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Abstract. We establish the global existence of strong solutions to the nonhomogeneous
incompressible magnetohydrodynamics (MHD) equations in a thin three-dimensional
domain O = R2 x (0,€), with € € (0,1], subject to Dirichlet boundary conditions
on the top and bottom boundaries. Global well-posedness may hold for large initial
data, provided the vertical thickness € is sufficiently small. Moreover, when € — 0%,
both the velocity and magnetic field tend to vanish away from the initial time. The
analysis is based on a priori H> estimates of the solutions, with particular attention to
the dependence on the vertical parameter e.
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1 Introduction

This work investigates nonhomogeneous incompressible magnetohydrodynamic (MHD) flows
in thin 3D domains. The equations involve a coupling between the nonhomogeneous Navier—
Stokes system and the Maxwell equations in Q := Q) x (0,0), where Q) := R? x (0,€), with
0 < € < 1, is a thin domain of R3. The governing equations, described extensively in textbooks
such as [8,13,20], are as follows:

pur+p(u-V)u—udu+V(P+1[b)?) = (b- V)b,
bi+ (u-V)b—nAb= (b-V)u,

pt+u-Vp=0,

divu =0, divb=0.

(1.1)
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Here, u(x,t) € R® and b(x, t) € R® denote the velocity and magnetic field of the fluid at each
point (x,t) € Q, respectively. The real-valued functions p(x,t) € R" and P(x,t) € R represent
the fluid density and hydrostatic pressure, respectively. The quantity |b|?>/2 corresponds to
the magnetic pressure. Accordingly, we define the total pressure of the fluid as p := P + %\b\z.
The positive constants y and 1 denote the viscosity and the resistivity coefficient, respectively.
The latter is inversely proportional to the electrical conductivity and serves as the magnetic
diffusivity of the magnetic field.
We complete the system (1.1) with the following initial and boundary conditions:

{(p/ u, b) ‘t:() = (pOI Uy, bO) in Q/

(12)
(u(x,t),b(x,t)) = (0,0) for all (x,t) € T x (0,00),

where T := {(x1,x2,x3) / (x1,%2) € R?,x3 =0o0r x3 = €}.

The magnetohydrodynamic (MHD) equations with variable density have been studied
extensively in recent years; see [1,9,14,19,25] and the references therein (see also [3,4,6,10-12]
for further results concerning the MHD equations). These results are closely related to those
obtained for the variable-density Navier-Stokes equations. The study of the classical Navier—
Stokes system in thin domains was initiated by Raugel and Sell in [22] and subsequently
generalized in several directions; see, for example, [16] and the references therein. The first
work addressing the variable-density Navier-Stokes equations in thin domains was carried
out by Liao in [18].

In this work, we show that results analogous to those of Liao [18] are valid for the system
(1.1)—=(1.2). Specifically, we prove that global well-posedness may be achieved for large initial
data when the vertical thickness € is sufficiently small. For additional related work on fluid
mechanics equations in thin domains, see, for instance, [5,7,17,23,24].

The paper is organized as follows. In Section 2, we introduce the basic notation and state
the main result. In Section 3, we provide the proof of our main theorem (see Theorem 2.6
below).

2 Preliminaries and main result

In this section, we introduce the function spaces, definitions, and the main result that will be
used throughout this work.

2.1 Functional framework

Throughout this paper, we employ the standard Lebesgue space LP(Q)), for 1 < p < oo, and
the Sobolev space

WP (Q)) = {f € LP(Q) : ||3*f|, < oo for all [k| < m} m e NU{0},

with norms denoted by | - ||, and || - ||wn», respectively. In particular, we denote the L? norm
and the L? inner product by || - || and (-, -), respectively.
Corresponding Sobolev spaces of vector-valued functions are denoted in boldface. For
example, we write L2(Q) := (L2(Q))" and W™F(Q) := (W™P(Q))", where n € IN.
Furthermore, we denote by Wy (Q) the closure of CF(Q) in W"?(Q)). When p = 2, we
set
H"(Q) :== W"™2(Q) and HJ'(Q) := W"*(Q).
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We define
V(Q):={ve Q) :dive=0in Q},

and denote by H and V the closures of V(Q) in L?(Q)) and H}(Q), respectively.

