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Abstract. Shilnikov’s scenario in IR? means that the equation x’ = V(x) € R® with
V(0) = 0 has a homoclinic solution and the eigenvalues of DV (0) are u > 0 and ¢ £ iu
with ¢ < 0 < g and 0 < u + . For V once continuously differentiable we consider
a flow which is equivalent to the flow of V and prove that topological chaos exists
for a planar return map which describes flowline behaviour near the homoclinic orbit:
For every sequence in 2 symbols 0,1 there are trajectories of the return map which
take values in disjoint sets My, M; according to the symbol sequence. The proof is by
the analysis of the action of the return map on curves and does not involve covering
relations for 2-dimensional sets.
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1 Introduction
In his seminal paper [5] Shilnikov considered a differential equation
X'(t) = V(x(t)) € R® (1.1)

with V(0) = 0 so that there is a homoclinic solution hy : R — R3, 0 # hy(t) — 0 for |t| — oo,
and the derivative DV (0) has eigenvalues u > 0and o +iy € C, ¢ < 0 < y, with

(H) 0<o+u.

Shilnikov’s result in [5] is that for V analytic there exist countably many periodic orbits
close to the homoclinic orbit /1y (IR). These periodic orbits arise from fixed points of a planar
return map which is given by intersections of solutions with a transversal to the homoclinic
orbit.

A related, stronger statement about complicated motion is conjugacy of the return map
with the shift (s,)5_ o — (Sn+1)ne_oo i two symbols s, € {0,1}. For work on the verification
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of this property see the monographs [1,2,9,10] and their references. A detailed presentation
for V linear near the origin is contained in [2].

Shilnikov-type results on complicated motion close to a homoclinic orbit have also been
obtained in infinite-dimensional spaces, for semiflows of solution operators which are linear
close to equilibrium. See for example [4,7] on delay differential equations. These results are
related to Shilnikov’s scenario in IR* [6] with pairs of complex conjugate eigenvalues of DV (0)
in either halfplane.

The present paper deals with Shilnikov’s scenario in R®> under the minimal smoothness
assumption that V' is once continuously differentiable — corresponding to the setting of a ho-
moclinic solution combined with a spectral condition the statement of which does not require
differentiability of higher order. Apart from this and with generalizations in mind, let us
mention that for differential equations with state-dependent delay solution operators are in
general not better than once continuously differentiable [3]. For a planar return map analo-
gous to Shilnikov’s in [5] we work out a proof that topological chaos exists, which means that
for every given sequence (s,)5-_«, Sn € {0,1}, there are trajectories (x,)5-_o of the return
map which take values in disjoint sets My, M; according to the rule x,, € M;,. Notice that this
is complementary to Shilnikov’s result on periodic orbits [5] and weaker than conjugacy of
the return map with a shift in two symbols.

The main results of the present paper are stated precisely in Section 8 below. They address
return maps which are given by flowlines, as opposed to solutions of differential equations.
Accordingly the subsequent sections 2-7 deal with flows and flowlines, and not with differ-
ential equations. Let us explain why. From the recent preprint [8] we know how to verify
topological chaos for Shilnikov’s scenario in R® with the vectorfield V being twice continu-
ously differentiable: The very first step is a transformation of V to a vectorfield whose local
stable and unstable manifolds at the origin are flat, by a diffeomorphism which is twice contin-
uously differentiable. The transformation reduces the order of smoothness for the vectorfields
but preserves the smoothness of the flow Fy of Eq. (1.1). In the present situation, with V
only continuously differentiable, the analogous transformation yields a vectorfield which is
in general only continuous and thereby not good enough for arguments as used in [8]. The
transformed flow F, however, is continuously differentiable with flat local invariant manifolds
and further properties (F1)-(F5), from which we can proceed in Section 2 below. For more
about the reduction by transformations see Section 9.

In Section 2 we immediately turn to scaled flows given by Fe(t,x) = 1F(t,ex), € > 0,
all of which are equivalent to F. In the sequel we investigate the behaviour of these scaled
flows inside and outside of a fixed neighbourhood of the origin, instead of studying F with
respect to a family of shrinking neighbourhoods. As in [8] (and following Shilnikov [5]) we
introduce a return map, now only for a sequence of small € > 0. The domain of the return
map in a transversal to the homoclinic flowline is situated on one side of the flat local stable
manifold, as shown at the top of Figure 1.1. Expressed in suitable coordinates the return map
becomes a map from a rectangle into the plane. Section 7 shows how this map turns curves
which connect certain horizontal levels in the rectangle into spirals around the origin. This
suffices for the proof of Proposition 8.1 about one-directional topological chaos (with forward
symbol sequences (s,)5_,). Theorem 8.2 extends the result of Proposition 8.1 to entire symbol
sequences ()5 _,, by means of familiar compactness arguments.

The choice of A; in Section 7 shows that actually we obtain a countable family of sets of
complicated trajectories of the return map. Another aspect which may be of interest is that the
proofs of Proposition 8.1 and Theorem 8.2 do not involve covering relations for 2-dimensional
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R (6)

Figure 1.1: Top: The return map as a composition of the inner map with the
exterior map. Bottom: Angles from Proposition 3.1.
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sets.

Beyond results the emphasis in the present paper is on providing detailed proofs which
may serve as a basis for future work. The content of Sections 2—6 parallels its counterpart
in the preceding preprint [8], but working with the flows instead of differential equations
necessitates modifications, among them in Section 3 another access to angles along projections
of flowlines into the stable plane, and a rearrangement of arguments in Sections 4-6. Sections
7 and 8 are almost the same as their counterparts in the preprint [8]. We include all arguments
in order to keep the paper self-contained.

What remains open, among others, is existence of periodic orbits corresponding to periodic
symbol sequences. Also of interest might be a version of the present approach for Shilnikov’s
scenario in R* [6].

Notation, preliminaries. A forward trajectory of a map f : M O dom — M is a sequence
(xj)}?‘;o in dom with x;,1 = f(x;) for all integers j > 0. Entire trajectories are defined analo-
gously, with all integers as indices.

For a vectorspace X, x € X, and M C X, wesetx + M = {y € X : y Fx € M}. Similarly,
for ACRand x € X, Ax ={y € X:Forsome a € A,y = ax}.

The interior, the boundary, and the closure of a subset of a topological space are denoted
by int M,d M, and cl M, respectively.

A curve is a continuous map from an interval I C R into a topological space.

Components of vectors in Euclidean spaces IR" are indicated by lower indices.The inner
product on R”" is written as (x,y) = Y| ;x;y;, and we use the Euclidean norm given by
|x| = \/(x,x). The vectors of the canonical orthonormal basis on R" are denoted by ¢;,
j=1...,n¢;=1andej, = 0 forj # k. In R® we write L = Re; ® Re, and U = Res. The
associated projections R> — IR? onto L and onto U are denoted by P, and Py, respectively.
For every x € R®, |Pyx|? + |Ppx|? = |x|%, and each of the projections has norm 1 in the space
L.(R3,R3) of linear (continuous) maps R® — R3.

For a function f : R” D dom — IR on an open subset derivatives as linear maps R"” — R*
are denoted by Df(x). For n = k =1, f'(x) = Df(x)1. For partial derivatives in case k = 1,
0if(x) = Df(x)ej forj=1,...,n.

Let M C R" be a continuously differentiable submanifold. For x € M the tangent space
T«M is the set of tangent vectors v = ¢’(0) of continuously differentiable curves ¢ : [ — R"
with I an interval, not a singleton, c¢(I) C M, 0 € I, ¢(0) = x. A continuously differentiable
map f : M D dom — N, dom open in M and N a continuously differentiable submanifold of
IR, is locally given by restrictions of continuously differentiable maps g : R” D U — R*. For
such U and g, and for x € dom NU, the derivative of f at x is the linear map T f : M —
T¢N given by Tif(v) = (g0¢)'(0) = Dg(x)v for v = ¢’(0) and ¢ and g as above (with
c(I) € domNU).

The flow F generated by a vectorfield V : R" D U — R" which is locally Lipschitz
continuous is the map R x R” D domr — R" which is given by (t,x) € domy if and
only if t belongs to the domain of the maximal solution y : I, — IR" of the differential
equation x’(f) = V(x(t)) with initial value y(0) = x, and for such y, F(t,x) = y(t). F is
of the same order of differentiability as V. A subset M C U is invariant under F if x € M
implies F(t,x) € M for all t € R with (t,x) € domy. For a further subset N C U the set
M is called invariant under F in N if for every x € M N N and for every interval I > 0
with F(I x {x}) € N we have F(I x {x}) € M. A flowline ¢ : R — R” of a flow F on
domr = R x R" satisfies ¢(t +s) = F(t,&(s)) for all reals s, t.
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2 Transformation, scaling, projected flowlines

In the appendix Section 9 we describe how the flow Fy and the homoclinic flowline hy can be
transformed to a continuously differentiable flow F : R x R® — R? and a flowline & : R — R3
of F with the following properties.

(F1) For all t € R, F(t,0) = 0.
(F2) h(t) #0 # K(t) forall t € R, and limyy_,, k() = 0.

(F3) Every linear map T(t) : R®> > x — D,F(t,0)x € R3, t € R, satisfies T(t)L C L and
T(t)U Cc U. Fort € R,x € R®, and y = T(t)x,

< zﬁ ) = ( —C:Z1Sr(1€l;)t) i)r;((zg ) ( 2 > and y; = e"'x3.

(F4) There exists rr > 0 such that L and U are invariant under F in {x € R3: |x| < rf}.

(F5) There exist reals t;; < t; with h(t) € U for all t < t; and h(t) € L for all t > t;. Either
h(t) € (0,00)e3 for all t < iy, or h(t) € (—o0,0)es for all t < ty;.

In the sequel we focus on the case h(t) € (0,00)e; for all t < fyy, the other case being analogous.
We define

By = {x ¢ R®: |Px| < 1,|Pyx| < 1},
rg =2 (max |T(t)] + e* +2> , and
0<t<1

B={xcR:|x| <rp}.

Obviously, By C B. For € > 0 we consider the scaled flows given by F.(t,x) = 1F(t,ex). If x
is a flowline of F. then ex is a flowline of F, and conversely, if y is a flowline of F, then %y is a
flowline of F.. Observe that for alle > 0,x € R,y € R3,t € IR,

DyF.(t,x)y = %DZF(t, ex)ey = DyF(t,ex)y.
Proposition 2.1.
(i) For every n > O there exists €(n) > 0 such that for all e € (0,e(1)),

|DyFe(t,x) — T(t)| <n forall x € By.

(ii) There exists ep > 0 such that for 0 < € < €p,
F.([0,1] x By) C B,
and L and U are invariant under F. in B.

