
Electronic Journal of Qualitative Theory of Differential Equations
2025, No. 70, 1–37; https://doi.org/10.14232/ejqtde.2025.1.70 www.math.u-szeged.hu/ejqtde/

Existence of normalized solutions for the nonlinear
Schrödinger–Poisson–Boltzmann system

Ruisha Chang1, Kaimin TengB 1 and Lintao Liu2

1Department of Mathematics, Taiyuan University of Technology, Taiyuan 030024, Shanxi, PR China
2Department of Mathematics, North University of China, Taiyuan 030051, Shanxi, PR China

Received 7 May 2025, appeared 10 December 2025

Communicated by Roberto Livrea

Abstract. In this paper, we consider the following nonlinear Schrödinger–Poisson–
Boltzmann (SPB) system under an L2-norm constraint

−∆u + λu + ϕu = |u|p−2 u in R3,
−∆ϕ + κ2ϕ = 4πu2 in R3,
∥u∥2 = a,

where p ∈
(
2, 10

3
)
\ {3}, λ ∈ R, a > 0 is a prescribed constant and κ > 0 is a parameter.

We prove that the above system admits a positive ground state normalized solution
with the Lagrange multiplier λ > 0 when either 2 < p < 3 and a > 0 is sufficiently
small, or 3 < p < 10

3 and a > 0 is large enough. Moreover, we prove that when
2 < p < 3, κ > 0 and a > 0 is small enough, the ground state normalized solutions
are radially symmetric up to translation, and as κ → 0, they converge to a radially
symmetric ground state normalized solution of the Schrödinger–Poisson–Slater system
under the same L2-norm constraint.

Keywords: Schrödinger–Poisson–Boltzmann system, ground state, constrained mini-
mization, radial symmetry, limit behavior.
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1 Introduction

1.1 Physical background

This paper concerns the study of ground state normalized solutions for the following nonlin-
ear Schrödinger–Poisson–Boltzmann (SPB) system under the L2-norm constraint ∥u∥2 = a{

−∆u + λu + ϕu = |u|p−2 u in R3,

−∆ϕ + κ2ϕ = 4πu2 in R3,
(1.1)
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where a > 0 is a prescribed constant, κ > 0 is a parameter, λ ∈ R and p ∈
(
2, 10

3

)
\{3}. System

(1.1) arises from seeking the standing wave solutions Ψ(x, t) = eiλtu(x) to the following system{
i∂tΨ + ∆xΨ − ϕΨ + |Ψ|p−2 Ψ = 0 in R3,

−∆ϕ + κ2ϕ = 4π |Ψ|2 in R3,
(1.2)

where Ψ : R3 × [0, ∞) → C represents the wave function and ϕ : R3 → R denotes the
electrostatic potential in the Poisson–Boltzmann equation. Therefore, system (1.2) describes
a self-consistent quantum-electrostatic system, in which the wave function Ψ and the elec-
trostatic potential ϕ mutually influence each other through nonlinear term and source term,
collectively determining the dynamical behavior of this system.

The Poisson–Boltzmann (PB) equation describes an electric double layer model developed
independently by Gouy [16] and Chapman [10], which explains the interaction between the
ions in the solution and the charged layer. Subsequently, Andelman [1] proposed the Poisson–
Boltzmann theory, in which the Poisson–Boltzmann equation is employed to depict the dis-
tribution of electrostatic potential within electrolyte solutions. Blossey [4] made further im-
provements to this theory. Since the electrolyte solutions formed after the dissolution of 1:1
salts (such as NaCl) play a crucial role in many biochemical reactions and physical processes,
according to the Boltzmann distribution and Gauss’s law, we obtain the following Poisson–
Boltzmann equation for 1:1 salts

∆ϕ = κ2 sinh ϕ,

where ϕ denotes the electrostatic potential, ∆ is the Laplace operator, κ is the inverse of Debye-
Hückel screening length λD which satisfies

κ2 =
2n0e2

εkBT
,

where ε stands for the dielectric constant, kB denotes the Boltzmann constant, T represents
the absolute temperature, e is the elementary charge, and n0 corresponds to the ionic con-
centration in a neutral electrolyte solution of (1:1) salt (see [4, Section 1.2]). In many physical
situations, when the value of the electrostatic potential ϕ is relatively small, the above equation
can be linearized into the following equation

∆ϕ = κ2ϕ,

which not only demonstrates its convenience in the process of mathematical solving, but
also has extensive and significant applications in fields such as biophysics, electrochemistry,
and colloid chemistry. Moreover, the above linearized Poisson–Boltzmann equation is a classic
example of the homogeneous modified Helmholtz equation, where the Laplacian of a function
is directly proportional to the function itself (see [4, Section 1.3]). For more physical details,
one can refer to the papers [1, 4, 9, 21] and the references therein.

1.2 Problems and main results

In order to explore the existence of solutions to the SPB system (1.1), we would like to recall
two distinct approaches in terms of the frequency λ. The first one is to fix λ ∈ R and search for
the coupled solution (u, ϕ) of system (1.1), which is referred to the fixed frequency problem.
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In this situation, any solution to system (1.1) can be identified as a critical point of the action
functional Fλ(u, ϕ) on H1(R3), where

Fλ(u, ϕ) :=
1
2
∥∇u∥2

2 +
λ

2
∥u∥2

2 +
1
2

∫
R3

ϕu2dx − 1
16π

∥∇ϕ∥2
2 −

κ2

16π
∥ϕ∥2

2 −
1
p
∥u∥p

p ,

and the potential ϕ is given by

ϕ(x) :=

(
e−κ|·|

|·| ∗ u2

)
(x) =

∫
R3

e−κ|x−y|

|x − y| u2(y)dy.

Due to the presence of ϕu, system (1.1) is classified as a nonlocal problem. A typical example
of such nonlocal problems is the Schrödinger–Poisson–Slater system, and a substantial body of
literature has investigated various properties of solutions to this system over the past decades.
For further related results, we refer to [31, 32, 38] and the references therein.

Moreover, Han, Huh and Seok [18] studied the following Schrödinger equation coupled
with a neutral scalar field N{

− 1
2m ∆u + q

4m2 |u|2 u + (1 + κq
2m )Nu + ωu = 0 in R2,(

−∆ + κ2q2)N + q(1 + κq
2m )u2 = 0 in R2,

(1.3)

where m, κ, q > 0 respectively represent the mass of the particle, the Chern–Simons coupling
constant and the Maxwell coupling constant. Since N := −q

(
1 + κq

2m

) (
Gκq ∗ u2), where Gκq

is the Yukawa potential in two dimension (see [26, Theorem 6.23]), (1.3) is also a nonlocal
problem. They proved the existence of standing wave solutions for system (1.3) in the radially
symmetric space H1

r (R
2) by applying Mountain-Pass theorem. Inspired by [18], Kang, Liu and

Tang [23] considered the problem (1.3) in non-radial symmetric space H1(R2). By combining
the Nehari manifold, Moser iteration and some analytical skills, they got a positive ground
state solution to (1.3), which is classical and spherically symmetric.

D’Avenia and Siciliano [11] explored the following nonlinear Schrödinger–Bopp–Podolsky
system {

−∆u + ωu + q2ϕ̃u = |u|p−2 u in R3,

−∆ϕ̃ + a2∆2ϕ̃ = 4πu2 in R3,

where u, ϕ̃ : R3 → R, a, ω > 0, p > 0 and q ̸= 0. Depending on the two parameters
q and p, the authors established both existence and nonexistence results using variational
methods. Moreover, they demonstrated that these solutions converge to those of the classical
Schrödinger–Poisson–Slater system as a → 0 in the radial case. However, as far as we know,
there is scarcely any literature dedicated to studying the existence of solutions for the SPB
system (1.1).

Alternatively, it is of great interest to study solutions to system (1.1) having prescribed
L2-norm. Namely, for any given mass a > 0, we consider solutions to system (1.1) under the
L2-norm constraint

Sa :=
{

u ∈ H1(R3) : ∥u∥2 = a
}

, (1.4)

which is called the fixed mass problem. Such solutions are often referred to as the normalized
solutions for the following system which is given by

−∆u + λu + ϕu = |u|p−2 u in R3,

−∆ϕ + κ2ϕ = 4πu2 in R3,

∥u∥2 = a,

(1.5)
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and the frequency λ ∈ R cannot be fixed any longer and appears as a Lagrange multiplier.
For the sake of simplicity, by applying the reduction argument introduced in [11, 23], we

simplify the system (1.5) to the following nonlocal equation with the constraint Sa

−∆u + λu + ϕuu = |u|p−2 u in R3, (1.6)

where ϕu := ϕ ∈ H1(R3) uniquely solves

−∆ϕ + κ2ϕ = 4πu2 in R3

(see Section 2.3). Therefore, for given a > 0, to search for the coupled solution (u, ϕ, λ) of
system (1.5) is equivalent to find the solution pair (u, λ) of (1.6) under the constraint Sa,
where ∥u∥2 = a and ϕu = ϕ in (1.6). In this case, the normalized solution u of (1.6) can be
obtained as a critical point of the constrained functional I|Sa , which is given by

I(u) :=
1
2
∥∇u∥2

2 +
1
4

∫
R3

ϕuu2dx − 1
p
∥u∥p

p

=
1
2
∥∇u∥2

2 +
1
4

∫
R3

∫
R3

e−κ|x−y|

|x − y| u2(x)u2(y)dxdy − 1
p
∥u∥p

p , (1.7)

and λ is the corresponding Lagrange multiplier.
We deduce that p̄ := 10

3 is the mass critical exponent and 2∗ = 6 is the Sobolev critical ex-
ponent for I|Sa by scaling argument and the Gagliardo–Nirenberg inequality (see Lemma 2.1).
For further clarification, we agree that the mass subcritical case, mass critical case and mass
supercritical case mean that 2 < p < 10

3 , p = p̄ = 10
3 and 10

3 < p < 6, respectively.
When 2 < p < 10

3 , namely, the mass subcritical case, it holds that the constrained functional
I|Sa is coercive and bounded from below (see Lemma 2.10). This leads to the following global
minimization problem

Ia2 := inf
u∈Sa

I(u). (1.8)

In particular, if (u, ϕ, λ) ∈ Sa × H1(R3) × R is a coupled solution to system (1.5) such that
I(u) = Ia2 , then u ∈ Sa is the ground state normalized solution of (1.5).

The first study on normalized solutions to the Schrödinger–Poisson–Slater system was
conducted by Sánchez and Soler [33], who established the foundational framework for this
problem. Specifically, they studied the following system in R3

− 1
2 ∆u + Vu − CS |u|

2
3 u = βu lim|x|→∞ u(x) = 0,

−∆V = u2 lim|x|→∞ V(x) = 0,

∥u∥2 = M > 0,

where V := 1
4π|x| ∗ u2 ∈ D1,2(R3) and CS denotes the Slater constant. The corresponding

energy functional is

E(u) :=
1
2
∥∇u∥2

2 +
∫

R3

∫
R3

1
8π |x − y|u

2(x)u2(y)dxdy − 3CS

4
∥u∥

8
3
8
3

.

By applying the concentration-compactness argument in [28, 29] and nonzero weak conver-
gence after translations in [26], they proved that when M > 0 is sufficiently small, all the
minimizing sequences for IM are compact, where

IM := inf
{

E(u) : u ∈ H1(R3), ∥u∥2 = M
}

.
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Kikuchi [24] proved that if CS is sufficiently large, then the infimum of the minimization
problem I(µ) := inf

{
E(v) : v ∈ H1(R3), ∥u∥2

2 = µ
}

is achieved for any µ > 0, where

E(v) :=
1
2
∥∇v∥2

2 +
1
4

∫
R3

∫
R3

1
|x − y|v

2(x)v2(y)dxdy − CS

3
∥v∥3

3 .

More generally, Bellazzini and Siciliano [6, 7] explored the following Schrödinger–Poisson
equation

−∆u + φu − |u|p−2 u = ωu in R3, (1.9)

where ω ∈ R, p ∈
(
2, 10

3

)
\{3} and φ := 1

|x| ∗ u2 satisfying −∆φ = 4πu2. They considered the
following minimization problem

Iρ := inf
u∈Bρ

I(u), (1.10)

where
I(u) :=

1
2
∥∇u∥2

2 +
1
4

∫
R3

∫
R3

1
|x − y|u

2(x)u2(y)dxdy − 1
p
∥u∥p

p

and
Bρ :=

{
u ∈ H1(R3) : ∥u∥2 = ρ

}
,

and they proved that Iρ admits a minimizer when either 3 < p < 10
3 and ρ > 0 is large enough,

or 2 < p < 3 and ρ > 0 is sufficiently small. Subsequently, Georgiev, Prinari and Visciglia [13]
studied the radial symmetry of the minimizers of problem (1.10) up to translation provided
that 2 < p < 3 and ρ > 0 is sufficiently small. When p ∈ [3, 10

3 ], Jeanjean and Luo [22] specified
a threshold value of ρ > 0 that separates the existence and nonexistence of minimizers for the
minimization problem (1.10).

Based on the above research results, by applying minimizing method, He, Li and Chen
[17] considered the following nonlinear Schrödinger–Bopp–Podolsky system with prescribed
mass 

−∆u + ωu + ϕ̃u = |u|p−2 u in R3,

−∆ϕ̃ + a2∆2ϕ̃ = 4πu2 in R3,

∥u∥2 = ρ > 0,

(1.11)

where ω > 0, a > 0, p ∈ (2, 10
3 ) and ϕ̃ := 1−e−|x|/a

|x| ∗ u2. When a = 1, they respectively
proved the existence of positive normalized solutions of system (1.11) when 2 < p < 3 and
ρ is sufficiently small, as well as when 3 < p < 10

3 and ρ > 0 is sufficiently large. Applying
critical point theory, minimization method and some ideas borrowed from [6, 7, 13], de Paula
Ramos and Siciliano [12] proved that when p ∈ (2, 10

3 )\{3} and a > 0 is a parameter, system
(1.11) has a ground state normalized solution. Meanwhile, under the assumptions that p ∈
(2, 14

5 ) and ρ > 0 is sufficiently small, they demonstrated that the ground state normalized
solution is radially symmetric up to translation, and these solutions converge to a ground
state normalized solution of the Schrödinger–Poisson–Slater system as a → 0.

