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1 Introduction

We consider in this paper the integral equation with infinite delay

x(t) = /too K(t —s)x(s)ds + f(x:), (E)

where K is a measurable m x m matrix valued function with complex components that satisfies
the conditions

/ |K(t)||ef'dt < co and ess sup{||K(t)|le’" :t >0} < oo,
0
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and f belongs to the space C!(X;C™), the set of all continuously (Fréchet) differentiable func-
tions mapping X into C", with the property that f(0) = 0 and Df(0) = 0; here, p is a positive
constant which is fixed throughout the paper. Let X := L;(]R* ;CM), R~ := (—00,0], be a
Banach space which will be introduced in the next section as the phase space for Eq. (E), and
x¢ denotes the element in X defined as x;(6) = x(t 4+ 0) for 6 € R™. In [21] the first author
et al. established a “variation-of-constants formula” for integral equations (VCEF, for short) in
the phase space, which allows us to study behaviors of solutions to Eq. (E) in the dynamical
systems framework. Indeed, by means of VCEF, the present authors have proved center mani-
fold theorem; that is, the existence, the (local) exponential attractivity and so on of the (local)
center manifolds of the equilibrium point 0 of Eq. (E). For VCF in the phase space for abstract
functional differential equations with infinite delay and its applications to study of such as
almost periodic solutions and invariant manifold theory, see [12-14,25-27]. We should also
refer the reader for treatments of Eq. (E) by adjoint semigroup theory to the pioneering works
due to Diekmann and Gyllenberg [5], in which several important results, together with the
principle of linearized stability for integral equations, are established.

One of the purposes of the paper is to improve a part of our preceding results on center
manifolds for Eq.(E) [23, Theorems 4 and 5]; more precisely, to show that the local cen-
ter manifolds are exponentially attractive with asymptotic phase under the assumption that
the nonlinear term f is of class C!. Thus, it turns out that the behavior of any solution of
Eq. (E) in a neighborhood of the local center manifold of the (nonhyperbolic) equilibrium 0
is determined by the dynamics on this manifold which is described by a finite dimensional
ordinary differential equation, which we call the central equation of Eq. (E). As its application
we also intend to discuss one-parameter bifurcation structures for integral equations. These
subjects have been extensively studied and now are popular for ordinary differential equa-
tions, functional differential equations, parabolic partial differential equations and so on (see
[1,2,4,6-11,15-17,19,20,24,28,29] and the literature cited therein). However, to the best of
our knowledge, it seems that they have remained to be open problems to integral equations.
Another purpose of the paper is to show that bifurcations of equilibria can occur for one-
parameter family of integral equations with infinite delay. Our analysis will be thoroughly
done in a dynamical systems viewpoint, based on VCF in the phase space.

The paper is organized as follows. In Section 2, we present preliminary results, e.g., VCF,
the center manifold theorem for Eq. (E), and formal adjoint theory for the linear part of Eq. (E)
([21-23]), which are necessary for our later arguments. Section 3 proves the exponential attrac-
tivity with asymptotic phase of the local center manifolds of the equilibrium 0 for Eq. (E) under
the assumption that the unstable subspace (of the phase space) is trivial (Theorem 3.3 (a)). In
addition a reduction principle will be obtained, which is also a refinement of [23, Theorem
6]; so that, besides the asymptotic stability of the equilibrium 0 of Eq. (E), its stability also
follows from that of the central equation of Eq. (E) (Theorem 3.3 (b)). We discuss in Section 4
one-parameter bifurcation problems for integral equations. For this we introduce an extended
system of integral equations including the parameter as a state variable. By an application
of Theorem 3.3 (a), combined with the study of the central equation of the extended system,
we show that under some additional assumptions on the integral kernel, saddle-node and
pitchfork bifurcations can be observed as the parameter takes the critical value (Theorem 4.4).
In Section 5, we will give an example of a scalar integral equation to which our results in the
previous section are applicable.
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2 Notations and preliminary results

LetIN, R, R, R and C be the set of natural numbers, nonpositive real numbers, nonnegative
real numbers, real numbers and complex numbers, respectively. For an m € IN, we denote
by C™ the space of all m-column vectors whose components are complex numbers, with the
Euclidean norm | - |.

Given Banach spaces (U, | - ||u) and (V,| - |lv) and positive integer n, we denote by
L"(U; V) the space of bounded n-linear mappings from U to W with norm
190l eruiy = sup IR,y = [luslly < 1wy €U j=1,...,m}

for Q € L"(U; V). We use the symbol L(U; V), the space of bounded linear operators, rather
than £!(U; V); and simply write £(U) in place of £(U;U). In particular, for m x m-matrix M
with complex components, || M|| means its operator norm || M|| z(cm)-

For arbitrary linear operator A, the symbols N'(A) and R(A) stand for the null space and
the range of A, respectively.

Given an interval | C R and a Banach space U, we denote by C(J; U) the space of U-valued
continuous functions on J, and by BC(J; U) its subspace of bounded continuous functions on J.
We also use the notation By;(uo; ) which stands for the open ball in U at the center uy with
radius r > 0, that is, By (ug;7) = {u € U : ||u — upl|lu < r}. If up = 0, we simply write By (r)
rather than By (0;7). Also, By (ug; ) denotes the closure of By (ug;7).

2.1 Phase space and initial value problems
Let p be a fixed positive constant, and let us introduce the function space
X:= L})(]R_;Cm) = {¢p: R~ — C": $(0)e” is integrable on R~ }.

X is a Banach space endowed with norm

0 0
I9llx = [ _lp(@)leds, pex.

For any function x : (—o0,a) — C™ and t < 4, we define a function x; : R~ — C™ by
x¢(0) := x(t +0) for 6 € R; the function x; is called the t-segment of x(t).
Consider the integral equations

x(t) = /_;K(t—s)x(s)ds—i—p(t) 2.1)

and
x(t) = /t K(t —s)x(s)ds + f(x;), (E)

where we assume, throughout the paper, that the kernel K is a measurable m x m-matrix
valued function with complex components satisfying the condition

IK|l1,0 := /0 |K(t)]|e'dt < oo, [K|loo,p := esssup{HK(t)Hept (>0} < oo,

p € C(R;C™) and f : X — C™ is of class C'. Then Eq. (2.1) (resp. (E)) can be formulated as an
abstract equation on the space X of the form

x(t) = F(t, x¢), (2.2)
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with F(t,¢) = L(¢) + p(t) (resp. L(¢) + f(¢)) for (t,¢) € R x X, where

L(¢) == /0 K(—0)p(0)d6, ¢ € X.

—00

Note that, in each case, F(t, ¢) is well-defined because of

0
IL(¢)] < /4,0 IK(—=8)lle*?|¢(6)[e”°d8 < |[K ||l x-
Thus, X may be viewed as the phase space for Eq.’s (2.1) and (E); in what follows we will call
X the phase space.

Now let F : [b,00) x X — C™ be any continuous function, and consider the equation (2.2)
with the initial condition

Xo = ¢, thatis, x(c+0) =¢(0) for 6 € R, (2.3)

where (0,¢) € [b,o0) x X is given arbitrarily. A function x : (—oco,a) — C™ is said to be a
solution of the initial value problem (2.2)—(2.3) on the interval (o, a) if x satisfies the following
conditions:

(i) x, = ¢, thatis, x(c +6) = ¢(0) for 6 € R~;

(i) x € L} [0, a), x is locally integrable on [, a);

(iii) x(t) = F(t, x;) for t € (0, a).

If F(t,¢) is locally Lipschitz continuous in ¢, by [21, Proposition 1] the initial value problem
(2.2)-(2.3) has a unique (local) solution, which is defined globally if F(t, ¢) is globally Lipschitz
continuous in ¢ ([21, Proposition 3]). So for any (7, ¢) € R x X (2.1)—~(2.3) has a unique global
solution, denoted x(t; 7, ¢, p), which is called the solution of Eq. (2.1) through (o, ¢). Similarly,
(E)-(2.3) has a unique (local) solution, which is denoted by x(t; 0, ¢, f). Note also that if x(t)
is a solution of Eq.(2.2) on (0, a), then x; is an X-valued continuous function on [0, a) (cf.
[21, Lemma 1]).

When ] is an interval in R, a C"-valued function (t) is called a solution of Eq.(2.1) on ],
if §; € X is defined for all t € | and if it satisfies x(t;0, &, p) = ¢(f) for all t and ¢ in | with
t > o; and, similarly, a C"-valued function &(f) is called a solution of Eq.(E) on | whenever
e Xforte ], and x(t;0,¢s, f) = E(t) holds for all t and ¢ in | with t > o.

2.2 A variation-of-constant formula and decomposition of the phase space

Now, for any t > 0 and ¢ € X, we define T(t)¢ € X by

x(t+6;0,¢,0), —t<6<0,

[T(£)p](6) := x:(6;,0,,0) = {¢(t+6), < —t.

Then T(t) defines a bounded linear operator on X. We call T(f) the solution operator of the
homogeneous integral equation

x(t) = /_too K(t —s)x(s)ds. (24)
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{T(t)}+>0 is a strongly continuous semigroup of bounded linear operators on X, called a
solution semigroup for Eq. (2.4).

Given a positive integer 1, we introduce a continuous function I'” : R~ — R™ which is of
compact support with supp I C [—1/#,0] and satisfies [ Sw I(0)d6 = 1. Obviously, I'"x € X
for x € C™ and the inequality ||[T"x|x < |x| holds.

The following theorem plays a crucial role throughout the paper, which gives a represen-
tation formula for solutions of Eq.(2.1) in the phase space X, and is called the variation-of-
constants formula (VCE, for short) in the phase space.

Theorem 2.1 ([21, Theorem 3]). The segment x;(c, ¢, p) of solution x(-; 0, ¢, p) of Eq. (2.1) satisfies
the following relation in X:

xe(o,¢,p) =T(t —0)p+ lim tT(t —s)(I"p(s))ds, t>o.

n—co Jo

Let X be a subset of X of elements ¢ € X which are continuous on [—¢, 0] for some ¢4 > 0,
and set
Xo:={¢peX:9p=¢ ae onR™ for some ¢ € X}.