Proof. 1. On (i). By compactness and continuity there exists €(7) > 0 such that for 0 < € <
€(n) and x € By and for all ¢ € [0,1],

1 > |DoF(t, ex) — DaF(t,0)] = |DaFe(t, x) — T(t)].
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2. Let0 <t < 1. For0 < e < ¢(1) assertion (i) yields | DaFe(t,y)| < maxo<s<1|T(s)|+1 < rg/2
for all y € By. For x € By we have |x| < 2, and we infer

1
IEo(t,x)| = |Ee(t,x) — 0] = |Fo(t,x) — Eo(t,0)] = ‘/0 D,F.(t, sx)xds

< rglx|/2 < rp,

hence Fc(t,x) € B.

3. On invariance. Let 0 < € < r¢/rp. Assume x € L and F(s, x) € B for s between 0 and t € R.
Then we have F(s,ex) € €B, or |F(s,ex)| < erp < rr. This yields F(t,ex) € L. Consequently,
F.(t,x) = 1F(t,ex) € 1L = L. Analogously for x € U. O

The next proposition expresses closeness of the flow to its linearization at the origin in
terms of components in U and L, for 0 <t <1 and x € B;.
Proposition 2.2. For 7 > 0,0 < € < min{e(7),ep}, x € By, and 0 < t <1,
|PuFe(t,x) — T(t)Pyx)| < n|Pyx| and |PF(t,x) — T(t)Prx)| < n|P.x|.
Moreover,
|PuFe(t,x)| € (e + [=n,7])|Pux| and |PLFe(t,x)| € (e” + [—1,y])|Prx].

Proof. Let x € By and 0 < t < 1. We apply Proposition 2.1(ii) to Pyx € B; and to Prx € By
and obtain F¢(t, Pyx) € U and Fs(t,P.x) € L, hence Py F.(t, Pyx) = 0 and PyFe(t, Prx) = 0. It
follows that

’PuFe(t, X) — T(t)Pux‘ = ’PuFe(t,x) — T(t)Pux — (PuFe(t, PLX) — PuT(t)PLX)‘

/0 (PUDE.(t, Pux + 5(x — Pux))[x — Pux] — PuT(#)[x — Pyx])ds

= | [ PuDaFutt Pux-+ st~ Pux) [Rux] - PuT(0)[Rur] s

< |Pul max [DaFe(t,y) = T(8)||Pux| < [P
1

(with Proposition 2.1(i) and |Py| = 1).

We have (Pyx)s = x3, and for z = T(t)Pyx € U, |z| = |z3] with z3 = e"!x3. Using the previous
estimate we obtain

(" —n)|xs| = |z| = y|xs| = |T(t) Pux| — | Pux| < [PuFe(t, x)|
< |T(t)Pux| +n|Pux| = |z[ +n|xs| = (" +1)|xs]
which yields
|PuFe(t, x)| € (" + [—1,7])|Pux|.

The remaining assertions are shown analogously. O

Proposition 2.3. Assume 0 <y < e’,e¢"+n <1,and 0 < € < min{e(y),ep}. Let n € IN and
x € By be given with |PyFe(j+1,x)] < 1for j =0,...,n—1. Then we have Fe(j,x) € By for
j=0,...,n,and for0 <t <1,
"M (1 — e~ )" Prx| < |PLFe(t+n,x)| < e (1 4 5e=)" | Py,
eu(t+n)(1 _ 77)"+1|Pux| < ‘PUPe(t + n’x)| < eu(t+n)(1 + 77)”+1|PuX|.
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Proof. 1. From Proposition 2.2 for t =1,
(1 =) [Pux| < (" —n)[Pux| < [PuFe(1, x)| < (¢ +y)[Pux| < e"(1+ )| Pux|
and
¢’(1—ne™?)|Prx| = (&7 — ) [PLx| < [PLFe(1, %) < (¢ + 1) Prx| = ¢ (1 + ye™7) | Prx]|.

Using x € By and ¢ + 1 < 1 we infer [P F(1,x)| < 1. With |PyF:(1,x)] < 1, we get
Fe(l,x) € B;.

By induction we obtain Fe(j,x) € By for j =1,...,n, with
e(1 —ne ) |Px| < |PLF-(j,x)| <e”(1+ne ) |Prx| and

e/ (1 —n)'|Pux| < |PuFe(j,x)| < e"(1+ )| Pyx|.

2. On the lower estimates of the assertion. For j = n and 0 <t < 1 Proposition 2.2 yields
(6 — ) [PuFe(n, )| < [PuFe(t +,0)].
Use e"t(1 —1#) < " — 57 and the lower estimate for | P Fe(n, x)| in order to get
1) (1 — )" Pyx| < |PyFe(t +n,x)|.
In the same way, now using e”'(1 —5e~7) < ¢! — 1, one finds
e (1 — e~ )" Prx| < |PLFe(t 4 n, x)|.

3. The upper estimates of the assertion are shown analogously. ]

For later use we turn to exponential estimates for flowlines which stay sufficiently long
in Bl-

Proposition 2.4. Let 7j > 0 be given. Assume 0 < n < e” and e’ +n < 1 as in Proposition 2.3, and
in addition

1
log(l + 77370—) < 77 and log <1—1’]€U> < 77

Let n € IN be given with

n+1 o n+1 1 ]

Let 0 < € < min{e(n), ep} and consider x € By with |PyFe(j+1,x)| <1forj=0,...,n—1asin
Proposition 2.3. Then we have, for 0 <t <1,

e(v—ﬁ)(wn)‘pLx‘ < |PLE(t+n,x)| < e(o+ﬁ)(t+n)‘PLx\,
=) | x| < |PyFe(t+ 1, x)| < e@HDE) Pyl

Proof. In view of Proposition 2.3 the estimates of |PyjFe(t + n, x)| follow from the estimates

e(u—ﬁ)(t—i—n) < eu(t-i—n)(l _77)”+1 and eu(t+n)(1 _|_;7)n+l < e(u+17)(t+n)’
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or equivalently,
—(t+n)j<(n+1)log(l—yn) and (n+1)log(l+y) < (t+n)7.
Sufficient for the latter are
—nff < (n+1)log(1—7) and (n+1)log(l+n) < ni,

which are a consequence of the hypotheses on # and 7 in combination with

log <1i17> < log <1—}76—"> and log(1+17) <log(l+ne 7).
Similarly the estimates of |PLFc(t + 1, x)| follow from the estimates
oo —71) (t4n) < ea(t+n)(1 _ Ue—a)n—i—l and eU(t-i—n)(l +;7€—U)n+1 < e+ (t+n)
which are equivalent to
—7j(t+n) < (n+1)log(l—ne ) and (n+1)log(l+ne ") <7j(t+n).
Sufficient for the latter are
—fn < (n+1)log(l—ne™?) and (n+1)log(l1+ne 7) <ijn,

which are obvious from the hypotheses on # and . ]

3 Angles

This section deals with angles in the plane L, along projected flowlines t — PpFc(t,x), for
x € By \ U. The first step computes such angles for 0 < t < 1.

Proposition 3.1. Assume 0 <1 < 4,0 < € < min{e(y),eg}, x € By \ U, and
cos(y)
1 .
——Prx = | sin(y) for some P € R.
| PLx| 0
Let 0 < t < 1. For the unique A = A(t,x,¥) € [—m, ) with

1 cos(¢p — ut + A)
mPLFe(t,x) = | sin(yp —ut+A)

0
we have -
— ; 1 - =
A(t,x, ) = arcsin((v,w™)) € ( 5 2)
where
v—*PF(tx) w—LT(t)Px and wt = w
T PRt ) T T T TP S\ )

In particular, A0, x, ) = 0. Moreover,

L U . n
[{(v,w™)| < P and |A] < arcsin <e‘7—11> .
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Compare Figure 1.1, bottom.

Proof. 1. Using F¢(B; x {x}) C B and invariance of U under F. in B from Proposition 2.1 (ii)
we infer F.(t,x) € B\ U, hence P Fc(t,x) # 0. Also, T(t)PLx # 0.

2. We have
(i) = (Sl S ) (5o ) - (S0-00)
_ ( CQS(gb—yt) —sin(y — ut) ( )
sin(¢p — ut)  cos(yp — ut)

—wy \ _ ([ cos(p —put) —sin(p—put) \ (0
wy )\ sin(yp —put) cos(yp — ut) 1)
It follows that multiplication with the matrix

( cos(p —ut) —sin(p —put) 0 ) -
0
1

hence

—sin(p — ut) cos(— it
0 0

sin(p — ut)  cos(y — pt)

( cos(¢p —ut) sin(yp —ut) 0 )
0
0 0 1

defines a linear map p : L — L which satisfies pw = ¢; and pw! = e,. The map p preserves
the inner product and the norm. We obtain

Cos cos(p — ut + A — (¢ — ut))
( sin ) (A) = ( sin(¢ — pt + A — (p — ut)) )
0 0
cos(p — ut) sin(yp —put) 0 cos(ip — ut +A)
=| —sin(yp—ut) cos(p—ut) 0 || sin(p—ut+A)
0 0 1 0
o0 = (pv,er)er + (pv,e2)ex = (po, po)er + (oo, o ey

—=(v,w)e; + (v,w')ey,

hence cos(A) = (v,w) and sin(A) = (v, w'). Let & = P F.(t,x) # 0 and @ = T(t)P.x # 0.
Then

(v, w) = (9, ).

of|@|
Proposition 2.2 shows that Z = ¢ — @ satisfies |Z

|
| < #|PLx]|. Recall |@| = ¢”!|PLx|. We infer
(0,) = (@ +2,@) > @~ |2]|@] > [Prx[Pe™ (" — 1) > |PLx|e" (e — 1) > 0,

which yields cos(A) = (v,w) > 0. Recall —7r < A < 7. It follows that |[A| < Z. Consequently,
A = arcsin(sin(A)) = arcsin({v, w')).

The equation A(0, x, ) = 0 follows from PpF.(0,x) = Prx = T(0)P.x, which yields v = w,
hence (v, w*) = 0.