In the light of [11] and [12], Hernandez and Siciliano [20] studied the existence and mul-
tiplicity of solutions for the following Schrödinger–Bopp–Podolsky system under an L2-norm
constraint 

−∆u + ϕ̃u = ωu in Ω,

−∆ϕ̃ + a2∆2ϕ̃ = u2 in Ω,

u = ϕ̃ = ∆ϕ̃ = 0 on ∂Ω,∫
Ω u2dx = 1,
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where Ω is an open bounded and smooth domain in R3, and a > 0 is the Bopp–Podolsky
parameter. The unknowns are u, ϕ̃ : Ω → R and ω ∈ R. By applying variational methods
and topological invariants from Ljusternik–Schnirelmann theory in the critical point theory,
they established that for any a > 0, there exist infinitely many nontrivial solutions with
diverging energy and norm-divergent behavior. Moreover, they also showed that the ground
state solutions of the above system converge to a ground state solution of the corresponding
Schrödinger–Poisson system under the same L2-norm constraint as a → 0.

Motivated by [17] and [12], Li and Zhang [25] proved the existence, asymptotic behavior
and the multiplicity of normalized solutions for the following Schrödinger–Bopp–Podolsky
system with a critical term

−∆u + ϕ̃u = λu + µ |u|p−2 u + u5 in R3,

−∆ϕ̃ + ∆2ϕ̃ = 4πu2 in R3,

∥u∥2
2 = m2 > 0,

(1.12)

where λ ∈ R, 2 < p < 6 and µ > 0 is a parameter. For p ∈ ( 10
3 , 6), by applying Lagrange

multipliers argument and Mountain-Pass theorem, they obtained the existence and asymptotic
behavior of positive normalized ground state solutions for (1.12). For p ∈ (2, 10

3 ], they proved
the existence of a normalized ground state solution to (1.12) by combining Mountain-Pass
theorem with Lebesgue dominated convergence theorem. Moreover, they also verified the
multiplicity of normalized solutions to (1.12).

When 10
3 < p < 6, that is, the mass supercritical case, and the minimizing method becomes

inapplicable since the constrained functional I|Sa is unbounded from below, that is, Ia2 = −∞.
Therefore, by applying a Mountain-Pass argument, Bellazzini, Jeanjean and Luo [8] proved
that for any ρ > 0 sufficiently small, there exist critical points of the constrained functional
I|Bρ of the Schrödinger–Poisson equation (1.9).

However, when p = 10
3 , that is, the mass critical case, it becomes delicate to say that

Ia2 > −∞ or Ia2 = −∞ since it depends on the range of value of a > 0.
Therefore, the purpose of this paper is to consider the existence and limit behavior of the

ground state normalized solutions for system (1.5). As far as we know, no relevant results can
be found in the existing literature. Next, we state our main results as follows.

Theorem 1.1. Suppose that p ∈ (2, 3) and a, κ > 0. Then there exists a0 > 0, such that for any
a ∈ (0, a0), system (1.5) admits a ground state normalized solution (u, ϕu, λ) ∈ H1(R3)× H1(R3)×
(0, ∞) with u > 0 in R3.

Theorem 1.2. Suppose that p ∈
(
3, 10

3

)
and a, κ > 0. Then there exists a1 > 0, such that for any

a ∈ (a1, ∞), system (1.5) admits a ground state normalized solution (u, ϕu, λ) ∈ H1(R3)× H1(R3)×
(0, ∞) with u > 0 in R3.

Let Sr
a := Sa ∩ H1

r (R
3). Then, the following theorem reveals the radial symmetry of the

ground state normalized solutions for system (1.5) when p ∈ (2, 3) and a > 0 is sufficiently
small.

Theorem 1.3. Suppose that p ∈ (2, 3), κ > 0 and a0 > 0 is obtained in Theorem 1.1. Let (u, ϕu, λ) ∈
Sa × H1(R3)× (0, ∞) be a ground state normalized solution to system (1.5) with u > 0. Then there
exists a2 ∈ (0, a0] such that up to translation, (u, ϕu, λ) ∈ Sr

a × H1
r (R

3)× (0, ∞) for any a ∈ (0, a2).
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Our final result concerns the limit behavior of the ground state normalized solutions
(uκ, ϕκ, λκ) to system (1.5) as κ → 0. For this purpose, we introduce the following Schrödinger–
Poisson–Slater system 

−∆u + λu + φu = |u|p−2 u in R3,

−∆φ = 4πu2 in R3,

∥u∥2 = a,

(1.13)

where φ := 1
|x| ∗ u2 ∈ D1,2(R3) and the corresponding energy functional is

J0(u) :=
1
2
∥∇u∥2

2 +
1
4

∫
R3

∫
R3

1
|x − y|u

2(x)u2(y)dxdy − 1
p
∥u∥p

p . (1.14)

Theorem 1.4. Suppose that p ∈ (2, 3), κ > 0 and a2 > 0 is obtained in Theorem 1.3. Let
{(uκ, ϕκ, λκ)} ⊂ Sa × H1(R3)× (0, ∞) be a set of ground state normalized solutions to system (1.5)
with uκ > 0. Then when a ∈ (0, a2) is small enough, the Schrödinger–Poisson–Slater system (1.13)
admits a ground state normalized solution (u0, φ0, λ0) ∈ Sr

a ×D1,2
r (R3)× (0, ∞) such that, up to a

subsequence and up to translation, the following holds

(uκ, ϕκ, λκ) → (u0, φ0, λ0) in Sr
a ×D1,2

r (R3)× (0, ∞) as κ → 0. (1.15)

1.3 Comments on the Theorems 1.1–1.4

• The proofs of Theorems 1.1 and 1.2 adopt the following approach: if we could prove that
the minimizing sequences for the constrained functional I|Sa are precompact, then we
conclude that the infimum Ia2 := infu∈Sa I(u) is achieved. For this end, we apply the ab-
stract framework for constrained minimization problems developed by Bellazzini and Si-
ciliano [6,7]. Furthermore, since it is known that φ := 1

|x| ∗ u2 ∈ D1,2(R3) uniquely solves

−∆φ = 4πu2 and ϕ̃ := 1−e−|x|/a

|x| ∗ u2 ∈
{

ϕ ∈ D1,2(R3) : ∆ϕ ∈ L2(R3)
}

uniquely solves
−∆ϕ̃ + a2∆2ϕ̃ = 4πu2 for any u ∈ H1(R3), through a detailed study of operator −∆ + κ2

in the second equation of the SPB system (1.5), we conclude that for any u ∈ H1(R3),
there exists a unique ϕu := e−κ|x|

|x| ∗ u2 ∈ H1(R3) satisfying −∆ϕ + κ2ϕ = 4πu2. Notably,
according to Sections 2.4 and 2.5, by applying the regularity of solutions and the Po-
hožaev identity of system (1.5) which is obviously different from that of the Schrödinger–
Poisson–Slater system (1.13), we further deduce that the ground state normalized solu-
tion u and the corresponding Lagrange multiplier λ of system (1.5) are positive, which
is a novelty compared with [6, 7, 12].

• The proof of Theorem 1.3 follows from making small adjustments to the implicit func-
tion argument proposed by Georgiev, Prinari and Visciglia [13]. We remark that the
argument rests on the study of the behavior of ground state normalized solutions un-
der an appropriate scaling (see Section 3.3). To some extent, this scaling permits one to
explore the asymptotic behavior of ground state normalized solutions to Schrödinger–
Poisson–Slater system (1.13) as a → 0 by means of solutions to the following semilinear
partial differential equation

−∆u + ω0u = |u|p−2 u in R3,

where ω0 > 0 is a certain constant. Through further calculations in this paper, we
demonstrate that the range of p can be extended from (2, 14

5 ) to (2, 3). Therefore, when
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2 < p < 3 and a > 0 is small enough, by applying the above argument, we obtain the
radial symmetry of the ground state normalized solutions to system (1.5), which extends
the result in [12, Theorem C].

• The proof of Theorem 1.4 is inspired by the results presented in [11, Theorem 1.3], [12,
Theorem D] and [20, Theorem 1.3]. Based on Theorem 1.3 and the Sobolev embedding
H1

r (R
3) ↪→ D1,2

r (R3), we conclude that the set of ground state normalized solutions
{(uκ, ϕκ, λκ)} is a subset of Sr

a ×D1,2
r (R3)× (0, ∞). Moreover, by applying Lemmas 3.6,

3.7, Proposition 3.8 and the Sobolev embedding H1
r (R

3) ↪→↪→ Lp(R3) with p ∈ (2, 6),
we get the limit behavior of radially symmetric ground state normalized solutions to
system (1.5) as κ → 0. In conclusion, our findings supplement and extend the results
presented in [6, 7, 12, 20].

This paper is organized as follows. In Section 1, we state the main results and make some
comments on the proofs of Theorems 1.1–1.4. In section 2, we introduce some preliminary re-
sults, which are crucial to our subsequent arguments. Specifically, in Section 2.2, we establish
some properties of operator −∆ + κ2, which play a crucial role in our subsequent analysis.
Sections 2.3, 2.4 and 2.5 aim at exploring the energy functional, the regularity of solutions,
and the Pohožaev identity respectively. Moreover, in Section 2.6, we present some lemmas
and propositions for the constrained minimization problem (1.8) developed by Bellazzini and
Siciliano [6,7]. Finally, Sections 3.1–3.4 are dedicated to proving Theorems 1.1–1.4 respectively.

We now introduce some notations which will be used in the sequel. Let H1(R3) be the
usual Sobolev space endowed with the standard inner product and norm ∥·∥H1 . H1

r (R
3)

denotes the usual radially symmetric space. Lp(R3) denotes the usual Lebesgue space with
the norm ∥·∥p for 1 ≤ p ≤ ∞. D1,2(R3) denotes the Sobolev space defined as the completion
of C∞

c (R3) with respect to the norm ∥·∥D1,2 := ∥∇·∥2. For any ρ > 0 and x ∈ R3, Bρ(x)
denotes the ball of radius ρ centered at x. As usual, C and Ci (i = 1, 2, 3 . . . ) denote various
positive constants that may change from line to line but are not essential for the analysis of
the problem.

2 Preliminaries

2.1 Some important inequalities

Lemma 2.1 ([35]). Let 2∗ := 2N
N−2 , for any N ≥ 3 and p ∈ [2, 2∗), there exists a constant CN,p

depending on N, p such that the following well-known Gagliardo–Nirenberg inequality holds

∥u∥p
Lp(RN)

≤ Cp
N,p ∥∇u∥pγp

L2(RN)
∥u∥p−pγp

L2(RN)
∀u ∈ H1(RN),

where γp := N(p−2)
2p . In particular, when p = 2∗, the following Sobolev inequality holds

S ∥u∥2
L2∗ (RN) ≤ ∥∇u∥2

L2(RN) ∀u ∈ D1,2(RN), N ≥ 3,

where the constant S is called the best Sobolev constant.

Lemma 2.2 (Hardy–Littlewood–Sobolev inequality [26]). Let p, r > 1 and 0 < λ < N with
1
p +

λ
N + 1

r = 2, and for any f ∈ Lp(RN) and g ∈ Lr(RN), there exists a sharp constant CN,λ,p,r such
that ∣∣∣∣∣

∫
RN

∫
RN

f (x)g(y)

|x − y|λ
dxdy

∣∣∣∣∣ ≤ CN,λ,p,r ∥ f ∥p ∥g∥r .
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Lemma 2.3 ([19,37]). Let α ∈ (0, N), the Riesz potential operator Jα of order α (also referred to as the
fractional integral operator) is defined by

Jα( f )(x) :=
∫

RN

f (y)

|x − y|N−α
dy, x ∈ RN .

When 1 < p < N
α and 1

q = 1
p − α

N , there exists a constant CN,α such that ∥Jα( f )∥q ≤ CN,α ∥ f ∥p for
any f ∈ Lp(RN).

2.2 The operator −∆ + κ2

In the field of electrostatics, by the Gauss’s law (or Poisson equation), for a given charge-
density distribution ρ in R3, the electrostatic potential ϕ satisfies −∆ϕ = ρ. If ρ = 4πδy with
y ∈ R3, where δy denotes Dirac’s delta measure at y, then it is known that the fundamental
solution of −∆ϕ = 4πδy (or Green’s function for −∆) is G(x − y), where G(x) := 1

|x| (see
[26, Theorem 6.20]). Particularly, for the following Poisson–Boltzmann equation

−∆ϕ + κ2 sinh (ϕ) = ρ in R3, (2.1)

where ϕ, κ and ρ are consistent with those in the previous text. According to Section 1.1, when
the surface potential ϕ is small enough, (2.1) can be linearized by the following equation

−∆ϕ + κ2ϕ = ρ in R3.

In particular, when κ > 0 and ρ = 4πδy, we find that Gκ(x − y) is the fundamental solution of
the following equation

−∆ϕ + κ2ϕ = 4πδy in R3,

where

Gκ(x) :=
e−κ|x|

|x| . (2.2)

Namely, Gκ is the Green’s function for −∆ + κ2 (see [2, Table 10.1]), which is also referred to
as the Yukawa potential in three dimension (see [26, Theorem 6.23]).

Lemma 2.4. For any κ > 0, we have Gκ ∈ Lp(R3) with 1 ≤ p < 3, and ∇Gκ ∈ L1(R3). Moreover,
in the sense of distributions, there holds

−∆Gκ(x − y) + κ2Gκ(x − y) = 4πδy, (2.3)

where δy denotes Dirac’s delta measure at y (often written as δ(x − y)).

