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Abstract. In this paper we investigate the behaviour of the solutions of the following
close-to-cyclic system of two difference equations with maximum:

yp
Xp+1 = Max q A, q" ,

Xy
Yn+1 = max B, o
Yn-1

where n = 0,1,..., the coefficients A, B, are positive real numbers, the exponents p, g
are positive real numbers such that p > g 4 1, and the initial values x_1, xg, ¥_1, Yo, are
positive real numbers.
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1 Introduction

Difference equations and systems of difference equations have gained much attention during
the last decades due to their wide applications. These equations can be used as mathematical
models to describe the biological, population and generally physical as well as economic phe-
nomena (several models can be found, for example, in [11] and [29]). Despite that difference
equations have, usually, simple forms, it is extremely difficult to fully describe precisely the
global behavior of their solutions (see, for instance, [1]-[15], [17]-[21], [23]-[60] and the related
references therein). For some differential equations with maximum see, for example, [16,22].

™ Corresponding author. Email: gpapas@env.duth.gr


https://doi.org/10.14232/ejqtde.2025.1.14
https://www.math.u-szeged.hu/ejqtde/
https://orcid.org/0009-0000-7772-7062
https://orcid.org/0009-0000-0973-3487
https://orcid.org/0000-0001-9299-7933
https://orcid.org/0000-0002-1971-3137

2 D. Avramidou, G. Stefanidou, G. Papaschinopoulos and C. ]. Schinas

In addition, max operators are used in the study of problems concerning automatic control
(see [16], [22] and the references cited therein). Therefore, there exist many papers concerning
max difference equations, that is, max-type difference equations or difference equations with
maximum (see, e.g., [1,4-7,9,10,12-15,17,18,21,23-27,35-45,47-51,56,58-60] and the related
references therein).

At the beginning, difference equations with maximum containing linear terms were stud-
ied and are special cases of the difference equation

A,gO),A;(})’m,A;k)}, o1
Xn Xn—1 Xn—k

Xp4+1 = max {

see for example [4,5,7,10,14,15,21,23,57-60].
In 2003 S. Stevi¢ started a systematic study of the difference equations containing powers
of the terms; see [32] where the difference equation
p
xnfl

Xp+1 = &+ 7 n=20,1,...,
n

was studied (for some later results see [3]). The equation with p =1 or p = —1, and related
ones had been considerably investigated before it (see, for example, [11,28,30,31] and the
references therein). For some later generalizations of the equation in these cases see [2].

The investigation in [32] have been continued by him in a series of papers. In [34] beside
the equation

xh

7 7
n—1

Xn41 = A+

n=20,1,...,

(for some generalizations of the equation see, for instance, [20,33,36]), it was also studied its
max-type counterpart

Xy
xn+1:max{A,r}, n=201,...,
o1

where the parameters A, p,q and the initial values x_; and xg are positive numbers. This is
one of the first papers where a difference equation with maximum containing powers of the
terms was studied. The case p = r, was also studied in [35], where, among other results, it
was proved that if A,p € (0,1) all positive solutions converge to one. This result was later
generalized in [9]. For some other results on convergence of solutions to related difference
equations with maximum see also [12,13,37,38].

A complete picture regarding the boundedness character of positive solutions to the fol-
lowing difference equation

x?

= A, =t =0,1

X; = max ' P , n=20,1,...,
xnfk

where k > 2, and the parameters A, p and the initial values are positive numbers, was given
in [36]. The results on the boundedness therein were later generalized in [41]. For a quite
general result in this direction see [49].

A study of a general difference equation with maximum, which includes above mentioned
ones, was suggested in [40] (see difference equation (1) therein). Periodicity of quite general
classes of difference equation with maximum was studied in [40,42,43,48,50]. Some results
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are devoted to solvability of max type equations such as [44] (for some recent results on the
topic see, for instance, [46,52,54,55] and the references therein).

In [8], studying cyclic systems of difference equations was initiated. The study was con-
tinued, for instance, in [19,46,47,49,52,55-57]. Paper [8] essentially suggested investigating
all cyclic systems of difference equations, so also those corresponding to above-mentioned
difference equations.

In [45] investigated the following max-type system

P P

_ Yn _ Xn _

Xyl = MaxX{ &, —5— ¢, Yptl = MaAX X, —— o, n=201,...,
xn—l yn—l

where the parameters a, p and the initial values are positive numbers, whereas its generaliza-

tion
p p
_ Yn _ Xn _
Xp1 = Max{ &, =7 /Yoy =maxsw, —o— o, n=20,1,...,
X

n—1 Yn-
was studied in [51]. The corresponding cyclic system was studied in [56].
In [6] the authors studied the periodic character of the solutions of the system of difference
equations with maximum

anrl:max{A/ I }/

Xn—1

Yn41 = max {B/ xn}
Yn—1

where A, B are positive constants and the initial values x_1, xo, y_1, o, are positive real num-
bers.

