, p 11, 0) |15, 4= fio [AH (2) ] In [+ Ha (x) 0] In [o] Jdx 1
min = €Xp A Jo Hi(x)ul®dx+p [ Ha(x)|o|%dx P—rp,
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Obviously, f is decreasing on (0, kmin) and increasing on (kmin, o). Then, because of equation
(3.5), the fact that kyi, > 0 and that

)\/ Hl(x)|u|9dx+y/ Hy (x)[o|%dx > 0,
Q Q

we get

p—Ps
f(kmin) = Kppin ' lll(u o)1&,p + 1w, 0)I5, .

—ln\kmm|(A/QHl(x)]u|9dx+V/K)Hz(x)|v|9dx>

- (A/QHl(x)\u|91n]u\dx—i—y/QHz(x)\v\Glnde)]
kl’;lfﬁ % /\/ Hl(x)]uledx—i—y/ Hy(x)|o|%dx || < 0.

p_psl Q Q

Since we have
/Q(Rl +Ry)(x)|u|?v|"dx >0, and A/QHl(x)\u|91n |u|dx + y/()Hz(x)Meln |v|dx >0,
and because
Dy (0) = K71 1) = P, 0) [+ )

— P (1,0 p 11 0,0 ) — 0 [ (R +Rz><x>rumv|rdx],

there exists a unique k, ;) such that 0 < k(, ;) < kmin such that

F k) = Kty [Hw )6+ 11 4,0) Iy = A | [ Hr ()l

—/\/QHl(x)|u]91n\u|dx—yln\k(wﬂ/QHz(x)|v|9dx

- y/ Hy(x)|v)? In |v|dx}
0

and f'(k(,.)) < 0, we get k() (1,v) € N™. Moreover, it follows from f (k) < f(k(,)), for all
k> k(w and f(k) > f(k(up)), for all k < k(, ), that

E(k(y)(u,v)) = sup E(ku, kv).
k>0

ii) If A [y Hi(x)|u|%dx + p [ Ho(x |v|9dx = 0, it follow from Lemma 2.10 there exists a unique
K(u0) > 0 such that k, ;) (u,0) € N,

E(k(,,0)) = sup E(ku, kv).
k>0
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iii) If A [ Hi(x)|u|%dx + u [, Ha(x)|0|dx < 0, then f € C(0,00), limy_,o+ f(k) = —oo and
limg_, f(k) = 0. Then f has a unique maximum point kmax > 0 which is given by

P | (u, 0)Hs1p+H(u/U)H§2,t—fQ[/\Hl(x)\u|91n|M!+VH2(X)|U\91H|U|WX_ 1
- A fo Hi(x)[ulPdx + p [, Ha(x)[o]?dx p—ps

Moreover, f is increasing on (0, kmax) and decreasing on (kmax, ). By Lemma 2.10, we get

1—(AC C L !
Kmax > exp ( ( H T} Hze)(H u,v H1P+H<;’l U)HSQ,t)_th(u’U)H_ 1 ~.
A Jo Hi(x)|ul%dx 4+ p [ Ha(x)|v|%dx p—pi
So,
B 1—(AC C b+ ;
kﬁnazl > exp (]9—]9:)( ( H;q V Hz) )(H(M U)H 1P H(;’[ Z))H z,t) o H(M,U)Hpsl.
! A Jo Hi(x)|u|bdx + u [ Ha(x)|v|dx

It’s known that the following inequality holds:
exp(k—1) >k, Vk>0.

Then
P s 1 — (ACq, + uCh,)L

Ps
mox = P P 3 e ok e (o) oo

Therefore

F(kma) = - pslAfQH1 |u]9dx—|—nyH2 x)|v|%dx
max - max
p p51

> (1 (ACp, + uCriy) L) (u, 0) | 7.

2p—ps, — p—ps 6
Because (k, —|—k( ) (Il o)|I5,p + 1w, )L ) + kp o) Jo(R1+ Re) (x) |ul o] dx >
0, by Holder’s inequality,

P

[ (Ry+ R) (o)l oF dx < CaS7 [, 2)]1 %,
Q

for all (u,v) € W, where Cp = max, g |Rq(x) + Ra(x)]|.
Then

P
p*

(1 — (/\CH1 + ‘MCHZ)L)Sq;} > Cg,

it implies that

2p—p; 2t—pg —0 "
Fllmax) > Ko N0+ Koy N0l K1) [ (R o+ Re) ()l
> 0= lim f(k),

k— 00

and it shows us that there exists kq, k, for which

0 < ki < kmax < ko < o0,
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such that
2p—ps, — 2t ps ’
Pl =Kot N0 + Ko o)l K8 [ (Ry+ Re) ()l d
>0 = lim f(k) :f(kz).
k—o0

It shows us that q)’(u,v) (k1) =0 = CD,(M’U)(kz). Moreover, f is increasing on (0, kmax) and
decreasing on (kmax, ). So

ki(u,0) e Nt and ky(u,v) € N

Furthermore, we have for all k € [kq, k], that

(u,0)

> 0= lim f(k),
k—o0

2p—ps,— 2t—p;, —0 -6
£ 2 ki) + K 0,0+ K [ (Ri 4 Ra)()]ul?o

and
2p—p;, —0 2t—p;, — -6 "
£ < Kty + K N0+ K [ (Ri 4 Ra) ()]l ol d,

for all k € R¥ \ [ky, ko).
Thus

E(ki(u,v)) = inf E(k(u,v)) and, E(ka(u,v))=supE(k(u,v)).

