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Abstract. We establish the global existence of strong solutions to the nonhomogeneous
incompressible magnetohydrodynamics (MHD) equations in a thin three-dimensional
domain Ω = R2 × (0, ϵ), with ϵ ∈ (0, 1], subject to Dirichlet boundary conditions
on the top and bottom boundaries. Global well-posedness may hold for large initial
data, provided the vertical thickness ϵ is sufficiently small. Moreover, when ϵ → 0+,
both the velocity and magnetic field tend to vanish away from the initial time. The
analysis is based on a priori H2 estimates of the solutions, with particular attention to
the dependence on the vertical parameter ϵ.
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1 Introduction

This work investigates nonhomogeneous incompressible magnetohydrodynamic (MHD) flows
in thin 3D domains. The equations involve a coupling between the nonhomogeneous Navier–
Stokes system and the Maxwell equations in Q := Ω × (0, ∞), where Ω := R2 × (0, ϵ), with
0 < ϵ ≤ 1, is a thin domain of R3. The governing equations, described extensively in textbooks
such as [8, 13, 20], are as follows:

ρut + ρ(u · ∇)u − µ∆u +∇
(

P + 1
2 |b|2

)
= (b · ∇)b,

bt + (u · ∇)b − η∆b = (b · ∇)u,

ρt + u · ∇ρ = 0,

div u = 0, div b = 0.

(1.1)
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Here, u(x, t) ∈ R3 and b(x, t) ∈ R3 denote the velocity and magnetic field of the fluid at each
point (x, t) ∈ Q, respectively. The real-valued functions ρ(x, t) ∈ R+ and P(x, t) ∈ R represent
the fluid density and hydrostatic pressure, respectively. The quantity |b|2/2 corresponds to
the magnetic pressure. Accordingly, we define the total pressure of the fluid as p := P + 1

2 |b|2.
The positive constants µ and η denote the viscosity and the resistivity coefficient, respectively.
The latter is inversely proportional to the electrical conductivity and serves as the magnetic
diffusivity of the magnetic field.

We complete the system (1.1) with the following initial and boundary conditions:(ρ, u, b)
∣∣
t=0 = (ρ0, u0, b0) in Ω,

(u(x, t), b(x, t)) = (0, 0) for all (x, t) ∈ Γ × (0, ∞),
(1.2)

where Γ :=
{
(x1, x2, x3) / (x1, x2) ∈ R2, x3 = 0 or x3 = ϵ

}
.

The magnetohydrodynamic (MHD) equations with variable density have been studied
extensively in recent years; see [1,9,14,19,25] and the references therein (see also [3,4,6,10–12]
for further results concerning the MHD equations). These results are closely related to those
obtained for the variable-density Navier-Stokes equations. The study of the classical Navier–
Stokes system in thin domains was initiated by Raugel and Sell in [22] and subsequently
generalized in several directions; see, for example, [16] and the references therein. The first
work addressing the variable-density Navier-Stokes equations in thin domains was carried
out by Liao in [18].

In this work, we show that results analogous to those of Liao [18] are valid for the system
(1.1)–(1.2). Specifically, we prove that global well-posedness may be achieved for large initial
data when the vertical thickness ϵ is sufficiently small. For additional related work on fluid
mechanics equations in thin domains, see, for instance, [5, 7, 17, 23, 24].

The paper is organized as follows. In Section 2, we introduce the basic notation and state
the main result. In Section 3, we provide the proof of our main theorem (see Theorem 2.6
below).

2 Preliminaries and main result

In this section, we introduce the function spaces, definitions, and the main result that will be
used throughout this work.

2.1 Functional framework

Throughout this paper, we employ the standard Lebesgue space Lp(Ω), for 1 ≤ p ≤ ∞, and
the Sobolev space

Wm,p(Ω) :=
{

f ∈ Lp(Ω) : ∥∂k f ∥p < ∞ for all |k| ≤ m
}

, m ∈ N ∪ {0},

with norms denoted by ∥ · ∥p and ∥ · ∥Wm,p , respectively. In particular, we denote the L2 norm
and the L2 inner product by ∥ · ∥ and ⟨·, ·⟩, respectively.

Corresponding Sobolev spaces of vector-valued functions are denoted in boldface. For
example, we write L2(Ω) := (L2(Ω))n and Wm,p(Ω) := (Wm,p(Ω))n, where n ∈ N.

Furthermore, we denote by Wm,p
0 (Ω) the closure of C∞

0 (Ω) in Wm,p(Ω). When p = 2, we
set

Hm(Ω) := Wm,2(Ω) and Hm
0 (Ω) := Wm,2

0 (Ω).
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We define
V(Ω) := {v ∈ C∞

0 (Ω) : div v = 0 in Ω},

and denote by H and V the closures of V(Ω) in L2(Ω) and H1
0 (Ω), respectively.

Let X be a Banach space and 0 < T ≤ ∞. We denote by Lp(0, T; X), or alternatively Lp
T(X),

the Banach space of X-valued (equivalence classes of) functions defined almost everywhere
on [0, T] that are Lp-integrable in the sense of Bochner. The associated norm is denoted by
∥ · ∥Lp

T(X).
We will frequently work with spaces of the form Lp(0, T; X) where X = Wm,q(Ω). In such

cases, for any v ∈ Lp(0, T; Wm,q(Ω)), the notation v(t) refers to the spatial function v(·, t). We
also use the notation Ck([0, T); X) for the space of k times continuously differentiable functions
on [0, T) with values in X. Moreover, as usual, the letters C, K, C1, K1, . . . are positive constants,
independents of (ρ, u, b), but their values may change from line to line.

