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Abstract. This paper deals with the quasilinear predator–prey chemotaxis system with
nonlinear indirect signal production under homogeneous Neumann boundary con-
ditions. Based on the maximal Sobolev regularity and a priori estimates, the global
boundedness of solution is investigated. Meanwhile, this work partially improves or
extends the results of Wang and Ke [Acta Appl. Math. 190(2024), Paper No. 9, 14 pp.].
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1 Introduction

The mathematical modeling of predator–prey has a long and distinguished history. The re-
search on the predator–prey model was pioneered by Lotka and Volterra [26]. Predators nat-
urally move towards areas with many prey, while prey move towards areas with fewer preda-
tors, effectively avoiding theirs pursuers. Thus, their movements are not accidental but are
directional, forming what we call a chemotaxis phenomenon. Chemotaxis is the widespread
phenomena in nature, for instance, the directional movement of biological cells, bacteria or
organisms in response to some chemical substance, including the positive (chemo-attraction)
chemotaxis and negative (chemo-repulsion) chemotaxis. The research on the famous classical
Keller–Segel model described the chemotaxis was initiated by Keller and Segel [18]. Chemo-
taxis is the ability of certain living organisms to orient their movement along a chemical
concentration gradient of chemical signal substance in their environment, plays an important
role in a wide range of biological processes. From then on, the studies on modeling and anal-
ysis of predator–prey chemotaxis system have received more attention from theoretical and
mathematical ecologists due to it has various interesting issues, such as, global solvability,
finite time blow-up, time asymptotic behavior.
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In this paper, we study the following quasilinear predator–prey chemotaxis with nonlinear
indirect signal production

ut =∇· (D1(u)∇u) + χ∇· (u(u + 1)α−1∇ω) + λ1u(1 − ur1−1 − µ1v), x ∈ Ω, t > 0,

vt = ∇ · (D2(v)∇v)− ξ∇ · (v(v + 1)β−1∇ω) + λ2v(1 − vr2−1 + µ2u), x ∈ Ω, t > 0,

ωt = ∆ω − ω + zγ, x ∈ Ω, t > 0,

0 = ∆z − z + f (u) + g(v), x ∈ Ω, t > 0,
∂u
∂ν = ∂v

∂ν = ∂ω
∂ν = ∂z

∂ν = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x), ω(x, 0) = ω0(x) x ∈ Ω,

(1.1)

where Ω ⊂ Rn(n ≥ 1) is a bounded domain with smooth boundary, ν is the unit outer normal
vector on the boundary, the parameters χ, ξ, λ1, λ2, µ1, µ2, γ > 0, r1, r2 > 1 and α, β ∈ R. The
initial date u0, v0 and ω0 satisfy

u0, v0 ∈ C0(Ω) and ω0 ∈ W1,∞(Ω), u0, v0, ω0 ≥ 0( ̸≡ 0) in Ω. (1.2)

Here u(x, t) and v(x, t) represent the population density of the prey and the predator, re-
spectively. ω(x, t), z(x, t) denote the concentration of chemical attractants, z(x, t) is produced
by u(x, t) and v(x, t), and ω(x, t) is secreted by z(x, t). The nonlinear functions D1, D2 ∈
C2([0, ∞)) satisfy

D1(u) ≥ (u + 1)m1−1, D2(v) ≥ (v + 1)m2−1 (1.3)

with m1, m2 ∈ R. The functions f (u), g(v) are smooth and satisfy

0 < f (u) ≤ (u + 1)γ1 , 0 < g(v) ≤ (v + 1)γ2 (1.4)

with γ1, γ2 > 0.
Before entering our motivation and main results of this paper, we first retrace some im-

portant developments on the (1.1) and its variants. We begin with the following well-known
chemotaxis system. The Keller–Segel system was first proposed in [17] to describe the chemo-
taxis of cellular slime system, which reads as{

ut = ∆u − χ∇ · (u∇v), x ∈ Ω, t > 0,

vt = ∆v − v + u, x ∈ Ω, t > 0,
(1.5)

where u(x, t) and v(x, t) denote the cell density and chemical concentration, respectively.
Osaki et al. [30] obtained that the system (1.5) possesses a unique global classical solution
which is uniformly bounded if n = 1. The solution of the system (1.5) may blow up in finite
or infinite time for n = 2 or n ≥ 3 in [11, 13, 32, 45, 46].

The main focus of the above Keller–Segel system is chemoattraction, however, in practical
application, chemorepulsion is also involved in many biological processes. In fact, there is a
repulsive Keller–Segel system{

ut = ∆u + ξ∇ · (u∇v), x ∈ Ω, t > 0,

vt = ∆v − v + u, x ∈ Ω, t > 0.
(1.6)

Cieślak et al. [5] obtained the global existence of the smooth solutions to system (1.6) in the
two dimensions and weak solutions in dimension n = 3, 4. for results on the repulsive Keller–
Segel model were given in [35, 57].
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In order to better understand the system (1.1), we first mention the following chemotaxis
system {

ut = ∇ · (D(u)∇u)−∇ · (S(u)∇v) + f (u), x ∈ Ω, t > 0,

vt = ∆v − v + g(u), x ∈ Ω, t > 0,
(1.7)

where Ω ⊂ Rn(n ≥ 1), D(u) and S(u) represent the self-diffusion of the cells and the density
dependent cross-diffusion mechanism, respectively. Meanwhile, The function f (u) and g(u)
denote the logistic source and the production of chemical substances, respectively.