3. Proof of the estimates of (v, w') and A. We have

™

)
S
'_
S~
Il
—~
S
IS
|7
~——
Il
—
u
ISl
'_
~
INA
=



10 H. O. Walther

Using |@| = e7|Prx| and |Z| < 5|PLx| we get

18] > || — |2] = e”[Px| — [2] > (¢ — 1) [PLx| > (¢ —17)|PLx]

and obtain )
Ble 1o
o = e =
where the last inequality holds by the hypothesis on 7. Finally,
— . Ly — : L : Ui
|A| = |arcsin({v, w~))| = arcsin(|(v, w)|) < arcsin <e‘7— 17) . O

The next result describes the angles along projected flowlines PrFc(-,x), x € By \ U, by
continuous functions, a little longer than the projected values PyF.(v,x), v € N, remain in
B; \ U. For later use we restrict attention to flowlines which start from the strip on the cylinder

M; = {x € R®: |Px| = 1}

which is given by 0 < x3 <1,

cos(y)
X = ( sin(¢) ) withyp e Rand 0 <4 < 1. (3.1)
)

See Figure 3.1, top.

For integers n > 0 we define

dom,, = {(t,9,6) € [0,n+1] x R x (0,1] :
|PyFe(v,x)| <1 for x givenby (3.1) and v =0,...,n}.

Proposition 3.2. Assume 0 <1 < 4,0 < e < min{e(), e}

(i) For every integer n > 0 there exists a continuous function ¢\ : dom, — R so that for each
(t,¢,06) € domy, with x given by (3.1), we have

cos(p™ (t,9,6))
), 62

1 . )
m&&(t,x) = ( sin (¢! )ét,g;,(s))

andincasen <t <n-+1,

Y —tp—(n+1)arcsin (‘3‘711’7) < ¢ (t,p,8) < —tu+ (n+1) arcsin (ea”_ﬂ) (3.3)

(ii) For every n € N, ([0,n] x R x (0,1]) Ndom,, C dom,,_y, and on this set, ¢\")(t,1,5) =
P (L, 0).

Proof. 1. Obviously, ([0,n] x R x (0,1]) Ndom,, C dom,,_1 for all integers n > 1.

2. Proof of assertion (i). We construct the functions ¢ recursively.
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A\

-‘h‘lqj(tLQ ]

Figure 3.1: Top: The relations (3.1). Bottom: The exterior map.
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2.1. For n = 0 Proposition 3.1 shows that the continuous function ¢(°) : domg — R defined by
¢ (t,9,6) = — tu + arcsin(A)  for0 <t <1,

with A = A(t, x, ) from Proposition 3.1, for x given by (3.1), satisfies (3.2) and (3.3).

2.2. Suppose now that for some integer n > 0 the continuous function ¢(* : dom, — R
satisfies (3.2) and (3.3). We define (,b(”“) : dom;,.; — R as follows.

For (t,9,6) € dom, ;1 with 0 < t < n+ 1 we have (t,¢,d) € dom,, due to Part 1, and we
set pU 1 (t,9,0) = ¢ (1,9, 6).

For (t,,0) € dom, ;1 with n +1 < t < n+ 2, observe first that for x given by (3.1) the
property |PyFe(v,x)| < 1forv =0,...,n+1yields Fe(v,x) € By forv =1,...,n+1, by
means of Proposition 2.3. By Proposition 2.1 (ii), Fe(s,x) € B for 0 < s < n + 2. Using this
in combination with x € By \ U C B\ U we get Fe.(n+1,x) € B\ U, by invariance of U from
Proposition 2.1 (ii). Altogether, y = F¢(n + 1,x) is contained in By \ U, and

1 cos(¢p(n+1,1,6))
——Py=| sin(¢™Wn+1,9,6) |.
|Pryl 0
An application of Proposition 3.1 to y € B; \ U shows that the continuous function
¢* :domyg = R, ¢*(t9,6) = p"™ (n+1,1,6) — tu +arcsin(A) for0 <t <1,

with A = A(t,y, ¢ (n+1,1,6)) according to Proposition 3.1, satisfies (3.2) and (3.3) with y
and ¢ (n +1,¢,6) in place of x and ¢, respectively. Also,

(n) o . n < b < M . . Ui
" (n+1,9,6) —tu arcsm(eg ﬂ>_¢(f,lp,5)_¢ (n+1,9,9) ty—l—arcsm(ea_ﬂ :

For (t,¢,0) € dom, 41 withn+1 <t < n+2 we have (t — (n+1),9,) € domg. We
complete the definition of ¢("*1) by

P (t,,6) = ¢*(t— (n+1),9,8) for (t,1,6) € dom, 1 withn+1 <t <n+2.

Proof that 49(”“) is continuous. Let (¢,¢,6) € dom,1 and a sequence (tu, Pm, Om)meN in
domy,, 1 with limy,—yeo(tm, P, Om) = (t,,5) be given. It is enough to show that for a sub-
sequence we have ¢(”+1)(tmy,1,bmy,5my) — ¢(”+1)(t, $,0) as g — oo, Incase t < n+1,
(t,¢,6) € dom, and 47(”“)(1‘, P,0) = 4>(”)(t, ¥,0), and for m sufficiently large, t,, < n+1,
hence (t, Y, ) € dom, and cp(”“) (tm, Y, Om) = cp(”) (tm, Ym, Om) for such m, and continuity
of ¢ yields ¢V (ty, Y, 6) — ¢ (t,9,8) for m — co. Incase n+1 < t < n +2 a simi-
lar argument with ¢*(- — (n +1), -, -) in place of 4)(”) yields qb(”“) (tm, Y, Om) — 4)(”+1) (t,9,0)
for m — oo as well. In case t = n 4 1 we distinguish the subcases that the set of indices m with
tm < n+1isbounded or unbounded. If it is unbounded then we can argue for a subsequence

as in case t < n + 1 above. If it is bounded we can argue as in case n +1 < t < n 4 2 above
and find

lim ‘P(HH)(tmrl/"mr‘Sm) = lim ¢"(tm — (n+ 1), m, 6m) = ¢*(0,9,6)

m—00 m—00

=¢oMn+1,9,6) ="V (n+1,9,0).
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2.3. Proof of (3.2) for cp("H). By the properties of 47(”), for (t,¢,9) € dom,, 1 with0 <t <n+1,
obviously

1 cos(¢™ (1, 9,5)) cos(¢p D (£,9,5))
BE (g Pee(tx) = | sin(@ (6 y,0) | = | sin(V(t ) .
€ Vi O 0

For (t,,0) € dom,+1 withn+1 <t <n+2lets=t—(n+1)andy = F(n+1,x) with x
given by (3.1). Using the version of (3.2) for ¢* we have

L b= 1L L - C95(¢:(SI¢,§))
1P (5, )| LFe(t, x) = PE(5, )] LEe(s,y) = | sin(¢ (5/77”/ )
cos(¢*(t — (n+1),4,0)) cos(@\" 1 (t, 9, 6))
= | sin(¢*(t—(n+1),9,6)) | = sin(p"*V(t9,5))
0 0

2.4. Proof of (3.3) for ¢"*1). For (n+1+t,9,8) € dom, 1 with 0 < t < 1 we have
P (n4+1+t,9,0) = ¢*(t,1,6) < "™ (n41,¢,8) — tu + arcsin (e‘717—17>
: Ui : U
< _ 0 _ 0
< (1,0 (n+1)u+ (n+1)arcsin (e" - ’7)) tyu + arcsin (e” - 17)
(by (3.3) for ()

zip—(n+1+t)y+(n+2)arcsin<eai7_;7).

Analogously we get the lower estimate

Yp—(n+1+t)u— (n+2)arcsin (ﬂ) <"V (n4+14t9,6)

e =1
for 0 < t < 1. By continuity both estimates hold also at t = n + 1.

2.5. The proof of assertion (i) is complete. Assertion (ii) is obvious from the previous con-
struction which includes the relation

9t y,0) ="V (t,,0)
for (t,¢,6) € ([0,n] x R x (0,1]) Ndom,, C dom,,_. O

We proceed to estimates of ¢(") from Proposition 3.2 on the interval [1, 7 + 1] in terms of
affine linear maps with slopes close to .

Corollary 3.3. Let j > 0 and n > 0 be given with n < % and

. " i
arcsin <eo,_;7> < .

Let 0 < € < min{e(n),ep} and let n € IN be given with

n+lar in o <7
. CS 7 7.
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Then the function ¢") obtained in Proposition 3.2 satisfies

Y=+t (p+7) <P (n+t,9,6) <p—(n+t) (4 —7)
for every (n+t,1,0) € dom, with0 <t < 1.

Proof. 1. The estimate (3.3) in Proposition 3.2 shows that the upper estimate of the assertion
follows from

—(n+t)u+ (n+1)arcsin <e‘7;7—;7> < —(n+t)(p—1)

which is equivalent to

(n +1) arcsin <eg’7> < (n+1)7.

The preceding estimate follows from

. 1 < 7
(n 4 1) arcsin <e‘7 — 17) < nifj

which is obvious from the hypotheses on 7 and n.

2. Analogously the estimate (3.3) shows that the lower estimate of the assertion follows from

—(n+t)u — (n + 1) arcsin <e‘7;7—;7> > —(n+t)(u+1)

which is equivalent to

—(n+1)arcsin <60'7> > —(n+ ).

The preceding estimate follows from

_ in( -7 ) > _ui
(n+1)arcs1n<eg_;7>_ nij

which is obvious from the hypotheses on 77 and n. ]

4 Transversality, and exterior maps

For every € > 0 the flowline he = 11 of F. is homoclinic with he(t) # 0 # h.(t) everywhere
and he(t) — 0 as [t| — oo.

Proposition 4.1.
(i) For 0 < € < |h(ty)| there are reals tg . < ty; with

he(tpe) =es and he(t) € (0,00)e3 forall t < tpp.

(ii) There are strictly montonic sequences (tj)jen in [tr, o0) and (€j)jen in (0,00) with t;; — oo
and €j — 0 as j — oo such that for every j € N,

e < [n(tu)l, |he(trj)l =1, (lhe?) (t1j) <0, he(t) €L fort >ty he () € L.
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Proof. 1. On (i). Recall that for all t < ti;, h(t) € (0,00)e3. Let 0 < € < |h(ty)|. The relation
lim_,_« h(t) = 0 shows that for each € € (0, |h(ty)|) there exists tg < t; with |h(tge)| = €.

It follows that h(tge) = €e3, hence he(tpe) = e3. For 0 < € < |h(ty)| and for all t < tp < ty
we get he(t) = Lh(t) € 1(0,00)e3 = (0,00)e.

