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Abstract. In this paper, existence results are obtained for a system of second order
boundary value problems

ug(t) = f(t,u(t),ug(t)), uz-ae t €1[0,1)
0)==a

(1) +ku(6) = B,

with Stieltjes derivatives with respect to different derivators on different coordinates.

Using an appropriate Green function and Schauder’s fixed point theorem, a very
general existence result is obtained, thus overcoming several outcomes in literature.
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1 Introduction

The interest for second order differential equations with multi-point boundary conditions has
robust roots in engineering (e.g. [17]) and it was, therefore, intensively studied. We refer
the reader to [17,31,33] and the references therein and to [7] or [1,24] for the framework of
impulsive problems, respectively of dynamic equations on time scales.

At the same time, problems involving the Stieltjes derivative with respect to nondecreas-
ing functions have recently found significant applications in studying real processes where
stationary intervals and abrupt changes are equally present (see [11-13,18] or [19]); this kind
of behaviour was investigated through the theory of measure differential equations (e.g. [6])
and inclusions (for instance, [4] or [5]). Starting with the paper [16] (following an idea in
[32]), a more convenient, equivalent writing using the Stieltjes derivative became increasingly
popular (see [8,9,11,12,20,23,27,28] for the single-valued case or [26,29] for the set-valued
setting).
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Second order equations with Stieltjes derivative were considered, to the best of the author’s
knowledge, only in the linear case with initial value boundary conditions in [8,9] and in the
nonlinear case with periodic conditions in [22].

When speaking about systems of differential problems, as described in [12,14,19] or [21],
it is important to allow the variation speed of different unknown variables to depend on
different nondecreasing functions and thus, to have different impulsive moments or stationary
intervals of time; this means to consider a vector-valued derivator.

With all these in mind, we hereby develop a study of systems of nonlinear second order
Stieltjes differential equations with three-point boundary conditions and several derivators:

ug(t) = f(tu(t), ug(t)), pg-ae t€0,1)
(0) =
(1) + ku(6) = B.

=

u

Inspired by [33], a Green’s function is adapted to the present framework, allowing one to
get existence and uniqueness for single-valued linear second order equations on the real line.
A fixed point theorem is then applied to get an existence result in the nonlinear case for
systems of second order Stieltjes differential problems with three-point boundary conditions
and several derivators.

It is well-known that the theory of Stieltjes differential equations is strongly related to other
types of problems: generalized differential equations ([30]), impulsive differential equations
([16]) or dynamic problems on time scales ([6]); consequently, the outcomes presented here
can be used to get existence and uniqueness results for systems of second-order equations
with three-point boundary conditions in the mentioned settings.

2 Notations and auxiliary results.

Let ¢ : [0,1] — R be a nondecreasing left-continuous function. Without any loss of generality,
one may suppose that g(0) = 0. The g-measurability means the measurability with respect
to (shortly, w.rt.) the c-algebra defined by g, u, is the Stieljes measure generated by ¢
(see [10]) and the Lebesgue-Stieltjes (shortly, LS-) integrability w.r.t. ¢ is the abstract Lebesgue
integrability w.rt. the measure ;. Let Lg([0,1]) be the space of real LS-integrable functions
w.r.t. ¢ with its natural topological structure given by the norm

£l = [ 1F@)ds (o).

Consider the following sets:
D, = {t € [0,1] : g(t+) — g(t) > 0}
and
Cy = {t€[0,1] : g is constant on (f —¢,t + ¢) for some ¢ > 0}

along with

Ng = {uy, v, : n € N} \ Dy,
where C; = Uen(tn, vn) with (i, 0p)n pairwise disjoint. Let Ny = {u, : n € N} \ Dy
and NJ” = {v, : n € N} \ Dg. As pg(Cq) = pg(Ng) = 0 (proved in [16]), these two sets are
irrelevant in the study of differential equations. Note also that Dy N C, = @.
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Let us now recall the notion of differentiability related to Stieltjes integrals introduced in
[8] (which extends that in [16] in such a way that the points in C, are also covered).