Motivated by above mentioned studies, in this paper we continue the investigation of
close-to-cyclic systems of difference equations by studying the behaviour of the solutions of
the following close-to-cyclic system of difference equations with maximum:

yP
n
Xy11 = max< A, 7 ,
xn—l

Xl
Yn+1 = maxy B, -
ynfl

where n = 0,1,..., the coefficients A, B, are positive real numbers, the exponents p,q are
positive real numbers such that p > g 4 1, and the initial values x_1, xo, y_1, yo, are positive
real numbers.

2 Main results

In the first lemma we study the existence of the positive equilibriums of (1.1).

Lemma 2.1. Consider the system of difference equations (1.1), where the coefficients A, B, the expo-
nents p,q, and the initial values x_1, xo, Y—1, Yo, are positive real numbers. Assume that

p>1+4q,9>0, (2.1)

then, the following statements are true:
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@) If
+1
O<A'1+L1<B<Aq7<1,
then, system (1.1) has two equilibria
x 7)=(AB), (& 7)=(11)
(i) If
0<B<AM <1,
then, system (1.1) has

(iia) two equilibria

if A#1,and

(7ib) a unique equilibrium

if A=1.
(iii) If

then, system (1.1) has

(iiia) two equilibria

if B#1,and

(iiib) a unique equilibrium

if B=1.

(iv) If
A>1,B>0 or B>1, A>0

then, system (1.1) has no equilibria.

Proof. We consider the system of algebraic equations

X = max{A,Z—Z}, y= max{B,;Z}.

Then, one of the following relations is satisfied

xP yp

(x=Ay=B ()x=Ay=" (i)x=" y=p
. yp xP Y
(zv)x:E,yzﬁ,

and these relations are equivalent to

()x=A, y=B, (ii)x=A, y=AiT, (iii)x=Bi, y=B8,

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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and, since x,y,p,g >0and p #q+1,
(iv)x=1,y=1.

(i). From (2.1) and (2.2), it is obvious that, 0 < A < 1.
Let x = A, y = B. From (2.1), (2.2), and since 0 < A <1, we get

A
and ) A

X

yi_ B P

Hence, (%,7) = (A, B), is an equilibrium of (1.1).
Now, suppose that x = A, y = Aﬂ%, then from (2.6) we get

which contradicts with (2.2). Hence, (%,7) = (A4, A'i%), is not an equilibrium of (1.1).
r
+

To continue, we assume that, x = B7T, y = B, then from (2.6) we have

_P_
E

x =B

v

4,

p

which contradicts with (2.2), since p, g > 0. So, (BT, B), is not an equilibrium of (1.1).

Finally, since 0 < A,B < 1, from (2.6), we have that, (X,7) = (1,1) is an equilibrium of
system (1.1).

(ii). From (2.1) and (2.3), it is obvious that, 0 < A < 1.

Let x = A, y = B. Then, from (2.6), we get B > g—;’, and so, B > Aﬂ%, which contradicts
with (2.3), except if B = Aq%, and then, x = A, y = A@%, case that considered below. Hence,
(A,B),B # Aﬂ%, is not an equilibrium of (1.1).

Now, suppose that x = A, y = Aﬂ%. From (2.1), (2.3), and since 0 < A <1, we get

P2
yp A
- ar =4
and . A
J T ATz

Hence, (%,7) = (A4, Aq%), is an equilibrium of (1.1). Obviously, if A = 1, the equilibrium of
(1) is (£,7) = (1,1).
To continue, we assume that, x = B 4%, y = B. Then, from (2.1), (2.3) and (2.6), we have

P q+1
P

Bt > A>B (2.7)
If 0 < B < 1, relation (2.7) can not be true, since p > g+1 > 0. So, (B'i%, B), is not an
equilibrium of (1.1), if 0 < B < 1. On the other hand, relation (2.7) is true, if A = B =1, and
then, (%,7) = (1,1) is an equilibrium of (1.1).
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Finally, since 0 < A,B < 1, from (2.6), we have that, (%,7) = (1,1) is an equilibrium of
system (1.1).

From all the above, it is obvious that if A =1 and 0 < B < 1, then, (%,7) = (1,1) is the
unique equilibrium of (1.1). This completes the proof of (ii).