Proof. By applying spherical coordinate transformation and variable substitution, we deduce
from (2.2) that

∥Gκ∥p
p =

∫
R3

e−κp|x|

|x|p
dx = 4π

∫ ∞

0
r2−pe−κprdr =

4π

(κp)3−p

∫ ∞

0
y(3−p)−1e−ydy

=
4π

(κp)3−p Γ(3 − p),

where Γ(s) represents the Gamma function and thus we obtain that 1 ≤ p < 3. Since

∂Gκ

∂xi
= −

(
κxi

|x|2
+

xi

|x|3

)
e−κ|x|, i = 1, 2, 3 and ∇Gκ = −

(
κx

|x|2
+

x

|x|3

)
e−κ|x|, (2.4)
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it follows from spherical coordinate transformation and integration by parts that

∫
R3

|∇Gκ|dx =
∫

R3

∣∣∣∣∣−
(

κx

|x|2
+

x

|x|3

)∣∣∣∣∣ e−κ|x|dx ≤
∫

R3

κe−κ|x|

|x| dx +
∫

R3

e−κ|x|

|x|2
dx =

8π

κ
< ∞.

To sum up, for any κ > 0, Gκ ∈ Lp(R3) with 1 ≤ p < 3 and ∇Gκ ∈ L1(R3).
Next, from [26, Theorem 6.20] or [11, Lemma 3.3], in order to prove (2.3), let y = 0 and

then we need to show that for any ψ ∈ C∞
c (R3), it holds that

−
∫

R3
Gκ(x − 0)∆ψdx + κ2

∫
R3

Gκ(x − 0)ψdx = 4πψ(0). (2.5)

Since Gκ ∈ L1
loc(R

3), it suffices to show that

lim
r→0+

I(r) = 4πψ(0), (2.6)

where
I(r) := −

∫
|x|>r

Gκ(x − 0)∆ψ dx + κ2
∫
|x|>r

Gκ(x − 0)ψ dx.

Since ψ has compact support, we consider the annulus A := {x ∈ R3 : r < |x| < R} for R
large enough. Since −∆Gκ + κ2Gκ = 0 in A, by applying a standard integration by parts, we
have

I(r) = −
∫

A
Gκ∆ψ dx + κ2

∫
A

Gκψ dx

=
∫

A
∇Gκ∇ψ dx −

∫
|x|=r

Gκ∇ψ · ν dS + κ2
∫

A
Gκψ dx

= −
∫

A
ψ∆Gκ dx +

∫
|x|=r

ψ∇Gκ · ν dS −
∫
|x|=r

Gκ∇ψ · ν dS + κ2
∫

A
Gκψ dx

=
∫

A
ψ
(
−∆Gκ + κ2Gκ

)
dx +

∫
|x|=r

ψ∇Gκ · ν dS −
∫
|x|=r

Gκ∇ψ · ν dS

=
∫
|x|=r

ψ∇Gκ · ν dS −
∫
|x|=r

Gκ∇ψ · ν dS := I1(r)− I2(r),

where ν is the unit outward normal to A and S is the unit sphere in R3. When considering
I1(r) on the sphere |x| = r, it follows from (2.4) that ∇Gκ · ν = κr+1

r2 e−κr. Since ψ is continuous,
we get

I1(r) =
∫
|x|=r

ψ∇Gκ · ν dS =
∫

S1

ψ(rσ)(κr + 1)e−κr dσ → 4πψ(0) as r → 0+,

where σ represents a unit vector on the unit sphere surface S1.
As for I2(r), since ψ has compact support, there exists some constant C1 > 0 such that

|∇ψ · ν| ≤ C1. Moreover,
∣∣∣|x|2 Gκ

∣∣∣ < |x|
1
2 when |x| is small enough. Thus,

|I2(r)| =
∣∣∣∣∫|x|=r

Gκ∇ψ · ν dS
∣∣∣∣ ≤ ∫

|x|=r
|Gκ| |∇ψ · ν|dS ≤ 4πC1r

1
2 → 0 as r → 0+.

Namely, (2.6) has been verified and then (2.3) holds.

Lemma 2.5. For any κ > 0, if Gκ,∇Gκ ∈ L1(R3) and f ∈ Lp(R3) with 1 ≤ p ≤ ∞, the following
conclusions hold:
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(i) The function y 7→ Gκ(x − y) f (y) is integrable on R3. Moreover, let

ϕ(x) := (Gκ ∗ f ) (x) =
∫

R3

e−κ|x−y|

|x − y| f (y)dy. (2.7)

Then for any 1 ≤ p ≤ ∞, there holds

ϕ ∈ Lp(R3) and ∥ϕ∥p = ∥Gκ ∗ f ∥p ≤ ∥Gκ∥1 ∥ f ∥p .

(ii) In the sense of distributions, ϕ solves

−∆ϕ + κ2ϕ = 4π f in D′(R3), (2.8)

where D′(R3) denotes the dual space of C∞
c (R3). Moreover, ϕ has a distributional derivative,

which is given by

∂iϕ(x) =
∫

R3

∂Gκ(x − y)
∂xi

f (y)dy, i = 1, 2, 3, (2.9)

and ∇ϕ =
∫

R3 ∇Gκ(x − y) f (y)dy ∈ Lp(R3) with 1 ≤ p ≤ ∞.

Proof. (i) For any κ > 0, it follows from Lemma 2.4 that Gκ ∈ L1(R3). Therefore, from
[3, Theorem 4.15], it follows that (2.7) is well defined for almost everywhere x ∈ R3. Moreover,
ϕ ∈ Lp(R3) and ∥ϕ∥p = ∥Gκ ∗ f ∥p ≤ ∥Gκ∥1 ∥ f ∥p with 1 ≤ p ≤ ∞.

(ii) To verify (2.8), we need to show that for any ψ ∈ C∞
c (R3), it holds that

−
∫

R3
ϕ∆ψ dx + κ2

∫
R3

ϕψ dx = 4π
∫

R3
f ψ dx. (2.10)

First, let F(x, y) := Gκ(x − y) f (y)∆ψ(x). Since Gκ ∈ L1(R3), f ∈ Lp(R3) with 1 ≤ p ≤ ∞,
and ψ ∈ C∞

c (R3), we deduce that F ∈ L1 (R3 × R3). Next, by substituting (2.7) into the first
integral of (2.10) and applying Fubini’s theorem, we deduce that

−
∫

R3
ϕ∆ψ dx =

∫
R3

f (y)
(
−
∫

R3
Gκ(x − y)∆ψ(x)dx

)
dy. (2.11)

It follows from (2.5) that

−
∫

R3
Gκ(x − y)∆ψ(x)dx = −κ2

∫
R3

Gκ(x − y)ψ(x)dx + 4πψ(y). (2.12)

By substituting (2.12) into (2.11), it follows that

−
∫

R3
ϕ∆ψ dx = −κ2

∫
R3

f (y)
(∫

R3
Gκ(x − y)ψ(x)dx

)
dy + 4π

∫
R3

f (y)ψ(y)dy. (2.13)

Next, substituting (2.7) into the second integral of (2.10) and applying Fubini’s theorem once
again, we have

κ2
∫

R3
ϕψ dx = κ2

∫
R3

f (y)
(∫

R3
Gκ(x − y)ψ(x)dx

)
dy. (2.14)

Combining (2.13) and (2.14), we have

−
∫

R3
ϕ∆ψ dx + κ2

∫
R3

ϕψ dx = 4π
∫

R3
f (y)ψ(y)dy = 4π

∫
R3

f ψ dx,
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thus, (2.10) holds, namely, (2.8) holds true.
To prove (2.9), we start from the definition of distributional derivative. For any test func-

tion ψ ∈ C∞
c (R3), we have that the distributional derivative ∂iϕ(x) satisfies∫

R3
∂iϕ(x)ψ(x)dx = −

∫
R3

ϕ(x)∂iψ(x)dx, i = 1, 2, 3. (2.15)

Since Gκ ∈ L1(R3) and f ∈ Lp(R3) with 1 ≤ p ≤ ∞, by substituting (2.7) into the right side of
(2.15) and applying Fubini’s theorem, it follows that

−
∫

R3
ϕ(x)∂iψ(x)dx = −

∫
R3

f (y)
(∫

R3
Gκ(x − y)∂iψ(x)dx

)
dy. (2.16)

Thus, according to (2.16), by applying integration by parts to
∫

R3 Gκ(x − y)∂iψ(x)dx and the
fact that Gκ(x − y)ψ(x) vanishes as x goes to infinity due to the compact support of ψ, we
infer that ∫

R3
Gκ(x − y)∂iψ(x)dx = −

∫
R3

ψ(x)
∂Gκ(x − y)

∂xi
dx,

and

−
∫

R3
ϕ(x)∂iψ(x)dx =

∫
R3

f (y)
(∫

R3
ψ(x)

∂Gκ(x − y)
∂xi

dx
)

dy.

Since ∇Gκ ∈ L1(R3), we have ∂Gκ(x−y)
∂xi

∈ L1(R3). Then, it follows from Fubini’s theorem and
(2.15) that∫

R3
∂iϕ(x)ψ(x)dx = −

∫
R3

ϕ(x)∂iψ(x)dx =
∫

R3

(∫
R3

∂Gκ(x − y)
∂xi

f (y)dy
)

ψ(x)dx,

which shows that

∂iϕ(x) =
∫

R3

∂Gκ(x − y)
∂xi

f (y)dy,

namely, (2.9) holds true and this completes the proof.

Lemma 2.6. For any u ∈ H1(R3) and κ > 0, the following conclusions hold:

(i) There exists a unique ϕu ∈ H1(R3) solving the following equation

−∆ϕ + κ2ϕ = 4πu2 (2.17)

in the weak sense. Moreover, there exists some constant C > 0 such that ∥ϕu∥H1 ≤ C ∥u∥2
H1 .

(ii) Let Φ : H1(R3) → H1(R3) be the mapping defined by Φ(u) := ϕu. Then Φ maps bounded sets
into bounded sets. Moreover, Φ is continuous.

(iii) When 1 ≤ p ≤ 3, it holds that

ϕu :=
(
Gκ ∗ u2) (x) =

∫
R3

e−κ|x−y|

|x − y| u2(y)dy ∈ Lp(R3)

and
∇ϕu :=

(
∇Gκ ∗ u2) (x) =

∫
R3

∇Gκ(x − y)u2(y)dy ∈ Lp(R3).

Moreover, ∥ϕu∥2 ≤ C ∥u∥2
4 and

∫
R3 ϕuu2dx ≤ C ∥u∥4

4.
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(iv) If u ∈ H1
r (R

3), then ϕu ∈ H1
r (R

3). For any θ > 0, ϕθu = θ2ϕu and ϕu(·+z)(x) = ϕu(x + z).

(v) If {un} is bounded in H1(R3) and un ⇀ u in H1(R3) as n → ∞, then, there exists a unique
ϕu ∈ H1(R3) solving (2.17) in the weak sense such that, up to a subsequence, ϕun ⇀ ϕu in
H1(R3),

∥ϕun∥
2
2 = ∥ϕun − ϕu∥2

2 + ∥ϕu∥2
2 + on(1)

and
∥∇ϕun∥

2
2 = ∥∇ϕun −∇ϕu∥2

2 + ∥∇ϕu∥2
2 + on(1).

Furthermore, for any ψ ∈ H1(R3), the following holds

lim
n→∞

∫
R3

ϕun unψ dx =
∫

R3
ϕuuψ dx. (2.18)

Proof. (i) For any given u ∈ H1(R3), define a linear functional Lu(v) : H1(R3) → R by

Lu(v) := 4π
∫

R3
u2v dx.

Then, from the continuous Sobolev embedding H1(R3) ↪→ L4(R3), we have

|Lu(v)| = 4π

∣∣∣∣∫
R3

u2v dx
∣∣∣∣ ≤ C ∥u∥2

4 ∥v∥2 ≤ C ∥u∥2
H1 ∥v∥H1 < ∞.

Hence, Lu(v) is continuous in H1(R3). Now we define the following inner product ⟨u, v⟩ on
H1(R3)

⟨u, v⟩ :=
∫

R3
∇u∇v dx + κ2

∫
R3

uv dx.

Then, from Lemma 2.5 and the Riesz representation theorem, for every v ∈ H1(R3), there
exists a unique ϕu ∈ H1(R3) satisfying∫

R3
∇ϕu∇v dx + κ2

∫
R3

ϕuv dx = 4π
∫

R3
u2v dx,

which exactly means that ϕu solves (2.17) in the weak sense. In particular, let v = ϕu in the
above equation, from Hölder’s inequality, Lemma 2.5-(i) and Sobolev embedding theorem,
we have that

∥∇ϕu∥2
2 + κ2 ∥ϕu∥2

2 = 4π
∫

R3
ϕuu2 dx ≤ 4π ∥ϕu∥2

∥∥u2∥∥
2 ≤ 4π ∥Gκ∥1 ∥u∥4

4 ≤ C ∥u∥4
H1 ,

which implies that there exists some constant C > 0 such that ∥ϕu∥H1 ≤ C ∥u∥2
H1 .

(ii) Let {un} be any bounded sequence in H1(R3). Then there exists M > 0 such that
for all n ∈ N+, it holds that ∥un∥H1 ≤ M. Thus, according to (i), we have ∥Φ(un)∥H1 =

∥ϕun∥H1 ≤ CM2, namely, Φ : H1(R3) → H1(R3) maps bounded sets into bounded sets.
Next, we claim that if un → u in H1(R3) as n → ∞, then Φ(un) → Φ(u) in H1(R3)

as n → ∞. Indeed, according to (i), we conclude that both Φ(un) = ϕun ∈ H1(R3) and
Φ(u) = ϕu ∈ H1(R3) solve (2.17) in the weak sense. Therefore, for any v ∈ H1(R3), it holds
that ∫

R3
∇Φ(un)∇v dx + κ2

∫
R3

Φ(un)v dx = 4π
∫

R3
u2

nv dx

and ∫
R3

∇Φ(u)∇v dx + κ2
∫

R3
Φ(u)v dx = 4π

∫
R3

u2v dx.
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Subtracting the above two equations, we deduce that∫
R3

(∇Φ(un)−∇Φ(u))∇v dx + κ2
∫

R3
(Φ(un)− Φ(u)) v dx = 4π

∫
R3

(
u2

n − u2) v dx.