• At first, we introduce the case where f (u) ≡ 0, g(u) = u. For the case D(u) varies in
algebraic form, the known results indicate that the asymptotic of S(u)

D(u) ≃ u
2
n (u > 1) is the

critical condition distinguishing between blow-up and global boundedness to (1.7). Winkler
[43] proved that if S(u)

D(u) ≥ cu
2
n+ε for all u > 1, the model (1.7) with Ω being a ball admits

smooth solutions that blow-up either in finite or infinite time, while Tao and Winkler [36]
showed that if Ω is convex and S(u)

D(u) ≤ cu
2
n−ε for all u > 1, then the solutions are globally

bounded. Later, if D(u) = (u + 1)α−1, S(u) = u(u + 1)β−1, there existed a global bounded
classical solution under α > β − 2

n + 1 [16]. and if α < β − 2
n + 1 and when Ω ⊂ Rn is a ball,

then for any α > 0, the solutions for system (1.7) might blow up in finite or infinite time when
n ≥ 2 [6, 48].

• Turn to the case that more general g(u) satisfies 0 < g(u) ≤ uγ. When D(u) ≡ 1 and
S(u) = u, Liu [24] showed the solutions of (1.7) are bounded in time if γ ∈ (0, 2

n ) with n ≥ 2;
whereas when γ > 2

n , Winkler obtained radial blow-up solutions to (1.7) with replacing the
second equation by 0 = ∆v + uγ − 1

|Ω|
∫

Ω uγ [47]. Moreover, Other more results on global
boundedness or blow-up of solutions related to the system (1.7), we refer to [4,23,49] for more
details.

• Now, we will introduce the situation with logistic source f (u) = ru − µu1+σ. If D(u) ≡
1, S(u) = u, g(u) = u, it has been proven that (1.7) admits a unique globally bounded solution
with σ = 1, n ≥ 3 and µ > µ0, where µ0 > 0 [44]. Furthermore, Xiang [51] proved the
boundedness and convergence of solutions to this model by giving the explicit formula of
µ0 > 0. If there is no bigness restriction to µ > 0, Lankeit [20] showed that the model has a
global weak solution when r > 0 and n ≥ 3, and then established the eventual smoothness
of the weak solution under the condition that n = 3 and r is sufficiently small. If D(u) ≡
1, S(u) = u, 0 ≤ g(u) ≤ u(u+ 1)γ−1 with γ > 0, Zhuang et al. [59] established that (1.7) admits
a globally bounded solution under β + γ = σ + 1 with sufficiently large µ, or under β + γ <

σ + 1 for all µ > 0; Next, we assume that D(u) ≃ (u + 1)−α, S(u) ≃ u(u + 1)β−1, g(u) = u
with α, β ∈ R, r, µ, σ > 0, it is shown that in [55] that the model admits globally bounded for
0 < α + β < max

{
σ + α, 2

n

}
or β = σ with µ large enough. Whereas if g(u) = uγ with γ > 0,

Ding et al. [9] proved that the model (1.7) possesses a globally bounded and classical solution
if one of the following holds:

(i) α + β + γ < 1 +
2
n

,

(ii) β + γ < σ + 1, or β + γ = σ + 1 with µ large enough.

One of the well-known variants form of (1.7) is the two-species and one-stimuli chemotaxis
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system. To describe the movement of two species, the following chemotaxis model
ut = ∇ · (D1(u)∇u − S1(u)∇ω) + f (u, v), x ∈ Ω, t > 0,

vt = ∇ · (D2(v)∇v − S2(v)∇ω) + g(u, v), x ∈ Ω, t > 0,

τωt = ∆ω − ω + h(u, v), x ∈ Ω, t > 0,

(1.8)

was firstly proposed by Tello and Winkler in [38], where τ ∈ {0, 1}. For system (1.8), u(x, t)
and v(x, t) denote the density of different species respectively, and ω(x, t) represents the
concentrations of chemical substances. The functions f (u, v), g(u, v) are functional response
functions which are used to describe the relationship between two species, for instance, the
predator–prey effect or competition mechanisms, and h(u, v) is the production of chemical
substances.

Before stating our motivation and main results of this paper, we mention some previous
contributions of model (1.8). On the one hand, if D1(u) ≡ 1, D2(v) ≡ 1, S1(u) = χu, S2(v) = ξv
and f (u, v) = µ1u(1 − u − a1v), g(u, v) = µ2v(1 − v − a2u), h(u, v) = u + v, Tello and Winkler
[38] showed that the system (1.8) with τ = 0 admits a global existence and asymptotic behavior
of solutions when 0 ≤ a1, a2 < 1. For a1 > 1 > a2 ≥ 0, Stinner et al. [34] proved that
the global existence and convergence of classical solutions. Later on, for τ = 1, Bai and
Winkler [2] showed that the global boundedness and asymptotical behavior of solution with
sufficiently large µ1, µ2 > 0 for the two cases a1 ≥ 1, 0 < a2 < 1 and 0 < a1, a2 < 1 when
n ≤ 2. In corresponding of strong competition a1, a2 ≥ 1, Pan et al. [31] have developed
a method to solve the asymptotic behavior. In addition, When K1i(s + 1)αi−1 ≤ Di(s) ≤
K2i(s + 1)βi−1, Si(s)

Di(s)
≤ Ki(s + 1)γi , (i = 1, 2), and f (u, v), g(u, v) ≡ 0, h(u, v) = u + v, it is

proved that system (1.8) admits a global bounded solution for 0 < γi <
2
n in [39].