Definition 2.1. Let ¢ : [0,1] — R be a nondecreasing left-continuous function such that 0 ¢ N
and 1 ¢ CgU Ny The derivative with respect to g (or the g-derivative) of f : [0,1] — R at
t € [0,1] is defined by

vy ) = ()

fg(t _tlig—li—g(t)—g(f) lftEDg,

"(f) = lim ft) = f(on) i Uy, 0
fg(t)_tivﬁg(t)—g(vn) fr€ (non) € Gy

if the limits exist. In this case f is said to be g-differentiable at .
The points of Ny must be approached in the following manner:

2 (F) = lim O (ORrps Ny,
i+ g(t) — g(F)

o . t)—f(¢) . -
(1) =1 il < ifte N .

= I e MM

Note that if t € Dy, the g-derivative f;(t) exists if and only if the right limit f(t+) exists,
and in this case
flt+) = f()

0= ) sy

while if t € (un,vy) C Cg the g-derivative fg(t) exists if and only if there exists the right
g-derivative at v,,.

The g-derivative is very useful when trying to solve many interesting problems where
abrupt modifications (corresponding to discontinuity points of ¢) and stationary times (cor-
responding to intervals where g is constant) are both part of the state behaviour, such as in
[11,12] or [13].

Connecting Stieltjes integrals and the Stieltjes derivative is one of the main technical issues
of the theory; such connections are provided by Fundamental Theorems of Calculus ([16,
Theorems 5.4, 6.2, 6.5]).

In order to state them, let us remind the reader (e.g. [16]) that f is called g-absolutely
continuous (f € AC¢([0,1])) if for every € > 0 there exists J; > 0 such that

o

f(b)) = f(aj)] <e

j=1

for any set {(a;,bj);j =1,...,m} of disjoint subintervals of [0, 1] satisfying

M

(8(bj) — g(a;)) < be.

~
Il
—
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Theorem 2.2.
a) ([16, Theorem 2.4]) Let f : [0,1] — R be LS-integrable with respect to g. Then

F() = [ f5)dg(s), te o

defines a map g-absolutely continuous and yg-a.e. g-differentiable on [0, 1) with the property that
Fo(t) = f(t), pgae.

b) ([16, Theorem 5.4], see also [11, Theorem 5.1]) If F : [0,1] — R is g-absolutely continuous, then
Fy exists pg-a.e. and

F(t) = F(0) on Fo(s)dg(s) foreveryt € [0,1].

Remark 2.3. It easily follows that if f € Lé([O, 1]),

Fiy= [ f6)dgs), teo)

defines a map pig-a.e. g-differentiable with the property that Fy(t) = —f(t), pg-a.e.

Let us also recall ([11]) that a map f : [0,1] — R is g-continuous at a point ¢ € [0,1] if for
every € > 0 one can find é; > 0 such that

s€[0,1], [8(t) —g(s)| <de = [f(t) = f(s)| <e¢

and that g-continuity on [0, 1] means g-continuity at every t € [0, 1].

Any g-absolutely continuous function is g-continuous and it was proved in [16, Proposition
5.3] that g-absolutely continuous functions are left-continuous and constant on the intervals
where g is constant.

Note that g-continuous functions are not necessarily bounded, this is the reason to consider
the space BC,([0,1]) of functions which are bounded and g-continuous ([11]). It is a Banach
space when endowed with the norm

[ullc = sup [u(t)]
te[0,1]
and AC4([0,1]) C BC4([0,1]).
We add to Theorem 2.2 the result below.

Lemma 2.4. Let F : [0,1] — R be g-absolutely continuous such that there exists f € BCq([0,1])
satisfying

Fo(t) = f(t), pgae.
Then F is g-differentiable everywhere and Fgt) = f(t) for every t € [0,1].

Proof. By Theorem 2.2.b), for every t € [0,1],
F()=FO)+ [ F(dg()
whence, by hypothesis,
F(t) = F(0) + o t)f(t)dg(t), for every t € [0,1].

Applying [8, Lemma 3.14] we obtain that F is g-differentiable everywhere and Fgt) = f(t) for
every t € [0,1]. O
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The following consequence of [8, Proposition 3.9] (see [9, Remark 2.11]) provides a useful
rule for the g-derivative of a product.