Let v = Φ(un)− Φ(u). Then we have

C ∥Φ(un)− Φ(u)∥2
H1 ≤ ∥∇ (Φ(un)− Φ(u))∥2

2 + κ2 ∥Φ(un)− Φ(u)∥2
2

= 4π
∫

R3

(
u2

n − u2) (Φ(un)− Φ(u))dx.

Since un → u in H1(R3) as n → ∞ and Φ(un), Φ(u) ∈ H1(R3), from Hölder’s inequality and
Sobolev’s embedding theorem, we infer that∣∣∣∣∫

R3

(
u2

n − u2) (Φ(un)− Φ(u))dx
∣∣∣∣

≤
∫

R3
|un + u| |un − u| |Φ(un)|dx +

∫
R3

|un + u| |un − u| |Φ(u)|dx

≤C ∥un + u∥4 ∥un − u∥4 ∥Φ(un)∥2 + C ∥un + u∥4 ∥un − u∥4 ∥Φ(u)∥2

≤C ∥un + u∥4 ∥un − u∥H1 ∥Φ(un)∥2 + C ∥un + u∥4 ∥un − u∥H1 ∥Φ(u)∥2 → 0

as n → ∞. Then ∥Φ(un)− Φ(u)∥2
H1 → 0, namely, Φ(un) → Φ(u) in H1(R3) as n → ∞.

(iii) Fix u ∈ H1(R3), from Lemma 2.5 and conclusion (i), we have that ϕu,∇ϕu ∈ Lp(R3)

with 1 ≤ p ≤ 3. Moreover, from Lemma 2.5-(i) and the fact that ∥Gκ∥1 = 4π
κ2 , we deduce that

∥ϕu∥2 ≤ ∥Gκ∥1

∥∥u2∥∥
2 =

4π

κ2 ∥u∥2
4 ≤ C ∥u∥2

4 .

Then, from Hölder’s inequality, we have∫
R3

ϕuu2dx ≤ ∥ϕu∥2

∥∥u2∥∥
2 ≤ 4π

κ2 ∥u∥4
4 ≤ C ∥u∥4

4 .

(iv) It is only necessary to check that if u ∈ H1
r (R

3), then ϕu ∈ H1
r (R

3). Let u ∈ H1
r (R

3),
and let O(3) denote the three-dimensional orthogonal group. Then for any A ∈ O(3) and x,
y ∈ R3, it holds that |Ax| = |x| and |Ax − Ay| = |x − y|. Thus, we get that ϕu(Ax) = ϕu(x)
by applying a change of variable in the integrals.

(v) Since {un} is bounded in H1(R3) and un ⇀ u in H1(R3), then, up to a subsequence,
un → u in Lr

loc(R
3) with r ∈ [1, 6) and un(x) → u(x) a.e. in R3 as n → ∞. Since {ϕun}

is bounded in H1(R3) from (ii), there exists ϕ̄u ∈ H1(R3) such that, up to a subsequence,
ϕun ⇀ ϕ̄u in H1(R3), ϕun → ϕ̄u in Lr

loc(R
3) with r ∈ [1, 6) and ϕun → ϕ̄u a.e. in R3. Next, we

claim that ϕ̄u = ϕu. Indeed, for any ψ ∈ C∞
c (R3), it holds that∫

R3
∇ϕun∇ψ dx + κ2

∫
R3

ϕun ψ dx = 4π
∫

R3
u2

nψ dx.

Since ∇ϕun ⇀ ∇ϕ̄u in L2(R3) and ∇ψ ∈ L2(R3), we infer that∫
R3

∇ϕun∇ψ dx →
∫

R3
∇ϕ̄u∇ψ dx.

From ϕun → ϕ̄u, un → u in Lr
loc(R

3) with r ∈ [1, 6), ψ ∈ C∞
c (R3) and Hölder’s inequality, we

have ∣∣∣∣∫
R3

(ϕun − ϕ̄u)ψ dx
∣∣∣∣ ≤ ∫

supp ψ
|(ϕun − ϕ̄u)ψ| dx ≤ ∥ϕun − ϕ̄u∥L2(supp ψ) ∥ψ∥2 → 0
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and ∣∣∣∣∫
R3

(
u2

n − u2)ψ dx
∣∣∣∣ ≤ ∫

supp ψ

∣∣(u2
n − u2)ψ

∣∣ dx

≤ ∥un + u∥L4(supp ψ) ∥un − u∥L4(supp ψ) ∥ψ∥2 → 0

as n → ∞. Therefore, it holds that

∫
R3

∇ϕ̄u∇ψ dx + κ2
∫

R3
ϕ̄uψ dx = 4π

∫
R3

u2ψ dx,

which implies that ϕ̄u solves (2.17) in the weak sense. By the uniqueness of the solution to
(2.17) according to (i), we have ϕ̄u = ϕu. Thus, it follows from ϕu ∈ H1(R3) that, up to a
subsequence, ϕun ⇀ ϕu in H1(R3), ϕun → ϕu in Lr

loc(R
3) with r ∈ [1, 6) and ϕun → ϕu a.e. in

R3.

We claim that up to a subsequence, ∇ϕun → ∇ϕu a.e. in R3 as n → ∞. Indeed, it follows
from (iii) that

∇ϕu =
∫

R3
∇Gκ(x − y)u2(y)dy.

Thus, from (2.4), we infer that

|∇ϕun −∇ϕu| =
∣∣∣∣∫

R3

(
u2

n(y)− u2(y)
)
∇Gκ(x − y)dy

∣∣∣∣
≤
∫

R3

∣∣u2
n(y)− u2(y)

∣∣ ∣∣∣∣∣κ x − y

|x − y|2
+

x − y

|x − y|3

∣∣∣∣∣ e−κ|x−y|dy

≤
∫

R3

∣∣u2
n(y)− u2(y)

∣∣ κe−κ|x−y|

|x − y| dy +
∫

R3

∣∣u2
n(y)− u2(y)

∣∣ e−κ|x−y|

|x − y|2
dy

=: J1
n + J2

n.

Let R ≥ 1. By Hölder’s inequality and the facts that e−t ≤ 1 and et ≥ t2

2 for t ≥ 0, we deduce
that

J1
n ≤ ∥un + u∥L4(BR(x)) ∥un − u∥L4(BR(x))

(∫
|y−x|≤R

κ2e−2κ|x−y|

|x − y|2
dy

) 1
2

+ ∥un + u∥L4(Bc
R(x)) ∥un − u∥L4(Bc

R(x))

(∫
|y−x|≥R

κ2

|x − y|2 e2κ|x−y|
dy

) 1
2

≤ ∥un + u∥L4(R3) ∥un − u∥L4(BR(x))

(∫
|y−x|≤R

κ2

|x − y|2
dy

) 1
2

+ ∥un + u∥L4(R3) ∥un − u∥L4(Bc
R(x))

(∫
|y−x|≥R

1

2 |x − y|4
dy

) 1
2
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and

J2
n =

∫
|y−x|≤R

∣∣u2
n(y)− u2(y)

∣∣ e−κ|x−y|

|x − y|2
dy +

∫
|y−x|≥R

∣∣u2
n(y)− u2(y)

∣∣ e−κ|x−y|

|x − y|2
dy

≤
∫
|y−x|≤R

|un(y) + u(y)|
|x − y|

|un(y)− u(y)|
|x − y| dy

+
∫
|y−x|≥R

|un(y) + u(y)| |un(y)− u(y)| e−κ|x−y|

|x − y| dy

≤
(∫

|y−x|≤R
(|un(y)|+ |u(y)|)2 1

|x − y|2
dy

) 1
2
(∫

|y−x|≤R
|un(y)− u(y)|2 1

|x − y|2
dy

) 1
2

+ ∥un + u∥L4(Bc
R(x)) ∥un − u∥L4(Bc

R(x))

(∫
|y−x|≥R

1

|x − y|2 e2κ|x−y|
dy

) 1
2

≤ C(R)
(
∥un∥L2(R3) + ∥u∥L2(R3)

)
∥un − u∥L2(BR(x))

+ ∥un + u∥L4(R3) ∥un − u∥L4(Bc
R(x))

(∫
|y−x|≥R

1

2κ2 |x − y|4
dy

) 1
2

.

Fix R, then let n → ∞, and subsequently let R → ∞, since un → u in Lr
loc(R

3) with r ∈ [1, 6),
we conclude that both J1

n → 0 and J2
n → 0. Thus, ∇ϕun → ∇ϕu a.e. in R3 as n → ∞.

Since {ϕun} is bounded in H1(R3), ϕu ∈ H1(R3) and ϕun → ϕu a.e. in R3 as n → ∞, from
Brezis–Lieb lemma ([36, Lemma 1.32]), we deduce that

∥ϕun∥
2
2 = ∥ϕun − ϕu∥2

2 + ∥ϕu∥2
2 + on(1) and ∥∇ϕun∥

2
2 = ∥∇ϕun −∇ϕu∥2

2 + ∥∇ϕu∥2
2 + on(1).

Finally, for any ψ ∈ C∞
c (R3), we infer that∣∣∣∣∫

R3
(ϕun unψ − ϕuuψ) dx

∣∣∣∣ ≤ ∫
R3

|(ϕun − ϕu) unψ|dx +
∫

R3
|ϕu (un − u)ψ|dx

≤ ∥ϕun − ϕu∥L4(supp ψ) ∥un∥4 ∥ψ∥2 + ∥ϕu∥2 ∥un − u∥L4(supp ψ) ∥ψ∥4

→ 0

as n → ∞, namely, (2.18) holds since C∞
c (R3) is dense in H1(R3).

2.3 The functional setting

It is easy to see that the critical points (u, ϕ) of the C1 functional

F(u, ϕ) :=
1
2
∥∇u∥2

2 +
1
2

∫
R3

ϕu2dx − 1
16π

∥∇ϕ∥2
2 −

κ2

16π
∥ϕ∥2

2 −
1
p
∥u∥p

p

on H1(R3)× H1(R3) restricted to the sphere Sa are the weak solutions of system (1.5). Since
the constrained functional F|Sa is strongly unbounded from below and above, the usual tech-
niques of the critical point theory cannot be used directly. To deal with this issue, we shall
reduce the functional F to another functional I depending on the single variable u, following
a procedure introduced by Benci and Fortunato in [5] for this kind of problem.

From Lemma 2.6, we find that system (1.5) can be written as the following nonlocal equa-
tion on the constraint Sa

−∆u + λu + ϕuu = |u|p−2 u in R3,
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where ϕu = e−κ|x|

|x| ∗ u2 ∈ H1(R3). By multiplying the second equation of (1.5) by 1
16π ϕu and

integrating in R3, we obtain that

1
16π

∥∇ϕu∥2
2 +

κ2

16π
∥ϕu∥2

2 =
1
4

∫
R3

ϕuu2dx.

Then, by substituting the above equation into F(u, ϕ), we obtain the energy functional

I(u) :=
1
2
∥∇u∥2

2 +
1
4

∫
R3

ϕuu2dx − 1
p
∥u∥p

p

with the constraint Sa. Obviously, I is well defined and is of class C1 in H1(R3). Then, for any
φ ∈ H1(R3), we have〈

I′(u), φ
〉
=
∫

R3
∇u∇φ dx +

∫
R3

ϕuuφ dx −
∫

R3
|u|p−2 uφ dx.

Hence, the critical point (u, ϕ) of F|Sa is equivalent to the critical point u of I|Sa .

2.4 The regularity of solutions

We remark here that the weak solutions are classical solutions. Indeed, let (u, ϕu) ∈ H1(R3)×
H1(R3) be a weak solution of system (1.5), namely, u and ϕu satisfy (1.6). From (1.6) and
the fact that ϕu ∈ Lp(R3) with 1 ≤ p ≤ 3, it follows that u ∈ W2,2

loc (R
3) by applying Sobolev

embedding theorem and Lp estimates (see [14, Theorem 9.9]). By reapplying Sobolev em-
bedding theorem to u, we conclude that u ∈ C0,α

loc(R
3) with 0 < α ≤ 1

2 . Similarly, we have
ϕu ∈ W2,3

loc (R
3), and thus ϕu ∈ C0,α

loc(R
3) with 0 < α ≤ 1 − 3

p , p > 3. Therefore, from (1.6) and

Schauder estimates (see [34, Theorem B.1]), we get that u, ϕu ∈ C2,α
loc(R

3).

2.5 The Pohožaev identity

The following lemma presents two forms of the Pohožaev identity of system (1.5), which are
widely used in the study of the fixed mass problem.

Lemma 2.7. Let 2 < p < 6 and a, κ > 0. Then, for any nontrivial solution (u, ϕu) ∈ H1(R3)×
H1(R3) of system (1.5), the following two Pohožaev identities

1
2
∥∇u∥2

2 +
3
2

λ ∥u∥2
2 +

5
4

∫
R3

ϕuu2dx − κ

4

∫
R3

∫
R3

e−κ|x−y|u2(x)u2(y)dxdy − 3
p
∥u∥p

p = 0 (2.19)

and

P(u) := ∥∇u∥2
2 +

1
4

∫
R3

ϕuu2dx +
κ

4

∫
R3

∫
R3

e−κ|x−y|u2(x)u2(y)dxdy − 3(p − 2)
2p

∥u∥p
p = 0

(2.20)
hold, where ϕu is defined in Lemma 2.6-(iii).