(iii). Using (2.4) and (2.6), and arguing as in (ii), we can easily prove (iii).
(iv). From (2.1) and (2.6), we get

_P_ _pP_
nyq+1, nyq+1’

and so,

> () (2.8)

If x > 1, then, from (2.8), g+ 1 > p, which contradicts with (2.1). Hence, 0 < x < 1, and
similarly, 0 < y < 1. Therefore, in order to have solutions for (2.6), it is necessary 0 < A,B <1,
since (2.1) holds. So, system (1.1) has no equilibria, if (2.1) and (2.5) holds. This completes the
proof of the lemma. O

In the following proposition we study the asymptotic behavior of the positive solutions
of (1.1). We need the following lemma on a product-type difference equation, for which
related results and methods can be found in the literature (see, for instance, [32, Remark 1],
[41, Theorem 1], [54] and [55]).

Lemma 2.2. Consider the difference equation of the form

a
Zi’l

Zl/l-‘rl — 7 n Z 0/ (2.9)

b
anl

where z_1, zo are positive real numbers, and a, b are real numbers, such that

a>1+0b,b>0. (2.10)
Then, the following statements are true:
() If
Zh
- >1, (2.11)
24
where
a-++vaz—4b
A= ,
! 2
then
lim z,, = oo. (2.12)
n—oo
i) If
Zh
- =1, (2.13)
2
then
limz, = 1. (2.14)
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(iii) If
A
z
o,
24
then
limz, =
n—o0o

Zn = g, n>1,
21

where f, satisfies the initial value problem
for1=afy,—bfy_1, n=223,..., fi=a fr= a® —b,
and g, satisfies the initial value problem
Snt1 =agn —bgn—1, n=23,..., g1=b, g =ab.

From (2.9), (2.18) and (2.19), we have

zy zgl
21 = —5— = —o—
R
and i ;
a aj— a2—b 2
b agi ab 82 °
20 Z5 Z2 27

In addition, from (2.9), (2.18), (2.19), (2.20) and (2.21), we get

a af, _—bfi f3
22 8 ngl z%

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

From (2.9), (2.18), (2.19), (2.21) and (2.22), and working inductively, we can easily prove (2.17).

From relations (2.10), (2.18) and (2.19), we get

fn:cl/\?—i—cz/\g, n=12,...,

where
a-++a?—4b a—+a2—4b
)\'1 - —/ /\2 - —I
2 2
Al _)\2
€1 = —F/——, )= —F—,
a? —4b a? —4b
and
gn:dl/\T—i—dz/\g, n=12,...,
where ) )
d| = ———, d) = ——F———.
a? —4b a? —4b

(2.23)

(2.24)

(2.25)

(2.26)
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From (2.23) and (2.24), we get

1 1
fo = \/ﬁ)q“ — \/ﬁ)\gﬂ. (2.27)
So, from relations (2.17), (2.25), (2.26) and (2.27), we have
1 AnJrl _ 1 /\i’l+l
S Va2 —4b ! Va2 —4p ?
7, = 0 _ 20
Z8" b b
T A -
2 _ _
Z—1a 4b a? —4b (2.28)
1 1

7/\71 77)\71
B ﬁ 2 —4b 2732 2—4b °
o\, 2%, ’

(i). First, suppose that (2.11) is satisfied. Since, from (2.10),
A > 1, 0< Ay <1, (2.29)

then, from (2.28), we get (2.12).
(ii). Now, suppose that (2.13) hold. Then, from (2.28), we get

1
Ay

2\ Va2 —4b
Zy — b ’
Z

and since 0 < A < 1, we get (2.14).

(iii). Finally, suppose that (2.15) is satistied. Then, from (2.28) and (2.29), we get (2.16). This
completes the proof of the lemma. O

Lemma 2.3. Consider the system of difference equations (1.1), where relations (2.1) and (2.2) hold, and
the initial values x_1, X0, Y_1, Yo, are positive real numbers. Then, the following statements are true:

L. If there exists a positive integer m > 2, such that

q+1

X < BV, (2.30)
then
Xmiok = A, Ymyk-1=B, k=>1. (2.31)
II. Suppose that
1
Xop > B%, foranyn > 1. (2.32)
(a). If
A 2 _ 2 2 _2q)2 — 442
B Aot q++/(p*—29) 7 (2.33)
o 2
0
then
lim xp, = 0o, limyz,q = co. (2.34)
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®). If
xy .
? 4
X0
then
r}i_l;lgonn =1, 7}1_{1203/211-4—1 =1
III. Suppose that
q+1

Xon+1 > B 7, foranyn > 1.

(a). If
—>1,

then

lim Xop41 = ©9, lim Yon = ©0.
n—oo n—o0

®). I

A
X3

qZ
X1
then
lim xp,41 =1, limyo, = 1.
n—oo n—oo

Proof. From (2.2) we have

@0<A<1 0<B<1, (i)A>BiT, (ii)B> AT,

I. From (1.1) and (2.30), we get
xh - B+l

=B
q — 4
ym—l Bi

and so, from (1.1),
Ym+1 = B.