Notation

As usual, we set ∥∥(φ, ψ)
∥∥2

X := ∥φ∥2
X + ∥ψ∥2

X.

In addition, we introduce the pair z(t) := (u(t), b(t)) with initial data z0 := z(0) = (u0, b0),
and the following norms:

∥z(t)∥2 := ∥u(t)∥2 + ∥b(t)∥2, ∥zt(t)∥2 := ∥ut(t)∥2 + ∥bt(t)∥2,

∥∇z(t)∥2 := ∥∇u(t)∥2 + ∥∇b(t)∥2, ∥∆z(t)∥2 := ∥∆u(t)∥2 + ∥∆b(t)∥2,

∥∇2z(t)∥2 := ∥∇2u(t)∥2 + ∥∇2b(t)∥2, ∥∇zt(t)∥2 := ∥∇ut(t)∥2 + ∥∇bt(t)∥2.

2.2 Auxiliary results

Following the approach in [18, Theorem 1.1], we obtain the following result concerning strong
solutions to the system (1.1)–(1.2).

Theorem 2.1. Assume that the initial data (ρ0, u0, b0) satisfy

0 < α ≤ ρ0(x) ≤ β < ∞ in Ω, with α, β ∈ R+, (2.1)

u0, b0 ∈ V . (2.2)

Then, there exists a time T∗ > 0 and a unique strong solution (ρ, u, p, b) in Ω× [0, T∗] for the problem
(1.1)–(1.2) satisfying

α ≤ ρ(x, t) ≤ β,

u, b ∈ L∞(0, T∗; V) ∩ L2(0, T∗; V ∩ H2(Ω)),

∇u, ∇b ∈ L2(0, T∗; L∞(Ω) ∩ W1,6(Ω)),

ut, bt ∈ L2(0, T∗; H),

∇p ∈ L∞(0, T∗; L2(Ω)) ∩ L2(0, T∗; L6(Ω)).

Moreover, if u0, b0 ∈ V ∩ H2(Ω), then the unique solution satisfies

u, b ∈ L∞(0, T∗; V ∩ H2(Ω)) and ut, bt ∈ L∞(0, T∗; H) ∩ L2(0, T∗; V).
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We will show that the unique solution to the problem (1.1)–(1.2) exists globally in time,
provided that the initial data u0 and b0 satisfy the “smallness” condition

ϵ
1
2
(
∥∇u0∥2 + ∥∇b0∥2) 1

2 ≤ c0, (2.3)

for some constant c0 > 0 sufficiently small, depending only on α and β.
To this end, the following estimates will be instrumental.

Lemma 2.2 (See [18], Lemma 1.6, p. 174). If v ∈ H1
0 (Ω), then the following Poincaré and Sobolev’s

inequalities hold:
∥v∥ ≤ ϵ∥∂3v∥, ∥v∥6 ≤ C∥∇v∥.

Remark 2.3. Observe that if u0, b0 satisfy (2.2)–(2.3), then

∥u0∥∥∇u0∥ ≤ ϵ∥∂3u0∥∥∇u0∥ ≤ c2
0, ∥u0∥∥∇b0∥ ≤ ϵ∥∂3u0∥∥∇b0∥ ≤ c2

0,

∥b0∥∥∇u0∥ ≤ ϵ∥∂3b0∥∥∇u0∥ ≤ c2
0, ∥b0∥∥∇b0∥ ≤ ϵ∥∂3b0∥∥∇b0∥ ≤ c2

0.

In particular, we have (
∥u0∥2 + ∥b0∥2)(∥∇u0∥2 + ∥∇b0∥2) ≤ 4c4

0.

Remark 2.4. From smallness condition (2.3), applying the Poincaré’s inequality in the vertical
direction on u0 and b0, we get the following smallness assumption:

∥u0∥ ≤ ϵ∥∂3u0∥ ≤ ϵ∥∇u0∥ ≤ c0ϵ
1
2 and ∥b0∥ ≤ ϵ∥∂3b0∥ ≤ ϵ∥∇b0∥ ≤ c0ϵ

1
2 .

Remark 2.5. The “smallness” assumption (2.3) closely resembles the one proposed in [21]:

∥u0∥∥∇u0∥ ≤ ϑ, with ϑ > 0 sufficiently small.

In fact, from Remark 2.2, we have

∥u0∥∥∇u0∥ ≤ c2
0 and ∥b0∥∥∇b0∥ ≤ c2

0.

Therefore, under the smallness condition

∥u0∥∥∇u0∥+ ∥b0∥∥∇b0∥ ≤ 2c2
0,

and following the approach in [21], we conclude that the strong solution given in Theorem 2.1
is global in time (i.e., T∗ = T, and T could be +∞).