Lemma 2.5. Let f1, f» : [0,1] — R be g-continuous and g-differentiable at the point t € [0, 1]. Then
(fifa)g(t) = (A)g(Ofa(t) + A1) (f2)g(B) + (fr)g(B) (f2)g () A (EY),
where Ag(t*) = g(t*+) — g(t*) is the jump of g at the point
o t, ift¢Cq
B v, ift e (up,v,) C Cq.

The recent works [8,9] opened the way to study higher order differential equations with
Stieltjes derivative. The space BC;([O, 1]) was defined as the space of functions f : [0,1] - R
such that f is g-differentiable everywhere on [0,1] and its g-derivative f; is bounded and
g-continuous. Endowed with the norm

1fllser oy = Ifllc + Il felle

it is, by [8, Theorem 3.15], a Banach space.
The matter of compactness in BC,4([0,1]) was addressed in [11].

Theorem 2.6 ([11, Proposition 5.6]). Let S C AC([0,1]) be such that {u(0) : u € S} is bounded
and there exists ¢ € Ly ([0,1])satisfying

ug(t)| < ¢(t), pg-ae in (0,1] and forallu € S.
Then S is relatively compact in BCq([0,1]).

Besides,

Lemma 2.7 ([15, Lemma 3.8]). Let (ux); C ACq([0,1]) be pointwise convergent to u : [0,1] — R.
If there exists ¢ € Lé([o, 1]) such that for all k € N,

() ()] < ¢(8),  pg-ae. in (0,1],

then u is also g-absolutely continuous.

3 Main results

3.1 Second order linear Stieltjes differential equations with a single derivator

The aim of this subsection is to study the linear single-valued setting, namely the problem

ug (t) = f( ), He-ae.t € [0,1)
u(0) = (3.1)
u(1) + M( )=p

where ¢ : [0,1] — R is a nondecreasing left-continuous function, k € R and 6 € (0,1) satisfy
(1) +kg(0) #0and &, B € R.
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Definition 3.1. A function u € BC;([O,l)) is a solution of (3.1) if it verifies the boundary
conditions u(0) = & and u(1) + ku(6) = B, its first g-derivative u, is g-absolutely continuous
on [0,1) and its second g-derivative (which is well defined y,-a.e. by Theorem 2.2) satisfies

ug(t) = f(t), pg-a.e.in[0,1).

The existence result given below involves a Green-type function appropriate for the present
framework, inspired by [33].

Theorem 3.2. Let f : [0,1] — R be LS-integrable with respect to the nondecreasing left-continuous
function g : [0,1] — R. Then ug : [0,1] — R,

ug(t) = /[0,1) G(t,s)f(s)dg(s) = x(en(t) - A(g(t) — £(6))

g(1) —g(t) +k(g(0) —g(t)) g(t) 3
g(1) +kg(0) g(1) +kg(0)

+ o+

is a solution of (3.1).
Here G : [0,1] x [0,1] — R is defined as follows: if t < 6,

—8(s)[8(1) —g(t) +k(g(0) —g(t)) £
sl glg)Jrkg(f)% S _ Ag(s*), if0<s<t
G(t,s) = —g(t)[g(l)g—(%(?;;zgg)w)—g(S))], ift<s<9
—8(1)(g(1)—g(s)) ifo<s<i1,

while if t > 6,
(=80)sM)-g kg =gt _ Ag(s), f0<s<0

8(1)+kg(0)
_ ) —8&(s)(g(1)—g(t))+kg(0)(g(t)—g(s)) £\ s
G(t,s) = { =8L)& 5(1)+kgg(9) S8 _ Ag(s*) if0<s<t
—g(t)(g(1)—g(s)) :
8g(13%’+kg(g) , ift<s<1.
Besides,
- [0 fostso
XYW =N dfe<r<a,
—k
A= ————— S s)+1)dg(s
TR0 Jay FOE() + D)
and

p=p+ ([, ASCFEMg(s) [ Agle)f(s)(s) + Alg1) — 5(0)) ).

