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Abstract. In this paper, we consider the following nonlinear Schrédinger—Poisson—
Boltzmann (SPB) system under an L?-norm constraint

—Au+Au+¢u=|ulf?u inR?,

—Ap + K2 = 4rru® in R3,

lully = a,
where p € (2, %)\ {3}, A € R, a > 0is a prescribed constant and x > 0 is a parameter.
We prove that the above system admits a positive ground state normalized solution
with the Lagrange multiplier A > 0 when either 2 < p < 3 and a > 0 is sufficiently
small, or 3 < p < % and a2 > 0 is large enough. Moreover, we prove that when
2 <p<3,«>0anda > 0is small enough, the ground state normalized solutions
are radially symmetric up to translation, and as x — 0, they converge to a radially
symmetric ground state normalized solution of the Schrodinger—Poisson—Slater system

under the same L2-norm constraint.

Keywords: Schrodinger—Poisson-Boltzmann system, ground state, constrained mini-
mization, radial symmetry, limit behavior.
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1 Introduction

1.1 Physical background

This paper concerns the study of ground state normalized solutions for the following nonlin-
ear Schrodinger—Poisson-Boltzmann (SPB) system under the L?-norm constraint ||u||, = a

{—Au+Au+<pu: ulP2u inR3, 1)

—A$ + 2P = Amu? in R3,

™ Corresponding author. Email: tengkaimin2013@163.com


https://doi.org/10.14232/ejqtde.2025.1.70
https://www.math.u-szeged.hu/ejqtde/
https://orcid.org/0009-0008-8398-2930
https://orcid.org/0000-0002-9168-0675

2 R. Chang, K. Teng and L. Liu

where a > 0 is a prescribed constant, ¥ > 0 is a parameter, A € Rand p € (2, %) \{3}. System
(1.1) arises from seeking the standing wave solutions ¥ (x, t) = e"*u(x) to the following system
0¥ + AY — ¥ + [¥)P °¥ =0 inIR3, 12)
— A + 12 = 47 |¥|? in IR%, '

where ¥ : R3 x [0,00) — C represents the wave function and ¢ : R> — R denotes the
electrostatic potential in the Poisson-Boltzmann equation. Therefore, system (1.2) describes
a self-consistent quantum-electrostatic system, in which the wave function ¥ and the elec-
trostatic potential ¢ mutually influence each other through nonlinear term and source term,
collectively determining the dynamical behavior of this system.

The Poisson-Boltzmann (PB) equation describes an electric double layer model developed
independently by Gouy [16] and Chapman [10], which explains the interaction between the
ions in the solution and the charged layer. Subsequently, Andelman [1] proposed the Poisson-
Boltzmann theory, in which the Poisson-Boltzmann equation is employed to depict the dis-
tribution of electrostatic potential within electrolyte solutions. Blossey [4] made further im-
provements to this theory. Since the electrolyte solutions formed after the dissolution of 1:1
salts (such as NaCl) play a crucial role in many biochemical reactions and physical processes,
according to the Boltzmann distribution and Gauss’s law, we obtain the following Poisson—
Boltzmann equation for 1:1 salts

A¢p = k> sinh ¢,

where ¢ denotes the electrostatic potential, A is the Laplace operator, « is the inverse of Debye-
Hiickel screening length Ap which satisfies

2
2= 2npe
SkBT !

where ¢ stands for the dielectric constant, kg denotes the Boltzmann constant, T represents
the absolute temperature, e is the elementary charge, and 7y corresponds to the ionic con-
centration in a neutral electrolyte solution of (1:1) salt (see [4, Section 1.2]). In many physical
situations, when the value of the electrostatic potential ¢ is relatively small, the above equation
can be linearized into the following equation

Ap = 1%,

which not only demonstrates its convenience in the process of mathematical solving, but
also has extensive and significant applications in fields such as biophysics, electrochemistry,
and colloid chemistry. Moreover, the above linearized Poisson-Boltzmann equation is a classic
example of the homogeneous modified Helmholtz equation, where the Laplacian of a function
is directly proportional to the function itself (see [4, Section 1.3]). For more physical details,
one can refer to the papers [1,4,9,21] and the references therein.

1.2 Problems and main results

In order to explore the existence of solutions to the SPB system (1.1), we would like to recall
two distinct approaches in terms of the frequency A. The first one is to fix A € R and search for
the coupled solution (u,¢) of system (1.1), which is referred to the fixed frequency problem.
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In this situation, any solution to system (1.1) can be identified as a critical point of the action
functional Fy(u, ¢) on H'(R3), where

Fu(u,9) = 2 IVl + 5 i+ 3 [ gutdx— - 10l - 2 gl L g
A /(P _2 2 2 2 2 ]R3<P 1671 (P 2 1671 CP 2 P s

and the potential ¢ is given by

x| —rfx—y]
§(x) = (H ) 0= [ Tt wa

Due to the presence of ¢u, system (1.1) is classified as a nonlocal problem. A typical example
of such nonlocal problems is the Schrodinger-Poisson—Slater system, and a substantial body of
literature has investigated various properties of solutions to this system over the past decades.
For further related results, we refer to [31,32,38] and the references therein.

Moreover, Han, Huh and Seok [18] studied the following Schrodinger equation coupled
with a neutral scalar field N

{_21mA”+4312 wPu+(1+ 2 )Nu+wu=0 inR?

1.3
(-A+K*P)N+q(1+3L)u*> =0 in IR?, (13)

where m, k, g > 0 respectively represent the mass of the particle, the Chern-Simons coupling
constant and the Maxwell coupling constant. Since N := —q (1+ 5L) (G % u?), where G
is the Yukawa potential in two dimension (see [26, Theorem 6.23]), (1.3) is also a nonlocal
problem. They proved the existence of standing wave solutions for system (1.3) in the radially
symmetric space H} (IR?) by applying Mountain-Pass theorem. Inspired by [18], Kang, Liu and
Tang [23] considered the problem (1.3) in non-radial symmetric space H'(IR?). By combining
the Nehari manifold, Moser iteration and some analytical skills, they got a positive ground
state solution to (1.3), which is classical and spherically symmetric.
D’Avenia and Siciliano [11] explored the following nonlinear Schrodinger-Bopp-Podolsky

system

—Au+wu+g*pu = |[ulf>u inRS,

—A + a’A%Pp = dru? in R?,

where u, ¢ : R} 5 R, a w > 0, p > 0 and g # 0. Depending on the two parameters
g and p, the authors established both existence and nonexistence results using variational
methods. Moreover, they demonstrated that these solutions converge to those of the classical
Schrodinger-Poisson-Slater system as a2 — 0 in the radial case. However, as far as we know,
there is scarcely any literature dedicated to studying the existence of solutions for the SPB
system (1.1).

Alternatively, it is of great interest to study solutions to system (1.1) having prescribed
L?>-norm. Namely, for any given mass a > 0, we consider solutions to system (1.1) under the
L?>-norm constraint

Sai= {u e H'(R) : |ull, = a}, (1.4)

which is called the fixed mass problem. Such solutions are often referred to as the normalized
solutions for the following system which is given by

—Au+Au+¢u=[ul’ ?u inR?,
—A$ + 2P = Amu? in R3, (1.5)

[ull, = a,
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and the frequency A € R cannot be fixed any longer and appears as a Lagrange multiplier.
For the sake of simplicity, by applying the reduction argument introduced in [11,23], we
simplify the system (1.5) to the following nonlocal equation with the constraint S,

—Au+Au+¢u=|uf?u inR> (1.6)
where ¢, := ¢ € H'(RR®) uniquely solves
—Ap +K*p = 4mu® inR®

(see Section 2.3). Therefore, for given a > 0, to search for the coupled solution (u,¢$,A) of
system (1.5) is equivalent to find the solution pair (u,A) of (1.6) under the constraint S,,
where |[u|, = a and ¢, = ¢ in (1.6). In this case, the normalized solution u of (1.6) can be
obtained as a critical point of the constrained functional I|s,, which is given by

1 , 1 1
()= ; HVMHzﬂL;/B%MZdX— ~lul

IV L L j' w2 ()0 (y)dadly — ] 17)
= [Vu u xdy — — [jul|},, .
2T a e o Tyl P
and A is the corresponding Lagrange multiplier.
We deduce that p := 1 is the mass critical exponent and 2* = 6 is the Sobolev critical ex-

ponent for I|g, by scaling argument and the Gagliardo—Nirenberg inequality (see Lemma 2.1).
For further clarification, we agree that the mass subcritical case, mass critical case and mass
supercritical case mean that 2 < p < %, p=p= 3 9 and 10 < p < 6, respectively.

When2 < p < %, namely, the mass subcritical case, it holds that the constrained functional
I|s, is coercive and bounded from below (see Lemma 2.10). This leads to the following global
minimization problem

I = inf I(u). (1.8)
UES,
In particular, if (u,¢,A) € S, x H'(R3) x R is a coupled solution to system (1.5) such that
I(u) = I, then u € S, is the ground state normalized solution of (1.5).

The first study on normalized solutions to the Schrodinger-Poisson-Slater system was
conducted by Sanchez and Soler [33], who established the foundational framework for this
problem. Specifically, they studied the following system in R®

—%Au+Vu—C5]u\%u:5u lim o0 u(x) =0,
—AV = I/l2 hmM%w V(x) =0,
[ully =M >0,

where V = 4ﬂ| o ¥ u?> € D?(R%) and Cs denotes the Slater constant. The corresponding
energy functional is

— Loz LI TR _
B = 3 IVul+ [ [ ey ey - 22 u

By applying the concentration-compactness argument in [28,29] and nonzero weak conver-
gence after translations in [26], they proved that when M > 0 is sufficiently small, all the
minimizing sequences for I); are compact, where

Wi Wl

Iy = inf{E(u) cu € HY(R®), ||ull, = M}.
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Kikuchi [24] proved that if Cg is sufficiently large, then the infimum of the minimization
problem I(y) := inf {5(0) 0 € HY(R?), ||lul3 = y} is achieved for any y > 0, where

Cs 13
£@ =3 1Vols+5 [ [ e )dxdy = 5 ol

More generally, Bellazzini and Siciliano [6, 7] explored the following Schrodinger—Poisson
equation

—Au+(pu—]u\’772u:wu in R?, (1.9)
where w € R, p € (2,2)\{3} and ¢ := | o * u? satisfying —A¢@ = 47tu?. They considered the
following minimization problem

I, := ulggp Z(u), (1.10)
where
Z _ = 14
T) = 5 IVl + 5 [ [y @)y -l
and

By := {u e H'(R) : ul, = p},

and they proved that Z, admits a minimizer when either 3 < p < ¥ and p > 0is large enough,
or2<p<3andp > 0 is sufficiently small. Subsequently, Georglev Prinari and Visciglia [13]
studied the radial symmetry of the minimizers of problem (1.10) up to translation provided
that2 < p < 3and p > 0 s sufficiently small. When p € [3, ¥], Jeanjean and Luo [22] specified
a threshold value of p > 0 that separates the existence and nonexistence of minimizers for the
minimization problem (1.10).