0<k<kmax k>0
The proof is complete. O
The next remark will help in understanding the next results.

Remark 3.4. In what follows, we define

sy
M = 101} and K::l_()‘CH”L”CHz)(L‘LM).
ps, — P ol
Sqh

Lemma 3.5. If 0 < ACh, + pCh, < 37 and Cg < K, then N* = @

Proof. Arguing by contradiction, let (u,v) € N°. Then I(u,v) = 0, and
(1,0 + 100 ) =2 [ Hro)lul = | Ha()lof
= [ R+ R)@Iulolax 36)
and

0=(p—pi)ll(w )5, + (t—p;)ll(u,v)lléz,t—(9—pil)ALHl(x)\ulslnlu!dx

—(9—p;)y/QHZ(x)|v]91n|v|dx—A/QHl(x)|u|9dx—y/QHz(x)\v|9dx. (3.7)



16 R. D. Carlos, V. C. de Oliveira and O. H. Miyagaki

From equations (3.6) and (3.7), and Lemma 2.10, we get
(1, o)1, p + (w0, ) — /Q(Rl + Ra) (x) |u|dx
< (ACh, + pCr,)L ([ (w,0)[I€,p + | (w,0) 15, 1)
+1In||(u,0)]] </\/QH1(x)|u]9dx+y/QHz(x)|v|9dx>. (3.8)
Then, again by (3.7)
(1= (ACh, + uCriy L) (I (w, )%, + [1(, 0) II5,.:)
In || (1, 0)]| {A/QHl(x)|u|9dx+ y/()Hz(x)|v|9dx} v /Q(R1 + Ry)(x)]0]7]0] dx

IA

< In||(u,0)|| [/\/QHl(x)Medx—|—y/QH2(x)\v\9dx}

+

—Alp—10 /H ) |ul? In |u|dx
o [ A=) [
—y(p—9)/QHQ(x)|v|91n|v|dx+)\/QHl(x)|u|9dx+y/QH2(x)|v|9dx].
That is,
(1= (ACw, + pChy)L) ([ (u, 0) 15, p + [1(u, ) |I5,.1)

< In||(1,0)| (/\/QHl(x)|u]9dx+]/t/QH2(x)|v|9dx>

b oo A=) [ ol nlulds = p(p—6) [ Ha(x)ll’ ol
A s, ] () + 0 ). 69
which means that
[1 ~ (ACyy + pCy )1 — AL 1t [wﬁsﬁi ” (01 + 100l )
1

< In||(1,0)| [A/QHl(x)\u\gdx+;4/()H2(x)]v]9dx]

<—A(p—9)/QHl(x)|u|91n]u|dx—y(p—9)/QH2(x)|v|91n|U|dx>.

p—ps
Using again equation (3.7), in view of p < p; , we have
0> In||(u,0)] (A/ Hl(x)|u|9dx+y/ Hz(x)|v|9dx)
Q Q

i P—lp;z <_A(p_0)/QHl(x”u’Bln‘”Mx_V(P—Q)/()Hz(x)]vleln\v]dx>.

Thus, it follows from ACy, + uCh, < ﬁ that || (1, v)|| < 1, where, here we consider M as in
Remark 3.4.
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Otherwise, using (3.9), and one more time (3.6) and (3.7),
[1— (ACH, + puCuy L] (Il (1, 0) 15, + [1(1,0) I5,,1)
In|(,0)| (A [ Hy(oluldx +p [ Ha(lol'dx) + [ (R + Ro)(x)ullol dx
(p = ps;) In|[(u, 0)]] /Q(R1 + Ra) (x)[u|7|o|"dx
+ (ACH, + uCri )M ([I(u, 0)[15,p + [ (0, 0)|I5,) - (3.10)

IN

IN

Now, we can note that
P,

[ (Ri+ R))lul?ol dx < CaSyl [1(,0) %, (3.11)

thus

2

[1 = (ACw, + uCri ) (L + M) = CuSyly ] (I (1, 0) [E,p + |, 0)I5,,) < 0.
Since (ACh, + Ch,) < 11, and

Cp < Ko L= (AChy + iCin) (L+ M)

Sar
it follows that ||(x,v)|| = 0. Then (u,v) = (0,0), which is a contradiction. Therefore N? =
Q. O

For the next result, we consider
sy 1
1-— ()\CHl + MCHZ)L — CBSq/}; ) Psy =P
)

CpSqh

Ay =min g 1, <

Lemma 3.6. If0 < ACq, + uCp, < ﬁ and Cg < K, then ||(U, V)| > Ay, forall (U, V) € N
and ||(u,0)|| <1, forall (u,v) € N'*.