Proof. Let us first note that if <0,

_ 8(t) .
wl) = [ ~sEf)g) + s [ 01 +Rf(G)g(s) [ Ag(s)f(5)dg()

8(t) /[w) [g(1) — g(s) + k(g(60) — g(s))1f (s)dg(s)

- g(1) +kg(6)

B g(l)gflzg(@ /W)(gu) — 8(5))f(5)dg(s)

LB =g KO —g(1) 8 g
g(1) +kg(6) 2(1) + k()"
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Then, using Theorem 2.2.a) and Lemma 2.5, uy is g-absolutely continuous on [0, 6] and pg-a.e.

on [0,0),

o 1+k
(up)g(t) = —g(O)f (1) T 20 + kg(0) g(1) +kg(6)

1 * *
T D T re @O TOFDAE) — Ag(t)f(1)

- g(l)—:kg@ /[w) [8(1) = g(s) +k(g(6) — g(s))1f (s)dg(s)

# 8 l6(0) — g(0) +K(g(0) — gIF D)
g(1) —g(t) +k(g(8) —g(t) i
¢(1) +kg(6) f(H)Ag(t")
1

" (1) T kg(6) /[9,1)(8(1) — 2(s))f(s)dg(s) —

+
(A +ka—p
g(1) +kg(0)

Using Lemma 2.4 we get that for every t € [0,6),

1+k
g(1 )+kg( )/[Ot)g( s)f(s)dg(s)

E T o 50 (3(6) — g(s))(s)dg(s)

d
o kg /[91 )dg(s)

_ w
g(1) +kg(0)

(up)g(t) =

It is g-absolutely continuous on [0, 6] and for yg-almost every t € [0,6),

)0 = s ey + ED=SOLIEL=I W iy — o),

Also, for t > 0,

= —(Ss S S 7g(t) S)— S S
wl) = [ ~8CIf(Es(s) + oS [ ((5) ~Rf()ds(s)

_ /[0’9) Ag(s™)f(s)dg(s) + /W) —g(s)f(s)dg(s)

g(t) .
AL k@) Jon ) H RO~ [ Ag()f(5)dg ()

- [ s - e )

g(1) +kg(0)
g(1) —g(t) +k(g(0) —g(t))
— A(g(t) —g(0)) + (1) + k(@)

g(t) 3

YT +kg@)F

2
G Joy, 8 FEMs(6) + S0 a0
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Then uy is g-absolutely continuous on (6,1) and pg-a.e. on (0,1),

ey 1
(uf)g(t) = 2(1) + kg(6) /[019)(g(5) —k)f(s)dg(s) —g(t)f(t)

1
TR o 86 T RO ()
(g(t) +kg(6))£(t)

8(t) ) )
+ m(g(t) +kg(0))f(t) + 2(1) + kg (6) Ag(t*) — Ag(t*) f(t)

! 40
TR S )~ 8ENFE)R6) + B (s1) — g1

(51)—gOF() « v (+Ka—p
s kg 8 AT e oy

Again by Lemma 2.4 we infer that uy is g-differentiable on (6, 1) and that

L(t) = L — s)dg(s
) = ST @) Jop) )~ RFC)s(5) 63

1
HOETT0) /W) (8(s) +kg(6))f (s)dg(s)
(1+k)a—B

1
- TTRE /m<g<1> = 8ENFE(E) ~ A= s

Consequently, (uf), is g-absolutely continuous on (¢,1) and for pg-a.e. t € (6,1),

Moo 1 1 _
(up)g(t) = m(g(t) +kg(0))f(t) + m(é’(l) —g(t)f(t) = f(t).

On the other hand, if t = 6 € Dy, then using (3.2), (3.3) we can see that

(5)g(0+) — (us)g(6-)

(up)2(6) = 0
— s (JO88O) — i [ A6+ ge)dg(s) - A)
Ag(0) g(1) +kg(0) Jioe
— £(6).

Since in the case where 6 ¢ Dyg, pg({6}) = 0, we can conclude that (uf)g (t) = f(t) for pg-a.e.

te0,1).
Besides, as 1y and (i), are both continuous at 6 if 6 ¢ Dy, it follows that u € BCé([O, 1])

and (us), is g-absolutely continuous on [0, 1].
As for the boundary conditions, it can be easily checked that

u(0) = [ GOSf()dg(s) +a=n
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and

g(1)B
g(1) +kg(0)

k(g(0) —g(1))
g(1) +kg(0)

SV F(s)do(s) 1 xS —80) 3(6)B
Ttk {0,1>G(9’ /(s )+kg(1) + kg (0) +kg(1)+kg(9)

[ —Re()(E0) —s(1) :