Based on the above research results, by applying minimizing method, He, Li and Chen
[17] considered the following nonlinear Schrodinger-Bopp-Podolsky system with prescribed
mass

—Au+wu+gu=|ul’ *u inR3,
—AP + a’A*p = dru? in R?, (1.11)
lull, =0 >0,

where w > 0,2 > 0, p € (2,¥) and § := 1*6;;”/” *u%. When a = 1, they respectively

proved the existence of positive normalized solutions of system (1.11) when 2 < p < 3 and
p is sufficiently small, as well as when 3 < p < ¥ and p > 0 is sufficiently large. Applying
critical point theory, minimization method and some ideas borrowed from [6,7,13], de Paula
Ramos and Siciliano [12] proved that when p € (2, 10)\{3} and a > 0 is a parameter, system
(1.11) has a ground state normalized solution. Meanwhile, under the assumptions that p €
(2,%) and p > 0 is sufficiently small, they demonstrated that the ground state normalized
solution is radially symmetric up to translation, and these solutions converge to a ground
state normalized solution of the Schrodinger-Poisson-Slater system as a — 0.

In the light of [11] and [12], Hernandez and Siciliano [20] studied the existence and mul-
tiplicity of solutions for the following Schrodinger-Bopp-Podolsky system under an L2-norm
constraint

—Au+Pu=wu  inQ,
—Ap +a*A*p =u?> inQ,
u=¢=~Ap=0 on dQ),
Joutdx =1,
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where Q) is an open bounded and smooth domain in R%, and @ > 0 is the Bopp-Podolsky
parameter. The unknowns are u,¢$ : 3 — R and w € R. By applying variational methods
and topological invariants from Ljusternik-Schnirelmann theory in the critical point theory,
they established that for any a > 0, there exist infinitely many nontrivial solutions with
diverging energy and norm-divergent behavior. Moreover, they also showed that the ground
state solutions of the above system converge to a ground state solution of the corresponding
Schrodinger—Poisson system under the same L2-norm constraint as a — 0.

Motivated by [17] and [12], Li and Zhang [25] proved the existence, asymptotic behavior
and the multiplicity of normalized solutions for the following Schrodinger-Bopp-Podolsky
system with a critical term

—AuA+du=Au+plul’ Fu+u5 inR,
—Ap + NP = drru? in R3, (1.12)
lull; = m* >0,

where A € R, 2 < p < 6 and y > 0 is a parameter. For p € (¥,6), by applying Lagrange
multipliers argument and Mountain-Pass theorem, they obtained the existence and asymptotic
behavior of positive normalized ground state solutions for (1.12). For p € (2, %], they proved
the existence of a normalized ground state solution to (1.12) by combining Mountain-Pass
theorem with Lebesgue dominated convergence theorem. Moreover, they also verified the
multiplicity of normalized solutions to (1.12).

When % < p < 6, that is, the mass supercritical case, and the minimizing method becomes
inapplicable since the constrained functional I|g, is unbounded from below, that is, [, = —oo.
Therefore, by applying a Mountain-Pass argument, Bellazzini, Jeanjean and Luo [8] proved
that for any p > 0 sufficiently small, there exist critical points of the constrained functional
Z|p, of the Schrodinger-Poisson equation (1.9).

However, when p = %, that is, the mass critical case, it becomes delicate to say that
I > —o0or I = —oo since it depends on the range of value of a > 0.

Therefore, the purpose of this paper is to consider the existence and limit behavior of the
ground state normalized solutions for system (1.5). As far as we know, no relevant results can
be found in the existing literature. Next, we state our main results as follows.

Theorem 1.1. Suppose that p € (2,3) and a,x > 0. Then there exists ag > 0, such that for any
a € (0,a9), system (1.5) admits a ground state normalized solution (u,¢,, 1) € H'(R3) x H'(IR?®) x
(0, 00) with u > 0 in R3.

Theorem 1.2. Suppose that p € (3, %) and a,x > 0. Then there exists a; > 0, such that for any
a € (a1, ), system (1.5) admits a ground state normalized solution (u, ¢,, A) € H'(R3) x H}(R?) x
(0, 00) with u > 0 in R3.

Let S, := S, N H!(RR®). Then, the following theorem reveals the radial symmetry of the
ground state normalized solutions for system (1.5) when p € (2,3) and a > 0 is sufficiently
small.

Theorem 1.3. Suppose that p € (2,3), k > 0and ag > 0 is obtained in Theorem 1.1. Let (u, ¢y, \) €
Sa x HY(R®) x (0, 00) be a ground state normalized solution to system (1.5) with u > 0. Then there
exists ay € (0,ag] such that up to translation, (u, ¢, A) € S, x H}(IR®) x (0, 00) for any a € (0, ay).
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Our final result concerns the limit behavior of the ground state normalized solutions
(U, Px, Ax) to system (1.5) as k — 0. For this purpose, we introduce the following Schrodinger—
Poisson-Slater system

—Au+Au+ou=|ul"?u inR3

—Ag = 4mu? in R®, (1.13)
[ull, = a,
where ¢ := |17| x u? € D2(R%) and the corresponding energy functional is
1V / / W2(y)dxdy — = [|ul]? (1.14)
Jo(u) := || l2+ |x_y| )dxdy || -

Theorem 1.4. Suppose that p € (2,3), x > 0 and a, > 0 is obtained in Theorem 1.3. Let
{ (e, P, M)} C Sa x HY(IR®) x (0, 00) be a set of ground state normalized solutions to system (1.5)
with u, > 0. Then when a € (0,ay) is small enough, the Schrodinger—Poisson—Slater system (1.13)
admits a ground state normalized solution (ug, @o, Ao) € S, x Di*(R?) x (0,00) such that, up to a
subsequence and up to translation, the following holds

(1, P, Ax) — (o, po, Ao) in S x DI?(R?) x (0,00) asx — 0. (1.15)

1.3 Comments on the Theorems 1.1-1.4

* The proofs of Theorems 1.1 and 1.2 adopt the following approach: if we could prove that
the minimizing sequences for the constrained functional I|g, are precompact, then we
conclude that the infimum I := inf,cg, I(u) is achieved. For this end, we apply the ab-
stract framework for constrained minimization problems developed by Bellazzini and Si-
ciliano [6,7]. Furthermore, since it is known that ¢ := ‘17| xu? € DI2(IR%) uniquely solves

~Ap = 4mu? and ¢ := 1= exl‘ w2 € {¢ € DI2(R®) : Ap € L*(R®)} uniquely solves
—AP + a?>A*P = Amu? for any u € H'(R®), through a detailed study of operator —A + x2
in the second equation of the SPB system (1.5), we conclude that for any u € H!(R?),
there exists a unique ¢, := ‘Kr‘ * u> € H'(IR?) satisfying —A¢ + x*¢ = 4mu?. Notably,
according to Sections 2.4 and 2.5, by applying the regularity of solutions and the Po-
hoZaev identity of system (1.5) which is obviously different from that of the Schrodinger—
Poisson-Slater system (1.13), we further deduce that the ground state normalized solu-
tion u and the corresponding Lagrange multiplier A of system (1.5) are positive, which

is a novelty compared with [6,7,12].

* The proof of Theorem 1.3 follows from making small adjustments to the implicit func-
tion argument proposed by Georgiev, Prinari and Visciglia [13]. We remark that the
argument rests on the study of the behavior of ground state normalized solutions un-
der an appropriate scaling (see Section 3.3). To some extent, this scaling permits one to
explore the asymptotic behavior of ground state normalized solutions to Schrodinger—
Poisson-Slater system (1.13) as 2 — 0 by means of solutions to the following semilinear
partial differential equation

—Au+wou = |ulP?u  inR3,

where wp > 0 is a certain constant. Through further calculations in this paper, we
demonstrate that the range of p can be extended from (2, %) to (2,3). Therefore, when
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2 < p < 3and a > 0is small enough, by applying the above argument, we obtain the
radial symmetry of the ground state normalized solutions to system (1.5), which extends
the result in [12, Theorem C].

¢ The proof of Theorem 1.4 is inspired by the results presented in [11, Theorem 1.3], [12,
Theorem D] and [20, Theorem 1.3]. Based on Theorem 1.3 and the Sobolev embedding
H}(R?) < D}*(R?), we conclude that the set of ground state normalized solutions
{(1x, ¢, Ax)} is a subset of S, x Di*(R?) x (0,00). Moreover, by applying Lemmas 3.6,
3.7, Proposition 3.8 and the Sobolev embedding H} (R3) << LP(RR®) with p € (2,6),
we get the limit behavior of radially symmetric ground state normalized solutions to
system (1.5) as k¥ — 0. In conclusion, our findings supplement and extend the results
presented in [6,7,12,20].

This paper is organized as follows. In Section 1, we state the main results and make some
comments on the proofs of Theorems 1.1-1.4. In section 2, we introduce some preliminary re-
sults, which are crucial to our subsequent arguments. Specifically, in Section 2.2, we establish
some properties of operator —A + 2, which play a crucial role in our subsequent analysis.
Sections 2.3, 2.4 and 2.5 aim at exploring the energy functional, the regularity of solutions,
and the PohoZaev identity respectively. Moreover, in Section 2.6, we present some lemmas
and propositions for the constrained minimization problem (1.8) developed by Bellazzini and
Siciliano [6,7]. Finally, Sections 3.1-3.4 are dedicated to proving Theorems 1.1-1.4 respectively.

We now introduce some notations which will be used in the sequel. Let H'(R3) be the
usual Sobolev space endowed with the standard inner product and norm |[|-||;. HE(R?)
denotes the usual radially symmetric space. L¥(IR®) denotes the usual Lebesgue space with
the norm |-/, for 1 < p < co. D'2(R3) denotes the Sobolev space defined as the completion
of CP(R?) with respect to the norm ||-||p12 := ||V:|,. Forany p > 0 and x € R?, B,(x)
denotes the ball of radius p centered at x. As usual, C and C; (i = 1,2,3...) denote various
positive constants that may change from line to line but are not essential for the analysis of
the problem.

2 Preliminaries

2.1 Some important inequalities

Lemma 2.1 ([35]). Let 2* := #%, for any N > 3 and p € [2,2*), there exists a constant Cy,
depending on N, p such that the following well-known Gagliardo—Nirenberg inequality holds

44 Y
1 gy < CRp IV 2y it 2y W € HE(RY),

where = N(p=2) . In particular, when p = 2*, the following Sobolev inequality holds
Tp 2p p p 8 q Y

Sl sy < IVulfan) Vi € DRRY), N > 3,
where the constant S is called the best Sobolev constant.