Proof. Let (U, V) € N~. Then
/Q(R1 + Ro)(x)|U|9|V|"dx
= (16,0l + 1 w,0) ) = A [ FG) U In Uldx = p | Ho(@)|VI'In|Vidz, (312)
and
(P = P V)IE,p + (¢ = p ) (U V) |50
< )\/QHl(x)\Uledx—|—y/QH2(x)\V|9dx
— (1, —9)(A/()H1(x)|u|eln\u|dx+y/QHZ(x)|V\91n|V|dx). (3.13)
Similarly to equation (3.10) in Lemma 3.5, we have
[1— (AChy + uCriy ) L] (1, 0) (II5,,p + 1 (1, 0)[I5,.1)

< In|j(u, V)| </\/QHl(x)|ll|9dx+y/QHz(x)|V|9dx) —|—CBSZ;15;;1||(U, V)||Pr. (3.14)
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We consider two cases:

i) If A [ Hi(x)|U|%dx + p [ Ho(x)|V|%dx > 0, then ||(U, V)| > 1, because otherwise, being
(U, V)] <1, we have

[1 = (ACwy + uCri ) L] (11 (1, 0)1I3,p + 11, 0)[I5, ) < CBSy, Spe (U, V)P,
1 1

and together with Cp < K, we get

1
i P
I, vy > (1 (ACh, +#CH2)L) >1, (3.15)

q cr
Cs Spsl Spsl

which is a contradiction. Thus ||(U, V)| > 1.

ii) If A [, Hi(x)|U|%dx + u [, Ha(x)|V|%dx < 0, we have two more cases to analyse:
2.1) If ||(U, V)| > 1, similar to case i) above, we get the same equation (3.15).
22)If ||(U, V)|l < 1, we have by equations (3.12) and (3.13),

[1— (AChy + uCriy ) L] ([1(, 0)1I5,,p + 1 (1, 0)[I5,,1)
< CgSl. Sy (W, V)P
51 51

+(p—9) (A/ Hy(x)|U|? In|U|dx + y/ Hy(x)|V|°In |V]dx>
Q Q
+ CaSy, Sy 1 V)7,
So, because p < 6,

1
1-— (/\CH ]lCH )L CBS Sr, Psy P
1, vy > ( : - P > 1,

q c¢r
Cs Spsl Spsl

Thus, ||(U, V)| > Ay, forall (U, V) e N
Now, if (1,v) € N'T, a similar discussion shows us that ||(u,v)| < 1. O

Lemma 3.7. If 0 < ACp, + uCp, < ﬁ and Cg < K, then N~ is a closed subset o W.

Proof. The proof follows directly from Lemmas 3.5 and 3.6. O

Lemma 3.8. If 0 < ACp, + uCp, < ﬁ Then the functional E is bounded from below on N.

Proof. Because of the relationship between the functionals E and I, for (u,v) € N, we have

B 0) = (5= 5) (100 + 16 0)0) + 55 (3 [ aolul’ds-+ e [ Eolol’ds)
- (5 ) [ (R + R up ol

Because (u,v) € N, we have also
[ R+ Ro) (@)l ol ax

= (108,25 + 11 1,0) ) = A [ Hy()luf Inuldx = | Ha(x)[of* Ino]dx.
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So

1 1 1 1
B0) = (5= ) 1ol + (5 = 5 ) N0l
51 51

L (/\/ H1<x>\uyf’dx+y/ Hy(x) o)

02
(1) (Lot )
51

Now, concerning to exposed above, we consider two cases:

i) If A [ Hy(x)|u|%dx + p [ Ha(x)[0]?dx > 0, because 0 < t < p < 6 < pi, it follows that

E0) > (5 = 2 )16+ (F = 50 ) o)l >0

51 51

ii) If A [, Hi(x)|u|®dx 4+ u [, Ha(x)|0|%dx <0, it follows from Lemma 2.10 that

E(u,0) = (;——gi)[1—<Ach+ucH»Lnuum0<mlp+|uwvnﬁy)

1 1 1 0 o
*[W—(g ) mito] (x ], itar s | solatar).

Now, if 2 — (g -1 )ln||(u,v)|| > 0, then E(u,v) > 0.