=B+ St o) [ ag(shf(s)dz(s)
- kg(9)
+/[9,1> 8(

S p(sydgts
- [, A5 95(s) — Als() - 5(0)

x+

wi(1) +hu(6) = [ G(1L)FE)dg() ~ Alg(D) - 5(6)) +

+k

oo &1
- )
—k/ Ag( k
[0,6) $(7)f()dg(s) + [0,1) (1>+kg 9)

Corollary 3.3. A map u : [0,1] — R is a solution of (3.1) if and only if

u(t) = G(t,s)f(s)dg(s) — x(eq)(t) - A(g(t) —8(0))

0,1)
g(1) —g(t) +k(g(0) —g(t) g(t)
g(1) +kg(0)

(1) +kg(6)

Proof. One implication is proved in Theorem 3.2; as for the other one, suppose 11, 1, are two
solutions of the considered problem. Then

+ B

® +

0 (3.4)

Using the g-absolute continuity of (11 — uy)/, one infers that for every t € [0,1],

8
(11 — u2)g(£) = (11 — u2)g(0) + /[O,t)(ul — )¢ (s)dg(s) = (1 — u2)5(0)
and so, by the g-absolute continuity of u; — uy,
(w1 —up)(t) = (ug — uz)(0) + / (u1 —u2)y = (u1 —u2)(0) + (11 — u2)g(0) - g(#).
Now the boundary conditions lead us to

(1 —u2)(0) =0

respectively
(11 — u2)¢(0) - (g(1) +kg(6)) = 0.
It follows that (11 — u2),(0) = 0 and, consequently, u1(t) = uy(t) for every t € [0, 1]. O
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Remark 3.4. Taking into account that, by Lemma 2.5, s = s* pg-almost everywhere, in Theo-
rem 3.2 the following expression could have been used instead for G(t,s):
ift <9,

—g(s)[g(l)g—(%(i);:glz(gs;(e) M) _ Ag(s), f0<s<t
G(t,s) = *g(t)[g(l);(:if)(?%k(ég;(ﬂ)*g(ﬂ)], ift<s<®o
% ) ifg <s<1,
while if ¢t > 0,
( —g(s)[g(l)g—(iz)(i)ék((eg)(@)—g(t))} — Ag(s), if0<s<6
G(t,s) = *g(S)(g(l)*é(B)jkl;g('g)(g(t)*g(S)) —Ag(s), ifo<s<t
—8(t)(g(1)—g(s)) ift <s<1.

\ g()+kg(0)

3.2 Second order linear Stieltjes differential systems with several derivators

As described in [12,19] or [21], differential systems with several derivators naturally occur
when investigating physical processes; more precisely, it leads to studying the existence (and
uniqueness) of u : [0,1] — R¥ such that

=Q (3.5

where § = (g1,...,84) @ [0,1] — RY with g; left-continuous and nondecreasing for each
ic{l,...,d}, f:[0,1] =R, &= (ay,...,44),8 = (B1,...,B4) € R"and 0 € (0,1) satisfy the
assumption: g;(1) +kg;(6) # 0 for each i € {1,...,d}.

The g-derivative is to be understood as the vector ((u1)
must be understood as:

g7+ (Ua)g,), thus the system (3.5)

(ui)g, () = fi(t), pgae. t €[0,1)
u,-(O) = K; (36)
ui(l) + kul(G) = ,Bi

foreveryi=1,...,d.
Denote (as in [19, page 6]) by

d
BC4([0,1], RY) = HBCgi([Oll]),

by .
BCy([0,1],RY) = [T B¢ (0,1)),

i=1
respectively by
d
AC([0,1], RY) = [T AC,,([0,1]).

i=1
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Definition 3.5. A function u € BC%([O,l],IRd) is a solution of (3.5) if for each i it verifies
the boundary conditions u;(0) = &; and u;(1) + ku;(0) = B;, the first g;-derivative (u;)g, is
gi-absolutely continuous and its g;-derivative (which is well defined p,,-a.e.) satisfies

(“i)gi(t) = fi(t), pg-a.e.in[0,1).
Reasoning componentwise, Theorem 3.2 and Corollary 3.3 involve the following result.