Let X be a Banach space and 0 < T < co. We denote by L (0, T; X), or alternatively L?(X),
the Banach space of X-valued (equivalence classes of) functions defined almost everywhere
on [0, T] that are LP-integrable in the sense of Bochner. The associated norm is denoted by

- Wz )

WTé vzzill frequently work with spaces of the form L?(0, T; X) where X = W"4(Q)). In such
cases, for any v € LP(0, T; W™4(Q))), the notation v(t) refers to the spatial function v(-, t). We
also use the notation C*([0, T); X) for the space of k times continuously differentiable functions
on [0, T) with values in X. Moreover, as usual, the letters C, K, C1, K3, . .. are positive constants,
independents of (p, u,b), but their values may change from line to line.

Notation

As usual, we set
It 0% = lolx + Il
In addition, we introduce the pair z(t) := (u(t), b(t)) with initial data zo := z(0) = (uo, by),
and the following norms:
Iz(B)]% := [[u()* + [B() 1%, 1ze(8) 1% 2= [lue (1) 17 + B2 ()],
V22 := [[Vu(t)|* + [ VB(1)]?, [8z(8)]|? == [|Au(t)]* + [|ab(1)]?,
IV22(t)12 = [V2u(®) [ + V2o, V20 = [V (D] + [|VBe (1) |2

2.2 Auxiliary results

Following the approach in [18, Theorem 1.1], we obtain the following result concerning strong
solutions to the system (1.1)—(1.2).

Theorem 2.1. Assume that the initial data (po, uo, bo) satisfy

0<a<py(x) <B<oo inQ), witha, p €RT, (2.1)
up, bp € V. (2.2)

Then, there exists a time T* > 0 and a unique strong solution (p,u, p, b) in Q0 x [0, T*] for the problem
(1.1)—(1.2) satisfying
a < p(xt) <,
u, b e L®(0,T%V)NL20, TV N HX(Q)),
Vu, Vb € L2(0, T*; L*(Q) N W(Q))),
u, by € L2(0, T*; H),
Vp € L=(0, T*; L2(Q))) N L2(0, T*; L°(Q))).

Moreover, if ug, bp € VN HZ(Q), then the unique solution satisfies

u,bc L0, T;VNH*(Q)) and wuy, by € L¥(0,T*; H)NL*(0,T*V).
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We will show that the unique solution to the problem (1.1)—(1.2) exists globally in time,
provided that the initial data uy and by satisfy the “smallness” condition

1
et (|| Vauo|2 + [|Vhbo|2)? < co, (2.3)

for some constant ¢y > 0 sufficiently small, depending only on « and S.
To this end, the following estimates will be instrumental.

Lemma 2.2 (See [18], Lemma 1.6, p. 174). If v € H}(Q), then the following Poincaré and Sobolev’s
inequalities hold:
loll < ellosoll, llolle < C[[Voll.

Remark 2.3. Observe that if ug, by satisfy (2.2)—(2.3), then
ol Vano|| < elldsuoll[Vaoll <, lluoll[Vboll < ellosuoll|| Vol < c,
1ol[ [ Vuoll < €llasbolll[Vuoll < 5, [[bolll|Vboll < el|dsboll[[Vbo|| < c.
In particular, we have
(llaol* + 16ol1?) (I Vato]* + VB0 %) < 4c.

Remark 2.4. From smallness condition (2.3), applying the Poincaré’s inequality in the vertical
direction on uy and by, we get the following smallness assumption:

luoll < elldsuo]l < e[ Vuo|| < coe* and [|bol| < eljasbol| < e[| Vbo| < coe?.
Remark 2.5. The “smallness” assumption (2.3) closely resembles the one proposed in [21]:
lluo| || Vuo|| < 0, with ¢ > 0 sufficiently small.
In fact, from Remark 2.2, we have
o[l Vasol| < 5 and [|Bo]l [ Vbo]| < c5.
Therefore, under the smallness condition
[0 [ Va0 | + 1|0l | Vbol| < 2c5,
and following the approach in [21], we conclude that the strong solution given in Theorem 2.1
is global in time (i.e., T* = T, and T could be +c0).
2.3 Statement of the main result