Lemma 2.2 (Hardy-Littlewood-Sobolev inequality [26]). Let p, ¥ > 1and 0 < A < N with
% + 4 +1=2andforany f € LF(RN) and g € L' (RN), there exists a sharp constant Cy y p, such

that
s
8 4xdy| < Canpr
o o T2 Rtxdy < O 11, s
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Lemma 2.3 ([19,37]). Let « € (0, N), the Riesz potential operator J, of order w (also referred to as the
fractional integral operator) is defined by

fy) N
" X):= ———dy, x € R™.
RO = [ e
When 1 < p < X and % = N there exists a constant Cy o such that ||Jo(f)|l, < Cna I f], for

any f € LP(RN).

1_
p

2.2 The operator —A + x2

In the field of electrostatics, by the Gauss’s law (or Poisson equation), for a given charge-
density distribution p in IR%, the electrostatic potential ¢ satisfies —A¢p = p. If p = 476, with
y € R3, where 5y denotes Dirac’s delta measure at y, then it is known that the fundamental
solution of —A¢ = 47y, (or Green’s function for —A) is G(x —y), where G(x) := ﬁ (see
[26, Theorem 6.20]). Particularly, for the following Poisson—-Boltzmann equation

—A¢ +x*sinh (¢) = p in R®, 2.1)

where ¢, k¥ and p are consistent with those in the previous text. According to Section 1.1, when
the surface potential ¢ is small enough, (2.1) can be linearized by the following equation

~Ap+x*p=p inR>

In particular, when x > 0 and p = 47, we find that G*(x — y) is the fundamental solution of
the following equation
—A¢ +k*¢p = 4ms, inR?,
where
37K|x|

G*(x) := o (2.2)

Namely, G* is the Green’s function for —A + x2 (see [2, Table 10.1]), which is also referred to
as the Yukawa potential in three dimension (see [26, Theorem 6.23]).

Lemma 2.4. For any x > 0, we have G* € LF(R3) with 1 < p < 3, and VG* € L(R3). Moreover,
in the sense of distributions, there holds

—AG*(x —y) + K*G*(x — y) = 4715y, (2.3)
where 6, denotes Dirac’s delta measure at y (often written as 6(x — y)).

Proof. By applying spherical coordinate transformation and variable substitution, we deduce
from (2.2) that

N e*KP‘x‘ ) b oy 47T oS NI
G H;Z:/]m P dx:47r/0 r*Pe Pdr:W/O Y= =levdy
4r
—WF(??—P),

where I'(s) represents the Gamma function and thus we obtain that 1 < p < 3. Since

OGT _ (¥ Xi ) ,wll 2123 and VG = — [ 1 F el 4
0x; x* ¥ ESRETR
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it follows from spherical coordinate transformation and integration by parts that

—K|x| —|x| 8
/ VG| dx :/ - sz + Ls e dx < / e dx+/ %dx -7 .
R? R? x[* || R[] R x| K

To sum up, for any k¥ > 0, G* € LF(R%) with 1 < p < 3 and VG* € L(R3).
Next, from [26, Theorem 6.20] or [11, Lemma 3.3], in order to prove (2.3), let y = 0 and
then we need to show that for any ¢ € C®(IR3), it holds that

- / N (x—0)Aydx + &> / G (x — 0)pddx = 47y (0). 2.5)
R R
Since G* € L{_(R?), it suffices to show that

lim I(r) = 47(0), (2.6)

r—0+

where

I(r) == — /|x>r GK(X—O)Al/)dx—l—KZ/ G (x —0)pdx.

|x|>r

Since ¥ has compact support, we consider the annulus A := {x € R® : r < |x| < R} for R
large enough. Since —AG* + x2G* = 0 in A, by applying a standard integration by parts, we
have

I(r):—/AGKAIde—{—KZ/AGKl,bdx
:/ VG"Vl/de—/H GKVqJ-vdS—i—Kz/ Grpdx
A x|=r A

:—/ 1/JAG"dx+/| YVGF-vdS — GKV¢.vds+K2/ Gy dx
A x|=r A

|x|=r
:/1/)(—AGK—|—K2GK)dx+ VG vds— [ Gy s
A x|=r x|=r
= PpVG*-vdS — G*Vy-vdS:= L(r) — L(r),

|x|=r |x|=r

where v is the unit outward normal to A and S is the unit sphere in IR>. When considering
I (r) on the sphere |x| = 7, it follows from (2.4) that VG* - v = %J{le*’“. Since ¢ is continuous,
we get

1

Li(r) = /x_r YyVG*-vdS = /s (ro)(kr +1)e " do — 4tp(0) asr — 07,

where ¢ represents a unit vector on the unit sphere surface S;.
As for Ir(r), since ¢ has compact support, there exists some constant C; > 0 such that

|V - v| < Cy. Moreover,

x| GK‘ < |x|% when |x| is small enough. Thus,

|L(r)| = ‘/| G"ng-vds‘ < / |G*| |V -v|dS < ACirt =0 asr— 0%,
X|=r x|=r
Namely, (2.6) has been verified and then (2.3) holds. O

Lemma 2.5. For any x > 0, if G*, VG* € L}(R3) and f € LF(R3) with 1 < p < oo, the following
conclusions hold:
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(i) The function y — G*(x —y)f(y) is integrable on R3. Moreover, let

e Klx=yl

Px) = (G*x ) (x) = |

ko gl W 27)

Then for any 1 < p < oo, there holds
¢ € LP(R®) and |[|gll, = G+ I, < IG*[l, I ll,-
(ii) In the sense of distributions, ¢ solves
~Ap+x*p=4nf  inD'(R?), (2.8)
where D'(R3) denotes the dual space of C¥(IR%). Moreover, ¢ has a distributional derivative,
which is given by

oG"(x —
o) = [ D pyay, i-1,23 29

and Vo = [s VG*(x —y)f(y) dy € LP(R?) with 1 < p < oo,

Proof. (i) For any x > 0, it follows from Lemma 2.4 that G* € L'(R%). Therefore, from
[3, Theorem 4.15], it follows that (2.7) is well defined for almost everywhere x ¢ R3. Moreover,
¢ € LP(R®) and [|¢p], = IG** fl,, < [IG*[ly [If[l, with 1 < p < co.

(ii) To verify (2.8), we need to show that for any ¢ € C®°(IR?), it holds that

—/qubAz/de—kKZ/]Rs(pgbdx:47t/]R3f1/de. 2.10)
First, let F(x,y) := G*(x —y)f(y)Ap(x). Since G* € L'(R®), f € LP(R3) with 1 < p < oo,

and ¢ € C®(R?), we deduce that F € L! (R? x R%). Next, by substituting (2.7) into the first
integral of (2.10) and applying Fubini’s theorem, we deduce that

— [ eapdx= [ f@) (— JRERCERIINTEY dx) dy. (2.11)
It follows from (2.5) that
- /]RS G*(x —y)Ap(x)dx = —«> /]R3 G*(x —y)yp(x) dx + 4y (y). (2.12)
By substituting (2.12) into (2.11), it follows that
= foswar == [ s ([ G- gt dr) dy o [ fop)ay. @13

Next, substituting (2.7) into the second integral of (2.10) and applying Fubini’s theorem once
again, we have

K> /1R3 ppdx = K> /]RSf(y) (/11?3 G (x —y)yp(x) dx) dy. (2.14)
Combining (2.13) and (2.14), we have

_/RS<PA1/de+K2/]RS4>¢dx:47T/1R3f(y)1/;(y)dy:471/]R3f¢dx’
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thus, (2.10) holds, namely, (2.8) holds true.
To prove (2.9), we start from the definition of distributional derivative. For any test func-
tion ¥ € C®(IR?), we have that the distributional derivative 9;¢(x) satisfies

[ 09 (x)p(x) dx = - /R @A) dx, =123, (2.15)

Since G* € L1(R3) and f € LP(R3) with 1 < p < oo, by substituting (2.7) into the right side of
(2.15) and applying Fubini’s theorem, it follows that

- fpomapeas= - [ o) ([ c-papwar)an @)

Thus, according to (2.16), by applying integration by parts to [s G*(x — y)9;¢(x) dx and the
fact that G*(x — y)P(x) vanishes as x goes to infinity due to the compact support of ¥, we

infer that aGr( )
K ) _ 8 xX—Yy
[ G dr = — [ (=5 dx,
and
9G*(x —y)

_/H{3<P(X)8illi(x) dx = /R3f(y) (/}Ragb(x)aqux) dy.

Since VG* € L'(IR?), we have aGKé;C;y L et (R3). Then, it follows from Fubini’s theorem and
(2.15) that

[Laoeyar=— [ ewapdr= [ ([ 25 s ay) v

R

which shows that

_ [ 9 (x—y)
dip(x) = /IR N PN AL
namely, (2.9) holds true and this completes the proof. O

Lemma 2.6. For any u € H'(R®) and x > 0, the following conclusions hold:
(i) There exists a unique ¢, € H'(R3) solving the following equation
—AP + KPP = dmu? (2.17)
in the weak sense. Moreover, there exists some constant C > 0 such that ||¢y, | ;p < C HuHIZLp

(ii) Let ® : H'(R3) — H'(IR®) be the mapping defined by ®(u) := ¢,,. Then ® maps bounded sets
into bounded sets. Moreover, ® is continuous.

(iii) When 1 < p < 3, it holds that

e~ Klx=yl
pui= (G 2iR) (1) = [ Truiy)dy € L(R)

and
Vo, = (VG xu?) (x) = /]R3 VG (x —y)u*(y)dy € LP(R®).

Moreover, ||¢u|l, < C ||u|\i and [p; puu*dx < C HuHi.



Existence of normalized solutions for SPB system 13

(iv) If u € H} (R®), then ¢, € H} (IR?). For any 6 > 0, gy, = 6>y and ¢y, (42 (x) = ¢pu(x + 2).

(v) If {uy} is bounded in H'(R3) and u, — u in H'(R3) as n — oo, then, there exists a unique
¢y € HY(R®) solving (2.17) in the weak sense such that, up to a subsequence, ¢y, — ¢y in
HY(R3%),

190,12 = 1P, — Pullz + lIpull3 + 0n(1)
and

190,12 = IV, = Voully + [ Vgullz + 0u(1).
Furthermore, for any ¢ € H'(R3), the following holds
lim /}R Quttpdx = /}R guuypdu. (2.18)
Proof. (i) For any given u € H!(IR®), define a linear functional L,(v) : H'(R3) — R by

Ly(v) := 471/

u?ovdx.
1R3

Then, from the continuous Sobolev embedding H'(R3) — L*(R3), we have

[Lu(0)| = 4 '/W wrodx| < Cllully [oll < C llullin [0l < oo.