2.3 Statement of the main result

Initially, we define

U (t) :=
∥∥(u, b)

∥∥2
L∞

t (L2(Ω))
+

∥∥(√µ ∇u,
√

η ∇b)
∥∥2

L2
t (L2(Ω))

,

V(t) :=
∥∥(∇u,∇b)

∥∥2
L∞

t (L2(Ω))
+

∥∥(ut, bt, ∆u, ∆b)
∥∥2

L2
t (L2(Ω))

, (2.4)

W(t) :=
∥∥(ut, bt,∇2u,∇2b,∇p)

∥∥2
L∞

t (L2(Ω))
+

∥∥(∇ut,∇bt)
∥∥2

L2
t (L2(Ω))

,

and

U0 := ∥u0∥2 + ∥b0∥2, V0 := ∥∇u0∥2 + ∥∇b0∥2, W0 := ∥∇2u0∥2 + ∥∇2b0∥2. (2.5)

The main result of this paper is the following.
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Theorem 2.6. Suppose that the initial data (ρ0, u0, b0) satisfy (2.1)–(2.3). Then the problem (1.1)–
(1.2) has a unique global in time strong solution (ρ, u, p, b) such that, for all T ∈ (0, ∞), the following
inequalities hold

α ≤ ρ(x, t) ≤ β, U (T)C ≤ C U0, V(T) ≤ C̃ V0,∥∥(u, b)
∥∥2

L∞
T (L2(Ω))

≤ C U0 e−γ T/ϵ2
,∥∥(∇u,∇b)

∥∥2
L∞

T (L2(Ω))
≤ C̃ V0 e−γ T/ϵ2

,

where C = C(α, β) > 0, C̃ = C̃(α, β, µ, η, c0) > 0, γ := min
{ 2µ

β , 2η
}

and γ := min
{ γ̃

µ , γ̃
η

}
, with

γ̃ := min
{ µ2

16β , η2

16

}
. Moreover, if u0, b0 ∈ V ∩ H2(Ω), then

W(T) ≤ C̃ W0 and
∥∥(∇2u,∇2b)

∥∥2
L∞

T (L2(Ω))
≤ C̃ W0 e−σ T/ϵ2

,

where σ := min{γ, γ}. In particular, for all t⋆ > 0, we conclude that

lim
ϵ→0+

(u, b) = (0, 0) uniformly in C
(
[t⋆, ∞); H2(Ω)

)
.

3 Proof of the main result

Theorem 2.6 follows as a consequence of Theorem 2.1 above, together with Propositions 3.1
and 3.3 established below.

A priori bounds

From now on, we denote by C, K, and C̃ generic positive constants, which may vary from
line to line. More specifically, C denotes a constant depending only on α and β; K depends
solely on α, β, µ, and η; and C̃ depends on α, β, µ, η, and c0.

In the following, we derive a priori estimates for the strong solution (ρ, u, p, b) to the pro-
blem (1.1)–(1.2), defined on Ω × [0, T], for T ∈ (0, ∞).

Proposition 3.1 (Estimates in the H1(Ω) norm). Assume that the initial data (ρ0, u0, b0) satisfy
(2.1)–(2.3). Let (ρ, u, p, b) be the strong solution furnished by Theorem 2.1 defined on Ω × [0, T].
There exist constants C = C(α, β) > 0 and C̃ = C̃(α, β, µ, η, c0) > 0, such that

α ≤ ρ(x, t) ≤ β, ∀ (x, t) ∈ Ω × [0, T], (3.1)

∥u(t)∥2 + ∥b(t)∥2 ≤ C
(
∥u0∥2 + ∥b0∥2) , ∀ t ∈ [0, T], (3.2)∫ t

0

(
µ∥∇u(s)∥2 + η∥∇b(s)∥2) ds ≤ C

(
∥u0∥2 + ∥b0∥2) , ∀ t ∈ [0, T], (3.3)

∥u(t)∥2 + ∥b(t)∥2 ≤ C
(
∥u0∥2 + ∥b0∥2) e−γ t/ϵ2

, ∀ t ∈ [0, T], (3.4)

∥∇u(t)∥2 + ∥∇b(t)∥2 ≤ C̃
(
∥∇u0∥2 + ∥∇b0∥2) , ∀ t ∈ [0, T], (3.5)∫ t

0

(
∥ut(s)∥2 + ∥bt(s)∥2) ds ≤ C̃

(
∥∇u0∥2 + ∥∇b0∥2) , ∀ t ∈ [0, T], (3.6)∫ t

0

(
∥∆u(s)∥2 + ∥∆b(s)∥2) ds ≤ C̃

(
∥∇u0∥2 + ∥∇b0∥2) , ∀ t ∈ [0, T], (3.7)

∥∇u(t)∥2 + ∥∇b(t)∥2 ≤ C̃
(
∥∇u0∥2 + ∥∇b0∥2) e−γ t/ϵ2

, ∀ t ∈ [0, T], (3.8)

with γ := min
{ 2µ

β , 2η
}

and γ := min
{ γ̃

µ , γ̃
η

}
, where γ̃ := min

{ µ2

16β , η2

16

}
.
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Proof. For a given u = u(x, t), one gets ρ, solution of (1.1)3, through the classical method of
characteristics. Indeed, if

Π(s) := ρ(x + su, t + s), ∀ s ∈ [−t, ∞) (with t ≥ 0),

then

d
ds

Π(s) = ∇ρ(x + su, t + s) · u(x + su, t + s) + ρt(x + su, t + s) = 0, ∀ s ∈ (−t, ∞).

Thus, Π(·) is a constant function of s. Hence,

ρ(x, t) = Π(0) = Π(−t) = ρ(x − tu, 0) = ρ0(x − tu).