2. On (ii). From h(t) # 0 everywhere and h(t) — 0 as t — oo we get a strictly increasing se-
quence (f1j)jen in [tr, 00) with t;; — oo for j — oo so that |h(t;;)| < |h(ty)| and (|k[?)(t1j) <O
for all j € IN, and the sequence given by €; = |h(t; ;)| is strictly decreasing. It follows that

1 1 .
e, (t1,)] = g|h(t1,j)| =1 and (|he]?) (t1)) = ;2\(|h\2)’(t1,j) <0 forallj€N.
j j
Also, for t > t;; > tr, he,(t) = eljh(t) € el]_L = L, which yields h (t1,) € L. O

We want to describe the behaviour of flowlines close to the homoclinic loop % (IR) U {0}
for small € > 0. This will be done in terms of a return map which is given by the return of
flowlines F¢ (-, x) from points x in the cylinder

M;={z€R®: |Pz| =1}

with 0 < x3 slightly above the plane L, to targets in M. The return map will be obtained as a
composition of an inner map, which follows the flow until it reaches the plane

Mg =e3+1L,

parallel to L , with an exterior map following the flow from a neighbourhood of e3 in Mg until
it reaches M;.

The constructions and continuous differentiability of the inner and exterior maps requires
that the homoclinic flowline intersects the smooth 2-dimensional submanifolds Mg and M; of
R3 transversally. Obviously, TyMg = L for all x € Mg, and at x € M; N L,

T:M; = Rx™ @ Res, with x- = ( x1 ) )
0

Proposition 4.2.
(i) For 0 < e < |h(ty)|, 01F(0,e3) = D1Fe(0,e3)1 = hl.(tge) ¢ L = Toy ME.
(ii) Let j € N be given and x = he,(t;). Then
O Fe;(0,x) =h (1) = 01Fe (t1j—tEe e3), (01F;(0,x),x) <O, and 01F¢(0,x) ¢ TeM;.
Proof. 1. On (i). From
Fe(t,e3) — Fe(0,e3) = Fe(t, he(tpe)) — e3 = he(t + tpe) — he(E, te)

we have 01F(0,e3) = hl.(tge) # 0. Using he(t) € U for t < tpe we get h.(tge) € U. It follows
that 91F(0,e3) € U\ {0} C R®\ L.

2. On (ii). Letj € N be given. Let x = he(t;) € M;NL. Arguing as in Part 1 we get
01F, (0, x) = h’ej(t[,j) = 01k (tr; — tE,ej,eg,). From Proposition 4.1 (ii),

0> (lhe,?)'(t17) = 2(he (1), he, (11,)) = 2091 F, (0, %), x)

and h/e,-(tl,j) € L. From the preceding relations, alFej (0,x) ¢ Rxt @ Res = Ty M. O
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For r > 0 let
Mp(r) ={y € Mg : |y —e3| <r}.

Corollary 4.3. There is a decreasing sequence (;)jeN with r; — 0 as j — oo so that for every j € N
there exists a continuously differentiable map

t]' : ME(T]) — (0,00)

with tj(e3) = t1; — tee, Fe;(ti(y),y) € {z € My : Prz # —he(t1)} for all y € Mg(r;), and

]

01F;(0,y) ¢ L forally € Mg(r)).

Proof. Let j € N be given. With the function G : R® — R, G(z) = z% + z3 — 1, the relation
Fe/(t,y) € M is equivalent to the equation G(F(t,y)) = 0. Using Proposition 4.2 (ii) with
X = Fej(tl,j — tglej,eg) we obtain

81(G o Fej(tl,j — tE,ejre3) = 2<81F€j(t[’]' — tE,Gj/e3)/F€'(tI,j — tE,Gj/€3)> = 2(81F€].(0,x),x)> < 0.

]

Therefore the Implicit Function Theorem applies and yields a continuously differentiable pos-
itive function ¢7 on a neighbourhood N; of e3 in R3 which satisfies t;‘(eg,) = t1j — tpe and
Fe;(t;(y),y) € M; for all y € N;. Given any real r > 0 it follows from Proposition 4.2 (i) and
continuity that there exists r; € (0,7) with Mg(r;) C Nj and 01F,(0,y) ¢ L for all y € Mg(r)).
Using Fej(t;(eg),é’g,) = he;(t1;) € L and continuity we also achieve PLFe,.(t]’-‘ W), y) # —he;(tr))
for all y € Mg(r;). Let t; be the restriction of £} to ME(r)) .

The desired decreasing sequence (7;)jc can be obtained recursively. O

For every j € IN the exterior map
E] : ME(T’]) — {Z € Mj: Pz 75 _hej(tl,j)}r E](y) = Fej(tj(]/)/y)z

into the open subset {z € M, : PLz # —he(t1j)} = {z € M;: PLz # —Ej(e3))} of the manifold
M is continuously differentiable. Compare Figure 3.1, bottom.

Corollary 4.4. Let j € IN be given and x = Ej(e3). Then To,E;(To; M) = TxM;.

Proof. Letv = d1F;(0,e3) and w = h’ej(t[,]-) = 01F,(tj(e3),e3) = 0F;(0,x). Then v ¢ L = T,, Mg
and w ¢ TyM;. The map T,,E; : T,;Mg — TM] is given by

T€3E]‘(Z) = P]‘DQFE]. (tj<€3), 63)2

with the projection P; : R3 — R3 along Rw onto TyM;. The isomorphism DzFej(t]-(eg),eg)
sends v to w and maps T,, Mg onto a 2-dimensional space Q which is complementary to Rw.
The projection P; maps the complementary space Q onto the complementary space T, M;. [

5 Inner maps

We begin with the travel time from the strip {x € M;: 0 < x3 < 1} to the plane M.

Proposition 5.1. Assume 0 <5 < e’,¢”+1 <1,and 0 < e < min{e(y),ep}. Let x € M with
0 < x3 < 1 be given. Then there exists t = Tc(x) > 0 with 0 < Fe3(s,x) < 1for 0 < s < t and
Felg(t,x) =1
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Proof. 1. We show |F.3(s,x)| > 1 for some s > 0. Suppose this is false. Then Proposition 2.3
yields F.(n,x) € By for all integers n > 0. Using an estimate from Proposition 2.3 and
1—7 > e” we get

|Fes(n,x)| = |PuFe(n,x)| > e (1 — )"+ Pyx| > e+ |x3] > 0

for all integers n > 0, and the hypothesis u + ¢ > 0 yields a contradiction to the assumption
that |Fe3(s,x)|, s > 0, is bounded.

2. It follows that
0 <inf{s > 0: |F3(s,x)| > 1} < oo.

Set t = T.(x) = inf{s > 0 : |Fe3(s,x)| > 1}. Then |F.3(s,x)| < 1for 0 < s < t, and by
continuity, |F.3(f,x)| = 1. Let n = ne(x) denote the largest integer in [0, f]. Proposition 2.3
yields Fe(j,x) € By for j =0,...,n. By 0 < x3, x € By \ L. Using Proposition 2.1 (ii) we infer
Fe(s,x) € B\ Lon [0,¢], hence |Fe3(s,x)| > 0 on [0, t]. Finally, 0 < x3 and continuity combined
yield 0 < Fe3(s,x) on [0, t]. O

In order to use the travel time 7.(x) of Proposition 5.1 for an inner map with values
Fe(Te(x), x) in the domain Mg(r;) of an exterior map E; we observe that due to hyperbolic
behavior of flowlines close to the stationary point 0 the relation Fe(7e(x),x) € Mg(r;) should
hold for x € M with 0 < x3 sufficiently small. Recall €; from Proposition 4.1 and r; from
Corollary 4.3.

Proposition 5.2. Assume 0 < 17 < e’ and 1+ ne~ < e~7/2. Consider an integer j so large that
€; < min{e(y),ep}.

For every x € Mj with 0 < x3 < 1 the largest integer n = n;(x) in [0, T¢;(x)) satisfies

1 1
o u—Hog(Z)l g(x;;) -1 ®-1)
For 6} € (0,1) so small that
2 1 1

we have
|Fe;(Te; (x),x) — e3] = |PLFe;(Te;(x), x)| <7; forall x € M with 0 < x3 < ;.

Proof. 1. On (5.1). Notice that we have ¢’ 4+ 71 < 1, so that the hypothesis concerning # > 0
in Proposition 5.1 is satisfied. Let x € M; with 0 < x3 < 1 be given and let t = Tej(x). We
derive an estimate of the largest integer n = n;(x) in [0,t). Proposition 5.1 in combination
with Proposition 2.3, both for € = ¢, yield

1= [PUF ()] < e (14 )" Pyx] = (1 + )" 1xs
< (2¢")"x; (witht <m+1landy < 1),

hence
1

n> o (~) -1
u +log(2) 8\ 1 '
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2. Now consider (5]’-* € (0,1) which satisfies the inequality (5.1), and let x € M; with 0 < x3 <
¢ be given. Using |PLx| = 1 from x € M and an upper estimate from Proposition 2.3 we
have, with n = n]-(x),

‘PLFej(t/x” < eat(l +17870)n+1‘PLx‘ < ea-ne(70/2)(n+l) _ e((T/Z)(nfl).

Thereby the desired inequality |PLFe,(t, x)| < 7; follows from el0/2)(n=1) < r; which is equiva-
lent to )
1+ =log(r;).
n>1+ 5 og(7)

The preceding equation follows from the lower estimate (5.1) of n = n;(x) in Part 1 in combi-
nation with x3 < 5]’-* and with the smallness assumption (5.2) on (5;‘. O

Next we use transversality of the flow at points of ME(r;) as prepared in Corollary 4.3 in
order to obtain smoothness of the travel time.

Corollary 5.3. Let 17, j, and 6] satisfy the hypotheses of Proposition 5.2. Then the map

Tj* {xeM;:0<x3 < 5]*} — (0,00), T]*(x) = TEj(x)/

is continuously differentiable.

Proof. 1. Continuity. Let x € M; with 0 < x3 < 47 be given, and let { = T]*(x) = T¢;(x).
Let y = F(t x) and observe that because of F5(s,x) < 1 = Fe5(t,x) for 0 < s < t we
have 01F,53(0,y) = d1F3(t,x) > 0. Recall y € Mg(rj) from Proposition 5.2. The relation
01F;(0,y) ¢ L from Corollary 4.3 yields d1F¢;,3(0,y) # 0. We conclude that d1Fe3(t, x) =
01F¢;3(0,y) > 0. Now let p € (0,t) be given. Then for some s € (£t +p), Fe3(s,x) > 1.
By continuity there is a neighbourhood Nj of x in R® with Fe3(s,z) > 1 for all z € Ni.
By continuity and compactness we also find a neighbourhood N C Nj of x in R3 so that
for all z € N and for all s € [0,t — p] we have 0 < F3(s,z) < 1. It follows that for all
ze NN{deM;:0<3<d} wehavet—p < 7 (z) <s <t+p, which yields continuity of
the map 7 at x.