Initially, we define

2 2
U(E) = 0,0) gy + |V T80T T8
2 2
V(t) = H(V”'Vb)HLgo(p(Q)) + H(ut,bt, Au, Ab)HLf(LZ(Q))' (2.4)
W) = ||, e, V20, 920, V) [ g2y + 1 (20 VB0 [ 20
and
Uy := [luoll> + Iboll®, Vo := [Vuol* + [ Vboll>,  Wo = [[V?uol|* + [[V?bol|*. (2.5)

The main result of this paper is the following.
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Theorem 2.6. Suppose that the initial data (po, uo, bo) satisfy (2.1)—(2.3). Then the problem (1.1)—
(1.2) has a unique global in time strong solution (p,u, p, b) such that, for all T € (0, c0), the following
inequalities hold

v<p(xt)<p,  UTC<CU, V(T)<CW,

|(u,b) Hi;"(LZ(Q)) < Clpe "™/,

|(Va, VD)2

~ —7T/e?
HL%"(LZ(Q)) < CVoe 77T,

where C = C(a, B) >0,C=C(a, B, #, 11, co) >0, 7 := min{%’,Ziy} and 7y := min{%,%}, with
¥ := min {%, %} Moreover, if ug, by € VN H?(Q), then

W(T) S GWO ﬂnd H(vzul vzb)Hiw(LZ(Q) S EWO e*O'T/e‘Z’
T

)

where 0 := min{~y, 7 }. In particular, for all t, > 0, we conclude that

elirgh(u,b) = (0,0) uniformly in C([t., c0); H*(Q)).

3 Proof of the main result

Theorem 2.6 follows as a consequence of Theorem 2.1 above, together with Propositions 3.1
and 3.3 established below.

A priori bounds

From now on, we denote by C, K, and C generic positive constants, which may vary from
line to line. More specifically, C denotes a constant depending only on « and ; K depends
solely on a, B, jt, and 77; and C depends on «, B, 1, 17, and cy.

In the following, we derive a priori estimates for the strong solution (p, u, p, b) to the pro-
blem (1.1)—(1.2), defined on Q) x [0, T], for T € (0, ).

Proposition 3.1 (Estimates in the H'(Q) norm). Assume that the initial data (oo, uo,bo) satisfy
(21)~(2.3). Let (p,u,p,b) be the strong solution furnished by Theorem 2.1 defined on () X [0, T].
There exist constants C = C(a, ) > 0and C = C(w, B, u, 1, co) > O, such that

a < p(xt) <B, V(x,t)eQx[0T], (3.1)

(DI + [b(2) | < C (ol + o) vie(o,T, 62)

[ WIVaGs) P+ 986 12) ds < € (ol + 1ol vie(o,T, 63)
(I + Ne(®) I < € (ol + [1bo]*) =, vie(o,T, (4

IFu(t) 2+ V6] < € (I Vu0l+ Vol VEE[0,T], (35)

[ Qs+ Jou(s) ) ds < € (Vo + V00l vie(0,T], (36

[ Iu(s) -+ 13b) ) ds < € (¥l + [ 7ol Ve (0,T], (37)

I Fu(t) 2+ [ Vb(t)|* < € (uwnz +IVbP)eTVE, vie(o,Tl, 639)

with vy := min { 5,217} and 7y —mm{ , where y —mm{mﬁ,m}.
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Proof. For a given u = u(x,t), one gets p, solution of (1.1)3, through the classical method of
characteristics. Indeed, if

II(s) :=p(x+su, t+s), Vsée€[—t ) (with t > 0),

then

;SH(S) =Vp(x+su, t+s) -u(x+su, t+s)+p(x+su, t+s) =0 Vse (—to0).

Thus, I1(+) is a constant function of s. Hence,
p(x,t) =I1(0) = II(—t) = p(x — tu, 0) = po(x — tu).