On the other hand, if f (u, v) = µ1u(1 − u − a1v) and g(u, v) = µ2v(1 − v + a2u), the
system (1.8) can be seen as a two-species predator–prey model with chemotaxis mechanism.
When D1(u) ≡ 1, D2(v) ≡ 1, S1(u) = −χu, S2(v) = ξv, in the case of τ = 1, Fu and Miao [10]
proved that the system (1.8) admits a globally bounded classical solution under the parameters
µ1, µ2, a1, a2 satisfy some suitable conditions and n ≤ 2. Furthermore, the unique positive
equilibrium point and the semi-trivial equilibrium point were established, respectively. For
n = 3, Miao et al.[29] proved that the system (1.8) possesses a global and bounded classical
solution. In the case τ = 0, Ma et al. [28] derived that the system (1.8) admits a boundedness
and convergence of solutions for n = 2, 3. Recently, Yang-Xu-Pan [54] extended the work in
[28] to arbitrary dimensional n ≥ 1. When D1(u) ≡ 1, D2(v) ≡ 1, S1(u) = −χum, S2(v) = ξvm

and f (u, v) = µ1u(1− u− a1v), g(u, v) = µ2v(1− v+ a2u), h(u, v) ≤ αul + βvl , it is shown that

system (1.8) with τ = 1 possesses a global bounded solution if µ2ap+1
2

µ1
≤ C with p > n

2 , n ≥ 2
and l + m < 1 + 2

n with m ≥ 1 in [33]. Moreover, for more results on the predator–prey
chemotaxis system with two chemicals, which can refer to the details in [22, 25].

In the system mentioned above, the chemical stimulus are produced by population, di-
rectly. However, in some realistic biological processes, there are very few research results
in multi-species and multi-stimuli chemotaxis systems, where the production mechanism of
stimulus is indirect. This process can be described as

ut = d1∆u − χ1∇ · (u∇ω) + µ1u(1 − u − a1v), x ∈ Ω, t > 0,

vt = d2∆v − χ2∇ · (v∇ω) + µ2v(1 − v − a2u), x ∈ Ω, t > 0,

τωt = ∆ω − ω + z, x ∈ Ω, t > 0,

τzt = ∆z − z + u + v, x ∈ Ω, t > 0,

(1.9)
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where τ ∈ {0, 1}, u(x, t) and v(x, t) denote the density of two species, ω(x, t) and z(x, t) repre-
sent the concentration of chemical substance, ω(x, t) is secreted by z(x, t), z(x, t) is secreted by
u(x, t), v(x, t). If τ = 1, n ≤ 2, Xiang et al. [53] proved that the system (1.9) has a unique global
classical solution, which is bounded in Ω × (0, ∞). And if τ = 0, it is shown that regardless of
the size of u0, v0, the system admits a global bounded classical solution under two-dimension.
Furthermore, asymptotic stabilization of global bounded solution to system (1.9) is researched
under some suitable conditions of ai, µi. Based on system (1.9), Xiang et al. [52] also discussed
a two-competing-species chemotaxis model with indirect signal consumption, which admits
a globally bounded and classical solution and obtains asymptotic stabilization under certain
conditions. Besides, there are also other results of relevant systems in [41, 58]. More results
involving the indirect signal production mechanism can refer to [3, 21, 27, 42, 50, 56].

Based on the above analysis, it is an interesting topic to study the impact of nonlinear
indirect signal mechanisms on the dynamic behavior of predator–prey systems. Therefore, we
will consider the following quasilinear predator–prey system with nonlinear indirect signal
production

ut =∇· (D1(u)∇u) + χ∇· (u(u + 1)α−1∇ω) + λ1u(1 − ur1−1 − µ1v), x ∈ Ω, t > 0,

vt = ∇ · (D2(v)∇v)− ξ∇ · (v(v + 1)β−1∇ω) + λ2v(1 − vr2−1 + µ2u), x ∈ Ω, t > 0,

ωt = ∆ω − ω + zγ, x ∈ Ω, t > 0,

0 = ∆z − z + f (u) + g(v), x ∈ Ω, t > 0,

(1.10)

where Ω ⊂ Rn is a bounded domain with smooth boundary. When D1(u) = D2(v) ≡ 1, α =

β = 1 and f (u) = uγ1 , g(v) = vγ2 , Wang and Ke [40] proved that if n ≥ 1 and γ, γ1, γ2, n and
r1, r2 satisfy suitable conditions, then the system (1.10) admitted a global bounded solution.

For the best of our knowledge, few rigorous result seem to be known about the quasilinear
predator–prey system with nonlinear indirect signal production of (1.1). Thus, we will study
the boundedness of the system (1.1), now we show the main result of the present paper.

Theorem 1.1. Let Ω ⊂ Rn(n ≥ 1) be a bounded domain with smooth boundary and the parameters
fulfill χ, ξ, λ1, λ2, µ1, µ2, γ, γ1, γ2 > 0 and m1, m2, α, β ∈ R. If r1 > 1, r2 > 2, m1 +

2
n > max{α +

γ(γ1 + γ2), β + γ(γ1 + γ2), 1} and m2 +
2
n > max{α + γ(γ1 + γ2), β + γ(γ1 + γ2), 1}. Assume

that the initial date u0, v0 ∈ C0(Ω) and ω0 ∈ W1,∞(Ω) are nonnegative, then the system (1.1) admits
a nonnegative global classical solution

(u, v, ω, z) ∈ (C0(Ω × [0, ∞)) ∩ C2,1(Ω × (0, ∞)))3 × (C2,0(Ω × (0, ∞))).

Moreover, the solution is bounded in Ω × (0, ∞), in other words, there exists C > 0 such that

∥u(·, t)∥L∞(Ω) + ∥v(·, t)∥L∞(Ω) + ∥ω(·, t)∥W1,∞(Ω) + ∥z(·, t)∥W1,∞(Ω) ≤ C (1.11)

for all t > 0.

2 Preliminaries

In this section, we first state the local existence of classical solutions to (1.1), which can be
achieved by the fixed point theory and parabolic regularity. Refer to [8, 14, 19, 37] for more
details.