Proof. For any nontrivial solution (u, ϕu) ∈ H1(R3)× H1(R3) of system (1.5), we have

∥∇u∥2
2 + λ ∥u∥2

2 +
∫

R3
ϕuu2dx − ∥u∥p

p = 0 (2.21)

and
∥∇ϕu∥2

2 + κ2 ∥ϕu∥2
2 = 4π

∫
R3

ϕuu2dx. (2.22)
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We claim that u satisfies (2.19). Indeed, if (u, ϕu) solves system (1.5), from Section 2.4, we have
u, ϕu ∈ C2(BR), where BR is an arbitrary ball in R3 centered at the origin with radius R. Thus,
from [11, Appendix A.3], we deduce that∫

BR

−∆u (x · ∇u)dx = −1
2

∫
BR

|∇u|2 dx − 1
R

∫
∂BR

|x · ∇u|2 dσ +
R
2

∫
∂BR

|∇u|2 dσ,

∫
BR

ϕuu (x · ∇u)dx = −1
2

∫
BR

u2 (x · ∇ϕu)dx − 3
2

∫
BR

ϕuu2dx +
R
2

∫
∂BR

ϕuu2dσ,∫
BR

u (x · ∇u)dx = −3
2

∫
BR

u2dx +
R
2

∫
∂BR

u2dσ,

and ∫
BR

|u|p−2 u (x · ∇u)dx = − 3
p

∫
BR

|u|p dx +
R
p

∫
∂BR

|u|p dσ,

where dσ represents the surface area element on the sphere ∂BR.
By multiplying the first equation of system (1.5) by x · ∇u, multiplying the second equation

by x · ∇ϕu, and integrating over BR, and according to the above four equations, we get

− 1
2

∫
BR

|∇u|2 dx − 1
R

∫
∂BR

|x · ∇u|2 dσ +
R
2

∫
∂BR

|∇u|2 dσ − 3
2

λ
∫

BR

u2dx +
R
2

λ
∫

∂BR

u2dσ

− 1
2

∫
BR

u2 (x · ∇ϕu)dx − 3
2

∫
BR

ϕuu2dx +
R
2

∫
∂BR

ϕuu2dσ

= − 3
p

∫
BR

|u|p dx +
R
p

∫
∂BR

|u|p dσ (2.23)

and

4π
∫

BR

u2 (x · ∇ϕu)dx =
∫

BR

−∆ϕu (x · ∇ϕu)dx + κ2
∫

BR

ϕu (x · ∇ϕu)dx

= −1
2

∫
BR

|∇ϕu|2 dx − 1
R

∫
∂BR

|x · ∇ϕu|2 dσ +
R
2

∫
∂BR

|∇ϕu|2 dσ

− 3
2

κ2
∫

BR

ϕ2
u dx +

R
2

κ2
∫

∂BR

ϕ2
u dσ. (2.24)

Substituting (2.24) into (2.23), we obtain that

− 1
2

∫
BR

|∇u|2 dx +
1

16π

∫
BR

|∇ϕu|2 dx +
3κ2

16π

∫
BR

ϕ2
u dx

− 3
2

λ
∫

BR

u2dx − 3
2

∫
BR

ϕuu2dx +
3
p

∫
BR

|u|p dx

=
1
R

∫
∂BR

(
|x · ∇u|2 − 1

8π
|x · ∇ϕu|2

)
dσ − R

2

∫
∂BR

(
|∇u|2 + λu2 + ϕuu2 − 1

8π
|∇ϕu|2

)
dσ

+
R

16π
κ2
∫

∂BR

ϕ2
udσ +

R
p

∫
∂BR

|u|p dσ.

Now, let R = Rn with Rn → ∞ as n → ∞. Then, we have that BRn → R3 and the right-hand
side of the above equation tends to zero as n → ∞. Thus, we get that

1
2

∫
R3

|∇u|2 dx − 1
16π

∫
R3

|∇ϕu|2 dx − 3κ2

16π

∫
R3

ϕ2
udx

+
3
2

λ
∫

R3
u2dx +

3
2

∫
R3

ϕuu2dx − 3
p

∫
R3

|u|p dx = 0.
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Then, by inserting (2.22) into the above equation, we infer that

1
2
∥∇u∥2

2 +
3
2

λ ∥u∥2
2 +

5
4

∫
R3

ϕuu2dx − κ2

8π
∥ϕu∥2

2 −
3
p
∥u∥p

p = 0. (2.25)

For the convenience of subsequent calculations, we will adopt the method in [11, Appendix
A.2] to transform ∥ϕu∥2

2 in (2.25) into another form. For any f ∈ L1(R3), we define the
following Fourier transform

F [ f ] (x) :=
1

(2π)
3
2

∫
R3

e−ix·y f (y)dy.

For any f , g ∈ L2(R3), it holds that

F [ f ∗ g] = (2π)
3
2 F [ f ]F [g] and

∫
R3

F [ f ]F [g] dx =
∫

R3
f g dx.

Moreover, when f ∈ L1(R3) ∩ L2(R3), it follows from [26, Theorem 5.3] that F [ f ] ∈ L2(R3)

and ∥F [ f ]∥2
2 = ∥ f ∥2

2. Since

F
[
e−κ|·|

]
(x) =

√
2
π

2κ(
κ2 + |x|2

)2 and F [Gκ] (x) = F
[

e−κ|·|

|·|

]
(x) =

√
2
π

1

κ2 + |x|2
,

we have

F [Gκ ∗ Gκ] = (2π)
3
2 F [Gκ]F [Gκ] =

4
√

2π(
κ2 + |x|2

)2 and (Gκ ∗ Gκ) (x) =
2π

κ
e−κ|x|.

Since ϕu ∈ Lp(R3) with 1 ≤ p ≤ 3, we conclude that

κ2

8π
∥ϕu∥2

2 =
κ2

8π

∫
R3

|F [ϕu]|2 dx =
κ2

8π
(2π)

3
2

∫
R3

F
[
u2]F [Gκ]F [ϕu] dx

=
κ2

8π

∫
R3

F
[
u2]F [Gκ ∗ ϕu] dx =

κ2

8π

∫
R3

(
(Gκ ∗ Gκ) ∗ u2) u2 dx

=
κ

4

∫
R3

∫
R3

e−κ|x−y|u2(x)u2(y)dxdy.

Then by substituting the above result into (2.25), we obtain (2.19), and thus (2.20) follows from
(2.19) and (2.21). This completes the proof of Lemma 2.7.

2.6 The abstract minimization problem

In [6] and [7], Bellazzini and Siciliano developed an abstract framework to prove the existence
of solutions to constrained minimization problems. We shall follow this framework in our
proofs of Theorems 1.1 and 1.2. Next, we define the following functionals which will be
frequently used in subsequent results:

A(u) := ∥∇u∥2
2 , B(u) :=

∫
R3

ϕuu2dx, C(u) := ∥u∥p
p , T(u) :=

1
4

B(u)− 1
p

C(u).

For any u ∈ H1(R3), β ∈ R and θ > 0, we define uθ ∈ H1(R3) as the scaling

uθ(x) := θ1− 3
2 βu

( x
θβ

)
for a.e. x ∈ R3 (2.26)

such that
∥∥uθ
∥∥

2 = θ ∥u∥2. Then, the following proposition is a corollary of [6, Theorem 2.1].
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Proposition 2.8. If 2 < p < 3, let T be a C1 functional on H1(R3) and let {un} ⊂ Sa be a minimizing
sequence for Ia2 such that, up to a subsequence, un ⇀ ū in H1(R3) as n → ∞ with ū ∈ H1(R3)\ {0}.
Assume a, κ > 0 and the following conditions are satisfied.

(i) If 0 < µ < a, then Ia2 ≤ Iµ2 + Ia2−µ2 .

(ii) For all a > 0, −∞ < Ia2 < 0 with I(0) = 0.

(iii) The function a 7→ Ia2 is continuous and Ia2 /a2 → 0 as a → 0+.

(iv) Let αn :=
(
a2 − ∥ū∥2

2
)
∥un − ū∥−2

2 , then the functional T satisfies

T(un − ū) + T(ū) = T(un) + on(1) (2.27)

and
T (αn(un − ū))− T(un − ū) = on(1). (2.28)

Then, for every a > 0, the set M(a) is nonempty, where

M(a) :=
⋃

µ∈(0,a]

{
u ∈ Sµ : I(u) = Iµ2 = inf

u∈Sµ

I(u)
}

.

If we suppose further that for any u ∈ M(a), there exists β ∈ R such that for any θ > 0,

hu
β(θ) := I(uθ)− θ2 I(u)

is differentiable and
(
hu

β

)′
(1) ̸= 0, then, for any µ ∈ (0, a), the function µ 7→ Iµ2 /µ2 is monotone

decreasing. Thus, for any µ ∈ (0, a), the following strong subadditivity inequality holds

Ia2 =
µ2

a2 Ia2 +
a2 − µ2

a2 Ia2 < Iµ2 + Ia2−µ2 . (2.29)

Therefore, it follows that ū ∈ Sa and I(ū) = Ia2 = infu∈Sa I(u) < 0.
If we suppose further that 〈

T′(un), un
〉
= On(1) (2.30)

and 〈
T′(un)− T′(um), un − um

〉
= on(1) as n, m → ∞, (2.31)

then, ∥un − ū∥H1 → 0 as n → ∞.

Proposition 2.9 ([6, Lemma 2.1]). Let 3 < p < 10
3 , a, κ > 0 and µ := ∥ū∥2 ∈ (0, a]. Suppose

that {un} ⊂ Sa is a minimizing sequence for Ia2 such that, up to a subsequence, un ⇀ ū in H1(R3)

as n → ∞ with ū ∈ H1(R3)\ {0}, and let T : H1(R3) → R be a C1 functional satisfying (2.27)–
(2.29), then ū ∈ Sa and I(ū) = Ia2 . If we further assume that (2.30) and (2.31) also hold, then,
∥un − ū∥H1 → 0 as n → ∞.

After introducing the above abstract framework, we now state some results showing how
this framework applies to the minimization problem (1.8).

Lemma 2.10. Assume that 2 < p < 10
3 and a, κ > 0, then the functional I is coercive and bounded

from below on Sa. Moreover, it holds that Ia2 = infu∈Sa I(u) ∈ (−∞, 0].
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Proof. For any u ∈ Sa, it follows from 3(p−2)
2 < 2 and Lemma 2.1 that

I(u) =
1
2
∥∇u∥2

2 +
1
4

∫
R3

ϕuu2dx − 1
p
∥u∥p

p ≥ 1
2
∥∇u∥2

2 −
Cp

3,pa
6−p

2

p
∥∇u∥

3(p−2)
2

2 ,

which implies that I is coercive on Sa and then I is bounded from below on Sa, namely,
Ia2 := infSa I(u) > −∞. Moreover, for any u ∈ Sa and t > 0, let ut(x) := t

3
2 u(tx) for a.e.

x ∈ R3. Then it holds that ut ∈ Sa and

Ia2 ≤ I(ut) =
t2

2
∥∇u∥2

2 +
t
4

∫
R3

∫
R3

e−
κ
t |x−y|

|x − y| u2(x)u2(y)dxdy − t
3(p−2)

2

p
∥u∥p

p

≤ t2

2
∥∇u∥2

2 +
t
4

∫
R3

∫
R3

1
|x − y|u

2(x)u2(y)dxdy − t
3(p−2)

2

p
∥u∥p

p → 0 as t → 0.

Hence, when 2 < p < 10
3 , it holds that Ia2 ∈ (−∞, 0] for any a > 0.

Lemma 2.11. If 2 < p < 10
3 and κ > 0, then I satisfies the following weak subadditivity inequality

Ia2 ≤ Iµ2 + Ia2−µ2 for any 0 < µ < a.

Proof. Now argue as in the [15, Lemma 3.1], and we complete the proof.

Lemma 2.12. For any κ > 0, we have

(i) If 2 < p < 3, then there exists a0 > 0 such that Ia2 < 0 for any a ∈ (0, a0). Moreover, it holds
that Ia2 < 0 for any a > 0.

(ii) If 3 < p < 10
3 , then there exists a1 > 0 such that Ia2 < 0 for any a ∈ (a1, ∞).

Proof. From (2.26), we have uθ(x) := θ1− 3
2 βu
( x

θβ

)
for a.e. x ∈ R3, where u ∈ H1(R3), β ∈ R

and θ > 0. Then, from direct calculations, we get that
∥∥uθ
∥∥

2 = θ ∥u∥2 and

A(uθ) =
∥∥∥∇uθ

∥∥∥2

2
= θ2−2β A(u), C(uθ) =

∥∥∥uθ
∥∥∥p

p
= θ(1− 3

2 β)p+3βC(u),

B(uθ) = θ4−β
∫

R3

∫
R3

e−κθβ|x−y|

|x − y| u2(x)u2(y)dxdy < θ4−β
∫

R3

∫
R3

1
|x − y|u

2(x)u2(y)dxdy.

(i) When 2 < p < 3, fix u ∈ S1 and β = −2 such that
(
1 − 3

2 β
)

p + 3β = 4p − 6 < 2 − 2β =

4 − β = 6, then ua ∈ Sa. Thus, as a → 0+, we have

I(ua) <
a6

2
A(u) +

a6

4

∫
R3

∫
R3

1
|x − y|u

2(x)u2(y)dxdy − a4p−6

p
C(u) = J0(ua) → 0−,

where J0 is the energy functional of the Schrödinger–Poisson–Slater system (1.14) in Section
1.2. Then, there exists a0 > 0 small enough such that

Ia2 < 0 for any a ∈ (0, a0] .

Let ā ∈
(
a0,

√
2a0
]
. For every a ∈ (a0, ā], we have a2 − a2

0 ≤ ā2 − a2
0 ≤ 2a2

0 − a2
0 = a2

0 and then
we deduce from Lemma 2.11 that

Ia2 ≤ Ia2
0
+ Ia2−a2

0
< 0,
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which implies that Ia2 < 0 for any a ∈ (0, ā]. Thus, for given κ > 0, by iterating the above
procedure, it follows that Ia2 < 0 for every a > 0 and (i) holds.

(ii) When 3 < p < 10
3 , fix u ∈ S1 and β = −2 such that

(
1 − 3

2 β
)

p + 3β = 4p − 6 >

2 − 2β = 4 − β = 6, then ua ∈ Sa and as a → ∞, we have

I(ua) <
a6

2
A(u) +

a6

4

∫
R3

∫
R3

1
|x − y|u

2(x)u2(y)dxdy − a4p−6

p
C(u) = J0(ua) → −∞.

Thus, for given κ > 0, it follows that there exists a1 > 0 such that if a > a1, then

Ia2 ≤ I(ua) < J0(ua) < 0,

and this completes the proof of Lemma 2.12.