Therefore, from the hypothesis (2.1), it follows that p satisfies bound (3.1). Testing equation
(1.1)1 by u and equation (1.1); by b, one obtains, respectively

3 o (1/BulP) + Tl = (o ¥)b, 1)

and L
577 (IbI1%) + 7] VB[ = ((b- V)u,b),

since p; = —u - Vp and divu = 0. Adding the above identities and noting that ((b- V)b, u) +
((b-V)u,b) =0, because divb = 0, we get the energy equation

d
77 (IVoull* + [16]1%) +2 (| Val* + 7V ]*) = 0. (3.9)

Integrating (3.9) in time and using (3.1), we find

t
allu(t)]? + [1b()]> +2/0 (I Vu()|1? + 5l Vb(s)[1?) ds < Blluoll® + Ilbol?, (3.10)

which proves the estimates (3.2) and (3.3).
Furthermore, applying Poincaré’s inequality (see Lemma 2.2) to identity (3.9), we obtain

d 0%
7 (Ilv/oul* + |b]|*) + po) (Ilv/pull* +116]|*) <0, (3.11)

where y := min{2j/B,25}. Multiplying the above inequality by the integrating factor ¢7¢ *,
we get

d -2
e ye 2 2 <
2 (e vul2+ bIP]) <o.
Integrating from 0 to ¢, one obtains
lu(®)? + 18I < € (luol> + [[Bo]) e~/ (3.12)

This proves bound (3.4).
On the other hand, taking the L? scalar product of first and second equations in (1.1) by
u; and b, respectively, and adding the resulting identities, one gets

/o + ol 4+ 2 (ulall> + ][ VB])
={((b-V)b,u) + (p(u-V)u,—u;) + ((b-V)u,by) + ((u- V)b, —by). (3.13)
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Analogously, making the L? inner product of first and second equations in (1.1) by —xAu and
—xAb respectively, with «, € > 0 to be chosen later on, we obtain, after adding the resulting
equations, that

k|| Aul|® + || Ab|1? = k{ous, Au) + x{o(u - V)u, Au) + x((b - V)b, —Au)
+ %(by, Ab) + 7 {(u - V)b, AbY + 7((b - V)u, —Ab). (3.14)

Then applying Cauchy-Schwarz and Young’s inequalities, we bound each term on the right-
hand side of equalities (3.13) and (3.14) as follows:

(b 9)b, )| < gl /oml? + 5l V)bl
ol V), —u)| < ¢ ol + 2 (- V)ul?,
(b V) b)] < llbrl> + (- V)l

(- V)b, b} < g bl + 2 (- V)b
Kl (s, )| < ¢ [/l + 2 i
(o~ V), )| < Bl a4+ 2 g au?,
(b V)b, ) < o |(b- V)b|P + e aul,
Rl (00, AB)] < 2 o]+ 72 b P
(- V)b, Ab)| < gll(u- V)bIP + S22 Ab]1,

~ 1 -
RI((b- V)u, —Ab)| < L[| (b V)ul* + & Ab]*
Consequently, applying the estimates above to resulting equation of the sum of the identities
(3.13) and (3.14) and choosing ¥ = u /8B and k¥ = /8, one finds
d 1 [ u?
VBl -+ 1601 + 5 (Va4 n1V612) + g (55 w4 7801

< C(I®-V)bI* + [ (- V)ul* + [[(b - V)ul|* + [[ (- V)b[?) . (3.15)
Now, using Holder, standard interpolation, Sobolev and Young'’s inequalities (see [2]), we

have

Cll(e-V)b|* < ClIblg VB3 < ClIblIE VO]l |ab] < VD] [|Ab]

2
< Z—zHAbHZ + K| Vb, (3.16)
2
Cll(u-V)ul2 < L ||au|? + K[| Vul, (3.17)
328
2
Cll(b- V)ulf < 55 llAull* + K| Vo[Vl (3.18)
2
Cll(u- V)bl < L ab|2 + K| Vul*| Vb (3.19)

32
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Thus, applying the estimates (3.16)—(3.19) to inequality (3.15), we find
Iv/oue |+ [[b:]* + (ﬂl\Vu||2+77|!Vb|! ) +7 (|au* + | ab] %)

<K (||Vur|4+ IVB]*) (IVul?+ [ Vb]2), (3.20)

where 9 := min { fgzﬁ, 12} By integration of the above inequality over [0, {], we obtain

t t
HVZ(t)||2+/0 (Ize()I1* + [[az(s)[1?) ds < K!|V20H2+K/O IV2(s)[|*]|Vz(s)||*ds.
So we deduce from estimate (3.10) that