Then, from (1.1), (i) and (ii) of (2.42) and (2.43), we get

and so, from (1.1),
Xmi2 = A.

In addition, from (iii) of (2.42) and (2.44), it follows that

q+1
Xm+2<B7’.

Using (2.45) and working as above we have
Ymez =B,  Xppa= A,

and so, working inductively, we get (2.31).

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)
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II. From (1.1), (iii) of (2.42) and (2.32), we have

yp
Xop =2, n>1

Xon—2

From (2.1), (i) of (2.42), (2.32) and (2.46), we have, for n > 2,

i1 q

and so, from (1.1),

Xoy—
Yon—1 = 5" 2, n=2
Yon—3
Relations (2.46) and (2.47) imply that
p’—q
X
Xon = 5272/ n 2ﬁ21
2n—-3
and then, since from (2.46),
Yons =Xm2¥3, 4 M22,

we get the following product-type difference equation (see, e.g., [54,55])

xll

2n—2 2

Xon =, n>2, a=p-—2q,
Xon—4

with interlacing indices (see [53])

Since (2.1) holds, we can easily prove that (2.10) is true. In (2.48), we set

Xon—4 = Zp—1,

(see [53]), and we get the equation

Zp+1 = b ’ n Z 2.
Zn-1
We consider the difference equation
wa
Wy = b” , n>0.
Wy
Let w, be the solution of (2.51), such that
w-1 = 2y, wo = 22,

II(a). Using (2.33), (2.49) and (2.52) we have

A A A

w z X
0 =2 ="2>1
q q q

W, oz X0

Since for equation (2.51), relations (2.10) and (2.53) hold, from (i) of Lemma 2.2, we get

lim w;, = oo,
n—oo

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)
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and using (2.50), (2.51) and (2.52), we have

limz, = oo,
n—oo
and so, from (2.49),

lim x5, = oo.
n—oo

Then, from (2.46), we get

lim = oo.
n—>ooy2n+l

Hence, (2.34) is true.
II(b). Since (2.35), (2.49) and (2.52) hold, we have

A A A
w zZ X
F=h=L=1 (2.54)

Since for equation (2.51), relations (2.10) and (2.54) hold, from (ii) of Lemma 2.2, we get

limw, =1,
n—oo

and using (2.50), (2.51) and (2.52), we have

limz, =1,
n—oo

and so, from (2.49) ,
lim Xoy = 1.
n—oo

From (2.46), we get
;}Ln'.}oyzwrl =1

Hence, (2.36) is true.

We mention that, difference equation (2.48) is with interlacing indices, and it was expected
that its behavior is similar to (2.9) (for more details see, for example, [53]).

Arguing as in cases II(a) and II(b), we can easily prove I1I(a) and III(b). O

Remark 2.4. In statement II of Lemma 2.3, it is impossible to have

2 . (2.55)

Indeed, if, on the contrary, we assume that (2.55) holds, then, arguing as in II(a) of Lemma 2.3,
for the solution w,, of (2.51) we get

A
w
qg <1,
w_y
and so, from statement (iii) of Lemma 2.2,
limw, =0,
n—oo

which means that

lim Xoy = 0,
n—o00
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which contradicts with the fact that x, > A, for any n > 1. So, (2.55) cannot be satisfied.
Similarly, it is impossible to have

in statement III of Lemma 2.3.

Proposition 2.5. Consider the system of difference equations (1.1), where relations (2.1) and (2.2) hold,
and the initial values x_1,x0,Y_1,Yo, are positive real numbers. Let (x,,y,) be a solution of (1.1).
Then, the following statements are true:

I. Suppose that there exist integers |,v > 1, such that

q+1 q+1

Xoi41 < B 7, Xor < B 7. (2.56)
Then, (xy,Yy) is eventually equal to the positive equilibrium (A, B) of (1.1).

II. Suppose that there exists an integer | > 1, such that the first inequality of (2.56) and relations
(2.32), (2.33) hold. Then, relation (2.34) and

Xour1 =A, Yywm=B n>1+1, (2.57)
are satisfied.

III. Suppose that there exists an integer | > 1, such that the first inequality of (2.56) and relations
(2.32), (2.35) hold. Then, relations (2.36) and (2.57) are satisfied.

IV. Suppose that there exists an integer v > 1, such that the second inequality of (2.56) and relations
(2.37), (2.38) hold. Then, relation (2.39) and

Xon =A, Y1 =B, n>r+1, (2.58)
are satisfied.

V. Suppose that there exists an integer r > 1, such that the second inequality of (2.56) and relations
(2.37), (2.40) hold. Then, relations (2.41) and (2.58) are satisfied.