Lemma 2.13. If a, κ > 0 and {un} ⊂ Sa is a minimizing sequence for Ia2 such that, up to a
subsequence, un ⇀ ū in H1(R3) as n → ∞, then, up to translation, the following statements hold:

(i) For any a > 0 and 2 < p < 3, ū ̸= 0.

(ii) For any a ∈ (a1, ∞) and 3 < p < 10
3 , ū ̸= 0, where a1 is obtained in Lemma 2.12.

Proof. It follows from Lemma 2.10 that {un} is bounded in H1(R3). Let

δ := lim
n→∞

(
sup
y∈R3

∫
B(y,1)

|un|2 dx

)
.

If δ = 0, from [29, Lemma I.1] or [36, Lemma 1.21], we conclude that un → 0 in Lp(R3) as
n → ∞ with p ∈ (2, 6). Hence, from Lemma 2.12-(i), for any a > 0 and 2 < p < 3, it holds
that

0 ≤ lim
n→∞

I(un) = lim
n→∞

(
1
2

A(un) +
1
4

B(un)

)
= Ia2 < 0,

which leads to a contradiction. Similarly, for any a ∈ (a1, ∞) and 3 < p < 10
3 , we also obtain a

contradiction. Thus, we deduce that δ > 0 in both scenarios (i) and (ii) and then there exists
a sequence {yn} ⊂ R3 such that ∫

B(yn,1)
|un|2 dx ≥ δ

2
> 0.

Let ũn(·) := un(·+ yn). Then {ũn} ⊂ Sa is also a bounded minimizing sequence for Ia2 and∫
B(0,1)

|ũn|2 dx ≥ δ

2
> 0 for n ∈ N+ large enough.

Hence, it follows that conclusions (i) and (ii) hold.

Lemma 2.14. Let p ∈ (2, 10
3 ) and {un} ⊂ Sa be a minimizing sequence for Ia2 such that, up to

a subsequence, un ⇀ ū in H1(R3) as n → ∞ with ū ∈ H1(R3)\ {0}. Then the C1 functional
T satisfies (2.27), (2.28) and (2.30). If the strong subadditivity inequality (2.29) holds, then T also
satisfies (2.31).
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Proof. From Lemma 2.10 and Lemma 2.6-(i), we know that {un} is bounded in H1(R3) and
∥ϕun∥H1 ≤ C ∥un∥2

H1 . Therefore, there exists ū ∈ H1(R3) such that, up to a subsequence,
un ⇀ ū in H1(R3), un → ū in Lr

loc(R
3) with r ∈ [1, 6) and un → ū a.e. in R3 as n → ∞.

From the conclusions (ii) and (v) of Lemma 2.6, we deduce that {ϕun} is bounded in H1(R3)

and there exists a unique ϕū ∈ H1(R3) solving (2.17) in the weak sense such that, up to a
subsequence, ϕun ⇀ ϕū in H1(R3).

We now introduce the following notations:

Gκ(x, y) := Gκ(x − y) =
e−κ|x−y|

|x − y| , A :=
∫

R3
ϕūū2dx,

I(1)n :=
∫

R3

∫
R3

Gκ(x, y)u2
n(y)ū

2(x)dxdy =
∫

R3
ϕun ū2dx,

I(2)n :=
∫

R3

∫
R3

Gκ(x, y)un(y)ū(y)un(x)ū(x)dxdy,

I(3)n :=
∫

R3

∫
R3

Gκ(x, y)u2
n(y)un(x)ū(x)dxdy =

∫
R3

ϕun unūdx,

I(4)n :=
∫

R3

∫
R3

Gκ(x, y)un(y)ū(y)ū2(x)dxdy.

From direct calculation we deduce that

B(un − ū)− B(un) + B(ū) = 2I(1)n + 4I(2)n − 4I(3)n − 4I(4)n + 2A.

Next, we will show that limn→∞ I(i)n = A, i = 1, 2, 3, 4. Since ϕun ⇀ ϕū in H1(R3), we infer
that ϕun ⇀ ϕū in L2(R3). It follows from ū2 ∈ L2(R3) that limn→∞ I(1)n = A. To prove
limn→∞ I(2)n = A, let

v̂n(x) :=
∫

R3

e−κ|x−y|

|x − y| un(y)ū(y)dy.

Then we claim that v̂n → ϕū a.e. in R3 as n → ∞. Indeed, for any R ≥ 1, by Hölder’s
inequality, e−t ≤ 1 and et ≥ t2

2 for t ≥ 0, we deduce that

|v̂n(x)− ϕū(x)| ≤ ∥un − ū∥L3(BR(x)) ∥ū∥L6(BR(x))

(∫
|y−x|≤R

e−2κ|x−y|

|x − y|2
dy

) 1
2

+ ∥un − ū∥L3(Bc
R(x)) ∥ū∥L6(Bc

R(x))

(∫
|y−x|≥R

1

|x − y|2 e2κ|x−y|
dy

) 1
2

≤ ∥un − ū∥L3(BR(x)) ∥ū∥L6(R3)

(∫
|y−x|≤R

1

|x − y|2
dy

) 1
2

+ ∥un − ū∥L3(Bc
R(x)) ∥ū∥L6(R3)

(∫
|y−x|≥R

1

2κ2 |x − y|4
dy

) 1
2

.

which implies that v̂n → ϕū a.e. in R3 by first letting n → ∞ (for fixed R) and then letting
R → ∞. Since {un} ⊂ Sa and ū ∈ H1(R3), from Hölder’s inequality and Sobolev embedding
theorem, we have

∥unū∥ 6
5
≤ C ∥un∥ 12

5
∥ū∥ 12

5
≤ C ∥un∥H1 ∥ū∥H1 < ∞,
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namely, unū ∈ L
6
5 (R3). Let α = 2, N = 3, f = |unū|, q = 6 and p = 6

5 in Lemma 2.3. Then, we
have

|v̂n| ≤
∫

R3

e−κ|x−y|

|x − y| |un(y)ū(y)|dy ≤
∫

R3

|un(y)ū(y)|
|x − y| dy := J2 (|unū|) (x),

and thus it holds that

∥v̂n∥6 ≤ ∥J2 (|unū|)∥6 ≤ C ∥unū∥ 6
5
≤ C ∥un∥H1 ∥ū∥H1 < ∞,

namely, v̂n ∈ L6(R3). It follows from Hölder’s inequality and Sobolev embedding theorem
that

∥v̂nun∥2 ≤ ∥v̂n∥6 ∥un∥3 ≤ C ∥un∥2
H1 ∥ū∥H1 < ∞.

Since v̂n → ϕū, un → ū a.e. in R3, we have v̂nun → ϕūū a.e. in R3 and v̂nun ⇀ ϕūū in L2(R3).
Due to ū ∈ L2(R3), we get limn→∞ I(2)n = A. Let ψ = ū in Lemma 2.6-(v), and thus it holds
that limn→∞ I(3)n = A. Since v̂n → ϕū a.e. in R3 and v̂n ∈ L6(R3), we get v̂n ⇀ ϕū in L6(R3) as
n → ∞. By the fact that ū2 ∈ L

6
5 (R3), we deduce that limn→∞ I(4)n = A. In summary, we have

B(un − ū) + B(ū) = B(un) + on(1).

Moreover, it follows from the Brezis–Lieb lemma that

C(un − ū) + C(ū) = C(un) + on(1),

and thus (2.27) holds.
From Lemma 2.6-(iii) and Hölder’s inequality, we infer that

B(un) =
∫

R3
ϕun u2

ndx ≤ C ∥un∥4
4 ≤ C ∥un∥4

H1 < ∞.

It follows from Brezis-Lieb lemma that ∥un − ū∥2
2 + ∥ū∥2

2 = ∥un∥2
2 + on(1) = a2 + on(1). There-

fore, from Proposition 2.8-(iv), we have αn =
(

a2 − ∥ū∥2
2

)
∥un − ū∥−2

2 → 1 as n → ∞, and
thus we obtain that

B (αn(un − ū))− B(un − ū) =
(

α4
n − 1

)
B(un − ū) = on(1),

C (αn(un − ū))− C(un − ū) =
(
α

p
n − 1

)
C(un − ū) = on(1),

thus, (2.28) holds. Since {un} is bounded in H1(R3), from Lemma 2.6-(iii), we conclude that

〈
T′(un), un

〉
=
∫

R3
ϕun u2

ndx − ∥un∥p
p ≤

∫
R3

ϕun u2
ndx ≤ C ∥un∥4

4 ≤ C ∥un∥4
H1 < ∞,

namely, (2.30) holds.
Since (2.27) and (2.28) hold, if the strong subadditivity inequality (2.29) also holds, from

Proposition 2.8, we conclude that ū ∈ Sa, namely, ∥ū∥2
2 = a2. Thus, ∥un − ū∥2 = on(1) and

∥un − um∥2 = on(1) as n, m → ∞. Notice that 2 < p < 10
3 < 6, from Lemma 2.1 and

interpolation inequality, we have that

∥un − um∥p ≤ ∥un − um∥α
2 ∥un − um∥1−α

6 ≤ S− 1−α
2 ∥un − um∥α

2 ∥∇un −∇um∥1−α
2 = on(1),
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where S denotes the sharp constant and α satisfies α
2 + 1−α

6 = 1
p , therefore, ∥un − um∥p =

on(1). From Hölder’s inequality and Sobolev’s embedding theorem, we have

∫
R3

|un|p−1 |un − um|dx ≤
(∫

R3

∣∣∣|un|p−1
∣∣∣ p

p−1
dx
) p−1

p

∥un − um∥p

= ∥un∥p−1
p ∥un − um∥p = on(1),

and thus ∣∣∣∣∫
R3

(
|un|p−2 un − |um|p−2 um

)
(un − um)dx

∣∣∣∣
≤
∫

R3
|un|p−1 |un − um|dx +

∫
R3

|um|p−1 |un − um|dx

≤ ∥un∥p−1
p ∥un − um∥p + ∥um∥p−1

p ∥un − um∥p = on(1).

Hence, we have ⟨C′(un)− C′(um), un − um⟩ = on(1) as n, m → ∞. From ϕun ∈ H1(R3),
Lemma 2.6-(i) and Sobolev’s embedding theorem, we infer that ϕun ∈ L6(R3) and ∥ϕun∥6 ≤
C ∥ϕun∥H1 ≤ C ∥un∥2

H1 . By Hölder’s inequality and ∥un − um∥p = on(1) with p ∈
(
2, 10

3

)
, we

have∫
R3

ϕun un |un − um|dx ≤ C ∥ϕun∥6 ∥un∥2 ∥un − um∥3 ≤ C ∥un∥2
H1 ∥un∥2 ∥un − um∥3 = on(1).

Therefore, as n, m → ∞, we have ⟨B′(un)− B′(um), un − um⟩ = on(1), and thus〈
T′(un)− T′(um), un − um

〉
= on(1),

namely, (2.31) holds.

3 Proofs of main results

Based on the preparatory lemmas presented in Section 2, we now proceed to prove the
main results.

3.1 Proof of Theorem 1.1

To prove Theorem 1.1, we need to demonstrate the following two crucial lemmas.

Lemma 3.1. Assume 2 < p < 10
3 and a, κ > 0, let {un} ⊂ Sa be a minimizing sequence for Ia2 . Then

the function a 7→ Ia2 is continuous and Ia2 /a2 → 0 as a → 0+.

Proof. When 2 < p < 10
3 , we have 3(p−2)

2 < 2. Now arguing as in Step 4 in the proof of
Theorem 4.1 in [7], we can complete the proof.

Lemma 3.2. If a, κ > 0, 2 < p < 3 and M(a) is defined in Proposition 2.8, then for any u ∈ M(a),
there exists β ∈ R such that for any θ > 0,

hu
β(θ) := I(uθ)− θ2 I(u)

is differentiable and (hu)
′ (1) ̸= 0, where uθ(x) := θ1− 3

2 βu
(

x
θβ

)
.
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Proof. For any u ∈ M(a) and β ∈ R, it follows from (1.7) and the definition of uθ that

hu
β(θ) = I(uθ)− θ2 I(u)

=
1
2

(
θ(2−2β) − θ2

)
∥∇u∥2

2 +
1
4

(
θ4−β

∫
R3

∫
R3

e−κθβ|x−y|

|x − y| u2(x)u2(y)dxdy − θ2
∫

R3
ϕuu2dx

)

− 1
p

(
θ(1−

3
2 β)p+3β − θ2

)
∥u∥p

p .

Thus, hu
β(θ) is differentiable and

(
hu

β

)′
(1) = −β ∥∇u∥2

2 +
1
4

(
(2 − β)

∫
R3

ϕuu2dx − κβ
∫

R3

∫
R3

e−κ|x−y|u2(x)u2(y)dxdy
)

− 1
p

(
(1 − 3

2
β)p + 3β − 2

)
∥u∥p

p .