Then for any ¢ € Xy we can define the value of ¢ at & = 0 by ¢[0] := ¢(0), where ¢ is an
element in X satisfying ¢ = ¢ a.e. on R™. ¢[0] is well-defined, and X is a normed linear
space with norm

[#llxo == [9llx + [0, ¢ € Xo.

By [21, Lemma 1], we note that the solution x(-; 0, ¢, p) of Eq.(2.1) through (c,¢) € R x X
satisfies x¢ (o, ¢, p) € Xo with (x:(c, ¢, p))[0] = x(£;0,¢,p) for t > 0.

The next theorem describes an intimate relation between solutions of Eq.(2.1) and X-
valued functions satisfying an integral equation which arises from the variation-of-constants
formula in the phase space.

Theorem 2.2 ([21, Theorem 4]). Let p € C(RR;C™).

(i) If x(t) is a solution of Eq.(2.1) on the entire R, then the X-valued function ¢(t) := x; satisfies
the relations

(@ ¢(t) =T(t—0)¢(0)+ lim /gt T(t—s)(T"p(s))ds, V (t,0) € R®with t > 0, in X;

n—oo
(b) ¢ € C(R; Xo).
(ii) Conversely, if a function ¢ : R — X satisfies the relation
t

E(t) =T(t—0)&(o) + lim [ T(t—s)(T"p(s))ds, V(t0) € R?> witht> o,

n—oo J,
then

(0) ¢ € C(R; Xp);

(d) if we set u(t) = (&(¢))[0] for t € R, then u € C(R;C™), uy = ¢(t) (in X) for any t € R
and u is a solution of Eq. (2.1) on R.

Based on spectral analysis of the generator A of the solution semigroup {T(t) }+>0, we also
have established the decomposition theorem of the phase space X ([21]); let (A) and P;(A)
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be the spectrum and the point spectrum of the generator A, respectively. Then the following
relation holds between the spectrum of A and the characteristic roots of Eq. (2.4)
c(A)NC_p, =P,(A)NC_, ={A € C_,:detA(A) =0},
where C_, := {z € C : Rez > —p}, and A(A) is the characteristic operator of Eq.(2.4), i.e.,
A(A) := Ey — [, K(t)e™dt, E,, being the m x m-unit matrix ([21, Proposition 4]). Moreover,
for ess (A), the essential spectrum of A, we have sup, ... (a)ReA < —p ([21, Corollarly 2]).
Now set X" := {A € 0(A) : ReA > 0}, X := {A € 0(A) : ReA = 0}, and X° := ¢(A)\(Z° U
X"*). The decomposition theorem of X is the following.
Theorem 2.3 ([21, Theorem 2]). Let {T(t)}i>0 be the solution semigroup of Eq.(2.4). Then X is
decomposed as a direct sum of closed subspaces E*, E¢, and E®
X=E'@E®FE°
with the following properties:
(i) dim(E" @ E°) < oo,
(i) T(t)E" C E*, T(t)E® C E¢, and T(t)E® C E° for t € RY,
(iii) o(Alg) = 2", 0(Algc) = X and 0 (Alpsrpa)) = L%,

(iv) T"(t) := T(t)|pu and T(t) := T(t)|gc are extendable for t € R as groups of bounded linear
operators on E" and E°, respectively,

(v) T5(t) := T(t)|ps is a strongly continuous semigroup of bounded linear operators on E°, and its
generator is identical with A|psnp(a),

(vi) there exist positive constants ., € with « > € and a constant C > 1 such that
IT°(t)llg(x) < Ce ™, teRY,
1T ()l gx) < Ce™,  teRT,
Te(t <Cell, teR
| L(X)

Note that in (vi) of the theorem above C is a constant depending only on the positive
numbers a and ¢, and that € can be taken arbitrarily small. We will use the notations E* =
E¢@© E", E** = E° @ E* etc, and denote by IT° the projection from X onto E° along E, and
likewise for IT#, IT“ etc. Also, we set

Cr o= T8 £y + 1T ) + T2,

By an equilibrium (or equilibrium point) of the integral equation (E) we mean that of the semi-
dynamical system on the phase space X induced by Eq. (E); namely, let U : RT x X — X be
the map defined by

ut,¢) :==x(0,¢,f), (t,¢) € R x X,
We then call ¢ € X an equilibrium (or equilibrium point) of Eq. (E) if U(t,¢) = ¢ holds for all
t € R*. If ¢ is an equilibrium, then ¢(6) = const. a.e. # € R™. Indeed, put u(t) := x(t;0,¢, f),
then U(t,¢) = ¢ implies that u(t+0) = ¢(6) = u(6) a.e. on R~ for all + € RT; hence any
weak derivative of u(6) is 0 a.e., so that ¢(6) = u(f) = const. a.e. on R~. When 0 is an
equilibrium, we often call it the zero solution of the integral equation.

If f € CY(X;C™) satisfies f(0) = 0 and Df(0) = 0, Eq. (2.4) is the linearized equation of
Eq.(E) around the equilibrium 0. The equilibrium 0 (or the zero solution) of Eq. (E) is said to
be hyperbolic provided that A(A) is invertible on the imaginary axis; that is, £ = @.
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2.3 Center manifold for an integral equation with modified nonlinear term

Suppose that f € C!(X;C™) satisfies f(0) = 0 and Df(0) = 0. Under the assumption we have
established the existence of local center manifolds of the equilibrium 0 of Eq. (E) and proved
its exponential attractivity ([23, Theorem 5]). To this end, we discussed the corresponding
problems for a modified equation of (E)

t
x() = [ K(t=)x()ds + fx), (Es)
where f; : X — C™ (§ > 0) is defined by

fo(¢) = x (1Tl x/8) x (IT1°9lIx /) f(¢), ¢ € X,

X being a C*-function on R satisfying x(t) =1 (|t| < 2) and x(t) = 0 (|¢| > 3). Note that f; is
continuous on X, and is of class C' when restricted to the open set S5 := {¢ € X : [|[II*¢||x <
6} since we may assume that [|II°||x is of class C! for ¢ # 0 because of dim E¢ < oo. Also,
by the assumption f(0) = Df(0) = 0, there exist a §; > 0 and a nondecreasing continuous
function ¢, : (0,61] — R™ such that {,(+0) =0,

1f6(@)llx < 62+(6), and |[[f5(¢) — fs(¥)lx < C«(0)ll¢ — ¥llx
for ¢, € X and ¢ € (0,4;]. Indeed, we may put
0.0 = (_sup_ IDf@)lexen) ) (143 sup W (1))
lpllx<38 0<t<3

(cf. [4, Lemma 4.1]).

Fix a positive number 7 such that ¢ < 7 < &, where ¢ and « are the constants in The-
orem 2.3. For the existence of center manifold for Eq.(Es) and its exponential attractivity
property, we have established the following:

Theorem 2.4 ([23, Theorem 4]). There exist a positive number 6 and a C'-map F, s : E¢ — E* with
F, 5(0) = 0 such that the following properties hold:

(i) W5 := graph F, s is tangent to E° at zero,
(ii) Wy is invariant for Eq. (E;), that is, if & € W5, then x;(0,¢, f) € W5 for t € R.

(iii) Assume moreover that " = Q. Then there exists a positive constant By with the property that
if x is a solution of Eq. (Es) on an interval | = [t, t1], then the inequality

ITEx; — s (1) |x < Ty, — Fo(Txs) [ xe U700, te

holds true. In particular, if x is a solution on an interval [ty, 00), x; tends to Wy exponentially as
t — co.

It has also been proved that Wy has the same smoothness as the nonlinear term f(¢) does
([23, Appendix]; see also [27] for details). Let us briefly recall the outline of the proof of the
existence part. Take a ; > 0 sufficiently small in such a way that

1 2 2 1
G )cq (77—€+tx+17+w—17) <2
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holds. Let Y} be the Banach space

Y, = {y € C(R; X) : sup Hy(t)er*”M < oo}
teR

with norm

Iylly, == sup [ly(t)[[xe ", ye,,
teR

and consider the map F5: E° X Y;; — Y; defined by

i) (1) = T(0p -+ Jim, [ T5(5 = )T fyy()ds

" 2.5)
“dim [ T(t— s)TIT f5(y(s))ds + lim / LTS (E— )T £y (y(s))ds
n—oo J¢ n—oo ) _o
for (¢,y) € E° x Yy and t € R. Then, for each ¢ € E¢, F5(¢,-) is a contraction map from Y,
into itself provided that 0 < § < Jy, and therefore has a unique fixed point, say A, s(¢) € Yj.
Now define F, 5 : E¢ — E* by F, 5(¢) := IT** (A, 5()(0)) for ¢ € E°. One can see from
(2.5) and the relation A, 5(1)(0) = Fs(, Aws(1))(0) that

Fus(y) = = fim [~ T (=) TP T (A s(9) (5))ds
0 (2.6)
+lim [ TSI fo (A (9)($))ds.

The map F, s is the required one and the center manifold is given by

Wy :=graphF, s = {¢ + F.5(¢) : ¢ € E°}.

The definition (2.6) of F, s shall be used in the arguments in Subsection 4.4; W§ will be also
denoted by Wg(0) in later sections.

Let r be a positive number with r <, set F. := Fi5p..(,) and Qp := {¢ € X : [[IT"¢[|x <
5, |TT°¢||x < r}. Then, f = f; on O, and therefore, Theorem 2.4 assures that W (0) :=
graph F; is a local center manifold for Eq. (E) (see [23, Theorem 5]).

The following proposition is often used in the subsequent sections.

Proposition 2.5 ([23, Propositions 2 and 3]). The maps A, s and F, 5 are (globally) Lipschitz con-
tinuous and have the following properties:

(1) [|Fes(¢1) — Fos(P2)|lx < L(6)||y1 — P2||x for 1,2 € E°, where L(J) is the constant given
by L(6) := 4C*C14(0) / (w — 7).

(ii) For ¢ € W§and T € R,
Hsuxf(T/ qslfé) EE ) (Hexf(T/ qsrf(s))/ te R.