6 Z. Zhu

Lemma 2.1. Let Ω ⊂ Rn(n ≥ 1) be a bounded domain with smooth boundary and the initial date
u0, v0 ∈ C0(Ω) and ω0 ∈ W1,∞(Ω) are nonnegative. Then there exists Tmax ∈ (0, ∞] and a uniquely
determined trip

(u, v, ω, z) ∈
(
C0(Ω × [0, Tmax)) ∩ C2,1(Ω × [0, Tmax))

)3 × (C2,0(Ω × (0, Tmax)))

solving (1.1) in the classical sense in Ω × (0, Tmax).
With

u, v, ω, z ≥ 0 in Ω × (0, Tmax).

Furthermore, if Tmax < ∞, then

lim
t→Tmax

∥u(·, t)∥L∞(Ω) + ∥v(·, t)∥L∞(Ω) + ∥ω(·, t)∥W1,∞(Ω) + ∥z(·, t)∥W1,∞(Ω) = ∞.

Lemma 2.2. Assume that (u, v, ω, z) be a solution to (1.1). Then for any η̃ > 0 and θ > 1, there
exists η = η(θ, η̃, |Ω|) such that∫

Ω
zθ ≤ η

∫
Ω
( f (u)θ + g(v)θ) for all t ∈ (0, Tmax), (2.1)

with f (u), g(v) as given in system (1.1).

Proof. The proof can be obtained via the same method as in [12, Lemma 2.2], but we will
provide a detailed proof process here. Integrating the fourth of (1.1) to obtain∫

Ω
z ≤

∫
Ω

(
f (u) + g(v)

)
. (2.2)

Multiplying the fourth equation of (1.1) by zθ−1, and integrating on Ω, we get

4(θ − 1)
θ2

∫
Ω
|∇z

θ
2 |2 +

∫
Ω

zθ =
∫

Ω

(
f (u) + g(v)

)
zθ−1

≤ θ − 1
θ

∫
Ω

zθ +
1
θ

∫
Ω

(
f (u) + f (v)

)θ
(2.3)

for all t ∈ (0, Tmax). By Young’s inequality, and thus

∥z∥Lθ(Ω) ≤ ∥ f (u) + g(v)∥Lθ(Ω), t ∈ (0, Tmax), (2.4)

4(θ − 1)
θ

∫
Ω
|∇z

θ
2 |2 ≤

∫
Ω

(
f (u) + g(v)

)θ , t ∈ (0, Tmax). (2.5)

Using Ehrling’s lemma, for any η̃ > 0, θ > 1, there exists C̃ = C̃(η̃, θ) > 0 such that

∥ϕ∥2
L2(Ω) ≤ η̃∥ϕ∥2

W1,2(Ω) + C̃∥ϕ∥2

L
2
θ (Ω)

, ϕ ∈ W1,2(Ω). (2.6)

Take ϕ = z
θ
2 . we know from (2.2), (2.4) and (2.5) that∫

Ω
zθ ≤ η̃

∫
Ω

(
f (u) + g(v)

)θ
+ c0∥ f (u) + g(v)∥θ

L1 (2.7)

with c0 = c0(η̃, θ) > 0. We have by the Hölder inequality with (2.7) that∫
Ω

zθ ≤ η̃
∫

Ω

(
f (u) + g(v)

)θ
+ c0|Ω|θ−1

∫
Ω

(
f (u) + g(v)

)θ

= (η̃ + c0|Ω|θ−1)
∫

Ω

(
f (u) + g(v)

)θ

≤ η
∫

Ω

(
f (u)θ + g(v)θ

) (2.8)

with η := 2θ−1(η̃ + c0|Ω|θ−1).
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Lemma 2.3. Let Ω ⊂ Rn(n ≥ 1) be a bounded domain with smooth boundary and the parameters
satisfy χ, ξ, λ1, λ2, µ1, µ2, γ, γ1, γ2 > 0, r1, r2 > 1 and α, β, m1, m2 ∈ R. Assume that (u, v, ω, z) be
a solution to (1.1). Then there exists C > 0 such that∫

Ω
u +

∫
Ω

v ≤ C (2.9)

for all t ∈ (0, Tmax).

Proof. Integrating the first two equation in (1.1) with respect to x ∈ Ω, we get

d
dt

∫
Ω

u +
∫

Ω
u =

∫
Ω

λ1u(1 − ur1−1 − µ1v) +
∫

Ω
u (2.10)

and
d
dt

∫
Ω

v +
∫

Ω
v =

∫
Ω

λ2v(1 − vr2−1 + µ2u) +
∫

Ω
v (2.11)

for all t ∈ (0, Tmax). Multiplying the equation (2.10) and the equation (2.11) with λ2µ2 and
λ1µ1, respectively, then we add them up and invoke Young’s inequality to derive that there
exists c1 > 0 such that

λ2µ2
d
dt

∫
Ω

u + λ2µ2

∫
Ω

u + λ1µ1
d
dt

∫
Ω

v + λ1µ1

∫
Ω

v

= λ2µ2(λ1 + 1)
∫

Ω
u − λ1λ2µ2

∫
Ω

ur1 + λ1µ1(λ2 + 1)
∫

Ω
v − λ1λ2µ1

∫
Ω

vr2

≤ −λ1λ2µ2

2

∫
Ω

ur1 − λ1λ2µ1

2

∫
Ω

vr2 + c1

≤ c1

(2.12)

for all t ∈ (0, Tmax). Thus, applying the ODE comparison principle to (2.12), there exists c2 > 0
such that ∫

Ω
u +

∫
Ω

v ≤ c2 (2.13)

for all t ∈ (0, Tmax).