Hence, L, (v) is continuous in H'(R?). Now we define the following inner product (u,v) on
H'(R?)
(u,v) = / VuVo dx+1<2/ uv dx.
R R

Then, from Lemma 2.5 and the Riesz representation theorem, for every v ¢ Hl(lR3 ), there
exists a unique ¢, € H'(IR%) satisfying

/ V(pqudx—i—Kz/ puvdx :471/ w?vdx,
R3 R3 R3

which exactly means that ¢, solves (2.17) in the weak sense. In particular, let v = ¢, in the
above equation, from Holder’s inequality, Lemma 2.5-(i) and Sobolev embedding theorem,
we have that

2 2 4 4
IVully + 5 llpull; = 47 /W guts® dx < 47t [|gull, [[u? ]|, < 47 |Gy [[ully < Cllullzn,

which implies that there exists some constant C > 0 such that ||¢,|| 1 < C ||u|\%p

(ii) Let {u,} be any bounded sequence in H'(R%). Then there exists M > 0 such that
for all n € N7, it holds that ||u,||;n < M. Thus, according to (i), we have || ®(u,)||pn =
|pu, || 1 < CM?, namely, @ : H'(R?) — H'(RR®) maps bounded sets into bounded sets.

Next, we claim that if u, — u in H'(R®) as n — oo, then ®(u,) — ®(u) in H'(R?)
as n — oo. Indeed, according to (i), we conclude that both ®(u,) = ¢, € H'(R®) and
®(u) = ¢y € H(R?) solve (2.17) in the weak sense. Therefore, for any v € H!(IR?), it holds
that

/ V@(un)Vvdx+K2/ P(uy,)vdx :471/ utvdx
R R? R3

and
/ VCID(u)Vde+K2/ P(u)vdx = 47t/ u?vdx.
JIR3 R3 R3
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Subtracting the above two equations, we deduce that

/IR3 (VO (u,) — VO(u)) Vodx + KZ/

- (®(uy) —@(u))vdx = 471/]R3 (uz —u?) vdx.

Let v = ®(u,) — ®(u). Then we have
C[[@(un) = @(u) |71 < |V (P (1) — D(w))[[3 + K[| @(n) — D(u) 3
_ 4”/1Rs (12 — 12) (©(uy) — D(u)) dx.

Since u, — u in H'(R3) as n — o0 and ®(u,), ®(u) € H'(R3), from Holder’s inequality and
Sobolev’s embedding theorem, we infer that

/Rs (up — ) (P(un) — @(u)) dx

g/ |un+u|]un—u|]®(un)]dx+/ i+ 1] |1ty — u] |D ()| dx
R3 R3

<C [+ ully fJn = ully 1D Cn) |l + C llun A ully [Jn = ully | @),
<CJun A ully [Jn = ull g @) I + C llun + uall 4 Jun = wel| o [| ()|, — O

as n — oo. Then || P(u,) — qD(u)Hip — 0, namely, ®(u,) — ®(u) in H'(R®) as n — co.
(iii) Fix u € H'(R3), from Lemma 2.5 and conclusion (i), we have that ¢,, V¢, € LP(R3)
with 1 < p < 3. Moreover, from Lemma 2.5-(i) and the fact that ||G*||; = %, we deduce that

47 2 2
pully < NG¥Ny [J#?]], = 2 llully = Cllully.

Then, from Holder’s inequality, we have

4 4 4
[ purd < liguly 2], < =5 ulld < € Jull.

(iv) It is only necessary to check that if u € H(R3), then ¢, € H}(R3). Let u € H} (IR%),
and let O(3) denote the three-dimensional orthogonal group. Then for any A € O(3) and x,
y € R3, it holds that |Ax| = |x| and |Ax — Ay| = |x — y|. Thus, we get that ¢, (Ax) = ¢, (x)
by applying a change of variable in the integrals.

(v) Since {u,} is bounded in H*(R?) and u,, — u in H!(IR®), then, up to a subsequence,
uy — uin LI _(R®) with r € [1,6) and u,(x) — u(x) a.e. in R® as n — oo. Since {¢,}
is bounded in H!(IR®) from (ii), there exists ¢, € H'(IR®) such that, up to a subsequence,
Pu, — Pu in HY(R?), ¢y, — ¢y in LI _(R3) with r € [1,6) and ¢, — ¢, a.e. in R3. Next, we

loc

claim that ¢, = ¢,. Indeed, for any ¢ € C°(IR?), it holds that
2 _ 2
/]R3 V., Vipdx +x /]R3 Pu,Ppdx = 47'(/]R3 u;, P dx.
Since V¢, — V¢, in L>(R?) and V¢ € L?(R?), we infer that
/ Ve, Vipdx — / V.V dr.
R R?

From ¢y, — ¢y, uy — u in L] _(R?) with r € [1,6), ¢ € C°(R®) and Holder’s inequality, we

loc
have

= was] < [ 100 =60 91 dx < = dullgpy 141 =0
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and

2_ 2
‘/}1{3(% u”) pdx

2 .2
< [, 10 =) 9]

< ||un + uHL“(supplp) Hu” - u||L4(suppl/)) H11b||2 —0

as n — oo. Therefore, it holds that

Ry 2 - _ 2
/IRS VéuVpdx + & /]RSunt/de _4n/wu pdx,

which implies that ¢, solves (2.17) in the weak sense. By the uniqueness of the solution to
(2.17) according to (i), we have ¢, = ¢,. Thus, it follows from ¢, € H'(IR?) that, up to a
subsequence, ¢y, — ¢, in H(R?), ¢y, — ¢ in L] (R?) with r € [1,6) and ¢, — ¢, ae. in
R3.

We claim that up to a subsequence, V¢, — V¢, a.e. in R® as n — oo. Indeed, it follows
from (iii) that

Vou = [ VG (x—ypi(w)dy.

Thus, from (2.4), we infer that

Vo = Vol = [ (500 ~12()) V6" - )]

*X—y X—y

Klr-lg
e y
x—y)*  Jx—y

K

< [ 1) —2w)]

e Klx=yl

—K|x—y|
< /]R3 ‘”i(y) - uz(y)’ K‘ex_y’ydy—k/1R3 \ui(y) —uz(y)}

=y + 5

-y

Let R > 1. By Holder’s inequality and the facts that e < 1 and ¢’ > % for t > 0, we deduce
that

1 K2e— 2| x—| 2
Ju < Mot + 0l s gy 1t = tll oy oy /y T

—Hsk - x—yl

NI=

KZ
+ [0 + 1l L2 ge () 140 — 1l L2 B () (/yx>R = yP e dy)

1

K> :
S P e e v &

~al<R |x — yf?

1

1 2
[ ] ey (10— 2] s g ) /y—x|>R Wdy
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and
orlx-l el
2= |z (y) — u?(y)| zdy+/ luz (y) — u?(y)| sdy
ly—x|<R |x —y| ly—x|>R |x —y|
g/ lun(y) +u(y)| !un(y>—u(y)!dy
y-xl<k  |x—y| lx =yl
oKl

Ff o i) ) () — ()| Ty

2 1 % i 2 1 %
< (/y_xSRu%(y)\ﬂu(y)r) - dy) (/y_xgrun@) u(y)| |x_y|2dy>

1 2
+ [0 + 1l L2 e () 140 — 1]l L2 B () (/y_x>R x— yP e dy)

< C(R) (lunllagrey + 1l 2grey ) lttn = 2y

1 2
o 4w pagroy lltn — 1] pa g o)) /y—x>R mdy |

Fix R, then let n — oo, and subsequently let R — oo, since u, — u in LfOC(IR3 ) with r € [1,6),
we conclude that both ],% — 0 and ],% — 0. Thus, V¢, — V¢, ae. in R3 as n — oo.
Since {¢y,} is bounded in H'(R?), ¢, € H!(R®) and ¢, — ¢, a.e. in R® as n — oo, from

Brezis—Lieb lemma ([36, Lemma 1.32]), we deduce that

[ punll> = 1l = @ulls + l1pull3 + 0n(1) and [ Vpu 15 = 1991, = Vulls + | Vull5 + 0 (1).
Finally, for any ¥ € C®(IR%), we infer that

@t = ) x| < [ 10, = 0wl dr-t [ g, = )l

< ”¢W - (PMHL‘*(supplp) ”unH4 Hsz + H(PMHZ Hu” - u”L4(Supplp) HIPHAL
—0

as n — oo, namely, (2.18) holds since C°(IR®) is dense in H!(IR?). O

2.3 The functional setting

It is easy to see that the critical points (, ¢) of the C! functional

Fu,g) = 2 IVal+ 5 [ guide— V13— gl — L u
PP N2 ) ks 16" T2 167 T2 p TP

on H'(R®) x H'(IR®) restricted to the sphere S, are the weak solutions of system (1.5). Since
the constrained functional F|g, is strongly unbounded from below and above, the usual tech-
niques of the critical point theory cannot be used directly. To deal with this issue, we shall
reduce the functional F to another functional I depending on the single variable u, following
a procedure introduced by Benci and Fortunato in [5] for this kind of problem.

From Lemma 2.6, we find that system (1.5) can be written as the following nonlocal equa-
tion on the constraint S,

—Au+Au+pu=|u’?u inR>
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e x|
|x]
integrating in IR®, we obtain that

where ¢, = xu? € H(R%). By multiplying the second equation of (1.5) by 16%4‘)1, and

1 v 2 Kz 2_1 2d
o Va3 + 1o lulld = 5 [ purdx.

Then, by substituting the above equation into F(u, ¢), we obtain the energy functional
1 2 1 » 1 p
) o= 5 IVl g [ gude—ulf

with the constraint S,. Obviously, I is well defined and is of class Clin H! (]R3). Then, for any
¢ € H'(R®), we have

(I'(n), 9) = /]R3 VuV(deH—/]R3 (j)uu(pdx—/]R3 ||’ ugdx.

Hence, the critical point (1, ¢) of F|s, is equivalent to the critical point u of I|s, .

2.4 The regularity of solutions

We remark here that the weak solutions are classical solutions. Indeed, let (1, ¢,) € H'(IR?) x
H'(R3) be a weak solution of system (1.5), namely, u and ¢, satisfy (1.6). From (1.6) and
the fact that ¢, € LP(R%) with 1 < p < 3, it follows that u € W2Z(IR®) by applying Sobolev
embedding theorem and L estimates (see [14, Theorem 9.9]). By reapplying Sobolev em-
bedding theorem to u, we conclude that u € Cloc;‘é‘(lR3) with 0 < a < % Similarly, we have

$u € W2’3(]R3), and thus ¢, € C&‘;‘(IR3) with) <a <1-— %, p > 3. Therefore, from (1.6) and

loc

Schauder estimates (see [34, Theorem B.1]), we get that u, ¢, € CZ”"(]R?’).

loc

2.5 The Pohozaev identity

The following lemma presents two forms of the PohoZaev identity of system (1.5), which are
widely used in the study of the fixed mass problem.