2. We show that locally the map 7;" is given by continuously differentiable maps. Let x € M;
with 0 < x3 < &7 be given and let { = T]*(X) Then Fe5(t,x) = 1, and 01F,3(t, x) > 0, see
Part 1. The Implicit Function Theorem yields an open neighbourhood N of x in R® and p > 0
and a continuously differentiable map 7 : N — (t —p,t + p) with F 3(7(z),z) = 1 for all

z€ N,andon (t —p,t+p) X N,
Fe5(s,z) =1 ifand only if s=1(z).

By continuity according to Part 1, there is an open neighbourhood N; C N of x in R3 so
that for all z € NyN{& € M; : 0 < &3 < 6/} we have t —p < 7/(z) < t+p. Recall
Fejlg(Tj* (2),z) = F6/,3(T€j (z),z) =1forallz € M; with0 < z3 < 5]?“. It follows that on Ny N {¢ €
M;:0 <3 <67} we have 77(z) = 7(z). The restriction of Tto Ny N {¢ € M;:0 < &3 <J;}is
a continuously differentiable function on the open subset Ny N {¢ € M;: 0 < {3 < oF } of the

submanifold Mj. O

In the sequel we arrange for an inner map on a subset of {x € M; : 0 < x3 < 67} which
can be estimated in the same way as its counterpart in [8]. Upon that we will be able to follow
[8] in proving existence of chaotic motion.
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For0 <7 < % we abbreviate

m(1,0) = max {10g(l +ne 7),log <1_}760> ,arcsin <e‘7;7> }

and consider the following hypotheses.
For 77 > 0 given,

a

0<y< % and 1+7ne 7 <e?/? (5.3)
(observe that this yields 7 < e’ and ¢ + 1 < 7/ < 1)
and
m(n,0) <. (5.4)
j € N is so large that
€; < min{e(y),ep}. (5.5)
o7 € (0,1) satisfies (5.2) and ¢; € (0, (5]*) is so small that
1 1 m(1y,0)
—1 - —-1> —F——. 5.6
o (5) 1 o0

Proposition 5.4. Let 7 > 0 be given. Assume that the relations (5.3)~(5.6) hold for 1 > 0, j € IN,
and &;. For every x € M with 0 < x3 < ¢; the largest integer n = n;j(x) in [0, T]*(x)) satisfies

n+1
n

m(n,o) <.

Proof. Using the relations (5.1) and (5.6) we get

1 1y 1 1\ m(y,o)
“W+M®b4m>l>whwﬂgg>l>mwmw

which yields “m(y, 0) < . O

We are ready for the definition of the inner map Ij, given 7 > 0 and 7 > 0, j € IN, and ¢;
which satisfy the relations (5.3)-(5.6). As a domain for [; we take

M[,]' = {x EMp:0<x3 < 5]' and Prx 7é —E]'(€3)}.

Here the line given by P x = —Ej(e3) = —he,(t1;) is excluded for later use, in order to have a

global parametrization of M, available. With 7;(x) = 7/ (x) on Mj; we set

5j(x) = Fe(15(x), x)

and obtain a continuously differentiable map I; : Mj; — Mg, with values in Mg(rj) according
to Proposition 5.1. Compare Figure 5.1, top.

Corollary 5.5. Let j > 0 and assume that 1 > 0, j € IN, and §; satisfy the relations (5.3)—(5.6). Let
x € Mj,. Then we have

el0=MT(0) < IPLLi(x)| < el tT(x)
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Figure 5.1: Top: The inner map and related angles. Bottom: The inner map
along vertical line segments.
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cos(¢)
x=| sin(y)
x3

and & = x3 the function ¢\") obtained in Proposition 3.2, with n = n;(x), satisfies

For i € R with

Y —T(x)(p+17) < " (1i(x),9,8) < ¢ —Ti(x) (1 — 7).

Proof. Proposition 5.4 shows that the hypotheses on the integer # in Proposition 2.4 and Corol-
lary 3.3 are satisfied for n = n;(x). Apply Proposition 2.4 to t = 7;(x) — nj(x) € [0,1], with
|PLx| =1 and |Pyx| = x3 and Pylj(x) = es. This yields the estimates of PpI;(x) and PylI;(x).
From [P x| = 1, x € By \ U. An application of Corollary 3.3 to t = 7j(x) — n;(x) € [0,1]
yields the estimate of the angle function ¢ with n = n;(x). O

Corollary 5.6. Let 7j > 0 be given with 7j < u and assume that 1 > 0, j € N, and J; satisfy the
relations (5.3)~(5.6). For every x € My,

1 1 1 1
) < 1i(x) < = .
“+’710g <x3> <7 < u—ﬁbg <x3>

6 The return map in the plane

We begin with parametrizations of the open subsets {x € My : PL.x # —E;(e3)} of the sub-
manifold M;. Let j € IN be given. Consider w; € [, 7r) determined by

cos(w;)
sin(wj) | =Ej(es) (= he(t1))).
0

The map

cos(w; + 1) )
5 4

Kj:(—=m m) xR — {x € My : PLx # —Ej(e3)}, K;j(9,0) = ( sin(w; + )

is a continuously differentiable diffeomorphism with K;(0,0) = E;(e3). The return map R; =
E; o I; sends its domain M;; = {x € M;: 0 < x3 < J;, PLx # —Ej(e3)} into the set {z € M :
Prz # —Ej(e3)} which equals the image K;((—, ) x R). By the return map in the plane we
mean the continuously differentiable map

Qj: (—m,m) x(0,6;) = (—m,m) xR

given by Q;(¢,9) = Kj_l(R]-(Kj(l,b,é))).
We also need information about a coordinate representation of the exterior map E; alone.
Corollary 4.4 yields that the derivative T, (K].*1 o Ej) is an isomorphism from L = T,, Mg onto

the plane IR?. So it sends basis vectors v; and w; of L to the vectors (}) and (), respectively.
Let x; denote the isomorphism L — IR? given by

ki (8vj + nw;) = ( 2 )
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The restriction P; of «; o P to the open subset Mg(r;) of the submanifold Mg defines a con-
tinuously differentiable diffeomorphism onto an open neighbourhood of 0 = Pj(e3) in R?,
Obviously,

Pi(e3 + Cv; +nw;) = ( g > for all reals ¢, 77.

As T, P; and T, (K]_1 o E;) act the same on the basis v;, w; of T,;Mg = L the exterior map in
coordinates
— -1
K]-loEjon ZRZDP]'(ME(T]')) — R?

satisfies
D(K;" o Ejo P)(0) = idpe - (6.1)

Corollary 6.1. Let j € IN and B > 0 be given. There exists aj = a;(B) € (0,7r) so that for all
(¢,0) € [—aj,aj] X [—aj, a;] we have (,d) € P;(Mg(r;)), and

(Kj 1o Ejo P Y)(,0) — (,0)] < Bl(y,0)], 6.2)
|D(K].’1 oEjo Pj’l)(w,é‘) —idg2| < B. (6.3)
We proceed to estimates of the range of the inner map in coordinates
(=7, ) x (0,6;) > (¢,8) — P(Li(K;(,6))) € R
and of the return map in the plane Q;.

Proposition 6.2. Assume 0 < 7j < —0/2 and consider 1 > 0,j € IN, ; so that the relations (5.3)-
(5.6) hold. Let B € (0, 3] be given. Consider aj = wj(B) > 0 according to Corollary 6.1, with a; < 6;.
Then

Bu

b= (2 W)
Y= 30+ 1)

satisfies 8g; < 3w, and for all (,0) € [—aj,a;] x (0,8p,] we have
2
IPi(Li(Kj($,0)))] = 32, (6.4)
Q](lp,é) € [—IX]',IXJ'] X [—OC]',IXJ']. (65)
Proof. 1. In order to show ég; < %tx]- notice first that
(5/5,]' <a; < 5]' < 1.

The hypothesis on 7} yields

u—+1 5 3u
- < =
—0 — 1] - -0
It follows that , -
u u+n
o)< Gdror)
P8+ 1)) =&+ D))
hence o
5 u+!77 < 2

B =3kl
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Consequently, with 0 < —0 — 7 < u +7 and d5; < 1,

ey 5
O <6, < — T ;i 6.6
pi="%pj = 3(‘Kj,+1)"‘1 (6.6)

< glxj
2. From Corollary 6.1 with 0 < B < 1/2 we get a; < §; so that for all (¢,8) € [—aj,aj] x
[—aj, aj], we have
_ IR - 3 . =
(Ko Ejo PY)(,6)] < (1+B)I(§,5)] < 5‘“/’5)'-
5) =

3. Proof of (6.4). For (¢,9) € [—a;j,a;] x (0,95 ] we have K;3(y, € (0,05,] C (0,6;). With

= K;(y,6), Corollary 5.5 yields
P (L(Kj(,0)))] = |5 PLLi(x)] < Jilel 750,

Notice that 7j < u. Using the lower estimate of 7;(x) from Corollary 5.6 we infer

P <l ()

—o—1ij
< Iiglog 7 < 20y (with (6.6)).

(JJ

4. Proof of (6.5). For (y,6) as in Part 3 let (¢,6) = (P;(I;j(K;)))(¢,6). Then

hence (¢,6) € [—aj,a;] X [—aj,«;], which according to Part 2 yields

It follows that

1Qj(,6)| = [K;(R;(K;j(9,8)))| = |(K; " 0 Ejo P o Py o ) (Kj(1, 6))

Finally, use that the disk of radius «; and center 0 € IR? is contained in the square [—aj,aj] %
[—Dc]', IXJ] O

The last result of this section concerns continuity of the angle corresponding to
P I;(Ki(,0)), as a function of (y,4) € (—m, ) x (0,9;).

Proposition 6.3. Assume 0 < 7j < —o0/2 and consider 1 > 0,j € IN,6; so that the relations
(5.3)—(5.6) hold. Then the function ®; : (-, ) x (0,4;) — R given by

®;(,8) = ¢\ (7(x), wj + ¢, 0)
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with ¢\ according to Proposition 3.2, n = n;(x) the largest integer in [0,7;(x)) and x = K;(¢,9),
satisfies

1 cos(®(1,))
|PLIj(Kj(¢,5))|PLIj(Kj(lP'(S)) = sm(CID]b(yb,(S)) forall (1,6) € (—m,m) x (0,6;) (6.7)

and is continuous.
Proof. 1. The definition of ®; makes sense because for (,6) € (—m, ) x (0,4;) and x =
K;j(i,0) we have |PyF(t,x)| < 1 on [0,7j(x)), hence |PyFe(v,x)| < 1forv =0,...,n(x),
which in combination with n;(x) < 7j(x) < n;(x) + 1 yields (7;(x), w; + ¢,0) € dom,, ().