Theorem 3.6. Let § = (g1,...,84) : [0,1] — IR”’ where Qi is left-continuous and nondecreasing for
eachi € {1,...,d} and let f € Ll([ 1), RY) =114, Lli([O 1]). Then u : [0,1] — R% is a solution
of (3.5) if and only if for every i € {1 ., d}:

wlt) = [ GiltS)fils)dg(s) ~ Ko (1) - Aulgi(t) — 2:(0))

+ gi(l) (

) + k(g:i(60) — gi(t)) O
gi(1) + kg (6) %+ o) 1 kg (8) P Vte[o,1],

where G; : [0,1] x [0,1] — R is defined as follows: if t < 6,

—8i(s)[8i(1) —gi(t) +k(gi(0)—gi(t)) . .
el gié)('f‘kgi((ég) el Agi(sj )/ if0<s<t

_ ) —gi()[gi(1)—gi(s)+k(gi(0)—gi(s)) :
Gi(t,s) = § —Slsl-gg a0 -sC)], ift<s<#
—8i(t)(gi(1)—gi(s) :
s kg (0) ifo<s<1,

while if t > 6,

—gi(s)[gi(1)—gi(t)+k(gi(0)—gi(t * ;
8i(s)[8i( ?g,-(ﬁ)(Jr)kg,-(((%() 8i(t)] — Agi(s?), if0<s<@

Gi(t,s) = *81‘(5)(8i(1)*ggii((lfgli’géé‘;)(gi(t)*gi(s)) — Agi(s), ifO<s<t
—8i(H)(8i(1)=&i(s)) ;
T ft<s=<l,
A= —k

7.(1) + kgi(8) [Olg)ﬁ(s)(gi(S)Jrl)dgi(S)

and

B i ([ SSRGS+ [ 8gsA(() + Aisi() = 6] )

3.3 Existence result for systems of nonlinear second order boundary value equa-
tions

In this subsection, we focus on nonlinear differential problems of second order with boundary
value conditions

ug(t) = f(tu(t), ug(t)), ug-ae.t €[0,1)
u(0) =& - (3.7)
u(1) + ku(6) = B,

with § = (g1,...,84) : [0,1] — R such that g; is left-continuous and nondecreasing for
eachi€ {1,...,d},a = (aq,...,a49),B = (B1,---,Ba) € R?and k € R, 8 € (0,1) satisfy the
assumption: ¢;(1) +kg;(6) # 0 foreachi € {1,...,d}.
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Definition 3.7. A function u € BC%,([O, 1], R%) is a solution of (3.7) if u(0) = &, u(1) + ku(0) =
B, its first g-derivative ug € ACz([0,1], R?) and its second g-derivative satisfies
ug(t) = f(t,u(t), ug(t)), pg-ae inl0,1),
ie. foreveryie {1,...,d}:
(ui);’,.(t) = fi(t,u(t),ué(t)), jig-a.e.in [0,1).
Theorem 3.8. Let f : [0,1] x R? x RY — R satisfy, foreach i € {1,...,d}, the following conditions:
(1) there exists M; € L;,l_([O, 1]) such that

fi(t,x,y)| < Mi(t), mgae te[01], Vx,y € R,

(2) fi(-,x,y) is g;-measurable, for every x,y € R%
(3) fi(t,-,-) is continuous on R? x RY, for pg,-almost every t € [0,1].
Then the problem (3.7) has solutions.

Proof. Let us prove that the set
K= {u € BC%([O,l],IRd); |(ui)g, (1) < Mi(t), pg-ace., Viand u(0) =@, u(1) +ku(f) = B}

is nonempty, convex and compact in BC;—,([O, 1], R9).

First, note that any map f € L%([O,l],]Rd) such that |f;(t)| < M;(t) foralli € {1,...,d}
provides, thanks to Theorem 3.2, an element of K (which is, therefore, nonempty) and that
the convexity can be easily checked.

Then, let us see that K is compact in BC%( 0,1],RY).