IVz(£)]? +/ Ize(s)II* + 1A2(s)|1%) ds < K (IIVZoll2 + 1Vl ey 1V 222120 ))
< K (V20 + 120l kuﬂo@zm) -
Having in mind the identities (2.4) and (2.5), one concludes that
V() < KVo+UpV(H)?).
Hence, if ¢ is sufficiently small, we conclude that
V(t) < CW,

for some positive constant C depending of «, B, 1, 7 and co. This proves inequalities (3.5)(3.7).
Lastly, we will focus on the estimate (3.8). Notice that, by bound (3.20), one has

d -
2 Va4 [VB[%) + (| Au + [[Ab]*) < K(!IWH4 + IIVb||4> (IVul®+ [ VB]?). (3.21)

Then similarly as we got estimate (3.11), we deduce, from bound (3.21) and Poincaré’s ine-
quality (see Lemma 2.2), that

) _
Va2 + V]2 + 5 (ulVaul? + 4 Vb]2) < K(I[Vall* + [ V0[*) (|Vul2+ | Vb]2),
where 7 := min {%, %} Multiplying by the integrating factor eTe gives

, N
A IV + VIR | < KT (IVul +198]°) (IValP + | VB

Thus, integrating in time and using estimate (3.3), one finds

- £
V217 < KI Tzl e 7™+ K e I T2(6)]1Va(s) P
0

w2
< K[ V20l e ™ 4 K[ V2l g2 1V 2] 20

_zt

< K||[Vzol[* e ™ + Kl 2ol | V2l 12
Consequently, if cg is small enough, then we deduce that
IV2()]* < C|[ Vol e ™,

where C = C(«, B, 1,1, ¢0) > 0. The proposition follows. O
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Remark 3.2 (Estimates for the “initial data” u;(0) and b;(0)). Multiplying the first equation in
(1.1) by u; in L2(Q)) and applying Cauchy-Schwarz and Young’s inequalities, we get

Il < 3l - Va2 + 2 aul + 2o 90l
since div #; = 0. It follows from Gagliardo—-Nirenberg inequalities that
uel* < Ky ([ Ve [V20* + [ Au|® + 6] VB[ V2B]|?) ,
where K; > 0 depends only on the constants «, f and u. Due to Remark 2.3, we have
22 0) 1 < K (J[ao 1| Vaeo || V2u0]|* + | Auo* + [[bo [ Vo | VB0 |?)
< Ky (c§ IV 2uo]|* + [| Ao | + c5]| V2o I*)
< G| V2%, (3.22)
where C; = El(oc, B, 1, co) > 0. With similar arguments, we can find
16:(0)[1* < G| V2202, (3.23)
where C, = 62(17, co) > 0. Hence, by bounds (3.22) and (3.23), one concludes that
[ 0) I + 16:(0)[1* < € (I V?uol* + |V ?bol?) , (3.24)
where C > 0 is a constant depending only on «, B, , 77 and cq.

Proposition 3.3 (Bounds in the H(Q)) norm). Suppose that the initial data (oo, uo, bo) satisfy (2.1)
and (2.3), with ug, by € VN H?(Q). Let (p, u,p,b) be the strong solution furnished by Theorem 2.1
defined on Q) x [0, T|. There exists a constant C = C(«, B, p, 1, ¢o) > 0 such that

e (DI + 16:(8) 1> < C (IV?u0ll* + | V?bo]1?), (3.25)

[ T + 1981(5) ) ds < € (190l + 19200 ]), 629

10720, 926, V) [ o 200y < € (IV200]1% + Vb0 ]?) , (3.27)

e (1)1 + [[be (8)]|2 < C (I V2u0]|2 + || V2bo ) e/, (3.28)

| (V?u, Vb, Vp) HLmZ < C (|[V?u0|? + || V2bo|)?) e=/€, (3.29)

forall t € [0,T], with ¢ := min{7,7}, where ¥ := mm{ﬁ, boyo= mm{f IV and 4 =

. 2 2
min { 1%/3’ 1.
Proof. Differentiating the equations (1.1); and (1.1), with respect to ¢, taking the dot product

with u; and b, respectively, integrating the resulting identities on (2 and adding both results
up, we get