In particular W§ is invariant for (Es), that is, x;(T, §, fs) € W§ for t € R, provided that ¢ € W5.
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2.4 The projection onto the center-unstable subspace via formal adjoint theory

Let X = {A4,..., A, }; then each A; is a normal eigenvalue of the generator A, and hence, its
generalized eigenspace M, (A) is of the form N ((A — A;I)Pi), p; being the ascent of A;. The
center-unstable subspace E® (= E° @ E") is then expressed as

r T
EY = My (A) =P N(A—-NDP) (2.7)
i=1 i=1

([22, Subsection 2.2]); and, in addition, each direct summand is characterized by the following
proposition. Given A € C_, and k € N, consider a function wy(A) : R~ — C and a (km) x
(km) matrix Di(A) defined by

wp(A)(0) = (kek__i)!ew, 6 <0, 2.8)
A(A) AN(M) AR (A) / (k—1)!
b= | O AW . 2)(A);/(k_2)' : (2.9)
0 0 AL

where A" (z) := (d"/dz")A(z) for n € N.

Proposition 2.6 ([22, Proposition 3.1]). Let A € C_, and k € IN. Then the following statements are
equivalent:

(@) ¢ € N((A—AD)Y),
(i) ¢ = Z;;le()\);yj in X, where 1, ..., 1x belong to C™ satisfying the relation

Dy(A)col (171, ..., 1m) = col (0, ...,0).

Moreover, in [22] the formal adjoint operator A* was introduced and some duality proper-
ties between A and A* were observed. A? is indeed defined as follows. Let C"* be the space
of all m-dimensional row vectors with complex components with the usual operator norm | - |
as the dual space of C". Let X* be the Banach space defined by

x4 = Ly(R*;C"™) = {a: RT — C™ : a(s)e™** is integrable on R*}

with norm "
lallx: = [ la(s)lerds, we X,
0

and X* be the subspace

Xt = {Ec € X* : & is locally absolutely continuous on R™,

%& e X! and &(0) = /Oooﬁc(s)K(s)dS}.

We define A* : X! D D(AF) — X¥ by

d
ﬁ L p— Y, ﬁ
Afa = R € D(A%),
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where D(A?) := {a € X! : a(s) = &(s) a.e. s € R* for some & € X¢}. In fact, the operator A*
is identical with the infinitesimal generator of the solution semigroup on X* induced by an
adjoint integral equation of (2.4) in some sense (see [22] for details).

A characterization of the space N'((A* — AI)¥) is obtained in a similar fashion to Proposi-
tion 2.6. For any A € C_, and k € IN, define wg()x) :RT — C by

ﬁ A — A _ (_S)kil —As >0 2.10
af(0)(s) = mN)(-5) = e, 520 @10

Proposition 2.7 ([22, Proposition 3.4]). Let A € C_, and k € IN. Then the following statements are
equivalent:

(i) a € N((Af = AD)N),

(i) a = Z;(:lw? (A)Qkr1—j in X#, where {3, ..., (i belong to C™* satisfying the relation

(@1, .. 'rgk)Dk()\) = (0, .. .,0).

Now, let us consider the bilinear form (-, -) on X* x X given by

() = [ [ a6 0K(-0)p(@dzde, gpex, acxt

which is well-defined and bounded. Then R ((A — A;I)?7) is characterized as the annihilator of
N ((A? — \;1)Pi) with respect to this pairing ([22, Proposition 3.5]). So, by virtue of the fact X =
N((A—ADP) S R((A— MI)Pi) and the fact that dim N ((A — A 1)P1) = dim N ((A* — A 1)P),
which follows from Propositions 2.6 and 2.7, one may think of N ((Af — A;I)?i) as the dual
space of N'((A — A;I)P). Hence, N* := @:71 N ((A* = A;1)Pi) plays a role of the dual space
of E* due to (2.7).

So, let {¢1,..., ¢4} and {¢1,...,¢;} be bases for E and N*, respectively; set ® =
(p1,...,¢q) and ¥ = col (¢1,...,¢s). We denote by (¥, ®P) the d x d matrix whose (i, j)-

component is (;, ¢;), and by (¥,¢) the column vector col ({1, ¢),..., (¢4, ¢)) for any
¢ € X. Then, we have:

Theorem 2.8 ([22, Theorem 3.1]). Let ®, ¥ be the ones cited above. Then the matrix (¥, D)) is
nonsingular, and the projection II° : X — E is given by

¢ = (¥, @) (¥, ¢), ¢€X

3 Exponential attractivity with asymptotic phase of the local center
manifold and a reduction principle

In this section we prove the global exponential attractivity with asymptotic phase of the center
manifold W (0) and a reduction principle for Eq. (E), which are refinements of Theorem 4 (iii)
and [23, Theorem 6], respectively. Thus, behaviors of the solutions of Eq.(E;), including
stability properties, are completely described by the dynamics on Wj(0). As a corollary the
corresponding results are obtained for Eq. (E).
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3.1 Main theorems and preparatory propositions

Consider the integral equation

x(t) = /_:o K(t —s)x(s)ds + fs(x¢). (Es)

Now, assume that X = @. Let d be the dimension of E¢, and ®, ¥ the ones in the previous
subsection. Since {T¢(t)};>0 is a strongly continuous semigroup on the d-dimensional space
E¢, there exists a d x d matrix G, such that T°(t)® = ®e'® for t > 0 and ¢(G,), the spectrum
of G, is identical with X¢. Let us consider the ordinary differential equation on C*

Z'(t) = Gez(t) + He f5(®z(t) + F. s(Dz(t))), (CEy)
where H, is the d x m matrix given by

Hex := lim (¥, I"x), xeC™

n—o0

We call Eq. (CEy) the central equation of Eq. (E;) (cf. [23, Subsection 3.2]).

Proposition 3.1. Let z(t) be a solution of Eq.(CEs) with z(tg) = zo defined on an interval |, and
x(t) the solution of Eq. (Es) with xy, = ®zo + F, 5(Dzg). Then Oz (t) + F, 5(Pz(t)) is the segment of
x(t), that is,

xt(to, dzy + F*,‘;(CDZ()),_}%) = CDZ(t) + F*,(g(CDZ(t)), te].

Proof. Put ¢ := Pzp + F, 5(Pz0)), and let £(t) be the function determined by P2(t) =
[1°x¢(to, , f5)- Then, by virtue of [21, Proposition 7], £(t) is a solution of
Z'(t) = Gez(t) + He f5(Pz(t) + T x¢(to, P, fs))-

Moreover, it follows from Proposition 2.5 (ii) that IT%x;(to, $, fs) = Fus(IT°x:(to, P, f5)) =
F, ;(®2(t)). Hence, 2(t) is the solution of (CEs) with ®2(ty) = [1°¢p = Dz, i.e., £(ty) = zo,

A

so that z(t) = Z2(t) (t € J) due to the uniqueness of solutions of (CEs). Consequently,
xt(to, §, f5) = xi(to, P, f5) +TT"xe(to, §, f5) = Pz(t) + Fo(Pz(t)) (t € ]). O

One of our main results is the following reduction principle for the modified integral
equation (Ej).

Theorem 3.2. Assume that f € C1(X;C™) with f(0) = Df(0) = 0, and furthermore that ¥* = Q.
Then for small § > 0 the following statements hold.

(a) Let B be a positive number satisfying ¢ < B < . If x(t) is a solution of Eq.(E;) defined on
J 1= [to, 00), then there exists a unique solution z(t) of Eq. (CEs) on | satisfying

ITT%x; — @z(t)||x < Col|TTxy, — Fu s(Pz(to))||xe P10,

s s —B(t—tg) (3.1)
ITFx; — i, 6(Pz(1)) [ x < Col[TTxs, — Fo5(Pz(to)) [ xe™ "

for t € |, where Cy > C is a constant which can be chosen as close to C as one expects by taking
0 small. In particular, we have the estimate

|xr — x¢(t0, b, f5)||x < 2Co||[Txs, — Fo6(Dz(to))||xe PN, te, (3.2)

where ¢ = ®z(ty) + F, 5(Pz(to)) € W(0).
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(b) If the zero solution of Eq. (CE;) is stable (resp. asymptotically stable, unstable), the zero solution
of Eq. (Es) is stable (resp. asymptotically stable, unstable).

As a corollary, we obtain the following theorem for Eq. (E).

Theorem 3.3. Assume that f € C1(X;C™) with f(0) = Df(0) = 0, and furthermore that ** = Q.
Then the following statements hold.

(@) Let B be a positive number satisfying e < B < a. Then there exists an open neighborhood (g
of 0 in X such that if x(t) is a solution of Eq. (E) defined on | := [to, t1] satisfying x; € Qg for

t € J, then there exists a solution z(t) of Eq. (CE) on ] with the property
[TTx: = @z(t)||x < Col|TTxt, — Fu(Pz(to))l|xe P, (3.3)
ITFx; — F(@2(#))[|x < Col[Txt, — Fo(@z(to))||xe ") .

fort € J, where Co > C is a constant which can be chosen as close to C as one expects by taking
O small. In particular, we have the estimate

e = (b, ¢°, f)lIx < 2Co|[ TP, — Fu(@z(t0)) [ xe P, 1 e, (34)
where ¢° = ®z(tg) + F.(Pz(to)) € WL (0).
(b) If the zero solution of Eq. (CE) is stable (resp. asymptotically stable, unstable), the zero solution
of Eq. (E) is stable (resp. asymptotically stable, unstable).

Remark 3.4. Since Eq. (E;) is autonomous, it follows that x;(to, ¢, f5) = x1—¢,(0, ¢, f5) for t > to.
So it is sufficient to prove part (a) of Theorem 3.2 in case that tp = 0; and likewise for that of
Theorem 3.3. Also, by the same reasoning stability (resp. asymptotic stability) in statement (b)
of each theorem means actually uniform stability (resp. uniform asymptotic stability).

For the proof of part (a) of Theorem 3.2 we need the following lemma, which is a modifi-
cation of [23, Lemma 1].