Therefore, from the hypothesis (2.1), it follows that ρ satisfies bound (3.1). Testing equation
(1.1)1 by u and equation (1.1)2 by b, one obtains, respectively

1
2

d
dt

(
∥√ρu∥2)+ µ∥∇u∥2 = ⟨(b · ∇)b, u⟩

and
1
2

d
dt

(
∥b∥2)+ η∥∇b∥2 = ⟨(b · ∇)u, b⟩,

since ρt = −u · ∇ρ and div u = 0. Adding the above identities and noting that ⟨(b · ∇)b, u⟩+
⟨(b · ∇)u, b⟩ = 0, because div b = 0, we get the energy equation

d
dt

(
∥√ρu∥2 + ∥b∥2)+ 2

(
µ∥∇u∥2 + η∥∇b∥2) = 0. (3.9)

Integrating (3.9) in time and using (3.1), we find

α∥u(t)∥2 + ∥b(t)∥2 + 2
∫ t

0

(
µ∥∇u(s)∥2 + η∥∇b(s)∥2) ds ≤ β∥u0∥2 + ∥b0∥2, (3.10)

which proves the estimates (3.2) and (3.3).
Furthermore, applying Poincaré’s inequality (see Lemma 2.2) to identity (3.9), we obtain

d
dt

(
∥√ρu∥2 + ∥b∥2)+ γ

ϵ2

(
∥√ρu∥2 + ∥b∥2) ≤ 0, (3.11)

where γ := min{2µ/β, 2η}. Multiplying the above inequality by the integrating factor eγϵ−2t,
we get

d
dt

(
eγϵ−2t [∥√ρu∥2 + ∥b∥2]) ≤ 0.

Integrating from 0 to t, one obtains

∥u(t)∥2 + ∥b(t)∥2 ≤ C
(
∥u0∥2 + ∥b0∥2) e−γt/ϵ2

. (3.12)

This proves bound (3.4).
On the other hand, taking the L2 scalar product of first and second equations in (1.1) by

ut and bt respectively, and adding the resulting identities, one gets

∥√ρut∥2 + ∥bt∥2 +
1
2

d
dt

(
µ∥∇u∥2 + η∥∇b∥2)

= ⟨(b · ∇)b, ut⟩+ ⟨ρ(u · ∇)u,−ut⟩+ ⟨(b · ∇)u, bt⟩+ ⟨(u · ∇)b,−bt⟩. (3.13)
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Analogously, making the L2 inner product of first and second equations in (1.1) by −κ∆u and
−κ̃∆b respectively, with κ, κ̃ > 0 to be chosen later on, we obtain, after adding the resulting
equations, that

κµ∥∆u∥2 + κ̃η∥∆b∥2 = κ⟨ρut, ∆u⟩+ κ⟨ρ(u · ∇)u, ∆u⟩+ κ⟨(b · ∇)b,−∆u⟩
+ κ̃⟨bt, ∆b⟩+ κ̃⟨(u · ∇)b, ∆b⟩+ κ̃⟨(b · ∇)u,−∆b⟩. (3.14)

Then applying Cauchy–Schwarz and Young’s inequalities, we bound each term on the right-
hand side of equalities (3.13) and (3.14) as follows:

|⟨(b · ∇)b, ut⟩| ≤
1
6
∥√ρut∥2 +

3
2α

∥(b · ∇)b∥2,

|⟨ρ(u · ∇)u,−ut⟩| ≤
1
6
∥√ρut∥2 +

3β

2
∥(u · ∇)u∥2,

|⟨(b · ∇)u, bt⟩| ≤
1
6
∥bt∥2 +

3
2
∥(b · ∇)u∥2,

|⟨(u · ∇)b,−bt⟩| ≤
1
6
∥bt∥2 +

3
2
∥(u · ∇)b∥2,

κ|⟨ρut, ∆u⟩| ≤ 1
6
∥√ρut∥2 +

3
2

βκ2∥∆u∥2,

κ|⟨ρ(u · ∇)u, ∆u⟩| ≤ β

4
∥(u · ∇)u∥2 +

3
2

βκ2∥∆u∥2,

κ|⟨(b · ∇)b,−∆u⟩| ≤ 1
4α

∥(b · ∇)b∥2 + βκ2∥∆u∥2,

κ̃|⟨bt, ∆b⟩| ≤ 1
6
∥bt∥2 +

3
2

κ̃2∥∆b∥2,

κ̃|⟨(u · ∇)b, ∆b⟩| ≤ 1
6
∥(u · ∇)b∥2 +

3
2

κ̃2∥∆b∥2,

κ̃|⟨(b · ∇)u,−∆b⟩| ≤ 1
4
∥(b · ∇)u∥2 + κ̃2∥∆b∥2.

Consequently, applying the estimates above to resulting equation of the sum of the identities
(3.13) and (3.14) and choosing κ = µ/8β and κ̃ = η/8, one finds

∥√ρut∥2 + ∥bt∥2 +
d
dt

(
µ∥∇u∥2 + η∥∇b∥2)+ 1

8

(
µ2

β
∥∆u∥2 + η2∥∆b∥2

)
≤ C

(
∥(b · ∇)b∥2 + ∥(u · ∇)u∥2 + ∥(b · ∇)u∥2 + ∥(u · ∇)b∥2) . (3.15)

Now, using Hölder, standard interpolation, Sobolev and Young’s inequalities (see [2]), we
have

C∥(b · ∇)b∥2 ≤ C∥b∥2
6 ∥∇b∥2

3 ≤ C∥b∥2
6 ∥∇b∥ ∥∆b∥ ≤ C∥∇b∥3 ∥∆b∥

≤ η2

32
∥∆b∥2 + K∥∇b∥6, (3.16)