Otherw1se 1f o — (% — 3 ) In||(u,0)| < 0, there exists a constant C > 0 such that
51
1 1 t
E(u,v) > o Pt [1— (ACH, + uCr,) L] (1(,0) 15, + | (1, 0) 15, 1)
51

1 1 1 0 ]
t [z (5o ) mlwol] (1 [ ot s [ paoletax)

1 1
Z<p—p)U—me+ﬂ%)HMMWMp+W%®%J
51
1 /1 1
il > _C.
TR
Thus, E is bounded from below on N. O

4 Ground state solution for positive weight function

After the introductory part, in the two following sections we establish the existence of a
ground state solution for problem (P). Specifically in this section, we carry on with the weights
functions Hy, H, > 0, it is Hj, Hy being non sign-changing functions. For this, we use the
Mountain Pass theorem to show the existence of a level c. € W, where the functional E satisfy
the (PS)., condition.

The version of Mountain Pass Theorem used in this paper is given in the below lemma.

Lemma 4.1. Let Hy, H, € C(Q) and Hy(x), Ha(x) > 0 for all x € Q. Then there exist 17,{ > 0,
such that
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(i) E(u,v) >n >0 forall ||(u,0)|| =,
(ii) there exists (u,v) € W such that E(u,v) < 0 if ||(u,v)| > ¢.

Proof. Because of the definition of E and inequality (3.11) and 1 < g < p < p+7r = pg, we
have

1 1 1 1
E(0) 2 |5 = 0C+ uCu)L| 0) Ly + | = 5(ACa +HCL| 1,0,
Ly 1 (A o4 04 cs§ s
— 5 (ol =5) (A [ H)ulax+p [ Haopldx| = Casfrll(n,0)]17
1 1 .
> |5~ gACh +rC)L | o)l

0

1 1 0 0 i p:
(o)) - 3) [A/QHl(x)|u| dx+pu [ Ha(x)lo) dx] — CaS I ()|,

which implies that, for all (1,v) € W with 0 < ||(u,v)| <1, we have

Ps;

1 1 s .
EG10) 2 |5 = ACk + HC)L| 1,0l = CaSyf 0]

Choosing ¢ € (0,1] small enough, such that

1 r5,

1 _— * *
(5 = §0ACu + HCIL) = CuS5 I 0)757% >0,

we have

P35

1 1 =1 -
(p ~Locn + ycH2>L) —CaS 1| 0) [P g

E >
(u’ U) - 9

r >0,

for all (u,v) € W, with ||(u,v)|| = {. Thus (i) holds.
Otherwise, for all (1#,v) € W\ {0,0} and k > 0, we have

p—ps t—

E(ku, kv) = kP [vl|(u10)’|51,p +k

P K7PaIn |k
)~ e o)
Q

S ) K ;
- A/QHl(x)\u\ 1nyuydx+(TA/QH1(x)\u\ dx
K"~ In K| o, KM ]
—-——F—F | H - H |
7 [ Ha()fol’dx ==y [ Ha(x)lol" Infoldx

ke pgl / ( )‘ ’9 Ul / ( )( )‘ |q| |T’
+ 2 H>(x)|v|%dx — R;+R x)|ulol dx ,
92 2 ;1 1 2

and because 1 < 0 < g < p < p;, it implies that there exists ko > 0 large enough such that
|| (kou, kov)|| > ¢ and E(kou, kov) < 0. So, taking (u,v) = (kou, kov), item (ii) holds O

Lemma 4.2. Let (u,,v,) be a (PS).
bounded in W.

sequence of the functional E. Then, a sequence (uy,vy) is

*



Multiple solutions for a fractional (p, t)-Laplacian system 21

Proof. For ¢, € R, we assume that {(u,,v,)}n C W with || (1, v4)|| > 1is a (PS)., sequence

with, it is E(uy,, v,) — ¢ and E'(u,, v,) (1y, 0,) — 0, as n — oo. On the other hand, since that
(uy,vy) is a (PS)., sequence for functional E, we have

Cx +0n(1) > E(uy,vn) — fE (t4n, 0n) (i, On)

1
? H u,o Hsz,p
+ (p—) [ /H1 |u|91n|u|dx+y/ Hy(x) 0]’ In [0]dx
1 6 6
+a [/\/QHl(x)M dx+y/QH2(x)|v| dx]
> 1 A [ Hilnl'dx -+ g [ Ha()londx| 1)
62 o) Q

We have also

1
cx +0,(1) > E(uy,vy) — —E (1, vn) (Un, vy)

1 1
(3-)ie s (350 ) Nl

psl

/H1 X) | Uy dx—f—y/ Hy(x)|vn| dx]

— (}19_]0>[ /H1 X) |1y lnundx+}t/ Hy(x)|va | lnvndx]
51

1 1
<P_Ps1> ||(”nfvn)||slp
1
(-2 /H1 )it 1nun+y/ Ha(x) o] In 0y | 42)
p psl

Combining equations (4.1) and (4.2), Lemma 2.6 and Lemma 2.10, we have

+

v

(5- pl) 1= (A + 1) w9} < (- pl) Pl e 4 o)

< C (14 1t 0) ) +0(1),
where 0 € (0,p — 1). Thus {(uy, v,) }» is bounded in W.