Lemma 3.5. The solutions of Eq. (E;) satisfying (3.1) with ty = 0 are characterized by a system of
integral equations in X; more precisely,

(i) Suppose that x(t) is a solution of Eq. (Es) defined on R™ such that there exists a solution z(t) of
Eq. (CE;) with the properties

sup ||TTx; — @z(t)||xe P' < oo, and sup ||[TT°x; — F, 5(®z(t))| xe P < 0. (3.5)
teERT teR*

Then the X-valued functions &(t) and y(t) defined by
C(t) :=1II% — Dz(t) and y(t) :=1T"x,

respectively satisfy
y(#) = T ()¢ + lim Ot T*(t = s)IIT" f5 (®z(s) + &(t) +y(s))ds, (3:6)
E(f) = —lim [ To(t—s)["ITgs(s)ds (3.7)
n—oo Jt

for t € RY, where ¢ := Pz(0) + IT°xg and gs(t) is the function defined by

8s(t) = fo(®z(t) + (1) +y(t)) — fo(Pz(t) + Fi,6(Pz(t)))
for t € R™. Moreover & and y belong to C((0,0); Xo).
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(ii) Conversely, suppose that z(t) is a solution of Eq.(CEs), and that ¢ and y are elements of
C(R™; X) with the properties

sup ||(;‘(t)||Xeﬁt < oo, and sup |y(t) — F*,(;(q)z(t))HXeﬁt < o0 (3.8)

teR+ teR+

which satisfy (3.6) and (3.7), where ¢ := ®z(0) + y(0). Then ¢ and y belong to C((0,0); Xo)
and the function x(t) defined by

o) = {(‘PZ(t) +EBO+yH)0], >0
© | (@2(0) +¢€(0) +y(0))(t), t<0
is a solution of Eq. (Es) on R™ that satisfies (3.5) and x; = ®z(t) + &(t) +y(t) for t € R*.

Proof. (i) We know by VCF (Theorem 2.1)
t
xe=T(t—T)xr+ lim | T(t—s)I"fs(xs)ds, t>7>0, (3.9)

n—oo Jr

and hence it follows that

y() = T(E)y(0) + Tim [ T=( — )T iy (b=(s) + &(s) + y(s))ds, (3.10)

n—oo Jo

where we used the relation x; = ®z(t) + &(t) + y(t) for t € R". By the definition of ¢ one can
readily see ¢° = y(0) to get (3.6). Also, (3.9) yields

t
ITx = T°(t — T)[T°%¢ + lim [ TC(t — s)TIT" f5(xs)ds.

n—oo Jr

Since, by Proposition 3.1, ®z(t) 4 F, 5(Pz(t)) is the segment of the solution of Eq. (E;) through
(0,¢° + F.,5(¢°)), we deduce from VCF that

Pz(t) = T°(t — 7)Pz(T) + lim tTc(t — $)IIT" f5(Pz(s) + F., s(Dz(s))ds. (3.11)

n—oo J¢

So, ¢(t) satisfies

() =T(t —1)¢(t) + lim tTc(t —s)I1T" gs(s)ds. (3.12)

n—oo Jr

The group property of {T¢(f) }+cr, then implies

t
E(t) =T (t—1)E(t) — lgn T(t —s)IIT"gs(s)ds, t> T >0. (3.13)
n—oo J¢
On the other hand, by the assumption (3.5) there exists a constant C. > 0 such that
1E(t)|lx < Cxe Pt and ||y (t) — F., 5(®Pz(t))||x < Cie~P! for t € RY; it follows from Theorem 2.3
that
| T¢(t — £)E() || x < Cefl™HCre Pt = CCLe Te™ (B9, ¢ > 1.

Letting t — o0 in (3.13), we see

t
¢(t) =—lim lim [ T°(t—s)IIT"gs(s)ds.

t—oon—oo Jr
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Moreover, by Proposition 2.5 we have

Igs(s)llx < C«(O)IE(s) +y(s) = B 5(Pz(s))llx < 204(6)Cue™#,

and hence
| T (T — $)TIT"gs(s) || x < 2CC1C. L4 (8)e T (B8, s> 1.

This means that [° T¢(T — s)ITI°T"gs(s)ds is convergent in X uniformly in #; and in particular
that

‘ < C()e 90D, >,
X

where C(8) :=2CC1C..(6)/ (B —¢). Thus, for n,m € N

|

/Oo T (Tt —s)IIT"gs(s)ds

t

/:o T (Tt — s)IIT"gs(s)ds — /oo T(t —s)IIT™gs(s)ds

T X
< ‘ /Do T (T —s)IIT"gs(s)ds|| + ‘ /oo T (Tt —s)IIT™gs(s)ds
t X t X
t t
+ ‘ / T (Tt —s)I1T"gs(s)ds — / T (Tt —s)IIT™gs(s)ds
T T X

< 2C(8)e” Bat=T) 4 ‘

T (7 — t) < /Tt T(t — s)TI°T" g5 (s)ds —/Tt T(t — s)HT’”&;(s)ds)

X

Notice that lim,_,« th TC(t — s)IIT"gs(s)ds = I1x4(7, 0, g5) (Theorem 2.1), which yields

< 2C(8)e” (B-8)t=T),
X

lim sup
n,m—00

/Oo T (Tt —s)IIT"gs(s)ds — /Oo T (Tt —s)IIT™"gs(s)ds

T

Since t > T is arbitrary, [~ T¢(T — s)["gs(s)ds turns out to converge in X as n — co.
Consequently, the argument in the last paragraph gives

() t
lim T(t—s)T"gs(s)ds = lim lim [ T°(t —s)I"gs(s)ds

n—oo Jr n—oot—oo Jr

t
— 1; ; c n _ +
= tlgg}}l_r)romo ] T(t —s)I"gs(s)ds = —¢(1), TERT,
i.e., (3.7) holds. In view of (3.10) and (3.12), combined with the fact that € C(R™; E°) and
y € C(R™; E?), the latter part of (i) immediately follows from Theorem 2.2 or [21, Theorem 4].
(ii) We observe from the assumption (3.7) that (3.12) holds for t > T > 0. So, by the same
reasoning as the proof of the latter part of (i), we see that ¢ and y belong to C((0,0); Xo).
Now set u(t) := ®Pz(t) + &(t) + y(t). Adding (3.6), (3.11) and (3.12) with T = 0, and using
y(0) = ¢°, we have

u(t) = T(8)(@2(0) + £(0) +y(0)) + Jim [ T(t = )T fy (@2(5) + E(5) + y(s) s

= T(t)u(0) + 7}1_1)1010 Ot T(t—s)T"fs(u(s))ds, teR".

Then, Theorem 2.2 implies x(t) = (u(t))[0] = x(0, u(0), f5) and x; = u(t) = ( )+ E(t)
y(t) for t € R*. Thus, x(t) is a solution of Eq.(E;s) defined on R with IT°x; — ®z(t) = &(t
and IT°x; = y(t) for t € R™. Therefore, the assertion of (ii) directly follows from (3.8). O
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Assume that § > 0 is small enough such that
K5 :=CC10«(6) <min ((« — B)/2, (B —¢)/4) (3.14)

holds as well as
Ks(14+L(6)) <e. (3.15)

We will give preparatory propositions below so as to prove Theorem 3.2. Given ¢ € X,
denote by z(t,¢), t € RT, the solution of Eq.(CEs) with ®z(0) = ¢°. One can see z(t,¢)
satisfies

Dz(t,p) = T°(t)¢° + lim Ot TC(t — s)IIT" f5 (Pz(s, ) + Fy, s(Pz(s, ¢))ds (3.16)

n—oo

for t € R" (see (3.11)). Then we have:
Proposition 3.6. Let ¢ € X and ¢ € C(R™; E®) with sup, g ||E(t)||xeP' < oo. Then there exists
one and only one y € C(R™; E®) that satisfies

y(t) = T°(t)¢° + lim Ot T°(t — s)ITT" f5 (Pz(s, ¢) + &(s) +y(s))ds (3.17)

n—oo
fort € RY.
Proof. Let 179 be a positive number with 79 > 2¢, and consider the Banach space
Z;,i= BCM(RGE) = {y € C(RVE): sup ly(s) e " < )
te
with norm Hszzo 1= sup,cg+ [[y(s)||xe ™" fory € Zj . Set

1o -= max (wux, sup Hcmuxeﬁf),

teR+

and take an r > 0 such that

1 cC
r > 270{CC1 +K§(D{—[B + “+;£> }

Now let A, := EZ% (r), and for each y € A, define Gy, z(y) € C(R™; E®) by

(Gp,e(y))(t) :== T°(£)¢° + lim Ot T*(t — s)ITT" f5(Pz(s, ¢) + &(s) +y(s))ds (3.18)

n— 00

for t € R*. Then, Gy ¢ : y — Gy ¢(v) is a contraction map from A, to itself. Indeed, by (3.16)
and Proposition 2.5 we have

t
[@=(t,9) 1x < Cell4°]1x + | CC1E (&) [ @2(s,9) + F. 5(P2(s,¢) [ xds
t
< Celgfllx + [ Kot + L) |@2(s,9) s,
or equivalently, by (3.15)

t
et @z(t, ) x < CH¢CHx+/O ge” || @z(s, ¢) | xds,
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so that Gronwall’s inequality yields
10z(t, ¢)[Ix < Clig“[[xe™, teR.

Thus, fory € A,,

t
1Gp.e@)®x < e + [ Koe™0-(Clg xe + roe# +-ren)ds,

and hence
CCir r
770t< 10
(G Ollxe ™ < CCrrot Ks(T0 + 125+ iy )
<Iy Ker teRT.
2 atn

Therefore Qq,,g(y) € A,; so, we have gM(A,) C A,. Next, let y1, y2 € A, be given. Then

G () — (G e D) Dllx < [ Koo ya(s) - ya(s) s

t
< / Kse =9 [y — yal|zs e0°ds <
0 o n©

K& t

— s ello , te IR+,
+170||y1 yallz;,
which, combined with (3.14), implies

1
1Gg,e(y1) = Gpe(v2)llzg, < 5 llyr —v2llz;, -

Consequently, Gy, ¢ is a contraction map from A, to itself; hence, it has a unique fixed point in
A,, which is a solution of Eq. (3.17) on R™. This proves the proposition since r can be chosen
arbitrarily large. O

Let us denote by y(¢, &) (t) the solution of Eq. (3.17).