Eq. (6.7) holds because for ¢ = 4)”f(x)(1'j(x),wj +1,6) = ®;(y,6) we have

1 1 cos(¢)
\PLIj(K]-(wl(g)”PLI]'(X) = |PLP€j(r]-(x),x)|PLPGJ(TJ'(")fx) — | sin(g)

0
due to Proposition 3.2 (i).

2. Proof that ®; is continuous at (y,9) € (—, ) x (0,6;). Let x = K;(¢,0). We have n;j(x) <
Ti(x) < nj(x) +1 < nj(x) +2. Let a sequence (m, O,y )meN in (—7, ) x (0, 6;) be given which
converges to (¢,6). It is enough to find a subsequence so that @;(um,, o(m,)) — Pj(¥,6) as
i — oo.

2.1. In case Tj(x) < n+ 1 the continuity of 7; yields an integer m, > 0 so that for all indices
m > my we have n;(x) < 7j(xm) < nj(x) +1 for x» = Kj(m, d(y)). Hence nj(x) = n;(xy) for
m > my. Consequently, (T;(xu), wj + P, O )) € dom,, 0 (m) = dom ni(x) and

q)](l)bm, 5(7’1)) = qj(n]'(xm))(T].(xm)/wj +lPH1/5(m)) = (P(nj(x))(T](xm)’w] +l,bm/ (S(m)) for m Z My.
As gb(”f' (*)) is continuous according to Proposition 3.2 we arrive at

Tim (i, Oy) = Him @0 (5 (), 05+ P Oy) = ) (13(x), 05+ 9,8) = Dy (3, 0).
2.2. In case Tj(x) = nj(x) + 1 we have |PyFe;(nj(x) +1,x)[ = [PuFe;(7j(x), x)| = 1 in addition
to |PuFe (v, x)| <1forv=0,...,nj(x) and conclude that (7;(x), w; + ¢,6) € dom,, () 1.

By Proposition 3.2 (ii), ¢ (n;(x) + 1, w; + ¢,6) = ¢ (n;(x) + 1, w; + ¢, ).

We distinguish the subcases that the indices m with 7j(x,) < n;(x) + 1 are bounded or
not.

2.2.1. If the indices with 7j(x;;) < nj(x) + 1 are unbounded then there is a strictly increasing
sequence (1, ),en of positive integers with 7;(x,) < n;(x) +1 for all u € N. As in Part 2.1
we find @; (Y, , O(m,)) — Pj(¥,6) for p — oo.

2.2.2. If there is an upper bound m, € N for the indices m with 7j(x,) < nj(x) + 1 then
nj(x) +1 < 7j(xy) for all indices m > m,. In addition we may assume T;(x,,) < n;(x) + 2 for
all m > m,. It follows that n;(x) +1 = n;(x;,) and

D (P, Omy) = O (T (xm), @; + Yy ) = PV (T (xm), W + P, ()
for m > m,. Using continuity of qb(”/(")“) from Proposition 3.2 we find
Tim (i, 6()) = lim 4> O (1 (2 ), ) + P, O))
= U (g(x), wj + 9,6) = I (nj(x) + 1, w; + 9, 6)
= D (n;(x) + 1, w; +9,6) = ¢ (1i(x), wj + ¢,6) = j(1p,6). O
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7 Curves expanded by the return map in the plane

In this section we consider curves ¢ : [a,b] — (-7, ) x (0,0;) which connect level sets
(=7, ) X {Ar} and (—7r, 1) X {Az} with 0 < Ay < Ay < 6;. We find subintervals [ag, by] and
[a1, b1] so that the angle function ®; sends g((ao, bo)) and g((ay, b1)) into disjoint sets My and
M, and transport by the return map in the plane Q; yields two curves which again connect
the said level sets. Be aware that the angle function ®; is not directly related to the return map
in the plane but only to the inner map in coordinates (depicted in Figure 5.1, bottom), which
is the first composite of the return map in the plane.

Throughout this section we assume 0 < 7 < min{y, —0c/2}, and that y > 0, j € N, and
6; € (0,1) satisfy the relations (5.3)—(5.6). We begin with a comparison of angles dDj(lp,é) for
arguments in level sets as above. Let

D)
T (=) (e —1)
>1,
k=ky =e *Ti0
<1

For A € (0,6;) we set

A1 = A (D) = kA
< As.

Proposition 7.1. Let Ay € (0,9;) be given and consider Ay = A1(Az) = kAS. Then
471 < @i(, Ay) — Pi(y, A1) forall ,yin (—m, 7).

Proof. Assume —7t < ¢ < 71, =7t < y < 71. Recall the definition of ®; in Proposition 6.3 and
apply the last estimate in Corollary 5.5, and the estimate of the travel time in Corollary 5.6.
This yields the inequalities

Di(p,N2) — (wj+¢) > (—p—1f) - U i i log <A1>

and

1 1
) _ ) < (— A
®;(7, M) @%+7%_(H+U)u+ﬁbg<M>
from which we obtain

pti |
(Dj(lpz AZ) - CI)]'(')/, Ay) > =2+ mlog(Aﬁ - mlog(Al)

oy BT k=T
> 27+ - log(Az) W7 [log(k) + clog(Az)]

= 271+ 67 + (Zfz —chZ)log(Az) = 47t
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From here on let also 8 € (0,1/2] be given and consider «; = «;(B) € (0,9;) according to
Proposition 6.2. Proposition 7.1 shows that the quantities

my = my(j, A1) = max q)]-(’y,Al) and mp = my(j,A2) = min q)j(lp,Az)

ly|<a; | <a;
satisfy my + 47 < my. Also, there exists ; € [my + 71, my — 7] with

cos(1;) 1
0 j

Proposition 7.2 (Angles along curves connecting vertical levels). Consider Ay € (0,9;) and
A1 = A1(Ay) as above. Let a curve g : [a,b] — (—m,7) x (0,0;) be given with g»(b) = Az and
g2(a) = Ay. Then there exist aj, < by < a} < b} in [a,b] such that

®i(g(t) € (¢ — 7, ¢;) on (ap,bp), D@j(g(ag)) = ; — 7, Pj(g(bp)) = ¥,
®i(g(t) € (Y, ¢j+ ) on (ay,by), Di(g(ar)) =1, Pi(g(by)) = ¢+ 7.
Compare Figure 7.1.
Proof. 1. We construct 4} and b}. From
Q>](g(a)) <m<m+n< l/J] <mpy—m<m< QD](g(b))
we have
®j(8(a)) < =7 <oy < g+ 7 < @(g(b)).

By continuity, ; = ®;(g(t)) for some t € (a,b). Again by continuity there exists b} € (¢, ]
with ®;(g(s)) < ¢; + 7t on [t,b]) and @;(g(b])) = ¢; + . Upon that, there exists a; € [t, )
with ¢; < ®;(g(s)) on (aj, b;] and ®;(g(a})) = ¢;.

2. The construction of af, and by, with b}, < 4] is analogous. O
We turn to the position of Q;(t, 6) for arguments (¢, d) € (—7, 71) x [A1, Az]. Alook at Eq.
(6.7) in Proposition 6.3 confirms that in the cases
(9, 0) =i —m, Pi(¥,0) =, Pi(¢,8) =i+ 7
the value PLI;(K;(¢,)) belongs to the rays
(0,00)(—wj), (0,00)w;, (0,00)(—w;), respectively,
hence P;(Ij(K;j(i,8))) is on the vertical axis in R?.

Proposition 7.3 (From angles to vertical levels). Assume in addition to the hypotheses made in the
present section up to here that 7 satisfies

—0 +1f
—— < 1. 7.1
2 7 < (7.1)
Let B € (0,1/2] be given and choose reals a; = w;(B) € (0,6;) and dp; € (0,2a;/3] according to
Proposition 6.2. Consider Ay € (0,0p,7) so small that

1 —ot+7 —0+i]

Kot AT, with ¢ = ci and k= kg. (7.2)

2V2A, <

]
’Kj
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'\{J— + 7Y ,\\

~

S~
o

\ 1 \
vy Qq bo 0\,4_

Figure 7.1: The map ®; o g.

Let Ay = A1(Az2), (,0) € [—aj, ] X [A1,As], and z = Q;(, ). Then
(i) |z| > V2A,.
(ii) In the cases @;(,0) = p; —m, Di(¥,0) =v;, D;(¢,6) = ; + 7, we have
20 < =Ny, 20 >0y, zp < =Ny, respectively.
Compare Figure 7.2.

Proof. 1. On assertion (i). Observe first that due to Proposition 6.2 the rectangle [—a;, a;] x
[A1, Az] is contained in the domain of definition of the maps P;(I;(K;(-,-))) and Q;. Let (¢,6) €
[—aj,aj] X [A1,As] be given, and let

x = Pi(Li(Kj(y,6))) (= xPLLi(Kj(9,6))).
Observe K;3(ip,6) = ¢ and apply Corollaries 5.5 and 5.6. This yields
1 —o+i 1 _ -0+

—o+i i 7
L ST > AT = kT AL S 220,
‘K]'1| |Kj1| ' ’K]'1| ?

x| >

We have
2=Qj(,0) = (K; "o Ejo [;)(Ki(1,6)) = (K; ' o Ejo P o Pro ;) (Kj(,6)) = (K T o Ejo P 1) ().

The inequality (6.4) in Proposition 6.2 gives us |x| < %aj, hence x € [—a;,a;] X [—a;, aj]. Using
the relation (6.2) in Corollary 6.1 we infer |z — x| < B|x|. It follows that

1
|z = x| = Blx| = F]x[ > V24,

2. On assertion (ii) for the case (¢,0) € [—aj, a;] X [A1,Az] with @;(y,0) = ;. Let z =
Q;(y,6) € R2.
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2.1. From (6.7) in Proposition 6.3 we have that PpI;(K;(y,¢)) is a positive multiple of

cos(P;(,6)) cos(¢)
Sm(q’ (#J d)) | = | sin(y;) | € (0 00)uw;,
0

hence

LK (9.0))) = 5L Ky, 0)) € 009) (] ).

2.2. From Part 1, |z| > 2A,. For x = = Pi(Ij(Kj(¥,0))) = x;PLI;j(K;(y,0)) Part 2.1 yields
x = () with x, > 0.

N
AZ o?
° 5\'
A o 8
W ?
74,

2= Q; (‘\’1‘9)

i cage §6(\h&) Yﬁ Q (&M

in cU\Se ) L\y‘é )= Y*'Ic

Figure 7.2: Positions of Q;(¢,¢) depending on the angle ®;(y, ).
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2.3. Proof of |z| < v/2zp: We have |x| = xo. From x; — 25 < |x2 — 22| < |z — x| < B|x| = Bxo,
z3 > (1 —B)x2 > 0. Also, from x; =0, |z1| < |x1| + B|x| = Bxz. It follows that

ﬁZ
(1-p)

2_ 2., 2 _ 22, 2 2., 2 2
z]" =21 +2 < Px5+25 < 7y + 23 < 22).