Lemma 2.4 ([15, Lemma 3.6] and [7, Lemma 3.2]). Let q ∈ (1, ∞) and T ∈ (0, ∞], Then, for g ∈
Lq([0, T); Lq(Ω)) and z0 ∈ W2,q(Ω), with ∂z0

∂ν = 0 on ∂Ω, there exists Cq = Cq(Ω, q, ∥z0∥W2,q(Ω)) >

0 such that every solution z ∈ W1,q
loc ([0, T); Lq(Ω)) ∩ Lq

loc([0, T); W2,q(Ω)) of
zt = ∆z − z + g, x ∈ Ω, t > 0,
∂z
∂ν = 0, x ∈ ∂Ω, t > 0,

z(x, 0) = z0, x ∈ Ω,

(2.14)

satisfies ∫ t

0
es

∫
Ω
|∆z(·, t)|qds ≤ Cq

(
1 +

∫ t

0
es

∫
Ω
|g(·, t)|qds

)
for all t ∈ (0, T). (2.15)

3 Global existence and boundedness

In this section, in order to prove the global existence and uniform boundedness of solutions
to the system (1.1), we first establish the Lp-estimate for u, v.
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Lemma 3.1. Let Ω ⊂ Rn(n ≥ 1) be a bounded domain with smooth boundary and the parame-
ters satisfy χ, ξ, λ1, λ2, µ1, µ2, γ, γ1, γ2 > 0 and m1, m2, α, β ∈ R. If r1 > 1, r2 > 2, m1 +

2
n >

max{α + γ(γ1 + γ2), β + γ(γ1 + γ2), 1} and m2 +
2
n > max{α + γ(γ1 + γ2), β + γ(γ1 + γ2), 1},

then for any p > max{1−m1, 1− α, 1− β, 1−m2, 1− α+ (1− γ)(γ1 + γ2), 1− β+ (1− γ)(γ1 +

γ2),
(2−r1)(r2−1)

r2−2 , 1}, there exists C > 0 such that∫
Ω

up +
∫

Ω
vp ≤ C for all t ∈ (0, Tmax). (3.1)

Proof. For any p > 1, testing the first equation in system (1.1) by (u + 1)p−1, we have

1
p

d
dt

∫
Ω
(u + 1)p = − (p − 1)

∫
Ω
(u + 1)p−2D1(u)|∇u|2 − χ(p − 1)

∫
Ω

u(u + 1)p+α−3∇u · ∇ω

+ λ1

∫
Ω

u(u + 1)p−1 − λ1

∫
Ω

ur1(u + 1)p−1 − λ1µ1

∫
Ω

u(u + 1)p−1v

≤ − (p − 1)
∫

Ω
(u + 1)p+m1−3|∇u|2 − χ(p − 1)

∫
Ω

u(u + 1)p+α−3∇u · ∇ω

+ λ1

∫
Ω

u(u + 1)p−1 − λ1

∫
Ω

ur1(u + 1)p−1

(3.2)

for all t ∈ (0, Tmax). Due to
(a + b)s ≤ 2s−1(as + bs)

for all a, b > 0, s > 1. We get

1
2r1−1

∫
Ω
(u + 1)p+r1−1 ≤

∫
Ω
(u + 1)p−1ur1 +

∫
Ω
(u + 1)p−1 (3.3)

with t ∈ (0, Tmax). Let φ(t) := 1
p

∫
Ω(u + 1)p, hα(u(·, t)) :=

∫ u
0 s(s + 1)p+α−3ds. Thus, by a

simple calculation with (3.2) and (3.3), we obtain

φ′(t) ≤ − 4(p − 1)
(p + m1 − 1)2

∫
Ω

∣∣∣∇(u + 1)
p+m1−1

2

∣∣∣2 − χ(p − 1)
∫

Ω
∇hα(u) · ∇ω + λ1

∫
Ω

u(u + 1)p−1

− λ1

∫
Ω

ur1(u + 1)p−1

≤ − 4(p − 1)
(p + m1 − 1)2

∫
Ω

∣∣∣∇(u + 1)
p+m1−1

2

∣∣∣2 + χ(p − 1)
∫

Ω
hα(u)∆ω + λ1

∫
Ω
(u + 1)p

+ λ1

∫
Ω
(u + 1)p−1 − λ1

2r1−1

∫
Ω
(u + 1)p+r1−1

(3.4)

for all t ∈ (0, Tmax). For the term hα(u(·.t)), we achieve

hα(u(·, t)) =
∫ u(·,t)

0
s(s + 1)p+α−3ds

≤ 1
p + α − 1

(u(·, t) + 1)p+α−1
(3.5)

for all t ∈ (0, Tmax). Thus, by the simple calculation with (3.5) and Young’s inequality, we get

χ(p − 1)
∫

Ω
hα(u)∆ω ≤ χ(p − 1)

p + α − 1

∫
Ω
(u + 1)p+α−1|∆ω|

≤
∫

Ω
(u + 1)p+α−1+γ(γ1+γ2) + c3

∫
Ω
|∆ω|

p+α−1+γ(γ1+γ2)
γ(γ1+γ2)

(3.6)
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for all t ∈ (0, Tmax), where c3 =
(χ(p−1)

p+α−1

) p+α−1+γ(γ1+γ2)
γ(γ1+γ2) . Using Young’s inequality once more, for

r1 > 1 we have

λ1

∫
Ω
(u + 1)p + λ1

∫
Ω
(u + 1)p−1 − λ1

2r1−1

∫
Ω
(u + 1)p+r1−1

≤ λ1

2r1

∫
Ω
(u + 1)p+r1−1 − λ1

2r1−1

∫
Ω
(u + 1)p+r1−1 + c4

= − λ1

2r1

∫
Ω
(u + 1)p+r1−1 + c4

(3.7)

for all t ∈ (0, Tmax). Substituting (3.6)–(3.7) into (3.4), we obtain

φ′(t) ≤ − 4(p − 1)
(p + m1 − 1)2

∫
Ω
|∇(u + 1)

p+m1−1
2 |2 +

∫
Ω
(u + 1)p+α−1+γ(γ1+γ2)