C∥(u · ∇)u∥2 ≤ µ2

32β
∥∆u∥2 + K∥∇u∥6, (3.17)

C∥(b · ∇)u∥2 ≤ µ2

32β
∥∆u∥2 + K∥∇b∥4∥∇u∥2, (3.18)

C∥(u · ∇)b∥2 ≤ η2

32
∥∆b∥2 + K∥∇u∥4∥∇b∥2. (3.19)
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Thus, applying the estimates (3.16)–(3.19) to inequality (3.15), we find

∥√ρut∥2 + ∥bt∥2 +
d
dt

(
µ∥∇u∥2 + η∥∇b∥2)+ γ̃

(
∥∆u∥2 + ∥∆b∥2)

≤ K
(
∥∇u∥4 + ∥∇b∥4

) (
∥∇u∥2 + ∥∇b∥2) , (3.20)

where γ̃ := min
{

µ2

16β , η2

16

}
. By integration of the above inequality over [0, t], we obtain

∥∇z(t)∥2 +
∫ t

0

(
∥zt(s)∥2 + ∥∆z(s)∥2) ds ≤ K∥∇z0∥2 + K

∫ t

0
∥∇z(s)∥4∥∇z(s)∥2ds.

So we deduce from estimate (3.10) that

∥∇z(t)∥2 +
∫ t

0

(
∥zt(s)∥2 + ∥∆z(s)∥2) ds ≤ K

(
∥∇z0∥2 + ∥∇z∥4

L∞
t (L2(Ω)) ∥∇z∥2

L2
t (L2(Ω))

)
≤ K

(
∥∇z0∥2 + ∥z0∥2 ∥∇z∥4

L∞
t (L2(Ω))

)
.

Having in mind the identities (2.4) and (2.5), one concludes that

V(t) ≤ K
(
V0 + U0V(t)2) .

Hence, if c0 is sufficiently small, we conclude that

V(t) ≤ C̃V0,

for some positive constant C̃ depending of α, β, µ, η and c0. This proves inequalities (3.5)–(3.7).
Lastly, we will focus on the estimate (3.8). Notice that, by bound (3.20), one has

d
dt
(µ∥∇u∥2 + η∥∇b∥2)+ γ̃(∥∆u∥2 + ∥∆b∥2) ≤ K

(
∥∇u∥4 + ∥∇b∥4

)
(∥∇u∥2 + ∥∇b∥2). (3.21)

Then similarly as we got estimate (3.11), we deduce, from bound (3.21) and Poincaré’s ine-
quality (see Lemma 2.2), that

d
dt
(µ∥∇u∥2 + η∥∇b∥2) +

γ

ϵ2

(
µ∥∇u∥2 + η∥∇b∥2

)
≤ K

(
∥∇u∥4 + ∥∇b∥4

)
(∥∇u∥2 + ∥∇b∥2),

where γ := min
{ γ̃

µ , γ̃
η

}
. Multiplying by the integrating factor eγϵ−2t gives

d
dt

{
eγϵ−2t (µ∥∇u∥2 + η∥∇b∥2)} ≤ K eγϵ−2t

(
∥∇u∥4 + ∥∇b∥4

) (
∥∇u∥2 + ∥∇b∥2) .

Thus, integrating in time and using estimate (3.3), one finds

∥∇z(t)∥2 ≤ K∥∇z0∥2 e−γϵ−2t + K
∫ t

0
e−γϵ−2(t−s)∥∇z(s)∥4∥∇z(s)∥2ds

≤ K∥∇z0∥2 e−γϵ−2t + K∥∇z∥4
L∞

t (L2(Ω))∥∇z∥2
L2

t (L2(Ω))

≤ K∥∇z0∥2 e−γϵ−2t + K∥z0∥2∥∇z∥4
L∞

t (L2(Ω)).

Consequently, if c0 is small enough, then we deduce that

∥∇z(t)∥2 ≤ C̃∥∇z0∥2 e−γt/ϵ2
,

where C̃ = C̃(α, β, µ, η, c0) > 0. The proposition follows.
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Remark 3.2 (Estimates for the “initial data” ut(0) and bt(0)). Multiplying the first equation in
(1.1) by ut in L2(Ω) and applying Cauchy–Schwarz and Young’s inequalities, we get

∥√ρut∥2 ≤ 3β∥(u · ∇)u∥2 +
3µ2

α
∥∆u∥2 +

3
α
∥(b · ∇)b∥2,

since div ut = 0. It follows from Gagliardo–Nirenberg inequalities that

∥ut∥2 ≤ K1
(
∥u∥∥∇u∥∥∇2u∥2 + ∥∆u∥2 + ∥b∥∥∇b∥∥∇2b∥2) ,

where K1 > 0 depends only on the constants α, β and µ. Due to Remark 2.3, we have

∥ut(0)∥2 ≤ K1
(
∥u0∥∥∇u0∥∥∇2u0∥2 + ∥∆u0∥2 + ∥b0∥∥∇b0∥∥∇2b0∥2)

≤ K1
(
c2

0 ∥∇2u0∥2 + ∥∆u0∥2 + c2
0∥∇2b0∥2)

≤ C̃1∥∇2z0∥2, (3.22)

where C̃1 = C̃1(α, β, µ, c0) > 0. With similar arguments, we can find

∥bt(0)∥2 ≤ C̃2∥∇2z0∥2, (3.23)

where C̃2 = C̃2(η, c0) > 0. Hence, by bounds (3.22) and (3.23), one concludes that

∥ut(0)∥2 + ∥bt(0)∥2 ≤ C̃
(
∥∇2u0∥2 + ∥∇2b0∥2) , (3.24)

where C̃ > 0 is a constant depending only on α, β, µ, η and c0.