Q..‘m‘

- (l/oml + 116:]1%) + | Vel + 7] V|2

N =

= ((bt- V)b, u) +2{o(u-V)ur, —us) + (ot (u - V)u, —uy) (3.30)
+ <P(ut . V)u, —ut> + <(bt . V)u, bt> + ((ut . V)b, —bt>,
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since py = —u - Vp and divu = divu; = divb = 0.
Now, we estimate each term on the right-hand side of identity (3.30). Using Holder,
Sobolev, interpolation and Young’s inequalities, we find

[((br - V)b, ur) | < [|be]|6 [ VO[[[: 5
< 81 Vbi||* + Co [ VB[] b1]2,
2{p(u - V)ur, —ui)| < 2|[]col[2e]l6]| Vare [[] 2] 5
< 8| Vaur||* + Co, [Vt %,

[(or (e - V)u, —ur) | = [{div (ou) (- V)u, u)|
< ClIVul?[V2ul[[ V]
< 8|V |? + Co || Vu|[*| V2|2,

(o (e - V)ut, —ue) | < lplloolae l6]| Var] [[aa¢ |3
< 8o Vaur||* + Co, [Vt %,

(b - V)u, be)| < [y || Vul|[[be]]3
< 81| VBi|* + Co [ Vul* 642,

[((ue - V)b, =bi)| < [[ut[6]|VOI[[[: 5
< C|[ Ve[| VB [[bel'2[ Vb |12
< 81 Vb + 8| Var|* + Coy 6, | VB [ b2

So, applying the estimates above to equality (3.30) and taking 6; = #/6 and &, = /8, we
obtain

d
77 UNou* + [1b1%) + el Vel + 7| Vo |2
<K (IIWH‘*IIutII2 + [ Vaul* [ + V01612 + IIWH4IIV2uH2>

< K| ([1Vall* + [VB]1*) (el + [[Be]2) + Va2 2 . (3.31)

Moreover, since & < p(x,t) < B for all (x,t) € Q x [0, T], we deduce that

d
25 (1/ousl+ 11Bel12) + | V|2 + ]| Vo |
1
< K (vl + ku4)(a||\/ﬁutu2 + ||btn2) + K[ V|| V]

< C (I9ull* + V0 (Il /omlP + [5e]?) + ClI Va7 (332)

Then, applying a generalized Gronwall inequality (see, for instance, [15, Lemma 4, p. 656])
and taking into account (3.24), we have

J20(6) 1 = () + 11 (1)
t - t
< exp(C [ VA + [ 96(6) 4 ds ) (€170l + € [ 19u(s) [ Va0 s
< exp (ClIVala ) V8l ) + CIVBI 200 I VB E(i2)

x (CIV220ll* + IVl g2 IVl ey | V2 a2y )



Global strong solutions to MHD system in thin 3D domains 11

This estimate, together with (3.3), (3.5), and Remark 2.3, implies that
z:(8) 112 < exp(Cllzol12l V20 12) (CI V220l + Clzo 2V 20|21 V221 1201 )
< Cexp(Cef ) (V22012 + 811Vl 12 )
< 5(||V220H2 + cg||v2z||2?(L2(Q))). (3.33)

Now, integrating (3.32) in time, and using again (3.3), (3.5), Remark 2.3, as well as (3.33), we
obtain

2P+ [ IVaE)]Pds
< QI +-C [ (IVuI + V() [4) [z ()2 ds +C [ 1Tulo)|2(s) 2 ds

< GHVzZOHz + CHVZH%g(LZ(Q)) "VZ’|2f°(L2(Q)) ||ZtHZ;>°(L2(Q))
+ ClIVallL 020 IV 2120 V22l (12000

< ClIV2z0||* + Cllzol 1V 20l |z¢ I T 12y + Cllz0l2 1V 20121 V22T 12

IN

6HVZZOHZ + ECéHZtHZf(B(Q)) + 563\\V22Higo@z(n)>
< ClIV220l1? + Cejl| V220> + CegI V2l e 12y + Ceb I V22T (120
< 5(|\v2zo||2+C§HVZZH%?Q(LZ(Q))), (3.34)

since cg > 0 is sufficiently small.
On the other side, by identity (3.14), one concludes that

IV22(D) 1> < K(llzel* + 1 (- V)u]]> + [ (B V)BI* + [[ (- V)B|? + [|(B- V)u|?).  (3.35)
In addition, since div# = 0, applying the divergence operator to the first in (1.1), we obtain
Ap = —div (pus + p(u- V)u— (b-V)b),
and therefore the total pressure p may be recovered by
Vp =—VA'div(pu; +p(u-V)u— (b-V)b). (3.36)

Hence, we have
VP17 < Cp (luel* + | (- V)u|> + [ (- V)B]]?) .