+ c3

∫
Ω
|∆ω|

p+α−1+γ(γ1+γ2)
γ(γ1+γ2) − λ1

2r1

∫
Ω
(u + 1)p+r1−1 + c4

(3.8)

for all t ∈ (0, Tmax).
Now, we add to both sides of (3.8) the term 1

p

∫
Ω(u + 1)p, and we multiply by et. Since

et φ′(t) + et φ(t) = d
dt

(
et φ(t)

)
, an integration over (0, t) provides for all t ∈ (0, Tmax)

et φ(t) ≤ φ(0)− 4(p − 1)
(p + m1 − 1)2

∫ t

0
es

∫
Ω
|∇(u + 1)

p+m1−1
2 |2 +

∫ t

0
es

∫
Ω
(u + 1)p+α−1+γ(γ1+γ2)

+ c3

∫ t

0
es

∫
Ω
|∆ω|

p+α−1+γ(γ1+γ2)
γ(γ1+γ2) − λ1

2r1

∫ t

0
es

∫
Ω
(u + 1)p+r1−1 +

1
p

∫ t

0
es

∫
Ω
(u + 1)p

+ c4

∫ t

0
esds. (3.9)

Taking q = p+α−1+γ(γ1+γ2)
γ(γ1+γ2)

> 1 in the Lemma 2.4, according to (2.15) and the third equation
in system (1.1), we know∫ t

0
es

∫
Ω
|∆ω|

p+α−1+γ(γ1+γ2)
γ(γ1+γ2) ≤ Cq

(
1 +

∫ t

0
es

∫
Ω

z
p+α−1+γ(γ1+γ2)

γ1+γ2 ds
)

(3.10)

for all t ∈ (0, Tmax). Applying Lemma 2.2 with θ = p+α−1+γ(γ1+γ2)
γ1+γ2

> 1, and by (1.4), this
implies ∫

Ω
z

p+α−1+γ(γ1+γ2)
γ1+γ2 ≤ η

∫
Ω

(
(1 + u)

γ1(p+α−1+γ(γ1+γ2))
γ1+γ2 + (1 + v)

γ2(p+α−1+γ(γ1+γ2))
γ1+γ2

)
(3.11)

for all t ∈ (0, Tmax). By Young’s inequality, we have∫
Ω

z
p+α−1+γ(γ1+γ2)

γ1+γ2 ≤
∫

Ω

(
(1 + u)p+α−1+γ(γ1+γ2) + (1 + v)p+α−1+γ(γ1+γ2)

)
+ c5 (3.12)

for all t ∈ (0, Tmax). Collecting (3.10)–(3.12), we know

et φ(t) ≤ φ(0)− 4(p − 1)
(p + m1 − 1)2

∫ t

0
es

∫
Ω
|∇(u + 1)

p+m1−1
2 |2 + c6

∫ t

0
es

∫
Ω
(u + 1)p+α−1+γ(γ1+γ2)

+ c7

∫ t

0
es

∫
Ω
(v + 1)p+α−1+γ(γ1+γ2) +

1
p

∫ t

0
es

∫
Ω
(u + 1)p − λ1

2r1

∫ t

0
es

∫
Ω
(u + 1)p+r1−1

+ c8

∫ t

0
esds (3.13)
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for all t ∈ (0, Tmax). We get from (2.9) with the Gagliardo–Nirenberg inequality that

ĉ
∫

Ω
(u + 1)p+α+γ(γ1+γ2)−1

= ĉ
∥∥∥(u + 1)

p+m1−1
2

∥∥∥ 2(p+α+γ(γ1+γ2)−1)
p+m1−1

L
2(p+α+γ(γ1+γ2)−1)

p+m1−1 (Ω)

≤ c9

∥∥∥∇(u + 1)
p+m1−1

2

∥∥∥θ1
2(p+α+γ(γ1+γ2)−1)

p+m1−1

L2(Ω)

∥∥∥(u + 1)
p+m1−1

2

∥∥∥(1−θ1)
2(p+α+γ(γ1+γ2)−1)

p+m1−1

L
2

p+m1−1 (Ω)

+ c9

∥∥∥(u + 1)
p+m1−1

2

∥∥∥ 2(p+α+γ(γ1+γ2)−1)
p+m1−1

L
2

p+m1−1 (Ω)

≤ c10

(∫
Ω

∣∣∣∇(u + 1)
p+m1−1

2

∣∣∣2)θ1
p+α+γ(γ1+γ2)−1

p+m1−1

+ c11

(3.14)

for all t ∈ (0, Tmax) and θ1 =
p+m1−1

2 − p+m1−1
2(p+α+γ(γ1+γ2)−1)

p+m1−1
2 − 1

2+
1
n

∈ (0, 1).