Lemma 4.3. Let (uy,v,) be a (PS)
(PS)c, condition at any level c..

O
c. sequence of the functional E. Then, functional E satisfies the

Proof. By Lemmas 2.8 and 2.9, we get

lim [ Hy(x)u|u,|® ' In|uldx = / Hi (x)|u|® In |u|dx, (4.3)
n—oo JO) JO

lim [ Ha(x )v]vn|9_1ln|v|dx:/ Ha (x)[0]° In |o]dx, (4.4)
n 00 (@)
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Tim [ (R Ra) (x) tnl Tt o] (1 — ) = 0, (45)
lim [ (Ry + Ry)(x)|vn|" 20 un|® (v — v)dx = 0. (4.6)
n—eoo JO

Note that

[ (un — 1,00 — )| = (E'(un, 0n) — E'(1,0)) (n — 1,04 — 0)
+/\/QH1(x) (1 0 | = [0l 1 ] ) (2t — )
—|—;4/QH2(x) (124l 10 [ou] = [2]* I [o]) (o0 — 0)dx
+i*/Q(R1+R2)(x) (loulul 2 — oIl 2 ) (0, — u)dx

51

r
+ /Q(Rl + Ro) (x) (Jun |0} 20y, — u|7|0] 20" %0) (04 — v)dx.
51

Since (E'(uy,vn) — E'(1,v))(uy — u, v, —v) — 0 as n — oo, it follow from equations (4.3), (4.4),
(4.5), (4.6) and Lemma 2.5, that (u,,v,) — (1,v) in W. This yields the proof. O

Now we can prove the first of the main results in the paper. More precisely, in what

follows, we prove Theorem 1.1.

4.1 Proof of Theorem 1.1

Define N := {(u,v) € W\ {0,0} | E'(u,v)(u,v) = 0}. By the previous lemmas, 91 is nonempty.
Let (u,v) € M, from Lemma 2.10, we have

0= 1,0+ 10,9) s = (4 Falal’infudz o | Ha(o) ol n ol )
— [ (Ri+R)(x)[uf" ol
> (1— (A, + 1)L (I + 1,01
—ln||(u,v)||<)\/QHl(x)\u|91n|u]dx+‘u/0Hz(x)\vleln\vldx>
_/Q(R1+R2)(x)|uw|v|fdx. (47)

If ||(u,v)|| <1, it follows from the above equation (4.7) that

vy

(1= (ACh, + pCy)] (I (w,0) 15, + 1 (1, 0)[I5,0) < /Q(Rl + R) (x) |u|[o) dx < CpSg) .

Then,
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which implies that

/Q(Rl + Ro) (x) [ul?fo|"dx = [1 = (ACh, + pChi) L] (|| (w,0) [15,p + || (1, 0)I5,1)

1
i P

[1 — (ACHI + VCHz)L]p:I

> G (4.8)
Define
[ i p§1] »
C .= [1 - (ACHI + VCHz)L]pgl
: NP ,
and
¢ :=inf{E(u,v) | (U,, V) € N},
then € > 0, because otherwise, there exists {(U,, V,,)}, C 9 such that E'(U,,V,) — 0.
It follows from
1 1 1 1 1
B 0) = (5= 5) 100l + (5= 5 ) 1000l + 51000
1
+ /\/ Hl(x)|u|9dx+y/ Hy (x) |o|dx
0 o) Q
- (1 - 1) / (Ry + Ro) (x)[u][0] dx
pr 6) o 1 2 ,
that
1(/\/ Hl(x)]ljn|9dx+y/ Ho (x) Vi) — <1 - 1) / (Ri + Ra) () |Un 7|V, " dx — 0,
62 0 0 ps, r/)Jo

when n — oo, and by Lemma 4.2. But, from equation (4.8) it follows that
/Q(R1 4 Ro) ()| UV, |'dx > € > 0,

and it implies that 0 > C > 0, which is a contradiction. Thus, ¢ > 0.

Finally, let {(un,v4)}n C O be a minimizing sequence. Then E'(uy, v,)(uy, vy) = 0 and
limy, 00 E(tty, v4) = € > 0. Again by Lemma 4.2, there exists (1o, v9) € W \ {0,0} such that

(uy,vy) = (U, vo)

in W. Hence E(ug,v9) = € and E’(u9,v9) = 0, and it means that (1, v9) is a nontrivial ground
state solution of problem (P).
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5 Nontrivial solutions for sign-changing weight functions

To conclude this paper, we now proceed with the proof of the existence of solutions to the
problem (P), but now for the cases in which the weight functions Hj, H, are sign-changing
functions.