VI. If relations (2.32), (2.33), (2.37) and (2.38) hold, then,

lim x,, = oo, lim y,, = oo. (2.59)
n—oo n—oo

VII. If relations (2.32), (2.33), (2.37) and (2.40) hold, then, relations (2.34) and (2.41) are satisfied.
VIII. If relations (2.32), (2.35), (2.37) and (2.38) hold, then, relations (2.36) and (2.39) are satisfied.
IX. If relations (2.32), (2.35), (2.37) and (2.40) hold, then,

limx, =1,  limy, = 1. (2.60)

n—oo n—oo
Proof. 1. From (2.56) and statement I of Lemma 2.3, we have

Xorp142k = A, Yasok =B, Xk = A, Yoim-1=B, k=12,....
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So, for n > max{2/+3,2r+2}, we get x, = A, y, = B. This implies that, (x,, y,) is eventually
equal to (A, B).

IL. From the first inequality of (2.56) and statement I of Lemma 2.3, we have

x21+1+2k = AI y21+2k = B/ k - 1/ 2/ ey

and so, (2.57) is true. Moreover, from (2.32), (2.33) and statement II(a) of Lemma 2.3, we have
(2.34).

Arguing as above, using the corresponding relations and the appropriate statements of
Lemma 2.3, we can easily prove statements III-IX of the proposition. This completes the
proof of the proposition. O

Lemma 2.6. Consider the system of difference equations (1.1), where (2.1) and (2.3) hold, and the
initial values x_1, X0, Y_1, Yo, are positive real numbers. Then, the following statements are true:

I. Suppose that there exists an integer m > 2, such that

Y = AT, (2.61)
then ,
X2kl = A, Ymyok = AT, k>0. (2.62)
II. Suppose that
Yo > Aﬂ%, foranyn > 1. (2.63)
(a). If
i
=2 >1, (2.64)
q
Yo
where A was defined in (2.33), then (2.39) holds.
®). If
YA
72 =1, (2.65)
q
Yo
then (2.41) holds.
III. Suppose that
Yony1 > Aq%, forany n > 1. (2.66)
(a). If
A
= > 1, (2.67)
q
LA
then (2.34) holds.
(). If
A
73 =1, (2.68)
q
N

then (2.36) holds.



14 D. Avramidou, G. Stefanidou, G. Papaschinopoulos and C. ]. Schinas

IV. Suppose that there exists an integer s > 2, such that
P
ys < AT,

Assume that

then

and, in addition,

(a). If
qg<1,
then
lim v, o = Aq%.
k—o0
). If
q=1,
then
AP
Ysak—2 = 7 Ysiak =VYs, k>1.
(o). If

qg>1,
then there exists a positive integer ko, such that

AP

Ys+ak—2 = Zos Ysrak-a = B, k>ky+1.

Proof. From relations (2.1) and (2.3) we have 0 < A < 1.
I. Since, from (2.1) and (2.3),

p q+1
At < A'v,
from (1.1) and (2.61), we get
p q+1
gm < £ g Y
X1 A
and so, from (1.1),
Xm+1 = A.
Then, from (2.3), (2.61) and (2.79), we get
xP AP p
mq“ - —7 = AT > B,
Ym (Am)

and so, from (1.1),
ym+2 = Aﬁil/

and working inductively, we get (2.62).

(2.69)

(2.70)

2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)
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Arguing as in statements II and III of Lemma 2.3, we can easily prove II and III of this
Lemma.

IV. From (1.1), (2.69) and (2.78), we get

p ATt
ys < ,
x| T A

1

and so, from (1.1),
Xs11 = A. (2.80)
Then, from (2.3), (2.69) and (2.80), we get
x? AP 4
st = A7 > B,
q i
Ys (A ﬂ+1)

and so, from (1.1),
AP i
Yoro = S > AT, s81)

From (1.1), (2.70), (2.80) and (2.81), we get

yfﬂ B APP-9 AP AP 4

= A,
o oyt T BM T APl
and so, from (1.1),
X543 = A. (2.82)
From (2.81) and (2.82), we have
P
Xo s R
TS Arryl,
ys+2
and so, from (1.1),
2
Y44 = Max {B, APPay] } . (2.83)

In addition, from (2.81) and (2.82), we have

p
X AP p
s+3 < = Aq+1,

Yoo (A1)

and so, from (1.1) and (2.3), we get
Yors < AT, (2.84)

From (2.69), (2.80), (2.81), (2.82), (2.83), (2.84), and working inductively, we get (2.71), and

AP A
Ysvrak—2 = 7 > A“l/ k > 1/ (285)
Ysiak—a
and , ,
Yspar = max{B, AP PIyT V< AT, k>1. (2.86)