Proposition 3.7. If ¢ € X and & € C(R™; E®) with sup, g+ ||E(t)]|xeP! < oo, then we have for
te Rt

ly(9,E)(t) — Fo s (@2(t, @) lx < (Cllg* = Fusl@) 1x + sup | (7)|xeP™)e "

TERT

Proof. By the invariance of the center manifold Wj(0) (Theorem 2.4) and VCEF,

F.s(Pz(t,¢)) = IFx4(0,¢° + E. 5(¢°), f5)
= T°(H)F,,5(¢°) + lim [ T°(t — s)ITT" f5(Dz(s, ) + Fi, s(Dz(s, ¢)))ds

n—oo Jo

Since y(9, &) = Gp,(y(9,€)), we have

V(9. )(1) ~ E,o(@2(t,0)) = T(0)(¢" — Fuo(9) + lim [ T5(t = )T {fy(@2(s,9)
$8(6) +9(9,8)(9)) — fo(P(5,9) + F. (@=(5,9)) Hs,
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and therefore

ly(¢, &) (t) — Ei,s(Pz(t, 9)) [ x
< Ce "||¢* — Foo(9)llx + /0 Kse ™= (15(9)[1x + [y (9, §) (s) — Fi,s(Pz(s,)) |1 x)dls

t
< Ce g7 — Fop(@)llx + [ Koe ™09 sup (o) |xe)e Pods

TERT
t
+ [ Kee I y(9,2)(s) = F.,o(@2(5,9))
By an application of Lemma 3.8 below, combined with (3.14), we obtain

ly(¢, &) (1) — Ei,s(Pz(t, )| x

< Cll¢° — Fus(¢°) llxe™ R + sup [[¢(7)|[xe")e ™

K (
&= :B —Ks TER*

< (Cll¢* = Fus(@)llx + sup [|&(7)[[xefT)e P, teRY,
TERT

which proves the assertion. O
The following lemma is an analogue of [23, Lemma 2] and we omit the proof.

Lemma 3.8. Let ¢,r € C(R*;R) and h € C1(R*; R) satisfy r(t) > 0 (t € R") and

() < h(t) +/Otr(s)g(s)ds, f e RY.

Then we have

t t t
() < h(0) exp (/ r(s)ds> +/ 1 (s) exp </ r(u)du)ds, R,
0 0 s
Let Z be the Banach space defined by

Z := BCF(R*;E°) = {¢ € C(RYEY) : sup 1(8)[Ixef* < eo},

with norm ngZg := sup,g+ [|E(t)]|xeP’. Also, set

hs(t, ¢,6) = fo(Pz(t,¢) +E(1) +y(P, &) (1) — f5(Pz(t, §) + Fi 5(Pz(t,¢)))
forteIR*,(,bEXand(fEng.

Proposition 3.9. For each ¢ € X the equation

Et) = —lim [ To(t—)[IT"hy(s, ¢, &)ds, t€R* (3.19)

n—oo Jt

has a unique solution in Z.

Proof. Let ry > ||¢||x, and take a positive number r; satisfying

r > %CC1(1 + L((S))To. (3.20)
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We define a map H : Bx(rg) X Ezé(rl) — C(R*; E°) by

(H(d,E))(E) i= — lim [ TE(t = s)TTT hs(s, b, &)ds

n—oo Jt

fort € RT, ¢ € Bx(rp), and ¢ € EZ; (r1). In view of Proposition 3.7,

1hs(s, ¢, ) lIx < Z(8) (1IE]1x + [ly(¢,£) (5) = Fe,5(Pz(s, ¢)) 1 x)
< G (@) {lIglzge P + (CH4> Fos@)llx +Ellz)e P} @321
= Z.(6)(CCr (1 + L(8))lIgllx +2/1E1z;)e P
and therefore
|, 0) W) < [ Kee (0 (1+ L) gl + 208l z)e Pds
< K
S B¢
for t € R*, where we used (3.14) and (3.20). So, H (¢, &) belongs to Z with 1H (¢, ) HZ; <r;
hence for each ¢ € Bx(ro), H(¢,-) defines a map from EZE(H) to itself. We will prove the

(3.22)

(CC1(1 4 L(8))ro + 2r1)e Pt < rie Pt

proposition by showing that (¢, -) is a contraction map. Indeed, let {1, € Ezf% (r1). Then

1(H(¢,1))(t) — (H(q> ¢2))(1)llx 5
/ Ko™ ([121(s) — G2(s)l1x + ly(¢, E1)(5) — y(9, 62)(5) [ x)hs. '

We know y(‘P/ €l> = g¢,t§i (]/(CP, Cl)) (i =1, 2)/ so that

V(9. 6)(0) ~ y(@,82)(0) = fim, [ (= SITT{f3(@2(5,9) + E1(5) + y(,81)6))

— f5(®z(s,¢) + &a(s) + y(, E2(s)) }ds.

Hence

199,01 - ¥(@, £ (0
< [ K I (11(5) = Gl + 99, E)(6) — y(9,82)(6) )ds
< [ K 0 — Gl e s + [ Koe I y(,60)(5) — y (9, E)(6) s,
that is,

e Nly(¢, &) (1) — y(, &) (H)]1x
t t
S/O K5||€1—Cz||z§€(“_ﬁ)5d5+/o Kse™||y(¢,G1)(s) — y(¢,G2)(s) | xds

holds for t € R". It follows from Lemma 3.8 and (3.14) that

ly(¢,¢1)(t) —y(p, &) (H)|x < ——F— 11 — Czﬂzg@*ﬁt < |81~ 52\12;567&: teR™.

,B K;
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Consequently, we see from (3.23) that

1(H (¢, 1)) () = (H(9, G2)) ()] x < /too Kse™72) 2]|g1 — &2l zge Pods

2K _
= ,B —55,'”61 - €2HZ1§6 ,Bt, te ]R+/

which, together with (3.14), implies

170, 8) 1, &)z < 5161 - &l

Thus, H(¢,-) is a contraction map from EZ/E (r1) to itself; and therefore has a unique fixed
point in Ezg(i’l) for ¢ € Bx(rp). Since one can choose r; arbitrarily large, the proposition
immediately follows. O

For ¢ € X denote &(¢)(t) the solution of Eq. (3.19).
Proposition 3.10. Define a map K : X — X by K(¢) := &(¢)(0), ¢ € X. Then K is continuous.

Proof. Since Zg is a subspace of the Banach space BC(R™;E°), it is sufficient to show that
&: ¢ — &(¢) is continuous as a map from X to BC(R™; E). So letting ¢ be an element of X
and {¢;} C X an arbitrary sequence converging to ¢, we show &(¢;) — &(¢o) in BC(R™; E°)
as | — oo. The proof will be divided into several steps.

Step 1. {Z(¢;)} is relatively compact in BC(R™; E°). To confirm the assertion, take positive
numbers 7y and r1 in such a way that ¢ € Bx(r9) (I € IN) and (3.20) are satisfied. Since
(1) (1) ||x < HC(@)Hzge_‘Bt < rie Pt (t € R") follows from the proof of Proposition 3.9, the
sequence {Z(¢;)(t)} is uniformly bounded in R™, and is equi-convergent (to 0) as t — co. We
next verify that {Z(¢;)(¢)} is equi-continuous in R™. Let t; > t; > 0. In view of the relation
&(n) = H(1, ¢(¢1)) (cf. Proposition 3.9),

t

() (k) — E(pr) (k) = Tim [ T(ty — $)[IT" hy(s, g, &(y) )ds

n—oo tl
+ lim too(T“(h —5) — T(tp — s))IIT"hs(s, 1, C(¢y) )ds
)
= lim [ ©T¢(t — $)TIT (s, 91, (9n)ds
+ lim too T(t1 —5)(Ipc — T(t2 — t1) ) IIT"hs(s, ¢1, & (1) )ds,

where I is the identity map of E°. Hence it follows from (3.21) and (3.20) that

209 2) = ) 1)l < OO g 0, 2041 s

1

+ /t CC1eC 1) | Ige — T (8 — 11) ||| (s, 1, (1)) || xdls
2
< (Cllgf — Fus(9)1x +201E(0)1z5)
t 00
X ( i Kyets=1)e=Ps s +/ Kyt =1 || T (ty — 1) — IEfHe_ﬁsds>
t 1)
K
[3 —¢
<l — |+ T (k2 — 1) = Tecl g (o))

<

(CC1(1 + L(5))1’0 + 27’1) (|t2 — t1| —+ HTc(tz — tl) — IEEHL(EC))
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which shows the equi-continuity in R* of {¢(¢;)(t)} since E€ is a finite-dimensional subspace.

By the properties of {&(¢;) ()} above and the fact that dim E° < oo, a variant of the Arzela—
Ascoli theorem yields that {¢(¢;)} is relatively compact in BC(R™*; E¢) = Z§. So there is a
subsequence of {¢;}, denoted {¢} again, such that [|{(¢1) — {«[[ze — O (I — o) for some
&, € BC(R*; E°).