Lemma 5.1. E has a nontrivial and nonnegative minimizer on N'*.
Proof. The proof of this lemma will be shown in two steps.
Step 1. The strong convergence of minimizing sequence. By Lemma 3.8, we get

¢t = inf E(u,0).
(u,0)eN+

Claim: ¢™ < 0. Indeed, for each (1,v) € N, we get

18,0) £ p 4+ 10,0 = A [ Hy(olul”In fuld + e | Ho(x) ol In old

+ [ (Ri(x) + Ral() ullo] d (5.1)
and there holds
1 , 1 . A ] A o
E(u,0) = S0l + 31w 0) s~ [ E @Il Infuldx+ g [ (o)luf’dx

_'Z‘/QHQ(X)”U’Gln’U’dX—I—glz/QHz(x)‘v‘gdx_plgl/Q(Rl(x)_f_RZ(x))‘uW’v’rdx
1
_ p[)\/QHl(X)]u|91n|u|dx—{—y/QHz(x)\U|9ln|v]dx+/Q(Rl(x)+R2(x))|u|q|v|rdx

—A/ Hl(x)|u|91n|u|dx—|—/\/ (o) ul'dx — & [ m()lof In folax
0 Ja 62 Jo 0 Ja

1
+ 5 [ olay = — [ (Ri(x) + Ra(x)) ol dx
Q psl Q
1 1

_ <p_9) [/\/QHl(x)|u]01n\u|dx+]/t/0Hg(x)|v|91n|v|dx}

w1 @l [ Hafoas]

i (;—;) [ (Ra(x) + o)l ol d.

Using the following inequality
(p—6) [A/Q Hi (x) || I [u]dx + 3 /QH2(x)|vn\91n |v|dx}

> (5, = p) [ (Ra(x) + Ra(o))lul?ol'dx + A [ Ha(x) ufdx+ e | Ha()loldx
and p < 6 we have

/\/ Hl(x)|un|91n|u\dx+y/ Ha(x)[0x]° In [0]dx
Q (@)

< = BB [ (Ry(x) + Ra() [l o dx

- e_lp[A/QHl(x)]u\gdx+V/()H2(x)|v|0dx]- (5.2)
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Using (5.2) implies that

E(u,0) = <; - ;) [)\/{)H1(x)|u|91n|u|dx—|—y/QHz(x)|v|91n\v|dx]

b [V [ ol | Fa(a)ofa]

i (; _ pl) [ (Ra() + Ra()) ol
<(p—pt) (Qip - p(;>) [ (Ra(x) + Ra() 7ol
+ (g g ) [ el [ palopa]

< 0.
Let {(#y,vn)} C N be a minimizing sequence. Then,
1000 10,0y = A ()l aldx + g [ ()l I ol
+ [ (Ra() + Ro(x) ol e, (5.3)

and using @, |

(1) >0,
o (1) = 1) [+ 100y = 2 [ F @)l Il — [ ()0l In ol
— / (R1 + Ro) (x) |t |T|vn| dx — /\/ Hy (x)|un|®dx
0 0
— | Ha(x) ouldx + (p = ) [ (Ra(x) + Ra(x) [l o] dx
> 0. (5.4)
This implies
A [ @)lualdx = [ Ha(x)louldx + (p = p) [ (Ri(x) + Ralx)lulfol dx > 0. (55)
Since N'* is bounded by Lemma 3.7, up to subsequence we assume that

(ttn, vn) — (u™,0") in W;
uy, —ut, v, - ot strongly in L/(Q}), for 1 <t < p} (5.6)

Up(x) = ut(x), vy(x) > vt (x) aeinQ.

Similarly to Lemma 4.3, we get

lim Hl(x)un|un|91n|un|dx:/ Hy(x)|ut?In |u™|dx, (5.7)

n—oo JO) (@)

lim Hz(x)vn\vnlgln\vn]dx:/ Ho(x)|o" % In ot |dx, (5.8)
tim [ Ry (@)l 'dx = | Ra()lu o 1, 59)
lim [ Ro(x)[un]?]0n] dx = / Ro(x)|ut |70 |"dx. (5.10)
n—oo JO) @)
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If (uy,vy) - (ut,0") in W, then
I(act, %) < L a2 G.11)
This implies that
100 + 10,07y = A [ ()l P dx = p [ Hi(@)lo" [ Infodx
— [ Ru)lut ot Pdx = [ Ra(x)lut o
0 0
< liminf {H(un,vn)Hz—/\/ Hy () 1| In ey dx = o [ Hy ()] In o, |dx
n—+-o00 Q Q
- / Ry (x)|uy|vn|"dx — / Rz(x)|un]‘7|vn]rdx] =0. (5.12)
0 0
Now we prove that for (u",v") there exists 0 < f(,+ ,+) # 1 such that
t(u+,v+)(u+,v+) eENT.
Since ¢t < 0, we can show that (u™,v") # (0,0). By (5.5), we deduce that
/\/ Rl(x)|u+]’7dx+y/ Ro(x)[o*|"dx < 0,
0 o)
then by Lemma 3.3 there exists f(,+ ,+) > 0 such that
t(u+,v+)(u+, z)+) e NT and ‘Y,(utvﬂ(t(uﬂv*)) =0