Proposition 3.3 (Bounds in the H2(Ω) norm). Suppose that the initial data (ρ0, u0, b0) satisfy (2.1)
and (2.3), with u0, b0 ∈ V ∩ H2(Ω). Let (ρ, u, p, b) be the strong solution furnished by Theorem 2.1
defined on Ω × [0, T]. There exists a constant C̃ = C̃(α, β, µ, η, c0) > 0 such that

∥ut(t)∥2 + ∥bt(t)∥2 ≤ C̃
(
∥∇2u0∥2 + ∥∇2b0∥2) , (3.25)∫ t

0

(
∥∇ut(s)∥2 + ∥∇bt(s)∥2) ds ≤ C̃

(
∥∇2u0∥2 + ∥∇2b0∥2) , (3.26)∥∥(∇2u,∇2b,∇p)

∥∥2
L∞

t (L2(Ω))
≤ C̃

(
∥∇2u0∥2 + ∥∇2b0∥2) , (3.27)

∥ut(t)∥2 + ∥bt(t)∥2 ≤ C̃
(
∥∇2u0∥2 + ∥∇2b0∥2) e−σt/ϵ2

, (3.28)∥∥(∇2u,∇2b,∇p)
∥∥2

L∞
t (L2(Ω))

≤ C̃
(
∥∇2u0∥2 + ∥∇2b0∥2) e−σt/ϵ2

, (3.29)

for all t ∈ [0, T], with σ := min
{

γ̂, γ
}

, where γ̂ := min
{ µ

β , η
}

, γ := min
{ γ̃

µ , γ̃
η

}
and γ̃ :=

min
{ µ2

16β , η2

16

}
.

Proof. Differentiating the equations (1.1)1 and (1.1)2 with respect to t, taking the dot product
with ut and bt, respectively, integrating the resulting identities on Ω and adding both results
up, we get

1
2

d
dt

(
∥√ρut∥2 + ∥bt∥2)+ µ∥∇ut∥2 + η∥∇bt∥2

= ⟨(bt · ∇)b, ut⟩+ 2⟨ρ(u · ∇)ut,−ut⟩+ ⟨ρt(u · ∇)u,−ut⟩ (3.30)

+ ⟨ρ(ut · ∇)u,−ut⟩+ ⟨(bt · ∇)u, bt⟩+ ⟨(ut · ∇)b,−bt⟩,
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since ρt = −u · ∇ρ and div u = div ut = div b = 0.
Now, we estimate each term on the right-hand side of identity (3.30). Using Hölder,

Sobolev, interpolation and Young’s inequalities, we find

|⟨(bt · ∇)b, ut⟩| ≤ ∥bt∥6∥∇b∥∥bt∥3

≤ δ1∥∇bt∥2 + Cδ1∥∇b∥4∥bt∥2,

2|⟨ρ(u · ∇)ut,−ut⟩| ≤ 2∥ρ∥∞∥u∥6∥∇ut∥∥ut∥3

≤ δ2∥∇ut∥2 + Cδ2∥∇u∥4∥ut∥2,

|⟨ρt(u · ∇)u,−ut⟩| = |⟨div (ρu)(u · ∇)u, ut⟩|
≤ C∥∇u∥2∥∇2u∥∥∇ut∥
≤ δ2∥∇ut∥2 + Cδ2∥∇u∥4∥∇2u∥2,

|⟨ρ(ut · ∇)u,−ut⟩| ≤ ∥ρ∥∞∥ut∥6∥∇u∥∥ut∥3

≤ δ2∥∇ut∥2 + Cδ2∥∇u∥4∥ut∥2,

|⟨(bt · ∇)u, bt⟩| ≤ ∥bt∥6∥∇u∥∥bt∥3

≤ δ1∥∇bt∥2 + Cδ1∥∇u∥4∥bt∥2,

|⟨(ut · ∇)b,−bt⟩| ≤ ∥ut∥6∥∇b∥∥bt∥3

≤ C∥∇ut∥∥∇b∥∥bt∥1/2∥∇bt∥1/2

≤ δ1∥∇bt∥2 + δ2∥∇ut∥2 + Cδ1,δ2∥∇b∥4∥bt∥2.