Step 2. {y(¢1, E(¢1))(t) } converges to y(¢o, ¢+ )(¢) uniformly in any compact set of R* as | — co.
Indeed, since y(¢1,¢(¢1)) and y(¢o, ¢«) are the fixed points of Gy, #(4,) and G, ¢, respectively
(cf. (3.18)),

y(@1,8(1)) (£) = y(o, 8)(2)
= T(0)g7 ~ ()95 + Jim, [ T°(¢ = )TPT" {fu(@(5,90) + E(90) 9
+ Y (1, 5(91)(5)) — fo(®2(s, g0) +2+(5) + y(90, £.)(5)) }s.
So, letting (1) == (41, §()(6) — y(gn, &) (1), we have

t
[u1(B)[|x < CCillgr — gol[xe™ +/0 Kse "= {||@z(s, ¢1) — Dz(s,¢0) |1 x
+16(¢1)(s) — u(s)llx + llur(s) [ x }ds.
Notice from (3.16) that

(3.24)

t
[Pz (t, ¢1) — Dz(t, o) Ix < Ce || — 5l x + /O Kse"!™*)(1+ L(8)) || @z(s, 1) — Pz(s, go) || xds;
then one can see from Gronwall’s inequality, combined with (3.15), that

1Dz (t, ¢1) — Pz(t, po)l|x < ClIgf — @5l xe T T < Cllgf — gfl[xe™!, teR'.  (3.25)

Thus (3.24) implies
t
[y (£) || xe™ < CCalldr — ¢ollx +/O Kse® (Cll¢f — | xe™

HIE@)E) — s + [ Kee i (s) s

By Lemma 3.8,

t
()16 < CCally = goll e + | Kse (Cllgf - 95l1xe™
G0 (5) — & () lx)elo s

KsC
< _ Kst | TN“  ypac ac (a+2¢)t
< CCillgn — ¢ol|xe +a+25—1<5”¢l ¢ollxe
K

+ o) = &l

and therefore from (3.14)

iy (B)l1x < CCiligr — pollxe™ 5+ Cllgf — g6l xe™ + (1) — ullz

holds for t € R*. It follows from Step 1 that for any 7. > 0, the sequence {y(¢;, &(¢;))(t)} is
uniformly convergent to y(¢o, ¢« )(t) in [0, T.] as I — oo, which proves Step 2.
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Step 3. ¢ coincides with ¢(¢p). Indeed, given positive numbers ¢, and 7, choose a T, in such
a way that 7. > 7 and

(e o 3.26
e < 2Cre (3.26)

hold. Observe that

(o) (t) — H(go, &) (t) = — lim ; Te(t = s)IIT" (ko (s, ¢1, S (1)) — hs(s, o, G+ ) )ds

n—oo Jt

+ Tt = ) (G () (7)) = H (o, &) (T))-

Since neither ||¢(¢;)(T)||x nor ||H (o, &) (T:)| x is greater than r1e P™ (see (3.22)), it follows
from (3.26) that

I7( =) (E(@0) (1) — (g, E) (1)) || < Ce™ ) (rae ™ 47107 FF)
<&y, t€]0,T]

Consequently,

1) (6) = Mo, &) (1)1 x
< [ KaCe {24 1(9) @206, ) — P25, 90)x
890 (5) = E4(5) 1x + Iy (@1, E(@))(5) — y(go, &) (5) | x bls +e.
< [ KCe 12+ L0)) gr — goll e + 18(9n) — &l 7
+ ly (91, E(91))(s) — y(@0, &) (5)1x } s + e

for 0 <t < 7, because of (3.25). Passing to the limit as [ — oo, we deduce from Steps 1 and 2
that

184(8) = Hgpo, §) (D) x = lim [18(r) () — H (o, &) (B)l[x <&+, €0, 7],

Since ¢, is arbitrary, we have ||&.(t) — H(¢o,&+)(t)||x = 0 for t € [0, T]; hence ¢, must coincide
with H(¢o, G+), for T is also arbitrary. The uniqueness of fixed points of H (¢, -) then implies

Cr = ‘:(‘PO)

Step 4. The argument above shows that given a subsequence of {¢;}, one can choose its
subsequence, say {¢y, }, such that (¢, ) is convergent to (¢o) with norm || - [|zc as k — co. Tt
therefore turns out that {(¢;)} is itself convergent to ¢(¢p) in BC(R™; E€). Thus, { : ¢ —
&(¢) is continuous as a map from X to BC(R™; E°), which completes the proof. O

3.2 Proofs of Theorems 3.2 and 3.3

We are now able to give a proof of Theorem 3.2.

Proof of Theorem 3.2. (a) Without loss of generality, we may prove part (a) in case to = 0 (see
Remark 3.4). For each ¢ € X, we set y(¢)(t) := y(¢,&(¢))(t) for t € R*. Then it follows
from Propositions 3.6, 3.9 and 3.7 that the X-valued functions ¢(¢) and y(¢) satisfy (3.6) and
(3.7) together with (3.8). Hence, by virtue of Lemma 3.5, the C"-valued function x(¢)(f) on
R, defined by

(@z(t, ¢) +&() (1) +y(p)(1)[0], £>0,

Ho = {<<I>z<o,4>> LE@O) @) ) (1), <0,
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is a solution of Eq. (Es) on R™, which satisfies both of

ITI(x(¢p) ) — Pz(t, §)[|x < Cue™ P,
ITT (x()) — Eo 5(Pz(t, ¢))||x < Cre™ P!

and (x(¢))r = ®z(t,¢) + &(¢P)(t) + y(¢)(t) for t € R, where C, is a nonnegative constant.
So, if one can find a ¢ € X with xp = (x(¢))o, the uniqueness of solutions for Eq. (E;) ensures
that x(t) = x(¢)(¢) for t € RY; so that z(t) = z(t, ¢) is a solution of Eq. (CEj) satisfying

|TIx; — ®z(t)||x < Cue P and ||TTx; — F, 5(Pz(t))||x < Cue P! (3.27)
for t € R*. Now consider the map g : X — X defined by
8(@) = (x(¢)), ¢€X. (328)
Claim 1. 3 is a bijection from X to itself if § > 0 is sufficiently small.
Proof of Claim 1. We first verify the surjectivity. Note, by definition, that
(x(¢))o = @z(0,¢) +¢(¢)(0) +y(¢)(0) = ¢+ K(¢) +¢° (329)

for ¢ € X (see also (3.16) and (3.17)), and therefore that g(¢) = ¢ + K(¢).
Let M(9) := 2CK;s/ (B — ¢) and take a  so small that

CIM(3)(1+L(3)) < % (3.30)
In the same way as (3.22), we get
K
I20) 25 < 5= (Clo° = Fos()x + 20209 Iz
and in particular by (3.14)
(@) Ix < [1§(@)lzg < M(9)[|¢° — Fus(¢)x < CLM(S)(1+ L(6))[]x- (331)

Now given ¢ € graph F, s and ry > 0, define H : Bx(¢; ) x [0,1] — X by
H((P,)L) :ZQD—I—}UC((P), (I)ng((ﬁ;i’o), A€ [O,l].

Since K is continuous (Proposition 3.10), bounded on each bounded set of X, and the range
of K is contained in E¢, which is finite-dimensional, we deduce that the map K is compact. In
addition, observe from (3.31) and the fact ¢° = F, 5(¢°) that

IE(P)[x < M(8)([|¢7 = ¢*llx + [|Fe,5(¢°) — Fes(9)lIx)
M(6)(ll¢* — ¢*llx + L(6) ¢ — ¢l x) (3.32)
< CM(S)(1+L(9)) ¢ — ollx-

Let ro > 0 and ¢ € Bx(¢;70/2), then it follows from (3.30) and (3.32) that for ¢ € dBx(¢; 7o)
and A € [0,1],

[H(p,A) = llx = ll¢— llx — [ — pllx — 1K(P)[Ix
> %0 — O M(8)(1+ L(8))ro > 0.
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Hence, deg (H(:,A), Bx($;10), §), the Leray—Schauder degree ([3]) of H(-,A), is well-defined
and is independent of A. Since H is a homotopy between g and the identity Ix as maps from
Bx(¢;70) to X, it follows that

deg (g, Bx(¢;70), ) = deg (Ix, Bx($;10), ) = 1,

which shows that §~1(y) N Bx(¢;r0) # @ for each ¢ € Bx(¢;79/2); in other words,
)

Bx(¢;r0/2) C Z(Bx(¢;ro (3.33)
Thus, g is a surjection from X onto itself since ro > 0 is arbitrary.
We next prove the injectivity. Let 6 > 0 be so small that
Ks(1+L(
H(d) := ‘S(l;r_ 8( D oy, (3.34)

and assume that ¢(¢) = (@) for some ¢ and ¢ in X. Then by the definition of ¢ we obtain

ITx,(0, §(9), fi) — Pez(t, §)1x < Cue P

and
ITXxe(0,8(¢), f5) — @z(t,§) | x < Coe™
for t € R*, where C, and C, are some nonnegative constant. In particular,

| Pz (t, p) — Pz(t,P)||x < Ce P, tecR*T (3.35)

with C* := C, + C.. We know by (3.16) that ®z(t, ¢) satisfies

Dz(t,p) = T°(t — T)Pz(T,¢) + lim tTC(t — S)II°f5(DPz(s, @) + Fi, 5(Dz(s, $)))ds

n—oco Jr

for t > 7 > 0. So, by the group property of {T(¢) }+er, we see

Pz(7,¢9) = T°(T — t)Dz(t,¢) — lim tTC(T — S)II°f5(Pz(s, @) + Fi, 5(Dz(s, $)))ds

n—oco Jr

and likewise for ®.z(T,$). Hence it follows from (3.35) that
[®z(, @) — Pz(T,§) — T°(T — 1) (Pz(t, ¢) — P=(t,§))||x
t
< [ Ks(1+ L) |@x(s,9) - < Pl s

t
< / Ky(1+ L(6))e—) . crepogs < Kol +€L( D otr,
T

so that
| ®z(T, ) — Pz(T,d)||x < CC*e T B9 L C*u()e P, t>1>0.

Passing to the limit as t — oo, we get
|®z(T,p) — @z(T,P)|lx < C*u(d)e P, TeRT. (3.36)

Thus, (3.35) implies (3.36). Applying the same argument to (3.36) (in place of (3.35)), we
have || ®z(t,¢) — Pz(t,P)||x < C*u(5)%e~F (t € R). By the repetition of this procedure, one
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reaches ||®z(t, ¢) — Pz(t,P)||x < C*u(6)"e P! (t € R, n =1,2,...), which yields ||®z(t,¢) —
®z(t,P)|lx = 0 (t € R") because of (3.34). In particular, ¢ = Pz(0,¢) = P(0,9) = ¢-.