By (5.12), ‘I’/(u+’v+)(1)) < 0. Thus, t( ) # 1. Note that t, o+ (u",v") is minimizer of
¢(t) = E(t(u™,tot). Thus,

E(tyr orytt ™ br pey0") < E(u',07)) < nngE(un,vn) = (u,vi)rgfw E(u,v),

which is absurd. Therefore, we obtain (u,,v,) — (u*,v") in W.

Step 2. Existence of nonnegative minimizers. From (u,,v,) — (u*,v") in W and Lemma 3.8,
we get

_A/QHl(x)yuﬂedx—V/QHz(x)yUﬂGdH(p—p:l)/Q(Rl+R2)(x)\u+|q,v+‘rdx > 0. (5.13)

Thus, we obtain that (u*,v") € N'*. This gives that (u*,v") is a minimizer of E on N'". We
can prove that (Ju™|,|v"|) is also a minimizer in N'*. Since

E(ju*|Jo*]) < E(u*,0%)
and because (5.13) holds for (|u™|,|v"|), one can show that
16,0+ 10,0 =2 [ B @)l P Infutldx = p [ Hy(x) " Infodx

:/ Rl(x)|u+|q|v+|fdx+/ Ro(x)|ut |70 |7dx. (5.14)
O O
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Using [|u™|]f < [u*]f, we obtain
10,0 6+ 16 0y = A [ H Gl In | — e | Hi ()] | Info
g/QRl(x)\uﬂﬂvﬂrdH/QRz(x)|u+w|v+|fdx. (5.15)
Tf
10, o)+ 10,0 = A [ B ()l P Infuldx = p [ Hi(x)o* | Infor|dx
</QRl(x)\wmvﬂde/QRz(x)|u+|q|v+|fdx, (5.16)
then \P,(\uﬂ,\vﬂ)(l)) < 0. For (Ju*|,|o"|), by Lemma 3.3 there exist t(,+|p+)) € Nt and
‘I’/(|u+"‘v+|)t(‘u+|,|v+‘) = 0. Thus, t(|,+||o+|) # 1. For other hand f|,+|,+) is @ minimizer of
&(t) := E(ut,o™).
Thus,

E(tueyorple | e o[ < BT [07]) < Bt 07) = inf | E(u0),

which is absurd. Thus, (|u™|,[0"|) € N and

E(lu™],|o*]) = inf E(u,0).
(utl lo™]) = nf  E(w0)

In conclusion, we get nonnegative minimizer E on N'*. ]

Lemma 5.2. E has a nontrivial and nonnegative minimizer on N~

Proof. By Lemma 3.8, we know ¢~ := inf(, ,)cn~ E(,0) is attained. Let {(un,vn)}n C N~ be
a minimizing sequence such that E(u,,v,) — ¢~. Then

[ en, o)+ 1t o) = A [ ()P = o | o) o
= [ R+ R)@lunllon'dx, (517)
and,
0> Ap=0) [ Hi () gl |y + u(p = 0) | Hal(x) o[ In [0
~Mp=0) [ Hi()lul'dx—p(p—0) [ Ha(x)[os|dx
= (5 = ) [ (Ru+ Ra) ()l o (518)

We claim that {(u,,v,)}, is bounded in N~
Without loss of generality, we assume that || (1, v,)| > 1. Then

¢ +0u(1) = E(up,0y) — ;E’(un,vn)(un,vn)

1 0 .
=% (/\/QHl(x)|un| dx+V/QHz(X)|vn| dx>

+(5- pl> [ Ry Ra) (6) o (519)
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So
¢ +ou(1) > = ( /H1 x) |1t dx—f—y/ H(x ]vn\edx> (5.20)

If A [ Hi(x)|un|%dx + p [ Ho(x)|vn|%dx > 0, then from equations (5.19), (5.20), we have

1

1 "
u,v)|| < '
[ (e, 0) ] <;_(19(/\CH1+]/1CH2)L>

If, A [ Hi(x)|un|dx + p [ Ho(x)|0n|%dx < 0, from equation (5.20), we have

¢ +0,(1) = E(un, vy)

1 1
> |5 = O+ L] (1 0) s+ 90) )

1 1 1 0 o
+ [92— <9 p31>1n|\(”nfvn ||} ( /Hl )|t dx+y/ Ha(x)|vn] dx)

We have two cases to analyze:

i) If 5 — (3 — )lnH(un,vn)H < 0, we have ¢~ +0,(1) = (% p51)[1 — (ACh, + uChy)L]

{l (un,vn) H51 . + | (4, vn)|IL, ;), which implies that

p(ps,)(c” +04(1)) v
(ps, = p)[1 = (ACh, + pChiy)L] |

(e, 00) || <

i) If 5 — (3 — 1)ln | (14w, 0) || > 0, then || (1, vn)|| < exp ( ps(lp )) So there exists C > 0

such that || (u,, vy)|| < C.