2.4. Consequently, zp = |zp| > \%|z| > A.

3. The proofs of assertion (ii) in the two remaining cases are analogous, making use of the
fact that in both cases we have that P;(I;(K;(y,9))) = x;PLI;(K;(¥,0)) is a positive multiple of

(—01)- O

The next result makes precise what was briefly announced at the begin of the section. The
disjoint sets mentioned there will be given in terms of the angle ®;(1, J) corresponding to the
value Pi(I;(Kj(¢,9))) of the inner map in coordinates, and not by the position of the value
Qi(y,9 ) of the return map in the plane to the left or right of the vertical axis. Our choice of
disjoint sets circumvents a discussion how the latter are related to the more accessible angles

D;(¢,9).
Proposition 7.4. Assume the hypotheses of Proposition 7.3 are satisfied and let Ay = A1 (A;). Con-
sider the disjoint sets

Mo = {(¢,0) € [—aj aj] X [A, Do) - pj — 70 < Di(9,6) < ¢y}
and

My = {(,0) € [—aj,aj] X [A1, Ar] = ¢j < Pi(9,6) < pj + 71}
For every curve g : [a,b] — [—aj,a;] X [A1,Ao] with ga(a) = Ay and g»(b) = A; there exist
ag < by < ay < by in [a,b] such that

on (ao,bo), g(t)€ My and Q;>(g(t)) € (Al,Az)
with  Qjz(g(a0)) = A1 and  Qj2(g(bo)) =
whileon (ay,by), g(t) € My and Qjs(g(t)) €
with Qjo(g(a1)) = A2 and  Qj»(g(b1))
Proof. Proposition 7.2 yields aj, < b < a} < b} in [a,b] such that
on (ap,bp), @;(g(t)) € (; — 7)),
with ®j(g(ay)) = ¢j—m and D;(g(by)) = ¥j,
andon (a},by), ®;(g(t)) € (¢;, ¢j+ ),
with ®(g(a1)) =¢; and ®;(g(by))2 = ¢; + .

( )

From Proposition 7.3 (ii),
Qja(8(ap)) < =82, Qja(g(bh)) > N2, Qja(g(ar)) > A2, Qja(g(bh)) < —Ao
As in the proof of Proposition 7.2 one finds 4y < by in (aj, b})) and a1 < by in (a], b]) with

Qj2(g(a0)) = A1 and  Qja(g(bo)) = Az, and Qja(g(t)) € (A1,A2) on  (ao, bo),
Qj2(g(a1)) = A2 and Qja(g(b1)) = A1, and Qja(g(t)) € (A1,A2) on  (ay,b).

Observe that on (ag,bg) C (ag, b)) we have g(t) € My while on (a1,b1) C (a},b]) we have
g(t) € M;. OJ

See Figure 7.3.
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Figure 7.3: The values Q;(g(t)) fora <t <b.

8 Complicated dynamics

For the results of this section we assume that the hypotheses of Proposition 7.4 are satisfied.
It may be convenient to repeat all of these assumption here, beginning with the choice of a
real number 7 > 0 with
7 < min{u, —0c/2}

which satisfies the inequality (7.1).

The numbers 7 > 0, j € N, and ¢; € (0,1) are chosen so that the relations (5.3)—(5.6) hold.

For given B € (0,1/2], the reals a; = «;(B) € (0,6;) and ég; € (0,2a;/3] are chosen
according to Proposition 6.2.

A, € (0,04 ;) is chosen so that the inequality (7.2) holds, and A; = A;(A3).

Recall the disjoint sets My and M; from Proposition 7.4.

Proposition 8.1. For every sequence (s, ), in {0,1} there are forward trajectories (x, )5 of Q; in
[—aj,aj] X [A1, Ao] with x, € M, and Ay < Qj2(xy) < Ay for all integers  n > 0.
Proof. 1. Let a sequence (s,);_, in {0,1} be given. Choose a curve g : [a,b] — [—aj,aj] x
[A1,Az] such that g2(¢) € (A1,A2) fora < t < band g (a) = A1, g2(b) = Ay, for example,
() =(0,t)fora=A; <t <Ay=b.

For integers n > 0 we construct recursively curves gy : [Ay, Bu] = [—aj, aj] X [A1, Ao] with

decreasing domains in [a, b] as follows.

1.1. In order to find go we apply Proposition 7.4 to the curve g and obtain ag < by < a; < by
in [a,b] with the properties stated in Proposition 7.4. In case sy = 0 we define gy by Ay =
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ag, By = by, go(t) = g(t) for Ay < t < By. Notice that go(t) S Mso for all t € (A(),Bo),
lez(go(t)) c (Al,Az) on (AO,BQ), Qj/z(go(Ao)) = Al, and lez(gQ(BQ)) = Az. In case S) = 1
we define g9 by A9 = a1, By = by, go(t) = g(a; + by —t) for Ag < t < Bj. Notice that
also in this case go(t) € Ms, for all t € (Ao, Bo), Qj2(g0(t)) € (A1,4A2) on (Ag,Bp), and
Qj2(80(Ao)) = Qj2(g(ar + by —a1)) = A1, Qj2(80(Bo)) = Qj2(g(ar + b1 — b1)) = Aa.

1.2. For an integer n > 0 let a curve g, : [Ay, By — [—aj,a;] X [A1,A;] be given with
gn(t) € Ms, for all t € (A, By) and Qj2(gu(t)) € (A1,A2) on (Ay, By), Qj2(8u(An)) = Ay,
Qj2(gn(By)) = Az. Proceeding as in Part 1.1, with the curve [A,, By] > t — Q;(gu(t)) €
[—aj,aj] X [A1,A;] in place of the former curve g, we obtain A, 11 < B,;1 in [Ay, By] and a
curve g1 : [Any1, Buy1] = [—aj, ;] X [A1, Ao] with g,41(t) € M, forall t € (Apy1,Buy1)
and Qj>(gu+1(t)) € (A1,82) on (Aut1, But1), Qj2(gn+1(Ant1)) = D1, Qj2(gn+1(But1)) = Ao

2. From A, < Ay41 < Byi1 < B, for all integers n > 0 we get Ny>0[An, Bu] = [A, B] with
A =lim,_e Ay < 1limy_ e By, = B. Choose t € [A, B] and define

Xp = gn(t> € [—lXj, oc]] X [Al,Az]

for every integer n > 0. This yields a forward trajectory of Q; with A; < Q;2(x,) < A; for all
integers n > 0.
Let an integer n > 0 be given. Proof of x, € M;,. We have x, = g,(t) with A, < A <t <
B < By, and for all v € (A, By), gn(v) € M;s,. By continuity, x, € cl M;,. In case s, = 0 this
yields
pj— 7 < Djxn) < ¢

Assume ®;(x,,) € {¢ — 7,9}, Then Proposition 7.3 (ii) gives [Q;2(x,)| > Az, which contradicts
the previous estimate of Q;>(x,). Consequently,

i — 1 < Dj(xy) <Y, or, x, € My= M,

In case s, = 1 the proof is analogous. O

The final result extends Proposition 8.1 to entire trajectories.

Theorem 8.2. For every sequence (sn)5- _o in {0, 1} there exist entire trajectories (Y )5~ oo of Q;
with y, € M, for all integers n.

Proof. 1. Let (sp)5-_ in {0,1} be given. Proposition 8.1 guarantees that for every integer k
there is a forward trajectory (yi . ) of Q;in [—a;, «j] x [A1, Az] so that for each integer n > 0,

Yin € Ms,_, and A1 < Qja(ykn) < Ao
For integers k, n with k > —n we define

Zkn = Ykn+ks
so that

Zkn = Yikn+k € Msn+k_k = Ms,,/
Zkn1 = Yinri+k = Qi(Wink) = Qj(zkn),
Qi2(zkn) = Qj2(Ykmrk) € [D1, 2]

1.1. Choice of subsequences for integers N > 0.
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1.1.1. The case N = 0: For every integer k > 0, zxy € Ms,. The sequence (zxo)p, in the
compact set [—aj,a;] x [A1,A;] has a convergent subsequence (z, ) 0)i—, given by a strictly
increasing map xo : No — No. Let yo = limy e 2y, (1,0 € cl Ms, C [—aj,aj] X [A1, D).

1.1.2. The case N = 1: We choose a convergent subsequence of (z,,x),—1)j—, given by a strictly
increasing map y-1 : INg — Np, and upon this a convergent subsequence of (2o, ,(k),1)5—0
given by a strictly increasing map p1 : Ng — INp, and define x; = p_; o p1. For k — oo,

Zigory ()07 Zrgom (k),—1 AN Zigor ()1
converge to elements yg € cl M, y—1 € I M ,, and y; € cl M, respectively.

1.1.3. The general case N € IN: Consecutively choosing further convergent subsequences
analogously to Part 1.1.2 we obtain strictly increasing maps x, : INg — INo, n = 0,..., N, so
that for each n € {—N, ..., N} the sequence

(ZKOO---OKN(k),n)ZO:O
converges for k — oo to some y, € cl M;,.

2. The diagonal sequence K : Ny — INo defined by K(N) = (kpo---oxy)(N) is strictly
increasing since for every N € INy we have

K(N—|—1) = (KQO . 'OKN)(KN+1(N+1))>(KOO . -OKN)(KN+1(N)) > (KOO ce -OKN)(N) :K(N)
due to strict monotonicity of all maps involved.

3. Let an integer n be given and set N = |n|. Proof that

(ZK(k),n)ZO:N+1 is a subsequence of (Z(KOO"'OKN)(k)/");zo:N+1'
Consider the map A : {k € Ny : k > N} — Ny given by A(k) = (kn41 0 - - o) (k). For every
integer k > N +1,
K(k) = (koo ---oxn)(A(K)),
and A is strictly increasing because analogously to Part 2 we have

Ak+1) = (knp10 - orprr)(k+1) = (kN1 0 org) (ke (k+ 1))
> (k10 oxg)(k+1) > (knt1 000 oxy) (k) = A(k)

for every integer k > N + 1.
Being a subsequence of (Z(K10~-~OKW)(k),n)]to:N 1 the sequence (zg(x) . )i_n,q converges for
k — cotoy, € cl M,,.