Since m1 +
2
n > α+γ(γ1 +γ2) implies θ1

p+α+γ(γ1+γ2)−1
p+m1−1 < 1, we have by Young’s inequality

that

ĉ
∫

Ω
(u + 1)p+α+γ(γ1+γ2)−1 ≤ (p − 1)

(p + m1 − 1)2

∫
Ω

∣∣∣∇(u + 1)
p+m1−1

2

∣∣∣2 + c12 (3.15)

for all t ∈ (0, Tmax). By (2.9) with the Gagliardo–Nirenberg inequality once more, we get

ĉ
∫

Ω
(u + 1)p = ĉ

∥∥∥(u + 1)
p+m1−1

2

∥∥∥ 2p
p+m1−1

L
2p

p+m1−1 (Ω)

≤ c13

∥∥∥∇(u + 1)
p+m1−1

2

∥∥∥θ2
2p

p+m1−1

L2(Ω)

∥∥∥(u + 1)
p+m1−1

2

∥∥∥(1−θ2)
2p

p+m1−1

L
2

p+m1−1 (Ω)

+ c13

∥∥∥(u + 1)
p+m1−1

2

∥∥∥ 2p
p+m1−1

L
2

p+m1−1 (Ω)

≤ c14

(∫
Ω

∣∣∣∇(u + 1)
p+m1−1

2

∣∣∣2)θ2
p

p+m1−1

+ c15

(3.16)

for all t ∈ (0, Tmax) and θ2 =
p+m1−1

2 − p+m1−1
2p

p+m1−1
2 − 1

2+
1
n

∈ (0, 1). Due to m1 +
2
n > 1 implies θ2

p
p+m1−1 < 1,

we get by Young’s inequality that

ĉ
∫

Ω
(u + 1)p ≤ (p − 1)

(p + m1 − 1)2

∫
Ω

∣∣∣∇(u + 1)
p+m1−1

2

∣∣∣2 + c15 (3.17)

for all t ∈ (0, Tmax). Combining (3.15) and (3.17), we obtain

et φ(t) ≤ φ(0)− 2(p − 1)
(p + m1 − 1)2

∫ t

0
es

∫
Ω

∣∣∣∇(u + 1)
p+m1−1

2

∣∣∣2 + c7

∫ t

0
es

∫
Ω
(v + 1)p+α−1+γ(γ1+γ2)

− λ1

2r1

∫ t

0
es

∫
Ω
(u + 1)p+r1−1 + c16

∫ t

0
esds (3.18)

for all t ∈ (0, Tmax). Multiplying the second equation in system (1.1) with (1 + v)p−1, for any
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p > 1, we derive from integration by parts that

φ̃′(t) ≤ − 4(p − 1)
(p + m2 − 1)2

∫
Ω

∣∣∣∇(v + 1)
p+m2−1

2

∣∣∣2 − ξ(p − 1)
p + β − 1

∫
Ω
(v + 1)p+β−1|∆ω|

+ λ2

(∫
Ω
(v + 1)p +

∫
Ω
(v + 1)p−1

)
− λ2

2r2−1

∫
Ω
(v + 1)p+r2−1 + λ2µ2

∫
Ω
(v + 1)pu

(3.19)

for all t ∈ (0, Tmax), where φ̃(t) = 1
p

∫
Ω(v + 1)p. Due to r2 > 1, applications of Young’s

inequality imply that

λ2

∫
Ω
(v + 1)p + λ2

∫
Ω
(v + 1)p−1 ≤ λ2

2r2−2

∫
Ω
(v + 1)p+r2−1 + c17 (3.20)

and

λ2µ2

∫
Ω
(1 + v)pu ≤ λ2

2r2−2

∫
Ω
(v + 1)p+r2−1 + c18

∫
Ω

u
p+r2−1

r2−1

≤ λ2

2r2−2

∫
Ω
(v + 1)p+r2−1 + c18

∫
Ω
(u + 1)

p+r2−1
r2−1

(3.21)

for all t ∈ (0, Tmax). Substituting (3.20)–(3.21) into (3.19), we conclude that

φ̃′(t) ≤ − 4(p − 1)
(p + m2 − 1)2

∫
Ω

∣∣∣∇(v + 1)
p+m2−1

2

∣∣∣2 − ξ(p − 1)
p + β − 1

∫
Ω
(v + 1)p+β−1|∆ω|

+ c18

∫
Ω
(u + 1)

p+r2−1
r2−1 + c19

(3.22)

for all t ∈ (0, Tmax). Invoking the same procedure as dealing with u, we have

et φ̃(t) ≤ φ̃(0)− 2(p − 1)
(p + m2 − 1)2

∫ t

0
es

∫
Ω

∣∣∣∇(v + 1)
p+m2−1

2

∣∣∣2 + c20

∫ t

0
es

∫
Ω
(u + 1)p+β−1+γ(γ1+γ2)

+ c18

∫ t

0
es

∫
Ω
(u + 1)

p+r2−1
r2−1 + c21

∫ t

0
esds (3.23)

for all t ∈ (0, Tmax). By (2.9) with the Gagliardo–Nirenberg inequality once more, we obtain

ĉ
∫

Ω
(u + 1)p+β+γ(γ1+γ2)−1

= ĉ
∥∥∥(u + 1)

p+m1−1
2

∥∥∥ 2(p+β+γ(γ1+γ2)−1)
p+m1−1

L
2(p+β+γ(γ1+γ2)−1)

p+m1−1 (Ω)

≤ c22

∥∥∥∇(u + 1)
p+m1−1

2

∥∥∥θ3
2(p+β+γ(γ1+γ2)−1)

p+m1−1

L2(Ω)

∥∥∥(u + 1)
p+m1−1

2

∥∥∥(1−θ1)
2(p+β+γ(γ1+γ2)−1)

p+m1−1

L
2

p+m1−1 (Ω)

+ c22

∥∥∥(u + 1)
p+m1−1

2

∥∥∥ 2(p+β+γ(γ1+γ2)−1)
p+m1−1

L
2

p+m1−1 (Ω)

≤ c23

(∫
Ω

∣∣∣∇(u + 1)
p+m1−1

2

∣∣∣2)θ3
p+β+γ(γ1+γ2)−1

p+m1−1

+ c24

(3.24)

for all t ∈ (0, Tmax) and θ3 =
p+m1−1

2 − p+m1−1
2(p+β+γ(γ1+γ2)−1)

p+m1−1
2 − 1

2+
1
n

∈ (0, 1).