IV(a). First, suppose that (2.72) holds, then, from (1.1) and (2.3), we get

2
APTPIYT > AP-PIBT > B,
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and so, from (2.86), we have
2
Yorae = AP Pyl o k> (2.87)

From (2.87), and by induction, (see also [55] and note that the equation is with interlacing
indices [53]), it is easy to prove that

12" (qz)k

Yorae = AP 0Ty k> 1 (2.88)

From (2.88) and (2.72), we have
limy, g = AT, (2.89)

Using (2.85) and (2.89), we have
limy, g0 = AT, (2.90)

From (2.89) and (2.90), it is obvious that (2.73) is true.
IV(b). Now, suppose that (2.74) holds, then from (1.1) and (2.86), we have

Ysqax = maX{B/ ]/s+4k74} = Ys+4ak—4/ k>1,

and so, the second relation of (2.75) is true. From the second relation of (2.75) and (2.85), we
have that the first relation of (2.75) is also true.

IV(c). Finally, suppose that (2.76) holds. We prove that, there exists a positive integer ko, such
that,
Ysrary = B. (2.91)

On the contrary, we assume that
Yst4k > B/ k 2 0/
then, from (2.86), we get (2.87), and so, (2.88) is true. Then, from (2.88), we get
()
P
Ystak = Al <ysp) ’
A+l

and so, from (2.69) and (2.76),

lim]/s+4k = 0/

k—o0
which is a contradiction, since from (1.1),

Yorsk > B>0, k>0,

So, there exists a positive integer ko, such that (2.91) holds.
From (2.1), (2.3), (2.76), (2.85), (2.86) and (2.91), we have

AP _ 2
Ystako+2 = B’ Ystaky+4 = max{B, APPIBT } = B,

and working inductively, we get (2.77). This completes the proof of the lemma. O

Using Lemma 2.6 and arguing as in Proposition 2.5, we can easily prove the following
proposition.
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Proposition 2.7. Consider the system of difference equations (1.1), where relations (2.1) and (2.3) hold,
and the initial values x_1,x0,Y—1, Yo, are positive real numbers. Let (x,,y,) be a solution of (1.1).
Then, the following statements are true:

I. Suppose that there exist integers |,v > 1, such that
Yor41 = Aq%, Yor = A‘?%- (2.92)
Then, (xy,Yn) is eventually equal to the positive equilibrium (A,Aﬂ%) of (1.1).

II. Suppose that there exists an integer | > 1, such that the first equality of (2.92) and relations
(2.63), (2.64) hold. Then, relation (2.39) and

Xon = A, Yop_1 = AT, n>1+1, (2.93)
are satisfied.

III. Suppose that there exists an integer | > 1, such that the first equality of (2.92) and relations
(2.63), (2.65) hold. Then, relations (2.41) and (2.93) are satisfied.

IV. Suppose that there exists an integer r > 1, such that the second equality of (2.92) and relations
(2.66), (2.67) hold. Then, relation (2.34) and

Xop1 = A, Yo = AT, n >, (2.94)
are satisfied.

V. Suppose that there exists an integer r > 1, such that the second equality of (2.92) and relations
(2.66), (2.68) hold. Then, relations (2.36) and (2.94) are satisfied.

VI. If relations (2.63), (2.64), (2.66) and (2.67) hold, then (2.59) is satisfied.
VII. If relations (2.63), (2.64), (2.66) and (2.68) hold, then, relations (2.36) and (2.39) are satisfied.
VIII. If relations (2.63), (2.65), (2.66) and (2.67) hold, then, relations (2.34) and (2.41) are satisfied.
IX. If relations (2.63), (2.65), (2.66) and (2.68) hold, then (2.60) is satisfied.
If, in addition, relation (2.70) holds, then the following statements are true:

X. Suppose that there exists an integer | > 1, such that the first equality of (2.92) holds and an
integer t > 1, such that

Yo < AT, (2.95)
Then

(a). if q <1, then,
Xy =A, n>max{2]+2,2t+1},

Vo1 = AT, n =1, limy, = Ai,
(b). ifq =1, then,

Xy =A, n>max{21+2,2t+1}, yy1= Aq%, n>1,

AP
Vottan—2 = —, Yoitdn = Yor, n=>1,
Yot
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(c). if g > 1, then, there exists a positive integer ng, such that