So, from bounds (3.35) and (3.36), we get
1092, %, V)| < K (]2 + [[br]]2 + (1)), (337)

where F(t) := ||(u- V)ul|]> + |[(w- V)b|> + ||(b- V)b||?> + || (b - V)ul||>. To obtain the estimate
of || (V?u, V?b, Vp) Hiw( 12(Q)) it remains to control F(t). Using Holder, standard interpolation
t
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and Sobolev’s inequalities (see [2]), we find, from estimates (3.2) and (3.5), and Remark 2.3,
that

(- V)u)l> < [[ull3 [ Vullg < Cllull||[Vul|[| V|

< Cllzo[[ V2ol | V?u]|?

< Ccj | V2ul?, (3.38)
(- V)b> < [[ul3[IVB|E < Cllulll[Vaul || VB

< Cllzol|[IVzoll[[V*BII?

< Cc2 || V| (3.39)

Analogously, one has
(& - V)l? < Ceg V2011, (3.40)
(b - V)u? < Cef||V2ul. (341)

Consequently, by inequality (3.37), one obtains
1(V22, Vp) I < C(llztl* + 5 [ V22]1%). (3.42)
Since ¢y > 0 is sufficiently small, one gets
1(V22, Vp)|? < Cllzdll?. (3.43)

Furthermore, having in mind the identities (2.4)—(2.5) and summing the bounds (3.34) and
(3.43), one concludes that

W(t) < C(Wo+chw(t)).
Hence, the smallness of ¢y ensures that
W(t) < CW.
This proves estimates (3.25)—(3.27). Finally, using Poincaré’s inequality (see Lemma 2.2), we

get
IVau|| = el and  [[VOi]| > e7[be]]

Thus, by estimate (3.31), we have
Bl ) + 2 (v + 1])
dt e?
< K[(I1Tal* + [ VBI*) (e[ + 11Be]2) + [Vl V2] 2] (3.44)
where 7 := min {3/8, 7}. Multiplying inequality (3.44) by integrating factor ¢7¢ ** yields

d ~
T (o2 + 64]1) |
< KTt [ (|l + [ VBI*) (el + 1be]2) + | Vall ] 9202
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Then, we deduce from estimate (3.24) that
v/puil + 111> < CJ| V220> e
K [T [([9u)1+ 19661 2 + [ Tu()| | 72(6) 2] ds
Consequently, we have
Iz ()% < CIV220 ]2 7™ + KVt 32 g IVl (12000 26 a2
+ KUVl 120 VO 22000) 121 2200
+ KUVl 20 |Vl 200 | V8 g (12002
Let us recall that estimates (3.3), (3.8), (3.25), and (3.27) yield the following bounds:
IV Vi, v/ VB) I 120y < Cllzoll?,
1V, V0) 3120y < C V0] €7,
H(”tzbt)HL;w(LZ(Q)) < C V220l

and

1(V2u, V20) ||} < C||V2z|%,

HL‘i"(LZ(Q))
respectively. These imply that

~ ) ~ _me2
Ize(t)[|* < ClIV20l e 7 ™ + Cllz0|I*[[ V20 1*[[ V?20[|* ™7 7,
where 7 := min {%, %} and 7 := min {%, % }. Moreover, by Remark 2.3, we have
1z0lI*[|Vz0[|* < 4cj.

Hence, R By ) N
2D < V220 Pe~7 ™ +aCch | V22 |27 ™.

Therefore, choosing ¢ := min {7, 7}, we infer
lz(DI? < €[Vl e/,
which together with inequality (3.43) implies that
1(V22, Vp)|* < C[| V2202
This proves estimates (3.28)—(3.29). The proof of Proposition 3.3 is finished. O
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