Since m1 +
2
n > β + γ(γ1 + γ2) implies θ3

p+β+γ(γ1+γ2)−1
p+m1−1 < 1, which in conjunction with
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Young’s inequality deduces that

ĉ
∫

Ω
(u + 1)p+β+γ(γ1+γ2)−1 ≤ 2(p − 1)

(p + m1 − 1)2

∫
Ω
|∇(u + 1)

p+m1−1
2 |2 + c25 (3.25)

for all t ∈ (0, Tmax). In view of the Gagliardo–Nirenberg inequality, there exists c26 > 0 such
that

ĉ
∫

Ω
(v + 1)p+α+γ(γ1+γ2)−1

= ĉ
∥∥∥(v + 1)

p+m2−1
2

∥∥∥ 2(p+α+γ(γ2+γ3)−1)
p+m−1

L
2(p+α+γ(γ1+γ2)−1)

p+m2−1 (Ω)

≤ c26

∥∥∥∇(v + 1)
p+m2−1

2

∥∥∥θ4
2(p+α+γ(γ1+γ2)−1)

p+m2−1

L2(Ω)

∥∥∥(u + 1)
p+m2−1

2

∥∥∥(1−θ4)
2(p+α+γ(γ1+γ2)−1)

p+m2−1

L
2

p+m2−1 (Ω)

+ c26

∥∥∥(v + 1)
p+m2−1

2

∥∥∥ 2(p+α+γ(γ1+γ2)−1)
p+m2−1

L
2

p+m2−1 (Ω)

≤ c27

(∫
Ω

∣∣∣∇(v + 1)
p+m2−1

2

∣∣∣2)θ4
p+α+γ(γ1+γ2)−1

p+m2−1

+ c28

(3.26)

for all t ∈ (0, Tmax) and θ4 =
p+m2−1

2 − p+m2−1
2(p+α+γ(γ1+γ2)−1)

p+m2−1
2 − 1

2+
1
n

∈ (0, 1).

Due to m2 +
2
n > α + γ(γ1 + γ2) implies θ4

p+α+γ(γ1+γ2)−1
p+m2−1 < 1, we get by Young’s inequality

that

ĉ
∫

Ω
(v + 1)p+α+γ(γ1+γ2)−1 ≤ 2(p − 1)

(p + m2 − 1)2

∫
Ω

∣∣∣∇(v + 1)
p+m2−1

2

∣∣∣2 + c30 (3.27)

for all t ∈ (0, Tmax). Combing (3.18), (3.23), (3.25), and (3.27), we obtain

1
p

et
∫

Ω
up +

1
p

et
∫

Ω
vp ≤ 1

p
et
∫

Ω
(u + 1)p +

1
p

et
∫

Ω
(v + 1)p

= et φ(t) + et φ̃(t)

≤ φ(0) + φ̃(0)− λ1

2r1

∫ t

0
es

∫
Ω
(u + 1)p+r1−1

+ c18

∫ t

0
es

∫
Ω
(u + 1)

p+r2−1
r2−1 + c31

∫ t

0
esds

(3.28)

for all t ∈ (0, Tmax). Since r2 > 2, p > (2−r1)(r2−1)
r2−2 , it is not difficult to compute that

p + r1 − 1 − p + r2 − 1
r2 − 1

=
(p + r1 − 1)(r2 − 1)− (p + r2 − 1)

r2 − 1

=
p(r2 − 2) + (r1 − 1)(r2 − 1)− (r2 − 1)

r2 − 1

=
p(r2 − 2)

r2 − 1
+ r1 − 2 > 0.

(3.29)

Thus, we can conclude from Young’s inequality that

c18

∫ t

0
es

∫
Ω
(u + 1)

p+r2−1
r2−1 ≤ λ1

2r1

∫ t

0
es

∫
Ω
(u + 1)p+r1−1 + c32 (3.30)
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for all t ∈ (0, Tmax). Combining (3.28) and (3.30), we have

et
(∫

Ω
up +

∫
Ω

vp
)
≤ c33 + c34(et − 1) (3.31)

for all t ∈ (0, Tmax). Thus, we conclude that∫
Ω

up +
∫

Ω
vp ≤ c35 (3.32)

for all t ∈ (0, Tmax). Therefore, the proof of Lemma 3.1 is complete.

Now, we are in a position to complete the Theorem 1.1.

Proof of Theorem 1.1. For any p > max{1 − m1, 1 − m2, 1 − α, 1 − β, 1 − α + (1 − γ)(γ1 +

γ2), 1 − β + (1 − γ)(γ1 + γ2),
(2−r1)(r2−1)

r2−2 , nγ1, nγ2, 1} with γ, γ1, γ2 > 0, m1, m2, α, β ∈ R and
n ≥ 1, by the elliptic Lp-estimate to the fourth equation in system (1.1) ensures the existence
of c36 > 0 fulfilling

∥z(·, t)∥
W

2, p
max{γ1,γ2} (Ω)

≤ c36, t ∈ (0, Tmax).

Thus
∥z(·, t)∥W1,∞(Ω) ≤ c37, t ∈ (0, Tmax), with c37 > 0,

by the Sobolev imbedding theorem. Applying the parabolic regularity to the third equation
in system (1.1), we have ∥ω(·, t)∥W1,∞(Ω) ≤ c38 for all t ∈ (0, Tmax), with c38 > 0. From Lemma
3.1, we apply Moser iteration technique [1, 36] ensures

∥u(·, t)∥L∞(Ω) ≤ c39,

∥v(·, t)∥L∞(Ω) ≤ c40

for all t ∈ (0, Tmax), with c39, c40 > 0. Recalling Lemma 2.1, we infer that Tmax = ∞. Thus, we
complete the proof of Theorem 1.1.
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