4. We show that (y,);-_ is an entire trajectory of Q;. Let an integer n be given and set
N = |n|. From Part 3 in combination with Part 1.1.3 we get that (zg() )iy converges to
Yn € [—aj,aj] X [A1, Az and that (zg (k) ni1)in o cOnverges to y, 1. Recall zg, 11 = Qj(zxn)
for all integers k,n with k > —n. For integers k > N = |n| we have K(k) > k > —n, and the
preceding statement yields
zZx (k) n+1 = Qj(ZK (k) n)-
It follows that
Yni1 = N+%igr§(1_m ZK() 1 = Nﬁigcl_m Qj(zx ) = Qj(Wn)-

5. Proof of y, € M, for all integers n. Let an integer n be given. We have y, € cl M;,. In
case s, = 0 this yields ¢; — 7 < CDj(yn) < ¢;. Therefore the assumption y, ¢ M;, results
in ®;(y.) € {¢; — 7, ¢;}, which according to Proposition 7.3 (ii) means [Q;2(yx)| > Az, in
contradiction to A1 < lez(yn) < Aj. The proof in case s, = 1 is analogous. O
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9 Appendix: From the vectorfield V to the flow F

Consider Shilnikov’s scenario according to Section 1, with a continuously differentiable vec-
torfield V : R® D domy — R3, domy open and V(0) = 0, so that there is a homoclinic
solution hy of Eq. (1.1), and the eigenvalues u > 0 and 0 + iy, 0 < 0 < u, of DV(0) satisfy

(H) 0<o+u

For simplicity assume in addition domy = R® and that V is bounded. This is not a
severe restriction since we are only interested in solutions close to the compact homoclinic
loop cl hy(R) = hy(R) U {0}, and one can achieve the desired properties by a modification
of the vectorfield outside a neighbourhood of cl hy(R). — Then the solutions of Eq. (1.1)
constitute a continuously differentiable flow Fy : R x R> — R3. In the sequel we describe
how to transform Fy into a flow F with the properties (F1)—(F5) stated in Section 2.

Choose eigenvectors w € R for the eigenvalue u > 0 of DV(0), and z € C3 for the
eigenvalue o + i of the complexification of DV(0). Set w; = Rz € R3 and w, = 3z € R>.
Then E; = Rw; ® Rw; and E, = Rw are invariant under DV(0). For the isomorphism
B:R® — R3 given by Be; = wy, Be; = ws, Bes = w we have that the linear map B~!DV/(0)B is

multiplication with the matrix
c u 0
A= ( —u o 0 ) ,
0 0 u

which leaves L = B~ 1E; and U = B~'E, invariant.

Recall the local stable and unstable manifolds Ws; and W,, of Eq. (1.1) at the origin. Given
any A > 0 we may assume that with some r = r(A) > 0 they have the form

Ws = {x+ws(x):x € Es, |x| <r} and W, ={y+w,(y):y€E,lyl <r}
for continuously differentiable maps
ws:{x€Es:|x|<r}—E, and wy,:{y€E,:|y|<r}— Es
which satisfy ws(0) = 0, Dw,(0) = 0,w,(0) = 0, Dw,(0) = 0, and
|Dws(x)| <A for x€Es with |x|<r, |Dw,(y)]<A for yeE, with |y|<r.

For sufficiently small neigbourhoods N of the origin in R® the submanifolds Ws and W, are
invariant under Fy in N, and Fy(t,x) € N for all t > 0 implies x € W; while Fy(t,x) € N for
all t <0 implies x € W,,.

There exist # € (0,7) and a continuously differentiable extension @; : E; — E, of the
restriction of ws to {x € E, : |x| < 7} with [D®s(x)| < A on E;, and analogously there is a
continuously differentiable extension @, : E,, — E; of the restriction of w, to {y € E, : |y| < 7}
with |D@,(y)| < A on E,. For A > 0 sufficiently small the continuously differentiable map

S:R* = R3 S(x+y)=x+y—s(x)—d,(y) forxeEs,ycE,

with §(0) = 0 and DS(0) = idgs satisfies

|DS(z) —idgs| < = forallz € R%.

S
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It follows that all derivatives of S are isomorphisms. Using integration along line segments
and the previous estimate one shows that S is one-to-one. In order to see that S is onto
notice that for every ¢ € R® the map z — { — (S(z) — z) is a strict contraction, whose fixed
point is a preimage of ¢ under S. As all derivatives of S are isomorphisms applications of
the Inverse Mapping Theorem yield that S~ is continuously differentiable. Altogether, S is
a diffeomorphism which maps W = {x + @s(x) : x € Es} onto Es and W, = {y + @, (y) :
y€E,} onto E, .

Define the continuously differentiable flow F : R x R® — R by
F(t,x) = B7'S(Fy(t,S71(Bx))).

For all t € R, F(t,0) = 0, which is property (F1).

On (F2): Necessarily, 1, (t) # 0 for all t € R. From the properties hy (t) # 0 # hi,(t) for
all t € R and lim;|_,o, hiy () = 0 in combination with the fact that B~! o § is a diffeomorphism
with fixed point 0 we infer that the flowline & = B~! o S o hy of F satisfies h(t) # 0 # I (t) for
all t € R and limyy_,, h(t) = 0.

On (F3): For t € R let T(t) = DyF(t,0). Then

T(t) = B~'DS(0)D,Fy (t,S~*(B0))DS™(0)B = B~'D,Fy(t,0)B = B 1! PV()B = (!B 'DV(0)B,

As the linear map B~!DV/(0)B is multiplication by the matrix A we get T(t)x = !B 'PV(0By —

et . x forall x € R® and t € R. It follows that T(t)L C L and T(t)U C U for every t € R. The
representation of y = T(t)x = '/ - x described in property (F3) is confirmed by solving the
initial value problems

x'=Ax, x(0)=e, v=1,2,3

whose solutions coincide at t € R with the columns of the matrix e 4.

On (F4). We show that for a neighbourhood N of the origin in R® so small that W is
invariant under Fy in N and

|x| <? forall x€E; and ye€E, with x+yeN

the space L is invariant under F in N = B~1S(N).
Proof. Let z € LN N and t € R be given with F(t,z) € N forall T € t-[0,1]. AsB 10§
maps W onto L we get x = S~1(Bz) € W; N N, and for every T € ¢ - [0,1],
Fy(t,x) = STY(BF(t,B~'S(x))) = S"}(BF(t,z)) € S"'(BN) = N.

By the choice of N, |&| < # for & € Es with x = ¢ + @5(&). Hence @s(&) = ws(&), and thereby
x € Ws N N. The invariance of W; under Fy in N yields Fy (t,x) € Wy N N. As above, || < #
for {; € E; with Fy(t,x) = §¢ + ws(&;). It follows that ws () = @s(&;), and thereby

F(t,z) = B71S(Fy(t,SY(Bz))) = B71S(Fy(t,x)) = B71S(& + ws(&)) € L,

which shows the desired invariance of L under F in N.

It follows easily that for some r; > 0 the space L is invariant under F in {z € R3 : |z| <
r.}. Analogously U is invariant under F in {z € R3 : |z| < ry}, for some r;; > 0. Let
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re = min{rr,ry}. Then both L and U are invariant under F in {z € R®: |z| < rp}, which is
property (F4).

On (F5). From limy_,eo hy(t) =0, hy(t) € WoN{x+y:x € E;,y € E,, |x| < ?} fort > 0
sufficiently large. By ws(x) = ws(x) for x € E; with |x| < 7,

B71S({x +ws(x) : x € Es, |x| < #}) € B1S(W;) = L.

Consequently, there is t; € R with h(t) = B7!S(hy(t)) € L for all + > t;. Analogously,
h(t) € U for all + < t;, with some t, < t;. By continuity and h(t) # 0 everywhere, either
h(t) € (0,00)e3 for all t < ty7, or h(t) € (—o0,0)es for all t < #.

References

[1] J. GuckeNHEIMER, P. HoLMES, Nonlinear oscillations, dynamical systems, and bifurcation of
vector fields, Springer-Verlag, New York, 1983. https://doi.org/10/1007/978-1-4612-
1140-2

[2] M. W. HirscH, S. SMALE, R. L. DEVANEY, Differenial equations, dynamical systems, and an in-
troduction to chaos, 3rd ed., Elsevier, Amsterdam, 2013. https://doi.org/10.1016/C2009-
0-61160-0

[3] T. Kriszrin, H.-O. WALTHER, Smoothness issues in differential equations with state-
dependent delay, Rend. Istit. Mat. Univ. Trieste 49(2017), 95-112. https://doi.org/10.
13137/2464-9728/16207

[4] B. LaANI-WAYDA, H.-O. WALTHER, A Shilnikov phenomenon due to state-dependent de-
lay, by means of the fixed point index, J. Dynam. Differential Equations 28(2016), 627-688.
https://doi.org/10.1007/s10884-014-9420-z

[5] L. P. SHIiLNIKOV, A case of the existence of a denumerable set of periodic motions, Soviet
Math. Dokl. 6(1965), 163-166.

[6] L. P. SHiLNIKOV, The existence of a denumerable set of periodic motions in four-
dimensional space in an extended neighbourhood of a saddle-focus, Soviet Math. Dokl.
8(1967), 54-58.

[7] H.-O. WALTHER, Complicated histories close to a homoclinic loop generated by vari-
able delay, Adv. Differential Equations 19(2014), 911-946. https://doi.org/10.57262/ade/
1404230124

[8] H.-O. WALTHER, On Shilnikov’s scenario with a homoclinic orbit in 3D, arXiv preprint ,
2024. 33 pp. https://arxiv.org/abs/2406.18289

[9] S. WiGGINs, Global bifurcation and chaos — analytical methods, Springer-Verlag, New York,
1988. https://doi.org/10.1007/978-1-4612-1042-9

[10] S. WiGGins, Introduction to applied nonlinear dynamical systems and chaos, Springer-Verlag,
New York, 1990. https://doi.org/10.1007/b97481


https://doi.org/10/1007/978-1-4612-1140-2
https://doi.org/10/1007/978-1-4612-1140-2
https://doi.org/10.1016/C2009-0-61160-0
https://doi.org/10.1016/C2009-0-61160-0
https://doi.org/10.13137/2464-9728/16207
https://doi.org/10.13137/2464-9728/16207
https://doi.org/10.1007/s10884-014-9420-z
https://doi.org/10.57262/ade/1404230124
https://doi.org/10.57262/ade/1404230124
https://arxiv.org/abs/2406.18289
https://doi.org/10.1007/978-1-4612-1042-9
https://doi.org/10.1007/b97481

	Introduction
	Transformation, scaling, projected flowlines
	Angles
	Transversality, and exterior maps
	Inner maps
	The return map in the plane
	Curves expanded by the return map in the plane
	Complicated dynamics
	Appendix: From the vectorfield V to the flow F