To prove this lemma, we argue by contradiction. Assume that there exists a sequence

{un} ⊂ M(a) with ∥un∥2 := µn ≤ a and µn → 0 as n → ∞ such that
(

hun
β

)′
(1) = 0 for all

β ∈ R, then we conclude that I(un) = Iµ2
n
→ 0 as n → ∞ according to Lemma 3.1. Moreover,

since (un, ϕun) solves system (1.1) under the constraint Sµn , from Lemma 2.7, we infer that
(un, ϕun) satisfies the following Pohožaev identity

∥∇un∥2
2 +

1
4

∫
R3

ϕun u2
ndx +

κ

4

∫
R3

∫
R3

e−κ|x−y|u2
n(x)u2

n(y)dxdy − 3(p − 2)
2p

∥un∥p
p = 0. (3.1)

Let β = 2
3 , from

(
hun

2
3

)′
(1) = 0, we deduce that

1
2
∥∇un∥2

2 =
1
4

∫
R3

ϕun u2
ndx − κ

8

∫
R3

∫
R3

e−κ|x−y|u2
n(x)u2

n(y)dxdy. (3.2)

It follows from (3.2), Lemma 2.6 and Lemma 2.1 that

∥∇un∥2
2 ≤ 1

2

∫
R3

ϕun u2
ndx ≤ C ∥un∥4

4 ≤ C ∥∇un∥3
2 ∥un∥2 . (3.3)

Let β = 0, from (hun
0 )

′
(1) = 0, we have

∥un∥p
p =

p
2(p − 2)

∫
R3

ϕun u2
ndx ≤ C(p) ∥∇un∥3

2 ∥un∥2 . (3.4)

By (3.3), (3.4), ∥un∥2 = µn → 0 and I(un) = Iµ2
n
→ 0 as n → ∞, we infer that

∥∇un∥2
2 ,
∫

R3
ϕun u2

ndx, ∥un∥p
p → 0 as n → ∞. (3.5)

It follows from Lemma 2.2 that∫
R3

ϕun u2
ndx =

∫
R3

∫
R3

e−κ|x−y|

|x − y| u2
n(x)u2

n(y)dxdy

≤
∫

R3

∫
R3

1
|x − y|u

2
n(x)u2

n(y)dxdy ≤ C ∥un∥4
12
5

. (3.6)
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Similar to the Cases (a)–(d) of Step 5 in the proof of Theorem 4.1 in [6], when 2 < p ≤ 8
3 ,

by applying (3.3)–(3.6), interpolation inequality and Lemma 2.1, we obtain a contradiction in
all four cases. Then, we discuss the case when 8

3 < p < 3. Substituting (3.2) into Pohožaev
identity (3.1), we obtain that

1
4

∫
R3

ϕun u2
ndx =

p − 2
2p

∥un∥p
p , (3.7)

and thus we have

I(un) =
1
2
∥∇un∥2

2 +
1
4

∫
R3

ϕun u2
ndx − 1

p
∥un∥p

p =
1
2
∥∇un∥2

2 −
4 − p

2p
∥un∥p

p . (3.8)

Let {wn} , {vn} ⊂ M(a) such that wn := vµn
n = µ

1− 3
2 β

n vn

(
x

µ
β
n

)
, where β ∈ R, ∥vn∥2 = 1

and ∥wn∥2 = µn → 0 as n → ∞. Moreover, let C(p) > 0 such that when ∥∇vn∥2
2 is small

enough, it holds that 1
2 ∥∇vn∥2

2 −
4−p
2p ∥vn∥p

p < −C(p). Now, let β = 2(2−p)
10−3p such that −2β =

(1 − 3
2 β)p + 3β − 2 = 4(p−2)

10−3p . From (3.8), we have

Iµ2
n

µ2
n
≤ I(wn)

µ2
n

=
µ
−2β
n

2
∥∇vn∥2

2 −
4 − p

2p
µ
(1− 3

2 β)p+3β−2
n ∥vn∥p

p

= µ
4(p−2)
10−3p

n

(
1
2
∥∇vn∥2

2 −
4 − p

2p
∥vn∥p

p

)
≤ −C(p)µ

4(p−2)
10−3p

n . (3.9)

From (3.6), (3.8) and interpolation inequality, we infer that

∥un∥p
p =

p
2(p − 2)

∫
R3

ϕun u2
ndx ≤ C(p) ∥un∥4

12
5
≤ C(p) ∥un∥4α

2 ∥un∥4(1−α)
p = C(p)µ4α

n ∥un∥4(1−α)
p ,

where α := 5p−12
6(p−2) . Since 8

3 < p < 3, namely, p > 4(1 − α), we cannot get a contradiction with
∥un∥p → 0 as n → ∞. But we deduce from the above inequality that

∥un∥p
p ≤ C(p)µ

2(5p−12)
3p−8

n and
I(un)

µ2
n

≥ − 1
p

∥un∥p
p

µ2
n

≥ −C(p)µ
4(p−2)
3p−8

n . (3.10)

Combining (3.9) and (3.10), we infer that

−C(p)µ
4(p−2)
3p−8

n ≤
Iµ2

n

µ2
n
≤ −C(p)µ

4(p−2)
10−3p

n ,

which contradicts µn → 0 as n → ∞ since 4(p−2)
3p−8 > 4(p−2)

10−3p for any 8
3 < p < 3. In summary, for

all the cases where 2 < p < 3, we have derived contradictions.

Proof of Theorem 1.1. Let a0 > 0 be given by Lemma 2.12 and fix a ∈ (0, a0). Let {un} ⊂ Sa

be a minimizing sequence for Ia2 < 0 and then from Ekeland’s variational principle ([36,
Theorem 2.4]), we can know that {un} ⊂ Sa is also a Palais–Smale sequence for I. From
Lemma 2.10, we know that {un} is bounded in H1(R3). It follows from Lemma 2.13 that
there exists ū ∈ H1(R3)\ {0} such that ∥ū∥2 ∈ (0, a], then, up to a subsequence, un ⇀ ū as
n → ∞. From Lemma 2.14, we know that (2.27), (2.28), (2.30) and (2.31) are satisfied. Further,
Lemmas 2.11, 3.1, 3.2 ensure that the assumptions of Proposition 2.8 hold. Then, it follows
from Proposition 2.8 that, up to a subsequence, un → ū in H1(R3) as n → ∞. Moreover,
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ū ∈ Sa and I(ū) = Ia2 < 0. Therefore, ū is the critical point of the constrained functional
I|Sa , that is, ū is the normalized solution to system (1.5). From Section 2.3 and Lemma 2.7, we
know that ū satisfies the Pohožaev identity (2.20). Since P(ū) = P(|ū|) = 0, it follows that ū
is nonnegative. From Section 2.4 and the strong maximum principle, we conclude that ū is a
classical solution and ū > 0 in R3. Moreover, there exists a Lagrange multiplier λ ∈ R such
that (2.21) holds.

When 2 < p < 3, since Ia2 < 0 for any a ∈ (0, a0) from Lemma 2.12, we claim that there
exists some constant σ > 0 such that ∥∇ū∥2 > σ. Indeed, if ∥∇ū∥2 = 0, from the fact that∫

R3 ϕūū2dx ≤ C ∥ū∥4
4 and Lemma 2.1, we obtain that

∫
R3 ϕūū2dx = ∥ū∥p

p = 0 and thus Ia2 = 0,
which contradicts I(ū) = Ia2 < 0. When 2 < p ≤ 12

5 , from (2.21), Pohožaev identity (2.20) and
ū > 0 in R3, we infer that

λ ∥ū∥2
2 = −∥∇ū∥2

2 −
∫

R3
ϕūū2dx + ∥ū∥p

p

= 3 ∥∇ū∥2
2 + κ

∫
R3

∫
R3

e−κ|x−y|ū2(x)ū2(y)dxdy +
12 − 5p

p
∥ū∥p

p > 3σ2 > 0.

When 12
5 < p < 3, let σ :=

(
5p−12

3p Cp
3,pa

6−p
2

0

) 2
10−3p

> 0 and we have

λ ∥ū∥2
2 = 3 ∥∇ū∥2

2 + κ
∫

R3

∫
R3

e−κ|x−y|ū2(x)ū2(y)dxdy − 5p − 12
p

∥ū∥p
p

≥ ∥∇ū∥
3(p−2)

2
2

(
3 ∥∇ū∥

10−3p
2

2 − 5p − 12
p

Cp
3,pa

6−p
2

0

)
> 0.

Thus, it holds that λ > 0 when 2 < p < 3 and we have completed the proof.

3.2 Proof of Theorem 1.2

Lemma 3.3. Let a, κ > 0, 3 < p < 10
3 and a1 be obtained in Lemma 2.12. Moreover, let {un} ⊂ Sa

be a minimizing sequence for Ia2 . Then, for any 0 < a1 < µ < a, the following strong subadditivity
inequality holds

Ia2 < Iµ2 + Ia2−µ2 .

Proof. Since {un} ⊂ Sa is bounded, we claim that there exist positive constants k1, k2 such that

0 < k1 ≤ A(un) = ∥∇un∥2
2 ≤ k2. (3.11)

Indeed, if A(un) = on(1), from Lemma 2.6-(i) and Lemma 2.1, we infer that B(un) = C(un) =

on(1) and Ia2 = 0, which contradicts Ia2 < 0 from Lemma 2.12-(ii).
Let uθ

n(x) := θ1− 3
2 βun

(
x
θβ

)
for a.e. x ∈ R3, then

∥∥uθ
n
∥∥

2 = θ ∥un∥2 = θa. Fix β = −2 and it
holds that

I
(

uθ
n

)
=

θ6

2
A(un) +

θ6

4

∫
R3

∫
R3

e−κθ−2|x−y|

|x − y| u2
n(x)u2

n(y)dxdy − θ4p−6

p
C(un)

≤ θ6

2
A(un) +

θ6

4
N(un)−

θ4p−6

p
C(un) = J0

(
uθ

n

)
= θ2

(
I(un) +

1
2

(
θ4 − 1

)
A(un) +

1
4

(
θ4N(un)− B(un)

)
− 1

p

(
θ4p−8 − 1

)
C(un)

)
=: θ2 (I(un) + f (θ, un)) , (3.12)
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where N(un) :=
∫

R3

∫
R3

1
|x−y|u

2
n(x)u2

n(y)dxdy and J0 is defined in (1.14). When a > a1, it
follows from [7, Lemma 3.2] that

J0(un) =
1
2

A(un) +
1
4

N(un)−
1
p

C(un) < 0. (3.13)

Therefore, when 3 < p < 10
3 , it follows from (3.11) and (3.13) that

f ′(θ, un)|θ=1= 2A(un) + N(un)−
4p − 8

p
C(un) < (6 − 2p) A(un) + (3 − p) N(un) < 0. (3.14)

Since (4p − 8)(4p − 9) > 12 when 3 < p < 10
3 , from (3.11) and (3.13), we derive that

f ′′(θ, un)|θ=1 = 6A(un) + 3N(un)−
(4p − 8)(4p − 9)

p
C(un)

<

(
6 − (4p − 8)(4p − 9)

2

)
A(un) +

(
3 − (4p − 8)(4p − 9)

4

)
N(un) < 0. (3.15)

Since f (1, un) = 1
4 (N(un)− B(un)) > 0 and f (θ, un) → −∞ as θ → ∞, we conclude from

(3.14) and (3.15) that there exists θ1 > 1 such that f (θ1, un) = 0. Hence, for any θ > θ1 > 1, we
get f (θ, un) < 0 and from (3.12), we have

Iθ2a2 ≤ I
(

uθ
n

)
< θ2 I(un) → θ2 Ia2 as n → ∞.

Therefore, for any 0 < a1 < µ < a, it holds that

Ia2 =
µ2

a2 I a2

µ2 µ2 +
a2 − µ2

a2 I a2

a2−µ2 (a2−µ2)
< Iµ2 + Ia2−µ2 .

This completes the proof of Lemma 3.3.

Proof of Theorem 1.2. Let a1 > 0 be given by Lemma 2.12 and fix a > a1. Let {un} ⊂ Sa be a
minimizing sequence for Ia2 < 0 and then from Ekeland’s variational principle ([36, Theorem
2.4]), we can know that {un} ⊂ Sa is also a Palais–Smale sequence for I. From Lemma 2.10,
we know that {un} is bounded in H1(R3). It follows from Lemma 2.13 that there exists
ū ∈ H1(R3)\ {0} such that ∥ū∥2 ∈ (0, a], then, up to a subsequence, un ⇀ ū as n → ∞. From
Lemma 2.14, we know that (2.27), (2.28), (2.30) and (2.31) are satisfied. Lemma 3.3 guarantees
that the strong subadditivity inequality (2.29) holds. Then, it follows from Proposition 2.9
that, up to a subsequence, un → ū in H1(R3) as n → ∞. Moreover, ū ∈ Sa and I(ū) = Ia2 < 0
for any a ∈ (a1, ∞) from Lemma 2.12. Therefore, ū is the critical point of the constrained
functional I|Sa , namely, ū is the normalized solution to system (1.5). Similar to the proof
of Theorem 1.1, we conclude that ū is a positive classical solution and the corresponding
Lagrange multiplier λ > 0 when 3 < p < 10

3 . This completes the proof of Theorem 1.2.

3.3 Proof of Theorem 1.3

In Section 2.6, we have introduced the scaling uθ(x) := θ1− 3
2 βu

(
x
θβ

)
for a.e. x ∈ R3 and∥∥uθ

∥∥
2 = θ ∥u∥2. Specifically, when 2 < p < 3 and u ∈ H1(R3), let β = 4−2p

10−3p and ua(x) :=
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a
4

10−3p u
(

a
2p−4

10−3p x
)

. Then for any u ∈ S1, we have ∥ua∥2 = a and

I(ua) = a
12−2p
10−3p

1
2
∥∇u∥2

2 +
aα(p)

4

∫
R3

∫
R3

e−κa
4−2p

10−3p |x−y|

|x − y| u2(x)u2(y)dxdy − 1
p
∥u∥p

p


=: a

12−2p
10−3p I(u),

where α(p) := 8(3−p)
10−3p > 0. Therefore, the minimization problem (1.8) is equivalent to the

following one
Ia2 := inf

u∈S1
I(u).

According to the arguments in [13], we introduce the following minimization problem

Ka,p := inf
u∈S1

Ea,p(u),

where

Ea,p(u) :=
1
2
∥∇u∥2

2 +
aα(p)

4

∫
R3

∫
R3

e−κa
4−2p
10−3p |x−y|

|x − y| u2(x)u2(y)dxdy − 1
p
∥u∥p

p .

We denote by Na,p the corresponding set of minimizers

Na,p :=
{

u ∈ S1 : Ea,p(u) = Ka,p
}

.

Thus, Theorem 1.3 is equivalent to the following proposition.

Proposition 3.4. Let 2 < p < 3 and a0 be obtained in Theorem 1.1. Then, there exists a2 = a2(p) ∈
(0, a0] such that for any 0 < a < a2, every function u ∈ Na,p is radially symmetric. Consequently,
ϕu ∈ H1

r (R
3) up to translation.

Remark 3.5. It follows from Lemma 2.6-(iv) and the implicit function argument in [13] that
Proposition 3.4 holds. Therefore, the detailed proof of Theorem 1.3 will not be presented here,
and readers can refer to [13].