Thus, every minimizer sequence of E on N~ is bounded.
Now, since {(u,,v,)} is bounded in N'~, up to a subsequence, we may assume that

(tn,vy) — (u—,v_) weakly in W;
(tn,vy) — (u—,v_) strongly in L"(Q)) x LT(Q);
(uy,vy) = (ug,v4) aeinQ,

where 1 < v, 7 < min{p, pi }. It implies that

lim [ Hi(x)|u,|’In |u,|dx = / Hy(x)|u_|°In|u_|dx;
0

n—oo /0
lim [ Ha(x )]vn|91n|vn\dx:/ Hy(x)|o— ¢ In [o_|dx;
n—00 Q

fim Hl(x)]un|9dx:/ Hy (x) |u_ |dx;

n—00 Q Q

lim [ Hi(x )\vnledx:AHz(x)]v_]"dx.

An easy computation, combined to equation (5.18), shows that

I(u_,v_) <liminfI(u,,v,) = 0.

n—oo
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It means that (u_,v_) € N~. Now, by Lemma 3.3, item [i], there exists k(u,v) > 0 such that
Ifu,,v,)k(uﬂvf) =0and k(,_, ) # 1. Since (un,vn) #+ (u—,v-), we get
K o) (tn,0n) 7 ko y(u—,0-)
in W. Another easy computation shows that
E(ku o -k o y0-) < E(k@u_ o ytn ko 0n)-

Now, observe that the function z(k) := E(kuy,, kv, ) attains its maximum at k = Ku_o_)- SO

E(k(uﬂvf)u,, k(uﬂz,f)v,) < liminf E(k(uﬂvf)un, k(uﬂvf)vn)

n—oo
< .
< lim E(un, o) (u,vl)rg/\/” E(u,0),

which is a contradiction. Thus (u,, v,) — (14—, v_) in W.

Because (u_,v_) € N, then (u_,v_) is a minimizer of E on N/~. Moreover, a similar
discussion as Theorem 5.1 — Step 2 — one can show that (|u_|, |v_|) is a minimizer of E on N~
This yields the proof. O

Now is possible to proof Theorem 1.2.

5.1 Proof of Theorem 1.2

From Lemmas 5.1 and 5.2, E has two non-negative minimizers (uy,v4) € Nt and (u_,v_) €
N . Then, from Lemma 3.2, E has two non-negative critical points on W, which is non-trivial
and non-negative local least energy solution of problem (P). This two solution are distinct,
because is obviously that N~ NN* = @.

We claim that (#4,v4) and (#_,v_) are not semi-trivial solution.

Supposing, otherwise, v, = 0 in (u4,v, ), we get that u, is a non-trivial solution of the
problem

(P)

(=A)ju+ (=A)Pu = AHy (x)[u|*2uln|u| inQ,
(u,0) € W' (Q) x W' (Q).

Then [u ]}, + [ui]t, , = A [ H1(x)|uy |?In|u, |dx, and because (u,0) € N and CID’(’H/U)(l) >
0, we get

A(p—a)/QHl(x)\u+|9dx <A/QH1(x)|u+]9dx.

Because p < 6, we have [, Hi(x)[u|%dx <0 .

Now we choose w € Wé’p(Q) \ {0} such that [ H(x)|w|?dx < 0.
For (u4,w), by Lemma 3.3, there exists a unique k1 > 0 such that k1 (u4, w) € N'*. More-
over, we have

el + sl = | foo A ) 1t [T e |0 o () o In ool | de— 4
A Jo Fa ()0 + i foy Ha () [P p—ri |

kmax =exp

and
E(kjus, kqw) = inf  E(kuy, kw).

0<k<kmax
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It follows that
ct < E(kjuy, kiw) < E(uy,w) < E(uy,0) =c¥,

which is a contradiction. Thus (u4, v, ) is not a semi-trivial solution for problem (P).

Otherwise, (u_,v_) is not a semi-trivial solution for problem (P), by using the same
above argument, but this time assuming v_ = 0. In this case (u_,0) is a nontrivial solu-
tion for problem (P') and [, Hi(x)|u_|’dx > 0 and w € Wé’p(Q) \ {0} is taking such that
A fo Hi(x)|u—|%dx + p [, Ha(x)|w|%dx < 0.
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