To this aim, consider a sequence (1), C K. It can be seen from the proof of Theorem 3.2
that for each i € {1,...,n},if t <6,

/ 1+k y
((”Tl)i)gi(t) = m /[o,t) 8i(5)((”n)i)gi(5)d8i(5)
1 1
TR Juoy 81V~ 8(5) K(@i(0) = i) () ) ()i (o)
1 1+k)a; — Bi

/[9,1)(&(1) — i) ((#n)i)g,(s)dgi(s) — (

 gi(1) +kgi(6) i(1) +kgi(0)

while if ¢t > 0,

| : . " "
((un)i)g, (t) = ¢i(1) + kgi(8) /[0,9) (31(5) — K)((10a)0)" (5)dg () — gi () ((10a)i )/ (1)
1 1
b @ o ) O () ()i
gi(t) )
D) + kgo(e) 81D +K8i(O)) (i) (1)
1

TR ) oy D)~ D () ()dsils)
(1 —+ k)D&,‘ — Bi

gi—(t> ) _ o u ) _ A, N T
+81(1)+k81(9) (gl(l) gl<t))(( ﬂ)l)gi(t) Al g1(1)+k81(0)
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Using Theorem 2.6 on each coordinate, ((un)é,) is relatively compact in the space

BC4([0,1],RY). One can choose a subsequence, denoted again by (i), such that ((””)ii)n

is uniformly convergent to a function v € ACg([0, 1], R?).

In both cases, as u,(0) = &, Vn, (u,), satisfies as well the hypotheses of Theorem 2.6,
therefore one can choose a further subsequence (not re-labelled) such that (u,), uniformly
converges to a function u € ACZ([0,1], RY).

Since for every i € {1,...,d}, the sequence (((1,);)
that for each t € [0, 1]:

/

gi)n uniformly converges to v, we infer

((un)i)g, (s)dgi(s) = [ o(s)dgi(s)

[0,¢) [0,t)

and remark that, by Theorem 2.2,

/[Olt)((u”%)/gi(s)dgi(S) = (un)i(t) - — ui(t) —

it follows that
o(t) = ug(t).
Moreover, note that ((us)g)x is, by hypothesis, relatively weakly compact in Lé([o, 1],R%), so

on convex combinations we may suppose that ((ux)g ) converges pointwise to a function w €

1 d . . . .
tLg([g, 1],R%). Applying a dominated convergence theorem one gets for each i € {1,...,d}, if
<0,

, 1+k
((un)i)g, (t) — (1) +ki(6) /[O,t) gi(s)wi(s)dgi(s)
1
OE0) /[t,e) [8i(1) — &i(s) + k(gi(6) — &i(s)]wi(s)dgi(s)
1 (1+k)a; — Bi

TR o @) O — SR

while if t > 0,

/ 1
((un)i)gi(t) — m /[0,9) (gl(s) - k)wi(s)dg(s) _gi(t)wi(t)
1
TR o 819+ RSO0
gi(t) ‘ | |
m(&(t) + kgi(8))w;(t)
1

TR @D — 8w (s)dsi(5)
(1 + k)le' — Ei

8i(t)

s +hg (@) S SO A e
On the other hand, it was seen that for each i € {1,...,d}, (((””)i)éi)n uniformly converges
to (u;)y, which is equal to

1+k y
FORETO SECLRREE

1 1
T () + kg (0) /[w) [8i(1) — &i(s) + k(gi(6) — &i(s)] (ui)g (s)dgi(s)
1 (1 + k)oci — ,Bi

/[9,1)(&(1) = 8i(8)) (ui)g, (s)dgi(s) —

 gi(1) +kgi(0) gi(1) +kgi(0)
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if t < 6, respectively to

1 " 1
gi(1) +kg:(0) /[0,9) (8i(s) — k) (ui)g,(5)dg(s) — &i(t) (ui)g,(t)

1 1
b TR ) o ) T SO W (5)dsi(s)

gi(t) “
m(gl( ) +kgi(8)) (ui)g,(t)
1

AR 2O) MGORECIHOLD
(1+k)a; — B

gi(t) "
if t > 6.
Consequently,
w(t) = ug(t), pg-almost everywhere on [0,1).

Therefore, |(u;) g (t)| < Mi(t), ug-a-e., Viand so, u € K. The compactness of K is thus proved.
Let us now check that the operator = : K — K,

E(u) =v € K suchthat v§(t) = f(t,u(t), ug(t)), pg-ae.

satisfies the conditions of Schauder’s fixed point theorem.