Lemma 2.7. Let 2 < p < 6 and a, k > 0. Then, for any nontrivial solution (u,$,) € H! (]R3) X
H'(R3) of system (1.5), the following two PohoZaev identities

1 2 3 2 5 / 2 o K / / —K‘x—]/l 2 2 3 P _
> | Vul|5 + —2)\ ||u]|5 + 1 3q>uu dx 1 Jos Jos € u”(x)u”(y)dxdy — —p Hqu =0 (219
and

1 K e 3(p—2
P(u) := HVuH%—I— 1/1R3 ¢uuPdx + Z/m /}RBe =¥ () u? (y)dxdy — (PZp) Hqu =0

(2.20)
hold, where ¢y, is defined in Lemma 2.6-(iii).
Proof. For any nontrivial solution (u,¢,) € H'(IR?) x H'(R®) of system (1.5), we have
[Vul3+ Al + [ gurtdr— ]}y = 0 (2.21)

and
I9ull3+ % guls = 47 [ | purdx. e22)
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We claim that u satisfies (2.19). Indeed, if (1, ¢,) solves system (1.5), from Section 2.4, we have
u, ¢, € C*(Bgr), where By is an arbitrary ball in R® centered at the origin with radius R. Thus,
from [11, Appendix A.3], we deduce that

—A -Vu)dx = \Y - = -V + = V
/BR u(x-Vu)dx = \ ul* dx I /BR |x - Vu|"do /BBR| ul®do,

BR(puu (x-Vu)dx = —;/

JBg

3 R
Mz (x . V(Pu) dx — E /BR (Puuzdx + E ,/33R (Puuzd(f,

3 R
. d :_7/ Zd 2 :
/BRu(x Vu)dx 2 Js. X+ aBRu do

and 3 R
/ P2 (x - Vi) dx = —f/ ]u|pdx+—/ ul? do,
BR p BR p aBR

where do represents the surface area element on the sphere dBg.
By multiplying the first equation of system (1.5) by x - Vu, multiplying the second equation
by x - V¢,, and integrating over Bg, and according to the above four equations, we get

1 2. 1 o2 R 24,3 2 R 2
Z/BR‘W dx R/BBR|x Vil da+2/aBR|Vu] dor 2/\/BRudx+27t/aBRudU
1 uz(x-ng)dx—3/ ¢u2dx+R/ Py utdo
2 /By ! 2 JBg ! 2 JoBg !
_ _3/ ‘u|pdx+R/ ul? do (2.23)
p Br p aBR
and
47‘[/ uz(x-V%)dx:/ —Ady (X'V¢u)dx+K2/ Pu (x - Vo) dx
Br Br B
1 1 R
=—f/ \wuwzdx——/ Vg do+ o [ |Vl do
2 JaBg
/ &2 dx+ / ¢ do. (2.24)

Substituting (2.24) into (2.23), we obtain that

L VUl ! yv 2dx + KZ/ 2 dx
2 167 Pu 167 BR‘P”
3 2y 2 24y 1 2 p
ZA BRudx Z/Bquuudx-l-p/BRM dx

1 1 R .
"R 9Bg <|x . Vu|2 81 |x- V‘P”|2> do — 5 /aBR<|Vu\2 + Au? + gy u* — e ’V%]z) do

= P
+167_[K/ ¢2do + — / |u|” do.

Now, let R = R, with R,, — o0 as n — oco. Then, we have that Br, — R3 and the right-hand
side of the above equation tends to zero as n — co. Thus, we get that

2
- 2 4y — K 2
2/ |Vul*dx 3|V<,bu| dx 167_[/]R3¢udx
3 2 3 2 3 P
—|—2A/]RSudx—|—2/]R3cpuudx—p/lRa|u| dx = 0.
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Then, by inserting (2.22) into the above equation, we infer that
1 > 3 . 2. 5 o 3
2 IVl Al + 5 [ g = gl = il =0, (225)

For the convenience of subsequent calculations, we will adopt the method in [11, Appendix
A.2] to transform ||4>u||§ in (2.25) into another form. For any f € L!(R%), we define the
following Fourier transform

FUIR = oo fp

For any f, ¢ € L?(R%), it holds that

Flfgl= @miFf|Flg) and [ FIfFlgldr= [ fedx

Moreover, when f € L}(R®) N L?(RR®), it follows from [26, Theorem 5.3] that F[f] € L?(R%)
2 2 a;
and [[F [f][l; = [|f]l5- Since

Flet] () = \/z(2 e [H] =

K2+ |x?)
we have
FIG 4G = @OIFIC] FIG] = — Y2 and (G #GF) (x) = i,
(KZ + ]x\2> K

Since ¢, € LP(IR®) with 1 < p < 3, we conclude that

NI

2 2 2
o l9ull= o [ 1Fl dx = L2} [ F 7] FIG Flg.] dx

_ KZ 2 K K2 K K 2 2
_787_[/]Rs7i[u}.75[(§ * ¢y dx——sn/]Ra((G % G*) % u”) u” dx
_x Y2 ()

4/]1{3 o u”(x)u”(y)dxdy.

Then by substituting the above result into (2.25), we obtain (2.19), and thus (2.20) follows from
(2.19) and (2.21). This completes the proof of Lemma 2.7. O

2.6 The abstract minimization problem

In [6] and [7], Bellazzini and Siciliano developed an abstract framework to prove the existence
of solutions to constrained minimization problems. We shall follow this framework in our
proofs of Theorems 1.1 and 1.2. Next, we define the following functionals which will be
frequently used in subsequent results:

Aw) = [Vul}, B():= [ puidr, Cwi=|ul}, T(w:= 35) - Clw)

For any u € H'(R%), B € R and 6 > 0, we define u’ € H'(IR?) as the scaling
0 al=3p (X 3
u’(x) =0 "2°u (95) fora.e. x € R (2.26)

such that ||u?||, = 6 ||u||,. Then, the following proposition is a corollary of [6, Theorem 2.1].
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Proposition 2.8. If2 < p < 3, let T be a C! functional on H'(IR®) and let {u,} C S, be a minimizing
sequence for 1, such that, up to a subsequence, u, — i in H'(R®) as n — oo with 1 € H'(R%)\ {0}.
Assume a,x > 0 and the following conditions are satisfied.

(i) If0 < u < a,then I, < Iyz + Iaz,yz.

(ii) Foralla >0, —oo < I,» < 0 with I(0) = 0.
(iii) The function a — I is continuous and I /a* — 0asa — 0T,
(iv) Let ay := (a® — ||i1||3 ) ||tn — i1]|, >, then the functional T satisfies
T(up — 1) + T(i1) = T(uy) + 0,(1) (2.27)

and
T (an(tty — 1)) — T(ty — 1) = 0,(1). (2.28)

Then, for every a > 0, the set M(a) is nonempty, where

M(a):= |J {u €8y :I(u) =ILp = inf I(u)}.

je(04] uESy
If we suppose further that for any u € M(a), there exists p € R such that for any 6 > 0,

5(0) == I1(u®) — 61 (u)

is differentiable and (hlé),(l) # 0, then, for any u € (0,a), the function y v I,2/p* is monotone
decreasing. Thus, for any u € (0,a), the following strong subadditivity inequality holds

2 22— 12
I, = 2’—21&2 + T”Iaz <Lp+ o, (2.29)
Therefore, it follows that it € S, and 1(i1) = I, = infy,eg, I(1) < 0.
If we suppose further that
<T/(un), un> — On(].) (2.30)

and
(T'(un) — T'(m), un — Um) = 0n(1) asn,m— oo, (2.31)

then, |\, — || jn — 0as n — oo.

Proposition 2.9 ([6, Lemma 2.1]). Let 3 < p < ¥, a, x > 0 and p := ||i||, € (0,a]. Suppose

that {u,} C S, is a minimizing sequence for L, such that, up to a subsequence, u, — i in H'(IR®)
as n — oo with i € H'(R3)\ {0}, and let T : H'(R®) — R be a C! functional satisfying (2.27)-
(2.29), then 1 € S, and 1(i1) = Ip. If we further assume that (2.30) and (2.31) also hold, then,
||ty — || gp — 0 as n — oo.

After introducing the above abstract framework, we now state some results showing how
this framework applies to the minimization problem (1.8).

Lemma 2.10. Assume that 2 < p < 13—0 and a, k > 0, then the functional I is coercive and bounded
from below on S,. Moreover, it holds that I, = inf,cg, I(u) € (—00,0].
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3(

Proof. For any u € S,, it follows from prZ) < 2 and Lemma 2.1 that

1 » 1 1 z 3(p=2)
1) = 3 9l + 3 [, dunide =3 el = 5 [Vl - IVull, ™,
which implies that I is coercive on S, and then I is bounded from below on S;, namely,
I» := infg I(u) > —oo. Moreover, for any u € S, and t > 0, let u;(x) := t2u(tx) for a.e.
x € R3. Then it holds that u; € S, and

e Flx=yl 2 ’ fM
e < 10wy = S Va4 [ /R3 g )y — ]
¢ 3(p-2)
\V 1% + 4/]1(3/][{3 ]x—y\ u?(y)dxdy — [ulll, 0 ast— 0.
Hence, when 2 < p < m, it holds that I, € (—o0,0] for any a > 0. O

Lemma 2.11. If2 < p < 10 and k > 0, then I satisfies the following weak subadditivity inequality
Ip < Iyz + Iaz,yz for any 0< u<a.

Proof. Now argue as in the [15, Lemma 3.1], and we complete the proof. O

Lemma 2.12. For any x > 0, we have

(i) If2 < p < 3, then there exists ag > 0 such that 1, < 0 for any a € (0,ap). Moreover, it holds
that 1 < 0 for any a > 0.

(ii) If 3 < p < %2, then there exists a; > 0 such that I, < 0 for any a € (ay, o).

Proof. From (2.26), we have u®(x) := 613 ﬁu( ") for a.e. x € R?, where u € H'(R?), B € R
and 6 > 0. Then, from direct calculations, we get that ||1°||, = 6 ||u||, and

2 , B
A®) = HVWHZ =0>%A), C’)= HuGHP — g(1-3B)r+36 (),
—x6B
— 94 ﬁ/ / |x y| )uz(y)dxdy < 94—ﬁ/ / ( )d_xdy
R3 JIR3 |x—y| R3 |X—y|

(i) When2 < p < 3, fixu € Sy and B = —2such that (1 —3B) p+3B=4p—6 <2—2B =
4 — B =6,then u® € S,. Thus, asa — 07, we have

4p—6
1) < +2 /IRs /Ra ) drdy - ”; C(u) = Tolita) — 07,

where 7 is the energy functional of the Schrodinger-Poisson-Slater system (1.14) in Section
1.2. Then, there exists ag > 0 small enough such that

I, <0 foranya € (0,a].