3.4 Proof of Theorem 1.4

In this section, we shall study the limit behavior of the ground state normalized solutions
(uκ, ϕκ, λκ) to system (1.5) as κ → 0.

Lemma 3.6. ([12, Lemma 3.4]) Let p ∈ (2, 3), κ > 0 and a ∈ (0, a2) with a2 > 0 obtained in
Theorem 1.3. Moreover, let J0 be defined in (1.14) and let

Iκ(uκ) :=
1
2
∥∇uκ∥2

2 +
1
4

∫
R3

∫
R3

e−κ|x−y|

|x − y| u2
κ(x)u2

κ(y)dxdy − 1
p
∥uκ∥p

p .

If {
uκ ∈ Sa\ {0} : Iκ(uκ) = Iκ,a2 := inf

uκ∈Sa
Iκ(uκ) < 0

}
is a family of minimizers for the functional Iκ, then it holds that Iκ,a2 → J0,a2 := infu∈Sa J0(u) < 0
as κ → 0.
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Proof. According to e−κ|x|

|x| ≤ 1
|x| , we know that Iκ,a2 ≤ J0,a2 for any κ ≥ 0. Therefore, it suffices

to prove that J0,a2 ≤ lim infκ→0 Iκ,a2 . Given κ > 0, we have

J0,a2 ≤ J0(uκ) = Iκ(uκ) +
1
4

∫
R3

∫
R3

1 − e−κ|x−y|

|x − y| u2
κ(x)u2

κ(y)dxdy =: Iκ(uκ) +
1
4

g(κ).

In this situation, we only need to prove that g(κ) → 0 as κ → 0. Fix κ ∈ (0, 1). It follows from
a change of variable that

|g(κ)| ≤
∫
{z∈R3:|z|≤ 1

κ}
1 − e−κ|z|

|z|

∫
R3

|uκ(x)|2 |uκ(x − z)|2 dxdz

+
∫
{z∈R3:|z|≥ 1

κ}
1 − e−κ|z|

|z|

∫
R3

|uκ(x)|2 |uκ(x − z)|2 dxdz =: g1(κ) + g2(κ).

For any uκ ∈ Sa, since 1 − e−t ≤ t for all t ≥ 0, let t = κ |z| > 0, we have

g1(κ) ≤
∫
{z∈R3:|z|≤ 1

κ}
κ
∫

R3
|uκ(x)|2 |uκ(x − z)|2 dxdz

≤ κ
∫

R3

∫
R3

|uκ(x)|2 |uκ(x − z)|2 dxdz = κa4.

For any uκ ∈ Sa, it follows from 1 − e−t ≤ 1 for all t ≥ 0 that

g2(κ) ≤
∫
{z∈R3 :|z|≥ 1

κ}
1
|z|

∫
R3

|uκ(x)|2 |uκ(x − z)|2 dxdz

≤ κ
∫
{z∈R3:|z|≥ 1

κ}

∫
R3

|uκ(x)|2 |uκ(x − z)|2 dxdz

≤ κ
∫

R3

∫
R3

|uκ(x)|2 |uκ(x − z)|2 dxdz = κa4.

Therefore, it holds that g1(κ), g2(κ) → 0 as κ → 0, that is, g(κ) → 0 as κ → 0, which implies
that Iκ,a2 → J0,a2 as κ → 0. Moreover, from p ∈ (2, 3), a ∈ (0, a2), (1.14), [7] and Lemma 2.12-
(i), we have J0,a2 < 0.

Lemma 3.7 ([12, Lemma 3.5]). Let { f0} ∪ { fκ : 0 < κ < 1} ⊂ L
6
5 (R3). Let φ0 ∈ D1,2(R3) be the

unique solution to the following equation

−∆φ = f0. (3.16)

Given κ ∈ (0, 1), let ϕκ ∈ H1(R3) be the unique solution to the following equation

−∆ϕ + κ2ϕ = fκ. (3.17)

As κ → 0, it holds that

(i) If fκ ⇀ f0 in L
6
5 (R3), then ϕκ ⇀ φ0 in D1,2(R3).

(ii) If fκ → f0 in L
6
5 (R3), then ϕκ → φ0 in D1,2(R3) and κ2ϕκ → 0 in L2(R3).

Proof. (i) It follows from ϕκ ∈ H1(R3) and Sobolev’s embedding theorem that ∥ϕκ∥6 ≤
C ∥ϕκ∥H1 , and thus ϕκ ∈ D1,2(R3). Fix κ ∈ (0, 1), since ϕκ ∈ D1,2(R3) is the unique solu-
tion to (3.17), from Hölder’s inequality and Lemma 2.1, we deduce that

∥∇ϕκ∥2
2 ≤ ∥∇ϕκ∥2

2 + κ2 ∥ϕκ∥2
2 =

∫
R3

fκϕκdx ≤ C ∥ fκ∥ 6
5
∥ϕκ∥6 ≤ C ∥ fκ∥ 6

5
∥∇ϕκ∥2 , (3.18)
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thus, ∥∇ϕκ∥2 ≤ C ∥ fκ∥ 6
5
. Since fκ ⇀ f0 in L

6
5 (R3) as κ → 0, we deduce that { fκ : 0 < κ < 1}

is a bounded subset of L
6
5 (R3). It follows from ϕκ ∈ D1,2(R3) that {ϕκ : 0 < κ < 1} is a

bounded subset of D1,2(R3). In particular, we conclude that for any {κn}n∈N ⊂ (0, 1) satis-
fying limn→∞ κn = 0, there exists ϕ∗ ∈ D1,2(R3) such that, up to a subsequence, ϕκn ⇀ ϕ∗ in
D1,2(R3) as n → ∞. Next, it suffices to prove that if {κn}n∈N ⊂ (0, 1) satisfies κn → 0 and
ϕκn ⇀ ϕ∗ in D1,2(R3) as n → ∞, then ϕ∗ = φ0.

Fix n ∈ N+, since the function ϕκn is a solution to (3.17), for any ψ ∈ C∞
c (R3), it holds that∫

R3
∇ϕκn∇ψdx + κ2

n

∫
R3

ϕκn ψdx =
∫

R3
fκn ψdx. (3.19)

Since ϕκn ∈ L6(R3), ϕκn ⇀ ϕ∗ in D1,2(R3) and κ2
n
∫

R3 ϕκn ψdx ≤ κ2
nC ∥ϕκn∥6 ∥ψ∥ 6

5
→ 0 as n → ∞,

from (3.19), we take the limit as n → ∞ to conclude that∫
R3

∇ϕ∗∇ψdx =
∫

R3
f0ψdx for any ψ ∈ C∞

c (R3). (3.20)

Therefore, we infer that ϕ∗ = φ0 according to (3.20) and the uniqueness of the solution φ0 ∈
D1,2(R3) to (3.16).

(ii) Since fκ → f0 in L
6
5 (R3), we deduce from (i) that ϕκ ⇀ φ0 in D1,2(R3) as κ → 0.

According to the weak lower semicontinuity of ∥∇·∥2
2, we conclude that

∥∇φ0∥2
2 ≤ lim inf

κ→0
∥∇ϕκ∥2

2 . (3.21)

Let {ψn}n∈N ⊂ C∞
c (R3) be a sequence such that ψn → φ0 in D1,2(R3) as n → ∞. Fix κ ∈ (0, 1),

let Eκ : D1,2(R3) → R be the energy functional of (3.17), which is given by

Eκ(ϕ) =
1
2
∥∇ϕ∥2

2 +
κ2

2
∥ϕ∥2

2 −
∫

R3
fκϕ dx.

By the facts that ϕκ ∈ H1(R3) is the unique solution to (3.17) and H1(R3) ↪→ D1,2(R3), we
deduce from (i) that Eκ(ϕκ) = infϕ∈D1,2(R3) Eκ(ϕ). It follows from {ψn}n∈N ⊂ C∞

c (R3) and
C∞

c (R3) is dense in D1,2(R3) that

1
2
∥∇ϕκ∥2

2 = Eκ(ϕκ)−
κ2

2
∥ϕκ∥2

2 +
∫

R3
fκϕκ dx ≤ Eκ(ψn) +

∫
R3

fκϕκ dx

=
1
2
∥∇ψn∥2

2 +
κ2

2
∥ψn∥2

2 −
∫

R3
fκ (ψn − ϕκ)dx. (3.22)

Since fκ → f0 in L
6
5 (R3) and ϕκ ⇀ φ0 in D1,2(R3) as κ → 0, we deduce that∫
R3

fκψndx →
∫

R3
f0ψndx and

∫
R3

fκϕκdx →
∫

R3
f0φ0dx. (3.23)

Thus, from (3.22) and (3.23), we infer that

lim sup
κ→0

1
2
∥∇ϕκ∥2

2 ≤ 1
2
∥∇ψn∥2

2 −
∫

R3
f0 (ψn − ϕ0)dx.

From ψn → φ0 in D1,2(R3) as n → ∞, we obtain that

lim sup
κ→0

∥∇ϕκ∥2
2 ≤ ∥∇φ0∥2

2 as n → ∞. (3.24)
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It follows from (3.21) and (3.24) that ∥∇ϕκ∥2
2 → ∥∇φ0∥2

2 as κ → 0, and thus ϕκ → φ0 in
D1,2(R3) as κ → 0.

Finally, since φ0 ∈ D1,2(R3) is the unique solution to equation (3.16), we conclude that

κ2 ∥ϕκ∥2
2 =

∫
R3

fκϕκdx − ∥∇ϕκ∥2
2 →

∫
R3

f0φ0dx − ∥∇φ0∥2
2 = 0 as κ → 0,

namely, (ii) holds.

The following proposition shows that if p ∈ (2, 3), then the Lagrange multipliers of solu-
tions to the Schrödinger–Poisson–Slater system (1.13) tend to a certain λ̃ > 0 as a → 0.

Proposition 3.8 ([13, Proposition 1.3]). Assume p ∈ (2, 3), κ > 0 and λ̃ > 0, when a ∈ (0, a2),
where a2 is obtained in Theorem 1.3, for every ε > 0, there exists a(ε) ∈ (0, a2) such that

sup
λ∈Aa

∣∣λ − λ̃
∣∣ < ε ∀ 0 < a < a(ε),

where

Aa := {λ ∈ R : there exists u ∈ H1(R3) such that (u, φ, λ) ∈ H1(R3)×D1,2(R3)× R

is a ground state solution to the Schrödinger–Poisson–Slater system (1.13)}.

Proof of Theorem 1.4. Since κ > 0, 2 < p < 3 and 0 < a < a2, according to Theorems 1.1 and
1.3, for any ground state normalized solution (uκ, ϕκ, λκ) to system (1.5) with uκ ∈ Sa\ {0}
and Iκ(uκ) = Iκ,a2 < 0, we deduce that up to translation, (uκ, ϕκ, λκ) ∈ Sr

a × H1
r (R

3)× (0, ∞),
which implies that (uκ, ϕκ, λκ) ∈ Sr

a ×D1,2
r (R3)× (0, ∞).

It follows from Lemma 2.10 that the set
{

uκ ∈ Sa : Iκ(uκ) = Iκ,a2 < 0
}

is bounded in H1
r (R

3)

for any κ > 0. Let {κn}n∈N+ ⊂ (0, 1) be a sequence such that κn → 0 as n → ∞. Then, for
any n ∈ N+, both {uκn} ⊂ Sr

a and {ϕκn} ⊂ D1,2
r (R3) are bounded and thus there exists

u0 ∈ H1
r (R

3) such that, up to a subsequence, uκn ⇀ u0 in H1
r (R

3) as n → ∞, uκn → u0 in
Lp(R3) with p ∈ (2, 6) and uκn → u0 a.e. in R3. Since u2

κn
→ u2

0 in L
6
5 (R3), from Lemma 3.7,

we deduce that as n → ∞, up to a subsequence, ϕκn → φ0 in D1,2
r (R3), where φ0 is the unique

solution of −∆φ = 4πu2
0 in R3. Since for any n ∈ N+, (uκn , ϕκn , λκn) ∈ Sr

a ×D1,2
r (R3)× (0, ∞)

is a ground state normalized solution to (1.5), from (2.21), Lemmas 2.1 and 2.6-(iii), we infer
that

|λκn | =
1
a2

∣∣∣∣∥uκn∥
p
p − ∥∇uκn∥

2
2 −

∫
R3

ϕκn u2
κn

dx
∣∣∣∣

≤ 1
a2

(
C ∥∇uκn∥

3(p−2)
2

2 a
6−p

2 + ∥∇uκn∥
2
2 + C ∥∇uκn∥

3
2 a
)
< ∞,

namely, {λκn} ⊂ (0, ∞) is a bounded sequence, and then there exists λ0 ∈ [0, ∞) such that, up
to a subsequence, λκn → λ0 as n → ∞.

Moreover, since J0, defined in (1.14), is the functional of the Schrödinger–Poisson–Slater
system (1.13), it follows from Lemma 3.6 that {uκn} is a minimizing sequence for J0 at level
J0,a2 < 0. Hence, from uκn ⇀ u0 in H1

r (R
3), ϕκn → φ0 in D1,2

r (R3), λκn → λ0, Proposition
2.8, Lemma 2.13 and [7], we conclude that u0 ∈ Sr

a\ {0}, uκn → u0 in H1
r (R

3) as n → ∞ and
J0(u0) = J0,a2 < 0. Thus, (u0, φ0, λ0) ∈ Sr

a ×D1,2
r (R3)× [0, ∞) is a ground state normalized

solution to the Schrödinger–Poisson–Slater system (1.13) with

λ0 :=
1
a2

(
∥u0∥p

p − ∥∇u0∥2
2 −

∫
R3

φ0u2
0 dx

)
.
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According to Proposition 3.8, for every ε > 0, there exists a(ε) ∈ (0, a2) such that λ0 > 0 when
a ∈ (0, a2) is sufficiently small. Therefore, we conclude that, up to a subsequence and up to
translation, it holds that

(uκ, ϕκ, λκ) → (u0, φ0, λ0) in Sr
a ×D1,2

r (R3)× (0, ∞) as κ → 0.

That is, (1.15) holds. Thus, we have completed the proof of Theorem 1.4.
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