At the beginning, note that = is well-defined by Theorem 3.2 and Corollary 3.3, since as in
[11, Lemma 7.2] it can be proved that for any u € K, f(-,u(-), ug(")) € L%([O, 1], RY).

All we have to check now is that Z is continuous.

Let (#,), C K converge to u € K and we aim to prove that (E(uy)), = (v,), converges to
E(u) =v.

As (uy), uniformly converges to u and ((un)é) uniformly converges to ug, hypothesis (3)
involves that for each i € {1,...,d},

(fi('/un('),(un)iy(-)»n converges to f;(-, u(-),ug(+)), pg-a.e.

By Theorem 3.2, for every n € Nand i € {1,...,d}:

(vn)i(t) = /[0,1) Gi(t,s) fi(s,un(s), (un)g(s))dgi(s) — x(o) (t) - Ai(8i(t) — 8:(6))

8i(1) — &i(t) + k(gi(6) — gi(t)) &) &
(

" gi(1) + kgi(0) gi(1) +kgi(0

o+

and
ot) = [ Gilt5) s, u(s), 15(6))dgi(5) ~ o (1) Arlsi(8) ~ :6)

gi(1) — gi(t) +k(gi(6) — gi(t)) gi(t) 5

* 5i(1) + kgi(6) gD +kgi(®)

o+

forall t € [0,1].
The hypothesis (1) ensures that the dominated convergence theorem can be applied on
each coordinate and so,
(v4)n — v uniformly on [0, 1].
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Likewise, from the proof of Theorem 3.2 it can be seen that for eachi € {1,..., nt, ift <6,

! = 1+k (8) fi(s,un(s), (uy)s(s (s
(@0 = s [ ) 1a(5), ()5

- / [81(1) — 8i(s) + k(8i(6) — 8i(5)Ifi(s, un(s), (1n)g(s))dgi(s)

! () (L Rai—pi
_gi(l)—kkgi(@)/[e,l)(gl( ) = 8i(5)) fi(s, un(s), (un)g(s))dgi(s) <i(1) + kgi(6)
while if t > 6
(CAVAD
e8] o ) RS 1a(5), (i )A(6) — (1)t (1), () (1)
T oy (S0 SOV (6), ()5 5)i o)
N (0 + ROt (1), ()
] o )~ SO (), (49 (5)
(1 + k)Dél' - :Bi

8i(t) ,
1) + kg (@) i1 — 8Osl wn(8), (1n)g(5)) — A —

Also, if t < 6,

gi(1) + kgi(6)

, B 1+k -
(@) () = g()+kgl()/[0t) {(5) s, (s), () dgi ()
+ng ) oy [5101) —81(5) +K(5i(6) = 8i(5)Lfo, u(5) ()5
‘ _(1+k)lxi—‘8i
TR0 o 81 ~ SO (), )gi(s) —

while if t > 0,

(01)g, () = : /[ )(gi(S) — k) fils, u(s), ug(s))dg(s) — &i(t) filt, u(t), ug(t))

gi(1) +kgi(0) Jjoe

1 /
ey OB O CHORIDIED

gi(t) /
B l0) + R O e (1), 15(0)

] o (810~ SODA (5 ), 15(5)) o)
(1 + k)zxi — ,Bi

gi(t) '
+—— l‘l—l‘t it u(t), uz(t —Al‘——.
5D + kg (@) S~ SO = A=y
In both cases, again by dominated convergence theorem it follows that ((vs)g)s uniformly

converges to v.

So, E(uy) = vy, — E(u) =vin BC%,([O, 1],IR%) and the continuity of E is proved.
In conclusion, = has fixed points which are solutions of the considered problem. O
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Remark 3.9. To the best of the author’s knowledge, this is the first study of systems of second
order equations involving Stieltjes derivatives (besides, with several derivators) and three-
point conditions on the boundary.

When ¢(t) = t on [0,1] we cover or complement already known results with various
boundary value conditions (e.g. [17,31,33] and their references, see also [2,3,25]). Note finally
that the strong connection between the theory of Stieltjes differential equations and other
types of differential problems implies that the outcomes presented in this work lead to new
results for systems of second-order generalized differential equations, impulsive differential
equations (e.g. [7]) and also dynamic problems on time scales (see [1,24]) with three-point
boundary conditions.
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