Moreover, since I (¢) = ITSK(P) = 0, it also follows that ¢° = IT°g(¢p) = IT°¢(§) = ¢°, and
therefore that ¢ = ¢. Consequently the claim is proved. O

In view of Claim 1, given any solution x(t) of Eq. (Es) defined on R, there exists a unique
solution z(t) of Eq.(CE;y) satisfying (3.27), that is, z(t) = z(t,¢) with g(¢) = xo. We will
estimate the constant C, in (3.27). Since xg = g(¢) for some ¢ € X, x; = (x(¢)); = Dz(t, ¢) +
E(p)(t) +y(¢)(t) for t € RT. Hence (3.29) yields ¢° = IT°xq. It then follows from Proposition
3.7 and (3.31) that

ly(@) () = Ees(@z(t,9)) x < (Cllg* = Fes(¢) 1x + 13(9)llz5 )"

(3.37)
< Co[|IT°xg — F, 5(z(0, )| xe '

for t € R, where Cy := C + M(6). Thus we obtain
1% — @z(t, ) x = 12(9)(H)]Ix < M(6)ll¢° — Fs(¢°) [ xe™
< Co|[TFxo — . 5(®2(0,9)) | xe ™,
and by (3.37)
T x; — F. 5(Pz(t,9)) [ x < Col[TT°x0 — Fu 5 (P2(0,9)) || xe ™

for t € RT. Obviously, Cy can be chosen as close to C as one expects by taking § > 0
small. Moreover, we know from Proposition 3.1 that ®z(t,¢) + F. 5(®Pz(t,¢)) = x:(0,, fs)
with ¢ = ®z(0,¢) + F. 5(Pz(0,¢)), so that (3.2) readily follows. This proves part (a).

(b) Given ty € R and z° € C¥, write the solution of Eq. (CEs) through (to,2°) as z(t; to, 2°);
in other words, z(t; ty,2°) := z(t — to, ®2°), t € [ty, ). Moreover we set

1/2
@] := <Z H<P;Hx> , and @], := inf {||®z]x : [z] =1, z € C7}.

Suppose that the zero solution of Eq. (CE;) is stable. Then for arbitrary & > 0 there exists
a dy > 0 such that |z(t;to,z°)| < 2/(2(1 4 L(8))||®||*) for every t € [ty,c0) and z° € C? with
29| < 6. Take a 6, > 0 such that

J, < min 1]l £
* 2C; " 4CoCi(1+2L(6)) )"

Now let ¢ € Bx(d«). Then by Claim 1 and (3.33) there exists a (unique) ¢ € Bx(26,) such that
¥ = 2(¢). Let z° be the element of C? determined by ¢¢ = ®z°. Since ||®|[.|z°| < ||¢]|x <
C1ll¢llx < 2C16s, i-e., |2°] < bo, we see

3

* . 0
920t~ to, ) |x < 01" (810, 2)| < 37 !

€ [to, ). (3.38)
Consider the solution x(t) = x(t + to; to, ¥, f5) of Eq.(Es). Since xo = xy,(to, ¢, f5) = ¢ and
Pz(0, ) = ¢°, we have

ITx0 — Fu 5(P2(0,9))l[x = [[9° = Fos(¢)llx < [97]lx + L(S)[|¢°]|x

é (3.39)
< C1(1+2L())0. < —.
iC,
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So, by letting ¢ := ®z° + F, 5(Pz°), it follows from Proposition 3.1 and (3.38) that

[x¢(to, P, f5) | x = [[Pz(t — to, §) + Fis(Pz(t — to, d)|Ix
< (T4 L(6))||®z(t — to, P)[|x <

£
2 4
and hence from part (a) and (3.39) that
lxt(to, , fo)llx < [lxe(to, ¢, f5) — xe(to, . f5) x + [[xe(to, . f) Il

H £
C,-Blt=t) y & 2
< 26 + 5 < E

(3.40)

for t € [ty, o). Hence the zero solution of Eq. (E;) is stable.

Although we had proved the asymptotic stability part in [23, Theorem 6] via construction
of a Liapunov function, we will give another proof below. Let us next assume that the zero
solution of Eq. (CE;) is asymptotically stable. Then the stability of the zero solution of Eq. (E;)
follows from the argument above. By the attractivity of the zero solution of Eq.(CEs) there
exists an Ry > 0 with the property that given & > 0, there exists a T > 0 such that |z(t; tp, z°)| <
&/ (2(1+L(3))||®|*) for every t > to+ T and z° € C with |z°| < Ry. Now choose an R, > 0
and a 7. > 0 in such a way that R, < ||®|[+R¢/2 and

4CoCi (1 + L(‘S))R*)
; :

Ty > max (T, B 'log

If ¢ € Bx(R,), then, in a similar fashion to the last paragraph, ¢ can be written as ¢ = g(¢)
with some ¢ € Bx(2R,). Corresponding to (3.39), we get this time

ITTx0 — F, 5(02(0,9)) [ x < C1(1+2L(6))R, < %eﬁn.
0

and hence, in a similar way to (3.40),

[xe(to, ¥, fs)||x < e PUR=™) 1 (14 L(8))|®|*|z(t — to, ¢)|

oMo N o

<yl
2 2
for t > tg + .. Thus, the zero solution of Eq. (Es) is also asymptotically stable.

The instability part immediately follows from the invariance of W5 (0). O

Proof of Theorem 3.3. (a) Let us take a & > 0 sufficiently small such that ||F, s(¢)||x < ¢ for
any ¢ € Bgc(d). This is possible by Proposition 2.5 and {.(+0) = 0 (in fact, F, 5(0) = 0 and
DF, 5(0) = 0). Set F. := F, s|p,.(5), and let Q) and Qg be open neighborhoods of 0 in X defined
by Q:= {¢p € X : [[IF¢||x < I, |[IT%]|x <} and Qo := {¢p € X : ||[I[P¢||x < /3, |[IT°%]|x <
0/3}, respectively. Observe that

f(¢) = fs(¢) for ¢ € Q0 (3.41)

Since x(t) is a solution of (E) satisfying x; € Qg (¢t € ]), by virtue of VCE, one can readily see
that x(f) is also a solution of (Es) on J. Then by Theorem 3.2 there exists a solution of (CEj), say
z(t), satisfying (3.1). So, by Claim 1 in the proof of Theorem 3.2, there exists a (unique) ¢ € X

such that xp = g(¢); hence x(t) = x(¢)(t), z(t) = z(t, ¢), and x; = Oz(t) + &(¢P) () + y(¢)(t)
hold for t € J. In view of (3.30) and (3.31), note that H@(cp)HZE < (1/2)||¢||x. Also, by the
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relation Bx(r9/2) C g(Bx(ro)) for ro > 0 (cf.(3.33)), one can see ||¢||x < 2|/xo]x, which is
valid even if xo = 0. Since IT°x; = Oz(t) + &(¢)(t), we have

)

S Yok < 2+ ol
24>X_3 ollx-

1P=z(£)llx < [TTxellx + [16() 1z < 3

Besides, noting that
(5 5 25

< HC HS _ =

lxollx < ITF%ol[x + [TFxol[x < 5 + 3 = 7

we obtain ||Pz(t)||x < J (t € J); and therefore || F, s(Dz(t))
In particular, ®z(t) + F, 5(®z(t)) € Q for t € J. So, F, 5(Pz

|x < ¢ for t € ] by the choice of ¢.

|
(1)) = F(®z(t)), and
f5(®@z(t) + Fo5(Pz(1))) = f(Pz(t) + F(Pz(1)))

for t € ], which implies that z(t) is also a solution of (CE) on J. Hence, (3.3) and (3.4) directly
follow from the estimates (3.1) and (3.2). This proves part (a).

(b) Suppose that the zero solution of (CE) is stable (asymptotically stable, unstable). Then
one can see from (3.41) that the zero solution of (CEj) is stable (asymptotically stable, unsta-
ble); so is the zero solution of (E;) by Theorem 3.2 (b). By (3.41) again, so is that of (E). This
completes the proof. O

4 One-parameter bifurcation structures

4.1 Statement of the results

Employing Theorem 3.3, we shall in this section discuss bifurcation structures of equilibria for
the parametrized integral equation of the form

A/ (t—s)x(s)ds + f(x1), A€R, (PE)

where P is a measurable m x m-matrix valued function on R* with real components that
satisfies

/ |P(t)||e”'dt < o and esssup{||P(t)[e’" :t € RT} < oo, 4.1)
0

and f € C}(X;R™) satisfies f(0) = 0 and Df(0) = 0. Also, in this section we set X :=
Ly(R™;R™), and put

Py = /OOP(t)dt, P = /ootP(t)dt.
0 0

More specifically, we assume the following conditions (A;) through (A4) throughout this sec-
tion, and show that Eq. (PE) possesses a saddle-node bifurcation structure of equilibria as well
as pitchfork one when the parameter A varies in a neighborhood of 1.

(A1) 1is a simple eigenvalue of Pp;
(A2) R(Ew — Do) ® Py (N(Ew — Py)) =R™;

(A3) detA(o +iw) # 0 for (0,w) € Rt x RT\{(0,0)};
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(Ag) f: X — R™is given by

f(¢) =Q(9) +8(¢), ¢€X (4.2)
where Q : X — R™ is defined by
QP) = Q¢ ¢, 0), ¢eX (4.3)

with Q. a bounded n-linear map from X" to R, and g € C!(X;R™) satisfies

g(¢) =o(llgl%) and Dg(¢) =o(ll¢l™") as ¢ —0inX (44)
for some integer n greater than 1.

Remark 4.1. The assumption (A,) is equivalent to R(E,, — Py) + P1 (N (Ey — Py)) = R™ be-
cause of dim NV (E,, — Py) + dim R(E,, — Py) = m.

Remark 4.2. (A3) holds for instance under the following conditions:
@ [;71P(0)dr < 1;
(b) detA(iw) # 0 for w > 0.

Indeed, (a) implies
|Ew — Ao + iw)]|| = H/ S| < / IP()[le=tdt < 1

for ¢ > 0; hence A(0 + iw) is invertible for ¢ > 0. Thus, (A3) follows from (a) and (b).

Remark 4.3. A typical example of Q. in (A4) is of the form
Q*(¢114)2/"'I(P1’l - H/ qk 9)(19)0],

with ¢ € X (k=1,2,...,n), where each qlgj ) is a measurable R™*-valued function on R™ that
satisfies o '
/ g9 (1)[e'dt < oo and esssup{|gV)(£)|e” : t > 0} < oo
0

(k=1,2,...,n) and v; € R" (j = 1,2,...,D.