So, applying the estimates above to equality (3.30) and taking δ1 = η/6 and δ2 = µ/8, we
obtain

d
dt

(
∥√ρut∥2 + ∥bt∥2)+ µ∥∇ut∥2 + η∥∇bt∥2

≤ K
(
∥∇u∥4∥ut∥2 + ∥∇u∥4∥bt∥2 + ∥∇b∥4∥bt∥2 + ∥∇u∥4∥∇2u∥2

)
≤ K

[(
∥∇u∥4 + ∥∇b∥4

) (
∥ut∥2 + ∥bt∥2)+ ∥∇u∥4∥∇2u∥2

]
. (3.31)

Moreover, since α ≤ ρ(x, t) ≤ β for all (x, t) ∈ Ω × [0, T], we deduce that

d
dt

(
∥√ρut∥2 + ∥bt∥2)+ µ∥∇ut∥2 + η∥∇bt∥2

≤ K
(
∥∇u∥4 + ∥∇b∥4

)(1
α
∥√ρut∥2 + ∥bt∥2

)
+ K∥∇u∥4∥∇2u∥2

≤ C
(
∥∇u∥4 + ∥∇b∥4

)(
∥√ρut∥2 + ∥bt∥2)+ C∥∇u∥4∥∇2u∥2. (3.32)

Then, applying a generalized Gronwall inequality (see, for instance, [15, Lemma 4, p. 656])
and taking into account (3.24), we have

∥zt(t)∥2 = ∥ut(t)∥2 + ∥bt(t)∥2

≤ exp
(

C
∫ t

0
(∥∇u(s)∥4 + ∥∇b(s)∥4) ds

)(
C̃∥∇2z0∥2 + C

∫ t

0
∥∇u(s)∥4∥∇2u(s)∥2 ds

)
≤ exp

(
C∥∇u∥2

L2
t (L2(Ω))∥∇u∥2

L∞
t (L2(Ω)) + C∥∇b∥2

L2
t (L2(Ω))∥∇b∥2

L∞
t (L2(Ω))

)
×
(

C̃∥∇2z0∥2 + C∥∇u∥2
L2

t (L2(Ω))∥∇u∥2
L∞

t (L2(Ω))∥∇
2z∥2

L∞
t (L2(Ω))

)
.
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This estimate, together with (3.3), (3.5), and Remark 2.3, implies that

∥zt(t)∥2 ≤ exp
(

C̃∥z0∥2∥∇z0∥2
)(

C̃∥∇2z0∥2 + C̃∥z0∥2∥∇z0∥2∥∇2z∥2
L∞

t (L2(Ω))

)
≤ C̃ exp

(
C̃c4

0

)(
∥∇2z0∥2 + c4

0∥∇2z∥2
L∞

t (L2(Ω))

)
≤ C̃

(
∥∇2z0∥2 + c4

0∥∇2z∥2
L∞

t (L2(Ω))

)
. (3.33)

Now, integrating (3.32) in time, and using again (3.3), (3.5), Remark 2.3, as well as (3.33), we
obtain

∥zt(t)∥2 +
∫ t

0
∥∇zt(s)∥2 ds

≤ C̃∥∇2z0∥2 + C
∫ t

0

(
∥∇u(s)∥4 + ∥∇b(s)∥4

)
∥zt(s)∥2 ds + C

∫ t

0
∥∇u(s)∥4∥∇2u(s)∥2 ds

≤ C̃∥∇2z0∥2 + C∥∇z∥2
L2

t (L2(Ω))∥∇z∥2
L∞

t (L2(Ω))∥zt∥2
L∞

t (L2(Ω))

+ C∥∇z∥2
L2

t (L2(Ω))∥∇z∥2
L∞

t (L2(Ω))∥∇
2z∥2

L∞
t (L2(Ω))

≤ C̃∥∇2z0∥2 + C̃∥z0∥2∥∇z0∥2∥zt∥2
L∞

t (L2(Ω)) + C̃∥z0∥2∥∇z0∥2∥∇2z∥2
L∞

t (L2(Ω))

≤ C̃∥∇2z0∥2 + C̃c4
0∥zt∥2

L∞
t (L2(Ω)) + C̃c4

0∥∇2z∥2
L∞

t (L2(Ω))

≤ C̃∥∇2z0∥2 + C̃c4
0∥∇2z0∥2 + C̃c8

0∥∇2z∥2
L∞

t (L2(Ω)) + C̃c4
0∥∇2z∥2

L∞
t (L2(Ω))

≤ C̃
(
∥∇2z0∥2 + c4

0∥∇2z∥2
L∞

t (L2(Ω))

)
, (3.34)

since c0 > 0 is sufficiently small.
On the other side, by identity (3.14), one concludes that

∥∇2z(t)∥2 ≤ K
(
∥zt∥2 + ∥(u · ∇)u∥2 + ∥(b · ∇)b∥2 + ∥(u · ∇)b∥2 + ∥(b · ∇)u∥2). (3.35)

In addition, since div u = 0, applying the divergence operator to the first in (1.1), we obtain

∆p = −div
(
ρut + ρ(u · ∇)u − (b · ∇)b

)
,

and therefore the total pressure p may be recovered by

∇p = −∇∆−1div
(
ρut + ρ(u · ∇)u − (b · ∇)b

)
. (3.36)

Hence, we have
∥∇p(t)∥2 ≤ Cβ

(
∥ut∥2 + ∥(u · ∇)u∥2 + ∥(b · ∇)b∥2) .