Let 4 € (ao, ﬁao]. For every a € (ay,d], we have a?

we deduce from Lemma 2.11 that

2 2 2 2 2 _ 2
—ay < a° —ay < 2a5 — aj = aj and then

qu < Iaé + Iazfa% <0,
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which implies that I, < 0 for any a € (0,a]. Thus, for given x > 0, by iterating the above
procedure, it follows that I,» < 0 for every a > 0 and (i) holds.

(ii)) When 3 < p < &, fixu € S; and B = —2 such that (1-3B)p+3B = 4p—6 >
2-2B=4—-p=6,thenu’ € S, and as a — oo, we have

4p—6

a® a® a
I(u*) < EA(u) + vy /]R3 /]113 ’xl_y‘u2(x)u2(y)dxdy— C(u) = Jo(u,) — —oo.

Thus, for given x > 0, it follows that there exists a; > 0 such that if a > a5, then
2 < I(u") < Jo(u®) <0,
and this completes the proof of Lemma 2.12. O

Lemma 2.13. If a, x > 0 and {u,} C S, is a minimizing sequence for I, such that, up to a
subsequence, u, — 1 in H! (]R3) as n — oo, then, up to translation, the following statements hold:

(i) Foranya > 0and2 < p < 3,1 # 0.
(i) Forany a € (a;,00) and 3 < p < %, il # 0, where ay is obtained in Lemma 2.12.
Proof. It follows from Lemma 2.10 that {u,} is bounded in H*(IR®). Let
0:= lim | sup iy | dx | .
n—oo yGIRS B(y,l)

If 6§ = 0, from [29, Lemma L.1] or [36, Lemma 1.21], we conclude that u, — 0 in LP(R%) as
n — oo with p € (2,6). Hence, from Lemma 2.12-(i), for any 2 > 0 and 2 < p < 3, it holds
that

n—oo n—oo 4

1 1
0 < lim I(u,) = lim <2A(un) + B(un)> =1, <0,

which leads to a contradiction. Similarly, for any a € (a1,00) and 3 < p < %, we also obtain a
contradiction. Thus, we deduce that § > 0 in both scenarios (i) and (ii) and then there exists
a sequence {y,} C R? such that

/ ]unlzdx2é>0.
B(yn,1) 2

Let i, (-) := uu(- + yn). Then {ii,} C S, is also a bounded minimizing sequence for I,» and
~ 12 0 +
/ liiy|"dx > - >0 forn € NT large enough.
B(0,1) 2

Hence, it follows that conclusions (i) and (ii) hold. O

Lemma 2.14. Let p € (2,13—0) and {u,} C S, be a minimizing sequence for 1, such that, up to
a subsequence, u, — i in H'(R3) as n — oo with 1 € H'(R3)\ {0}. Then the C! functional
T satisfies (2.27), (2.28) and (2.30). If the strong subadditivity inequality (2.29) holds, then T also
satisfies (2.31).
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Proof. From Lemma 2.10 and Lemma 2.6-(i), we know that {u,} is bounded in H!(IR®) and
@u, |l < Cllun|;. Therefore, there exists # € H'(R?) such that, up to a subsequence,
uy — i in H'(R®), uy, — i in L] (R®) with r € [1,6) and u, — @ ae. in R® as n — co.
From the conclusions (ii) and (v) of Lemma 2.6, we deduce that {¢,, } is bounded in H!(R3)
and there exists a unique ¢; € H!(R®) solving (2.17) in the weak sense such that, up to a
subsequence, ¢, — ¢z in H'(R3).

We now introduce the following notations:

. . e~ *lx—yl >
G(x,y)::G(x—y)—W A::/Rscpgudx,

G"(x,y)un(y)ﬂ (x)dxdy = /3cpunﬁzdx,
R

(y)un(x)i(x)dxdy,

=
>
Il
5
ST 5
()
g
ke
s
=
&)
S
=

From direct calculation we deduce that
B(uy — 1) — B(uy) + B(i1) = 21V + 41%) —a1'¥ — 41V 424,

Next, we will show that lim,_,e I; I — A, i =1,2,34. Since ¢u, — ¢z in H(R®), we infer
that ¢, — ¢z in L2(IR%). It follows from @2 € L2(R3) that lim,_ I} = A. To prove
limy e [P = A, let

—x|x—y|
On(x) 1= /1123 W”n(y)ﬁ(y)dy-

Then we claim that 9, — ¢ a.e. in R3 as n — oco. Indeed, for any R > 1, by Holder’s
inequality, e ! < 1and ¢' > % for t > 0, we deduce that

A e—2K|x—y| %
0(0) = a ()| < it = s o |, oo

—x|<R [x —y|

1 d
o= g 8o  f, o oy

1

1 2
< |up — il / ‘
< || n ||L3 (Br(x || HL6 R?) ( ly—x|<R |X _y|2 y)

) 2
+ v — 1] g vy 11 / 2@y V)
|| n HL3 B H HL6 ( ly—x|>R 22 |x — ]/|4 y)

which implies that 9, — ¢ a.e. in R3 by first letting n — oo (for fixed R) and then letting
R — oo. Since {u,} C S, and # € H'(R?), from Hoélder’s inequality and Sobolev embedding
theorem, we have

N

[unitlle < Cllunllz [[#]l2 < Clltnlp [[#]l g < oo,
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namely, u,ii € Lg(]Rg’). Leta =2, N=23, f = |uuii|,g=6and p = g in Lemma 2.3. Then, we
have

; e . AL ;
oul < [, Ty i) dy < [ FEEEE Ay = o () (),

and thus it holds that
10nlle < W2 (lunii])llg < Cllunttlls < Cllunlln @]l < oo,

namely, 9, € L°(R®). It follows from Holder’s inequality and Sobolev embedding theorem
that

A ~ 2 =
[Onthnlly < [0l llnlls < C et [ 2]l < 0.

Since 9, — ¢g, Uy — i a.e. in R3, we have 9,u, — ¢y a.e. in R® and 9,u, — ¢y in L>(IR3).

Due to 7 € L?(R3), we get limy o I,SZ) = A. Let ¢y = i in Lemma 2.6-(v), and thus it holds

that lim,, oo Ir(,s) = A. Since 9, — ¢y a.e. in R% and 9, € L°(R?®), we get 9, — ¢ in L°(R?) as

n — co. By the fact that a2 c L8 (IR3 ), we deduce that lim; I,S4) = A. In summary, we have
B(uy — 1) + B(i1) = B(uy) + 0,(1).

Moreover, it follows from the Brezis—Lieb lemma that
C(up — 1)+ C(it) = C(uyn) + 0,(1),

and thus (2.27) holds.
From Lemma 2.6-(iii) and Holder’s inequality, we infer that

B(ua) = [ punt3dx < C uall§ < C fluallfp < e

It follows from Brezis-Lieb lemma that ||u, — i[5+ ||i]|3 = [|un |3 + 0(1) = a? +0,(1). There-
fore, from Proposition 2.8-(iv), we have a, = (aZ - Hﬂ”%) |ty — ||, — 1 as n — oo, and
thus we obtain that

B (an (1t — 1)) — B(uy — 1) = (ai . 1) B(uy — 1) = 0,(1),
C (an(un — 1)) — Cuy — 1) = (ah — 1) C(un — 1) = 04(1),

thus, (2.28) holds. Since {u,} is bounded in H'(IR?), from Lemma 2.6-(iii), we conclude that

T/(“n>run> = ‘Pun”%dx - H”an < ‘Pun”%dx <C ||”n||j11 <C ||“HH;L11 < 0,
]R3 P ]R3

namely, (2.30) holds.

Since (2.27) and (2.28) hold, if the strong subadditivity inequality (2.29) also holds, from
Proposition 2.8, we conclude that # € S,, namely, Hﬂ||§ = a2, Thus, |ju, —ii||, = 0,(1) and
|tn — tm|l, = 0n(1) as n, m — oo. Notice that 2 < p < ¥ < 6, from Lemma 2.1 and
interpolation inequality, we have that

—Q

_ _1-a _
ot — sl < ot — a3 i = 20 157 < 82 s — 3 [Vt — Vi3 = 04(1),
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where S denotes the sharp constant and « satisfies 5 + 1%”‘ = %, therefore, ||u, — um||p =
0,(1). From Holder’s inequality and Sobolev’s embedding theorem, we have

Jo il i = nf < ([l
RR3 R3

-1
= ually™ [ln = ], = 0a (1),

p—1

2N
@) " o =

and thus

’/]R3 <|u”|p72 Up — |um’p72 um) (l/ln — um) dx

/ |”n|]g_1 |y — | dx —l-/ |um|’g_1 |ty — | dx
RR3 R3

-1 -1
nlll Notn = |, + [ tn — 1], = 0n (1)

IN

IN

Hence, we have (C'(u,) — C'(um), n — i) = 0,(1) as n, m — oo. From ¢,, € H'(R3),
Lemma 2.6-(i) and Sobolev’s embedding theorem, we infer that ¢,, € L°(R%) and ||¢y, ||, <
Cllpu, || < C|lun]|7. By Holder’s inequality and ||u, — |, = 0a(1) with p € (2, %), we
have

2
/}R3 Pu, v |un — w| dx < Cllu, [l [[nlly [[tn — tmlly < Cllunllgn unlly [un — umlls = 0a(2).
Therefore, as 1, m — co, we have (B'(u,) — B'(um), un — tty) = 0,(1), and thus
(T'(un) = T' (), un — tim) = 04(1),

namely, (2.31) holds. O

3 Proofs of main results

Based on the preparatory lemmas presented in Section 2, we now proceed to prove the
main results.

3.1 Proof of Theorem 1.1
To prove Theorem 1.1, we need to demonstrate the following two crucial lemmas.

Lemma 3.1. Assume2 < p < ¥ and a,x > 0, let {u,} C S, be a minimizing sequence for L,>. Then
the function a — I is continuous and I/a?> — 0 asa — O*.