Xy =A, n>max{21+2,2t+1}, vy = Aﬂ%, n>1,

AP
Yottan—2 = prs Yorran—4 = B, n>np+1,

XI. Suppose that there exists an integer v > 1, such that the second equality of (2.92) holds and an

integer v > 1, such that
p
Yoor1 < AT,

Then

(a). if g <1, then,
x, =A, n>max{2r+1,2v+2},
r . r
Yo =A™, n>r, }g{}oyznﬂ = ArT,

(b). if g =1, then,

xp =A, n>max{2r+1,20+2}, yuu = Aq%, n>r,

AP
Y2ot+4n—1 = ” ; Yootdntl = Yoor1, n=>1,
20+1

(c). if g > 1, then, there exists a positive integer ny, such that

Xy =A, n>max{2r+1,20+2}, vy, = Aﬂ%, n>r,
AP
Y2o+an—1 = o/ Y2o+dn-3 = B, n>m+1

XII. If relations (2.63), (2.64) and (2.96) hold, then

(a). ifg <1, then,
in:A, nZU+1, lgnx2n+1:w,
n—oo

4
lim =00, lim = Al
n_woyZn y n_>oo]/2n+1 ’

(b). if g =1, then,

Xon =A, n>2o+1, limxy, 1 = oo,
n—oo

) AP
limyp, = 00, Yoyian—1 = ; Yoordnil = Yooq1, n=>1,
n—oo Yov+1

(c). if q > 1, then, there exists a positive integer ny, such that

Xop =A, n>v+1, limxy, 1 =oo,
n—oo

AP

lim = o0 = — 2= > 1.
Lim o, ¢ Y2oran-1= o Yoordn-3 B, n>mn+

XIII. If relations (2.63), (2.65) and (2.96) hold, then

(2.96)
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(a). ifq <1, then,
xZn = A/ n Z (4 + 1/ llm x21’l+1 = 1/
n—oo
. . _P_
nlgr.}o Yo =1, nlgrolo Youp1 = AT,

(). if g =1, then,

Xopn=A, n>v+1, limxy, =1,
n—oo

: AP
limy, =1, Yopran—1 = , Yootdnt1 = Yoop1, n=>1,
n—o You+1

(c). if g > 1, then, there exists a positive integer ny, such that

Xop=A, n>v+1, limxy, 1 =1,
n—oo
li 1 A7 B > 1
JmYon =1, Yaoran—1 = Boro Yaoran3 =5, N2 + 1

XIV. If relations (2.66), (2.67) and (2.95) hold, then

(a). if g <1, then,

Xour1 = A, n>t, nlggo Xoy = 00,

14
lim =00, lim = AT
n_>ooy2n+1 , n_myzn ’

(). if g =1, then,

Xop+1 = A, n> t, lim Xy = 0O,

n—00
. AP
lim y2, 41 =00, VYoryan—2=—, Yot4yan =Y, n>1,
n—00 yzt

(c). if q > 1, then, there exists a positive integer ng, such that

YXonp1 = A, n=>t, ]}ggoxzn = oo,

lim yp,41 = = ’ =B >ng+1
= = — .
nl Yon+1 ; Y2t4+4n—2 B1’ Yoryan—a , =N

XV. If relations (2.66), (2.68) and (2.95) hold, then

(a). if g <1, then,

x21’l+1 - A/ n Z t/ nli_1>r<:>10x21’l - 1/

r
lim =1, lim = A
n%myznﬂ ’ n%ooyzn ’

(b). if g =1, then,

x21’l+1 - A/ n 2 tl )}EI;IOXZH - 1/

AP
llm = 1 =, — , n > 1
A Y2n41 s Yor4an—2 Yor Yot+an = Yot Z L

19
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(c). if g > 1, then, there exists a positive integer ng, such that

Xonp1 = A, n=>t, nli_{roloxzn =1,

AP

lim =1 Ly = —
n%ooyZnJrl ; Yot+an—2 B

77 Yorran—a = B, n>ng+1.

XVI. Suppose that there exist integers t,v > 1, such that (2.95) and (2.96) hold, then

(a). if g <1, then,
x, = A, n>max{2t+1,2v+2}, 1er1y,1 = Aq%,
n—o0

(b). if g =1, then,
X, =A, n>max{2t+1,2v+2},

AP
Yottan—2 = —, Yorpan = Yor, n=>1,
Yot

AP
Yootan—1 = y ; Yootdntl = Yoor1, n=>1,
20+1

(c). if g > 1, then, there exist positive integers ng, ny, such that

X, = A, n > max{2t+1,2v + 2},
AP
Yat+an—2 = Zos Yorran—d = B, n>mny+1,

AP
Y2o+an—1 = pg Y2o+dn—3 = B, n>n+1.

Remark 2.8. If for the system of difference equations (1.1) relations (2.1), (2.3) and (2.70) hold

and the initial values x_1,x0,y_1, Yo, are positive real numbers, then it is impossible to exist

integers [,v > 1, such that the first equality of (2.92) and (2.96) to be valid simultaneously.
Indeed, if the first equality of (2.92) holds then, from statement I of Lemma 2.6, we have

_P_
]/2n+1 = Aq+l’ n Z l/

and so, (2.96) can not be true for v > .
Now, suppose that v < [. From statement IV of Lemma 2.6 and relations (2.69), (2.85),
(2.86) and (2.96), we get
Yootak-1 > ATT, k>,

and ,
Yootrak+1 < AT, k>1,

which contradicts with the first equality of (2.92), since we assume that v < [.
Similarly, it is impossible to exist integers r,t > 1, such that the second equality of (2.92)
and (2.95) to be valid simultaneously.