So, from bounds (3.35) and (3.36), we get

∥(∇2u,∇2b,∇p)∥2 ≤ K
(
∥ut∥2 + ∥bt∥2 + F(t)

)
, (3.37)

where F(t) := ∥(u · ∇)u∥2 + ∥(u · ∇)b∥2 + ∥(b · ∇)b∥2 + ∥(b · ∇)u∥2. To obtain the estimate
of

∥∥(∇2u,∇2b,∇p)
∥∥2

L∞
t (L2(Ω))

, it remains to control F(t). Using Hölder, standard interpolation
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and Sobolev’s inequalities (see [2]), we find, from estimates (3.2) and (3.5), and Remark 2.3,
that

∥(u · ∇)u∥2 ≤ ∥u∥2
3 ∥∇u∥2

6 ≤ C∥u∥∥∇u∥∥∇2u∥2

≤ C̃∥z0∥∥∇z0∥∥∇2u∥2

≤ C̃c2
0 ∥∇2u∥2, (3.38)

∥(u · ∇)b∥2 ≤ ∥u∥2
3 ∥∇b∥2

6 ≤ C∥u∥∥∇u∥∥∇2b∥2

≤ C̃∥z0∥∥∇z0∥∥∇2b∥2

≤ C̃c2
0 ∥∇2b∥2. (3.39)

Analogously, one has

∥(b · ∇)b∥2 ≤ C̃c2
0 ∥∇2b∥2, (3.40)

∥(b · ∇)u∥2 ≤ C̃c2
0 ∥∇2u∥2. (3.41)

Consequently, by inequality (3.37), one obtains

∥(∇2z,∇p)∥2 ≤ C̃
(
∥zt∥2 + c2

0 ∥∇2z∥2). (3.42)

Since c0 > 0 is sufficiently small, one gets

∥(∇2z,∇p)∥2 ≤ C̃∥zt∥2. (3.43)

Furthermore, having in mind the identities (2.4)–(2.5) and summing the bounds (3.34) and
(3.43), one concludes that

W(t) ≤ C̃
(
W0 + c4

0W(t)
)

.

Hence, the smallness of c0 ensures that

W(t) ≤ C̃W0.

This proves estimates (3.25)–(3.27). Finally, using Poincaré’s inequality (see Lemma 2.2), we
get

∥∇ut∥ ≥ ϵ−1∥ut∥ and ∥∇bt∥ ≥ ϵ−1∥bt∥.

Thus, by estimate (3.31), we have

d
dt
(
∥√ρut∥2 + ∥bt∥2)+ γ̂

ϵ2

(
∥√ρut∥2 + ∥bt∥2)

≤ K
[(

∥∇u∥4 + ∥∇b∥4
) (

∥ut∥2 + ∥bt∥2)+ ∥∇u∥4∥∇2u∥2
]

, (3.44)

where γ̂ := min {µ/β, η}. Multiplying inequality (3.44) by integrating factor eγ̂ϵ−2t yields

d
dt

{
eγ̂ϵ−2t (∥√ρut∥2 + ∥bt∥2)}
≤ K eγ̂ϵ−2t

[(
∥∇u∥4 + ∥∇b∥4

) (
∥ut∥2 + ∥bt∥2)+ ∥∇u∥4∥∇2u∥2

]
.
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Then, we deduce from estimate (3.24) that

∥√ρut∥2 + ∥bt∥2 ≤ C̃∥∇2z0∥2 e−γ̂ϵ−2t

+ K
∫ t

0
e−γ̂ϵ−2(t−s)

[(
∥∇u(s)∥4 + ∥∇b(s)∥4

)
∥zt(s)∥2 + ∥∇u(s)∥4∥∇2u(s)∥2

]
ds.

Consequently, we have

∥zt(t)∥2 ≤ C̃∥∇2z0∥2 e−γ̂ϵ−2t + K∥∇u∥2
L2

t (L2(Ω))∥∇u∥2
L∞

t (L2(Ω))∥zt∥2
L∞

t (L2(Ω))

+ K∥∇b∥2
L2

t (L2(Ω))∥∇b∥2
L∞

t (L2(Ω))∥zt∥2
L∞

t (L2(Ω))

+ K∥∇u∥2
L2

t (L2(Ω))∥∇u∥2
L∞

t (L2(Ω))∥∇
2u∥2

L∞
t (L2(Ω)).

Let us recall that estimates (3.3), (3.8), (3.25), and (3.27) yield the following bounds:

∥(√µ ∇u,
√

η ∇b)∥2
L2

t (L2(Ω)) ≤ C ∥z0∥2,

∥(∇u,∇b)∥2
L∞

t (L2(Ω)) ≤ C̃ ∥∇z0∥2 e−γ t/ϵ2
,

∥(ut, bt)∥2
L∞

t (L2(Ω)) ≤ C̃ ∥∇2z0∥2

and ∥∥(∇2u,∇2b)
∥∥2

L∞
t (L2(Ω))

≤ C̃ ∥∇2z0∥2,

respectively. These imply that

∥zt(t)∥2 ≤ C̃∥∇2z0∥2 e−γ̂ϵ−2t + C̃∥z0∥2∥∇z0∥2∥∇2z0∥2 e−γϵ−2t,

where γ := min
{ γ̃

µ , γ̃
η

}
and γ̃ := min

{ µ2

16β , η2

16

}
. Moreover, by Remark 2.3, we have

∥z0∥2∥∇z0∥2 ≤ 4c4
0.

Hence,
∥zt(t)∥2 ≤ C̃∥∇2z0∥2 e−γ̂ϵ−2t + 4C̃c4

0 ∥∇2z0∥2 e−γϵ−2t.

Therefore, choosing σ := min {γ̂, γ}, we infer

∥zt(t)∥2 ≤ C̃∥∇2z0∥2 e−σt/ϵ2
,

which together with inequality (3.43) implies that

∥(∇2z,∇p)∥2 ≤ C̃∥∇2z0∥2 e−σt/ϵ2
.

This proves estimates (3.28)–(3.29). The proof of Proposition 3.3 is finished.
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