Proof. When 2 < p < %0, we have w < 2. Now arguing as in Step 4 in the proof of
Theorem 4.1 in [7], we can complete the proof. ]

Lemma 3.2. Ifa,x > 0,2 < p < 3 and M(a) is defined in Proposition 2.8, then for any u € M(a),
there exists B € R such that for any 6 > 0,

1(0) := I(u?) — 61 (u)

is differentiable and (h,)' (1) # 0, where u®(x) := o1-38y (9%)
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Proof. For any u € M(a) and B € R, it follows from (1.7) and the definition of u? that
g (0) = I(u®) — 6*1(u)
1 — 0P |x— yl
_ 1 (p2-2p) _ g2 4-p 2 _ 2 2
> (6 0%) |Vl + (9 /]Rg /]Rg ey (0 () dxdy /]R3<,buu dx

1 3
— 2 (9(0=32B)P+3B _ 92 |lyull”.
N )l

Thus, g () is differentiable and

(1) (0 = g1l + § (@) [ i —xp [ [ e v ay)nay
~ 2 (a=3ew+as-2) Il

To prove this lemma, we argue by contradiction. Assume that there exists a sequence

/
{un} € M(a) with ||uy|, := pp < a and p, — 0 as n — oo such that (h?) (1) = 0 for all
B € R, then we conclude that I(u,) = I, — 0 as n — oo according to Lemma 3.1. Moreover,
since (i, ¢u,) solves system (1.1) under the constraint S,,, from Lemma 2.7, we infer that

(Un, Py, ) satisfies the following PohoZzaev identity

2 1 2 K —x|x—y|,,2 2 3(p — 2) P _
IVinlB+ 3 [ pumdaet g [ e i@ ey — ZEZ junp =0, ()
/
Let B = %, from <hg”> (1) = 0, we deduce that

1 1 K el
2 IVual3 = 5 [ puuddx = [ [ e ey () dady. (3:2)

It follows from (3.2), Lemma 2.6 and Lemma 2.1 that
2 _ 1 2 4 3
Vg5 < 2 Jis Pu,updx < Cllunl[y < Cl[Vunlf; [[unll, . 3.3)

Let 8 = 0, from (hy")' (1) = 0, we have

el = [ a2 < COp) [Tl el G4

2(p-2)
y (3.3), (3:4), |lunll, = pn — 0 and I(u,) = I,, — 0 as n — oo, we infer that

V|2, /Rs Pu,2dx, ]l =0 asn — oo. (3.5)

It follows from Lemma 2.2 that

—K[x—y|
2 _ 2 2
RSN = (x)u6, () dlxely

/]R3 /]R3 lx—y] wp (x)uig (y)dxdy < C flun]; (3.6)
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Similar to the Cases (a)—(d) of Step 5 in the proof of Theorem 4.1 in [6], when 2 < p < 8
by applying (3.3)—(3.6), interpolation inequality and Lemma 2.1, we obtain a contradiction in
all four cases. Then, we discuss the case when g < p < 3. Substituting (3.2) into PohoZaev
identity (3.1), we obtain that

3 [ et = L% 7)

and thus we have

1 1 1 1 4—
1) = 5 1Vl + 4 [ Pt =l = 5 1Vl =" P . @8)

_3
Let {w,}, {v,} C M(a) such that w, := v}" = yi Zﬁvn(y—xﬁ), where B € R, [jv,l, =1

n

and ||wyl|l, = pn — 0 as n — oo. Moreover, let C(p) > 0 such that when [V0,||3 is small

enough, it holds that 1 || Vo, |5 — p [oa][};, < —C(p). Now, let p = 10 3p) such that —28 =
(1-3B)p+3p—2= 1(0 3p) From (3 8), we have
Lo I(w,)  pn* —p (-2 _
Hu < n — p (1 2ﬁ),ﬂ+3,3 2 ) p
% 2 4-p p = 32;7)
= (F1VenlE =2 fenll}) < ~Colp (9)

From (3.6), (3.8) and interpolation inequality, we infer that

) = 505y oo Pt < Cp) il < COp) a3 3 = Cp a3,

where « := %. Since § < p < 3, namely, p > 4(1 — a), we cannot get a contradiction with

[tnl|, — 0 as n — co. But we deduce from the above inequality that

2= I(u 1 llunllf i
lulh < C(p)un™"  and ( 2”) > ————L>—Clp)u"" . (3.10)
n P Ha
Combining (3.9) and (3.10), we infer that
e _ L =
—C(p)pn” > < —C(p)un 7",

which contradicts y,, — 0 as n — oo since éZ 2) > 1(0 3p) for any 3 < p < 3. In summary;, for

all the cases where 2 < p < 3, we have derlved contradictions. O

Proof of Theorem 1.1. Let ay > 0 be given by Lemma 2.12 and fix a € (0,4a9). Let {u,} C S,
be a minimizing sequence for I, < 0 and then from Ekeland’s variational principle ([36,
Theorem 2.4]), we can know that {u,} C S, is also a Palais-Smale sequence for I. From
Lemma 2.10, we know that {u,} is bounded in H!(R®). It follows from Lemma 2.13 that
there exists # € H'(IR®)\ {0} such that ||i], € (0,4], then, up to a subsequence, u, — i as
n — oo. From Lemma 2.14, we know that (2.27), (2.28), (2.30) and (2.31) are satisfied. Further,
Lemmas 2.11, 3.1, 3.2 ensure that the assumptions of Proposition 2.8 hold. Then, it follows
from Proposition 2.8 that, up to a subsequence, u, — # in H! (1R3) as n — oo. Moreover,
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i €S, and I(71) = I, < 0. Therefore, i is the critical point of the constrained functional
I|s,, that is, i is the normalized solution to system (1.5). From Section 2.3 and Lemma 2.7, we
know that 7 satisfies the Pohozaev identity (2.20). Since P(ii) = P(|i|) = 0, it follows that 7
is nonnegative. From Section 2.4 and the strong maximum principle, we conclude that 7 is a
classical solution and # > 0 in R®. Moreover, there exists a Lagrange multiplier A € R such
that (2.21) holds.

When 2 < p < 3, since I,» < 0 for any a € (0,a0) from Lemma 2.12, we claim that there
exists some constant ¢ > 0 such that ||Vii||, > o. Indeed, if ||Vii||, = 0, from the fact that
[ paiidx < C|jit||y and Lemma 2.1, we obtain that f]R3 ¢a*dx = [|a]|)) = 0 and thus I, = 0,
which contradicts I(i1) = I, < 0. When 2 < p < 12, from (2.21), PohoZaev identity (2.20) and
i > 0 in R3, we infer that

—112 —112 — _
Ml == Il — [ gaidx -+ ]}

12 —
=3|Valdex [ [ e y)dudy + P Jall? > 302 > 0.
R3 JR3 p

6p\ 023
When%z<p<3,let(7:: (5p 12Cp 2) " > 0 and we have

5 _
R e A e L
-2) 0w 5 6-p
> |9l = (319l ™ - 22207 ) >0
Thus, it holds that A > 0 when 2 < p < 3 and we have completed the proof. O

3.2 Proof of Theorem 1.2

Lemma 3.3. Let a, x > 0,3 < p < 2 and ay be obtained in Lemma 2.12. Moreover, let {u,} C S,
be a minimizing sequence for 1. Then forany 0 < a; < u < a, the following strong subadditivity
inequality holds

I, < I‘uz + Iaz_yz

Proof. Since {u,} C S, is bounded, we claim that there exist positive constants ky, k» such that
0<ki < A(up) = | Vua|5 < ka. (3.11)

Indeed, if A(u,) = 0,(1), from Lemma 2.6-(i) and Lemma 2.1, we infer that B(u,) = C(u,) =
0,(1) and I, = 0, which contradicts [,» < 0 from Lemma 2.12-(ii).

Let uf(x) := 072 rBun( ) for a.e. x € R3, then ||uf||, = 0 ||un||, = 6a. Fix p = —2 and it
holds that

I (uz)

e~ K0~ 2|x—y| 2 (1 dd 94p—6c
2 o S sy - e,

2
66 66 PR
gEA(un)—k 4N(un)— —Clu) = % (uf)

( 94 - 1) Aluy) + % (94N(un) - B(un)) - ; (9417*8 - 1) C(un)>
0% (I(u) +f(9 1)), (3.12)
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where N(uy) = [rs [gs ley'u%(x)u%(y)dxdy and Jp is defined in (1.14). When a > ay, it
follows from [7, Lemma 3.2] that

To(ian) = %A(un) + iN(un) _ ;C(un) <. (3.13)

Therefore, when 3 < p < %, it follows from (3.11) and (3.13) that
4p—8
(8, un)lp=1= 2A(un) + N(un) — ppC(un) < (6—2p)A(un) + (3—p) N(u,) <0. (3.14)
Since (4p — 8)(4p — 9) > 12 when 3 < p < ¥, from (3.11) and (3.13), we derive that

F10, 1) oy = 6A (1) + 3N (1ty) — P 8);4” =9 ctuy)

_ <6 _ (4p- 8)2(4P - 9)> Aluy) + (3 _ Up— 8)4(4F’ - 9)) N(ity) < 0. (3.15)

Since f(1,u,) = § (N(un) — B(un)) > 0 and f(6,u,) — —oo as § — oo, we conclude from

(3.14) and (3.15) that there exists 6; > 1 such that f(61,u,) = 0. Hence, for any 6 > 6; > 1, we
get f(6,u,) < 0and from (3.12), we have

Ipp <1 (ui) < 0?I(uy) — 6%, asn — co.

Therefore, for any 0 < a7 < u < a, it holds that

2 2 2

H a—u
Lo ="51 I Lo+ Lp .
o=@l t T L <hetlee
This completes the proof of Lemma 3.3. =

Proof of Theorem 1.2. Let a; > 0 be given by Lemma 2.12 and fix a > a;. Let {u,} C S, be a
minimizing sequence for [ < 0 and then from Ekeland’s variational principle ([36, Theorem
2.4]), we can know that {u,} C S, is also a Palais—Smale sequence for I. From Lemma 2.10,
we know that {u,} is bounded in H!(R®). It follows from Lemma 2.13 that there exists
7 € H'(R?)\ {0} such that ||ii||, € (0,a], then, up to a subsequence, u, — i as n — co. From
Lemma 2.14, we know that (2.27), (2.28), (2.30) and (2.31) are satisfied. Lemma 3.3 guarantees
that the strong subadditivity inequality (2.29) holds. Then, it follows from Proposition 2.9
that, up to a subsequence, u, — i in H!(IR®) as n — oo. Moreover, i € S, and I(i1) = I, < 0
for any a € (a1,00) from Lemma 2.12. Therefore, i is the critical point of the constrained
functional I|g,, namely, i is the normalized solution to system (1.5). Similar to the proof
of Theorem 1.1, we conclude that i is a positive classical solution and the corresponding
Lagrange multiplier A > 0 when 3 < p < %. This completes the proof of Theorem 1.2. O

3.3 Proof of Theorem 1.3
In Section 2.6, we have introduced the scaling u?(x) := o1—3FPy (G%) for a.e. x € R3 and

|u®||, = 6lull,. Specifically, when 2 < p < 3 and u € H'(R?), let B = % and u®(x) =
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4 2p—4
a10*3pu(a 10-3p x). Then for any u € S;, we have ||u?||, = a and

—Kalo 3P [x—y]

oy 2w ] 2 2 2 1 p
e B A A I T I

where a(p) = 81(03:3’2 > 0. Therefore, the minimization problem (1.8) is equivalent to the
following one
Zp = inf Z(u).

ueS

According to the arguments in [13], we introduce the following minimization problem

Ky p := inf & p(u),

UeS

where

P 1 v ) —Ka]O 3p|x Y| ) 201 dxd 1 p

)= 3 IValB+ T [ ey = L

We denote by NV, , the corresponding set of minimizers
Nop:={ueSi:&p(u)=Kyp}.

Thus, Theorem 1.3 is equivalent to the following proposition.