Remark 2.9. If for the system of difference equations (1.1) relations (2.1) and (2.4) hold and
the initial values x_1,xo,y_1, Yo, are positive real numbers, then the behavior of its solutions
is similar to the behavior we have in Proposition 2.7. For this reason, we omit the reference.
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Proposition 2.10. Consider the system of difference equations (1.1), where relations (2.1) and (2.5)
hold, and the initial values x_1, X0, Y_1, Yo, are positive real numbers. Then, all the solutions of (1.1)
are unbounded from above.

Proof. Suppose that A > 1 and (x,,y») is a solution of (1.1). We prove that x, is unbounded
from above. On the contrary, we assume that there exists a positive real number M, such that

x, <M, foranyn > 1. (2.97)

From (1.1) and (2.97), we get

Yn
q
xnfl

<M, foranyn >0,

and so, from (2.97), and since g > 0, we have
yh < Mx! | < MM?= M, foranyn >2,

which means that

Yyn <M, foranyn > 2. (2.98)
From (1.1) and (2.98), we get
p 1
;C" < M%, forany n > 2,
Yn-

<Myl <MV M'7 =M 7, foranyn >3,

which means that
x, <M 7’ , foranyn > 3.

Working inductively, we get

(%
x, <M v’ , forany n>2k+1, k=1,2,...,
(2.99)
(ﬂ)zk—l
Yn <M 7 , forany n>2k, k=1,2,...
From (2.1), it is obvious that
. (gjl)Zk . (jjl)zk—l
Iim M' 7’ =1, lim M" » =1 (2.100)
k—o0 k—o0

Since A > 1, from (1.1) we have
X, >A>1, foranyn >1,
and so, there exists a positive real number €, such that

Xp >A>1+4+¢€, foranyn > 1. (2.101)
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From the first inequality of (2.99) and the first limit of (2.100), we get that there exists a positive

integer np such that
xp<1l+e,

for any n > ny,

which contradicts with (2.101). So, x,, is unbounded from above, if A > 1.
Similarly, we can prove that y, is unbounded from above, if B > 1.
We mention that, under some initial values, we can find solutions such that

lim x, = or

n— 00

lim = o0,
n—oeo yn

Indeed, we consider the difference equation (2.9) of Lemma 2.2, where a = p and b = 4. Since,

from statement (i) of Lemma 2.2, if
A

Z

z',

> 1,

then

p+p*—4q

2 4

limz, = oo,

n— 00

there exists a positive integer 71, such that

zn+1 > max{A, B},

If we set

X—1 = Zny+j-1,

Y1 = Zy+w-1,

for any n > nj.

]/O = Zl’l1+jl

X0 = Zni4w,

where j, w are arbitrary integers in {0,1,2,... }, then, from (1.1), (2.103) and (2.104),

p

Z

Z .
— mtj — —
X1 = max {A, 7 } = max{A, zy 1j41} = Zn +j+1s

ni+j—1

P
Zhy+j+1

Y2 = max {B, 7 } = max{B, z,+j+2} = Zn, 112,

ZH1 +j
and from (1.1), (2.103) and (2.105),

p

Zy
_ 1+w _ _
Y1 = max {B, 7 } =max{B, zy, +wt+1} = Zn+w+1,

Zn1+zu—1

p

z
o n1+w—+1 o o
X, = max {A, 0 } = max{A, Zny,twi2} = Zn+w+2,

an +w

and working inductively,

Xon+1 = Zm+j+2n+1,  Yon+2 = Zpy4j+2n+2s forany n > 0,

and

Yol = Znjtwi2nl, X242 = Znywi2nt2, forany n > 0.

(2.102)

(2.103)

(2.104)
(2.105)

(2.106)

(2.107)
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So, if (2.104) holds, from (2.102) and (2.106) we get

lim Xop+1 = 9, limyzn = oo,
n—oo n— o0

and if (2.105) holds, from (2.102) and (2.107) we get

fimn =0, Jimian =
This completes the proof of the proposition. O

Open Problem 2.1. Consider the system of difference equations (1.1), where (2.1) and (2.3) hold, and
the initial values x_1, xo, y—1, Yo, are positive real numbers. Suppose that there exists an integer | > 2,
such that ,

Yy < AT,

Assume that ,

po—q-1
A M > B.

Study the behavior of the solution (x,,y,) of this system.
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