Proposition 3.4. Let 2 < p < 3 and ay be obtained in Theorem 1.1. Then, there exists a; = a»(p) €
(0,a0] such that for any 0 < a < ay, every function u € N, is radially symmetric. Consequently,
¢u € HH(R3) up to translation.

Remark 3.5. It follows from Lemma 2.6-(iv) and the implicit function argument in [13] that
Proposition 3.4 holds. Therefore, the detailed proof of Theorem 1.3 will not be presented here,
and readers can refer to [13].

3.4 Proof of Theorem 1.4

In this section, we shall study the limit behavior of the ground state normalized solutions
(ttx, P, M) to system (1.5) as k — 0.

Lemma 3.6. ([12, Lemma 3.4]) Let p € (2,3), k > 0 and a € (0,a2) with ay > 0 obtained in
Theorem 1.3. Moreover, let Jy be defined in (1.14) and let

—xlx—y| 1
) 1= g 9wl + g [ [ G )y —

|x —
If
ux€S,

{uK € Sa\ {0} : L (ux) = I o := inf I (uy) < 0}

is a family of minimizers for the functional I, then it holds that I » — Jy 2 := infyes, Jo(u) < 0
as k — 0.
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Proof. According to ¢ | § L we know that L 2 < Jo,2 for any x > 0. Therefore, it suffices

Tx]”
to prove that Jj » < liminfy_,¢ I 2. Given ¥ > 0, we have

e~ Klx—yl 1
2 2 _. 1
Toae < Tolite) = Lelue) + /R 3 /R Ty RO ) drdy =+ T() + 45(0)

In this situation, we only need to prove that g(x) — 0 as ¥ — 0. Fix x € (0,1). It follows from
a change of variable that

\</ ! e_“/ |t ( )|2| (x — )|2d d
U X Ui (X z xXaz
{zeR3:|z|<i} |z| § g

1— e

/{ZGIR3 f>1) T 7] /3 1 (x) [ |t (x — 2) [* dxdz =: g1 (k) + g2 (x).

For any u, € S,, since 1 —e~! <tforallt >0, lett =« |z| > 0, we have

)= /{ze]R3'|z|<1} " Jrs ()| e — 2)* ez

<o [ TP e~ 2) P etz = a,
R® JR?
For any u, € S,, it follows from 1 —e~! <1 for all ¢ > 0 that

1 ) )
= /{ZG]R3~|2|>1} WS e (%) |7 1 (x — 2)|” dxdz

a K[{zeR3‘z>1} RR3 |uK(x)|2 (= Z)|2 dxdz

<K/ / 14 (x) [* |1t (x — 2) |* dxdz = xa®.
R3

Therefore, it holds that g (x), g2(x) — 0 as k — 0, that is, g(x) — 0 as k — 0, which implies
that I, » — Jy 2 as k — 0. Moreover, from p € (2,3), a € (0,a2), (1.14), [7] and Lemma 2.12-
(i), we have J; . < 0. O

Lemma 3.7 ([12, Lemma 3.5]). Let {fo} U{f,:0 < x <1} C L§(R3). Let ¢y € D'2(R3) be the
unique solution to the following equation

“Ap = fo. (3.16)
Given x € (0,1), let ¢ € H'(R3) be the unique solution to the following equation
—Ap+ 2P = fr. (3.17)

As k — 0, it holds that
(i) If fr — foin L3(R3), then ¢ — @o in DV2(R3).
(i) If fo — fo in L8 (R3), then ¢ — o in DI2(R3) and x>, — 0 in L*(IR3).

Proof. (i) It follows from ¢ € H'(R®) and Sobolev’s embedding theorem that |[¢y|l, <
C ||¢x|l g, and thus ¢ € DY*(R3). Fix x € (0,1), since ¢, € DV?(R?) is the unique solu-
tion to (3.17), from Holder’s inequality and Lemma 2.1, we deduce that

196cl3 < IVl +o* 196l = [ fesedx < Cllfellg ells < C 5l 90ullo,  18)
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thus, || Vx|, < C fo||g Since f, — fo in L§(IR%) as x — 0, we deduce that {f, : 0 < x < 1}

is a bounded subset of L2(IR%). It follows from ¢, € DY2(R?) that {¢:0<x <1} is a
bounded subset of D?(R?). In particular, we conclude that for any {,},.n C (0,1) satis-
fying lim,_, K, = 0, there exists ¢. € D¥*(IR?) such that, up to a subsequence, ¢y, — ¢, in
D12(R%) as n — oo. Next, it suffices to prove that if {x,},. C (0,1) satisfies x, — 0 and
Pr, — ¢« in DV2(IR®) as n — oo, then ¢ = ¢p.

Fix n € N, since the function ¢y, is a solution to (3.17), for any ¢ € C®(IR3), it holds that

/IRS Ve, Vipdx + 1, /R , P pdx = /IRS frpdx. (3.19)

Since (Pkn S L6(IR3)’ (PKn - (P* in Dl,Z(RS) and Kigl f]R3 (Ibknl)bdx S K%C H(PK11H6 HlIng —0asn — oo,
from (3.19), we take the limit as n — oo to conclude that

/3 V¢ Vipdx = /3f0¢dx for any ¢ € C°(IR?). (3.20)
R R
Therefore, we infer that ¢, = ¢o according to (3.20) and the uniqueness of the solution ¢q <
D2(R3) to (3.16).

(ii) Since f, — fo in L8(IR%), we deduce from (i) that ¢, — @y in DI2(R3) as ¥ — 0.
According to the weak lower semicontinuity of ||V- H%, we conclude that

IV @olla < liminf [[Vepe[5 (3.21)

Let {¢},cn C C2(IR?) be a sequence such that ¢, — @o in D?(IR®) as n — 0. Fix x € (0,1),
let E, : D*(R3) — R be the energy functional of (3.17), which is given by

1 K2
Ex(¢) = 5 IVoI3+ 5 llpl3 — [ fugdx.
By the facts that ¢, € H'(R®) is the unique solution to (3.17) and H'(R3) — D!?(RR®), we

deduce from (i) that Ex(¢c) = infyepro(ge) Ex(¢). It follows from {¢n},cy C C®(R3) and
Ce(R?) is dense in D?(IR?) that

1 K2
3 1V0ul3 = Ex(9) = 5 Iell3 + [ fuedr < Ee(pn) + [ fupeds
1 2 | K 2
= S IVl + 5 19l = [ e u =) (3:22)
Since f, — fo in L#(IR?) and ¢ — @ in D2(R?) as x — 0, we deduce that
| fetudx = [ fogudr and [ fpdx = [ fogodx. (3:23)

Thus, from (3.22) and (3.23), we infer that

. 1 1
timsup > Vel < 5 V93— [ fo (s — o) .

x—0

From 1, — ¢o in D2(IR%) as n — o0, we obtain that

limsup || Vi3 < [[Vools asn — co. (3.24)
x—0
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It follows from (3.21) and (3.24) that ||V¢K||§ — ||V(p0||§ as k — 0, and thus ¢ — ¢o in
D'2(RR3) as x — 0.
Finally, since ¢y € DV?(IR®) is the unique solution to equation (3.16), we conclude that

el = [, fipedx — [Vell; = [ fopodx — [Vonl; =0 asx 0,
namely, (ii) holds. O

The following proposition shows that if p € (2,3), then the Lagrange multipliers of solu-
tions to the Schrodinger-Poisson-Slater system (1.13) tend to a certain A > 0 as a — 0.

Proposition 3.8 ([13, Proposition 1.3]). Assume p € (2,3), x > 0 and A > 0, when a € (0,a5),
where ay is obtained in Theorem 1.3, for every € > 0, there exists a(e) € (0,a) such that

sup [A—A| <e VO0<a<a(e),
AEA,

where

Ay = {A € R : there exists u € H'(R®) such that (u, ¢, A) € HY(R?) x D'*(R%) x R

is a ground state solution to the Schrodinger—Poisson—Slater system (1.13)}.

Proof of Theorem 1.4. Sincex > 0,2 < p <3 and 0 < a < ay, according to Theorems 1.1 and
1.3, for any ground state normalized solution (uy, ¢x, Ac) to system (1.5) with u, € S;\ {0}
and I (ux) = I ;2 < 0, we deduce that up to translation, (i, ¢, Ac) € S X H!(R3) x (0,00),
which implies that (i, ., Ax) € S- x D2(R3) x (0, ).

It follows from Lemma 2.10 that the set {u, € S, : Ic(ux) = I, » < 0} is bounded in H} (IR®)
for any ¥ > 0. Let {x,},.n+ C (0,1) be a sequence such that x, — 0 as n — 0. Then, for
any n € N*, both {uy,} C S, and {¢,,} C D*(IR®) are bounded and thus there exists
up € H}(R®) such that, up to a subsequence, u,, — g in H} (R3) as n — oo, uy, — ug in
LP(R?) with p € (2,6) and uy, — ug a.e. in R%. Since u2 — u3 in L$(R?), from Lemma 3.7,
we deduce that as 1 — oo, up to a subsequence, ¢, — @o in Dy*(IR?), where @ is the unique
solution of —A¢ = 47ru3 in R>. Since for any 1 € N*, (uuy,, Px,, Ax,) € S} x D}?(R?) x (0,00)
is a ground state normalized solution to (1.5), from (2.21), Lemmas 2.1 and 2.6-(iii), we infer
that

|/\Kn|

1
a?

2
i, 1 = 1V, 13 = [ 2, v

1 A2 6p 2 3
< i (CIVm 2 8 4 Vg [B -+ C [ [0 < e
namely, {A,, } C (0,00) is a bounded sequence, and then there exists Ag € [0, ) such that, up
to a subsequence, A, — Ag as n — oo.

Moreover, since Jo, defined in (1.14), is the functional of the Schrodinger-Poisson—Slater
system (1.13), it follows from Lemma 3.6 that {u,, } is a minimizing sequence for [Jp at level
Jo2 < 0. Hence, from uy, — ug in H}(R?), ¢, — ¢o in D}*(R%), Ay, — Ao, Proposition
2.8, Lemma 2.13 and [7], we conclude that uy € S"\ {0}, uy, — uo in H}(R%) as n — oo and
Jo(uo) = Ty < 0. Thus, (ug, o, Ao) € S} x D}?(R?) x [0,00) is a ground state normalized
solution to the Schrédinger-Poisson-Slater system (1.13) with

1 2
hoi= 2z (Il = 19013 - [, owax).
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According to Proposition 3.8, for every ¢ > 0, there exists a(e) € (0,az) such that A;g > 0 when
a € (0,az) is sufficiently small. Therefore, we conclude that, up to a subsequence and up to
translation, it holds that

(ttx, P, Ax) — (0, p0, o) in Sh x DF?(R3) x (0,00) as x — 0.

That is, (1.15) holds. Thus, we have completed the proof of Theorem 1.4. O
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