Now let 77, be an eigenvector of Py associated with eigenvalue 1 and {* an eigenvector of
Py, the adjoint of Py; and put

qs = _ {8 P
(¢ ms)

Note that ({*,#.) # 0, and g. does not depend on the choice of 7, and {* since both
N(E, — Py) and N (E,, — P}) are one-dimensional spaces due to (A1).
Our main theorem on bifurcation structure is as follows:

0:=(Z", Q(w1(0)7+))- (4.5)

Theorem 4.4. Suppose that the assumptions (A1) through (A4) are satisfied. Suppose furthermore that
co # 0. Then, the following statements hold:

(i) Let n be even.
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(ia) If A = 1, then there exists an open neighborhood Wy of 0 in X such that Eq. (PE) has no
equilibria in Wy other than 0. The equilibrium 0 is also unstable. Moreover, there exist an
e > 0and a continuous map ¢, : (1 —¢e*, 14+ €e*)\{1} — X\{0} such that for each A,
¢} is an equilibrium of Eq. (PE), and ¢} — 0 as A — 1. (Here we used the notation ¢;
rather than ¢.(A) for A € (1 —¢e*,1+¢€%).)

(ib) If g« < O, then the equilibria ¢} and O are asymptotically stable (resp. unstable) in case
A < 1(resp. A > 1); and if q. > 0, then ¢ and 0 are unstable (resp. asymptotically stable)
in case A < 1 (resp. A > 1).

(ic) There exists an open neighborhood W of 0 in X such that if ¢. € W is an equilibrium of
Eq. (PE) with |A — 1| small, then ¢ = 0 or ¢p. = ¢7.

(ii) Let n be odd and cq positive.

(iia) If A = 1, then there exists an open neighborhood Wy of 0 in X such that Eq. (PE) has no
equilibria in Wy other than 0. The equilibrium 0 is also unstable. Moreover, there exist an
¢* > 0 and continuous maps ¢+ : (1,1 +¢*) — Wy\{0} such that for each A, ¢ and ¢*
are two distinct equilibria of Eq. (PE), and ¢ — 0as A — 1+ 0.

(iib) If g« < 0, then the equilibria ¢’ and ¢* are unstable for A > 1, whereas 0 is asymptotically
stable for A > 1; and if . > 0, then ¢’} and ¢* are asymptotically stable and 0 is unstable
for A > 1.

(iic) There exists an open neighborhood VW of 0 in X such that if ¢ € W is an equilibrium of
Eq.(PE) with A — 1 > 0 small, then ¢* coincides with one of 0, ¢ and ¢*.

(iif) Let n be odd and cy negative.

(iiia) If A = 1, then there exists an open neighborhood Wy of 0 in X such that Eq. (PE) has no
equilibria in Wy other than 0. The equilibrium 0 is also asymptotically stable. Moreover,
there exist an €* > 0 and continuous maps ¢+ : (1 —€*,1) — Wo\{0} such that for each
A, ¢} and ¢ are two distinct equilibria of Eq. (PE), and ¢} — 0as A — 1 —0.

(iiib) If g« < O, then the equilibria ¢t and ¢* are asymptotically stable for A < 1, whereas 0 is
unstable for A < 1; and if q. > 0, then ¢’ and ¢p* are unstable and 0 is asymptotically
stable for A < 1.

(iiic) There exists an open neighborhood W of 0 in X such that if ¢. € W is an equilibrium of
Eq.(PE) with 1 — A > 0 small, then ¢* coincides with one of 0, ¢} and ¢*.

4.2 Extended system and the projection onto its center subspace

For the convenience, put A := 1+ ¢. Then, Eq. (PE) becomes
t t
x(t) = / P(t — s)x(s)ds + s/ P(t — s)x(s)ds + f(x1). (4.6)

—00

For the proof of Theorem 4.4, we will treat an extended system of (4.6), and apply Theorem 3.2.
To do so, consider the system of integral equations

e(t) = /tm po(t —s)e(s)ds,
x(t) = /_too P(t —s)x(s)ds + </tw po(t — s)e(s)ds> (/_too P(t— s)x(s)ds) + f(x),

(4.7)
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where py(t) is the function on R™ defined by
po(t) := poe ™, teRT,

and py is a positive number satisfying po > p. Note that

/0 T po(Hdt =1 4.8)

and that -
/ |po(t)|e *'dt < co and ess sup{|po(t)]|e’ : t > 0} < co.
0

Let us denote
P(t) := diag (po(t), P(t)) = (Poéf) P(()t)> , teR™

Set X := L} o(R7; R"™*1) and X; := Ll(]R* R) (see Subsection 2.1); then X can be naturally

identified w1th X1 x X. We denote by IT; and IT, the projections from X to X; and X, respec-
tively. Moreover, define G : X — R"*! by

G(¢) :=col (0, G?($)), $€X,

where G®?) is an R"-valued function given by

@)= ([ _n(-otoe) ([ pr-op@edm) o), @

that is, G (¢) = I1,G($). Here we used the notation
¢ = col (¢, @) with ¢V € X; and ¢@ € X. (4.10)

By letting x(t) := col (¢(t), x(t)), Eq. (4.7) can then be rewritten as
X(t) = /_tOOP(t—s) X(s)ds + G(%1). (E)
In connection with Eq. (E) we will also consider the integral equation
w0 = [ Fl—s)x(s)ds + G, (B
where Gs : X — R"*! is defined by

Gs($) = x(ITFP[Ix/0)x (111G 1% /8)G(), ¢ € X

(see Subsection 2. 3) By (4.2), (4.3) and (4.4), it is clear that G belongs to Cl(X R™*1) with
G(0) = 0 and DG(0) = 0. Hence Theorem 2.4 implies that there exists the (global) center
manifold of the equilibrium 0 of Eq. (Es), denoted W¢(0), which is given as the graph of some
C! map 1?*,(5 : E¢ — E:

WE(0) == {yp+F.5(y): ¢ € E°}. (4.11)
Recall that F, ; is defined by

F.;(p) = lim ' T5(—s)IFT"Gs (A, () (s))ds, o € EF, (4.12)

n—o | _s
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where {T(t)};>0 is the solution semigroup of the integral equation

X(t) = /tw P(t —5)%(s)ds (4.13)

(see (2.6)). Let E : Bz (0) — X be the restriction of F, s to BEC(é). The local center manifold
WE (0) of the equlhbrlum 0 of Eq.(E) is then given by W{_(0) := graphF. C WE(0) (see

loc

[23, Theorem 5]). Henceforth, we set

Q:={§ € X: |||z <, [TT°| |5 < 5},
and
= (e X: |15 < 6/3, [Tl < 6/3}.

Proposition 4.5. Given any ty € R and ¢ € X, let X(t;to, §, Gs) be the solution of Eq. (Ej) with
Xy, = ¢; and X(t;to, §, G) the one of Eq. (E) with %, = ¢. Let ¢ € R and j. : X — X be the map
defined by

je(¢p) :=col (w1(0)e, ), ¢p€X (4.14)
where w1 (0) is the function defined in (2.8) (see Subsection 2.4). Then we have

(i) Given any e € R and ¢ € X, Xi(to, je(¢), Gs) € je(X) holds for t > to.
(ii) Let x(t;to, ¢, f) be the solution on | = [to, t1] of Eq. (PE) satisfying xy, = ¢ € X. Then
X(t;to, je(9), G) = col (e, x(t; to, ¢, f)), tE€J;
so that Yt(tg,jg(cp),é) = je(x¢(to, ¢, f)) holds for every t € J and € € R.
In particular, jo(X) is positively invariant for both Eq. (Es) and Eq. (E).
Proof. (i) Set xo(¢) := x (|T¢||x/8) x (||TT°}| ¢ /) for ¢ € X and let u(t) be the solution of

u(t) = (1+ xolie(u))) [Pt~ oyu(s)ds + xo(je(u)) f ()

with u;;, = ¢. The existence and uniqueness of u(t) is due to [21, Proposition 3]. Define
X:R — X by

%(t) = col (xW (), xP (1)) := col (g, u(t)) € X1 x X, tER.

Then, it readily follows from (4.8) that

xD () = /_t po(t —s)xM(s)ds.

Besides, since X; = je(u;) (t > ty), x(2)(t) satisfies

t

x@ (1) = /too P(t—s)x(z)(s)dsﬁ-xg(ft)(/oo po(t—s)sds> (/;P(t—s)x(z)(s)ds>
+ x0(%) f (x7)

for t > to. Therefore x(t) is the solution of Eq. (Es) with %, = je(us,) = je(¢). Thus, we obtain
X(t) = x(t; to, je(¢), Gs); hence

%1 (to, je(9), Gs) = X = je(uy) € je(X) for t > to.
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(ii) One can easily see that the argument above is valid with xo = 1, Gs; = G and u(t) =
x(t;to, ¢, f). Hence, it follows that %(t; to, je(¢), G) = col (¢, x(; to, ¢, f)). So,

%i(to, je(9), G) = col (w1 (0)e, xe(to, ¢, ) = je(xe(bo, ¢, f)) € je(X)
for t € J. Thus, j.(X) is positively invariant for Eq. (Es) and Eq. (E). O

The bilinear form, induced in the formal adjoint theory (Subsection 2.4; see also [22])
associated with Eq. (4.13), the linear part of Eq. (E), is given by

0 0 _

@)= [ ([ $e-0P-0g@ac)d, §eX feX, (4.15)

—00

where X := LI (R*; R"*1). Using the notations (4.10) and ¢ = (1), $(?)) with p(V) € xt.=
LL(R*;R) and @ € X* := Li(RT; R™), we have

~ ~ ~ — (1)
#(e - P03 = Ve -0, v -o) (M0 L 00) (Sate))
hence (4.15) becomes

{9, ¢) = / ( /90 (M (&= 0)po(—0)p™ (&) + p@ (5 - 9)P(—9)¢<2>(g))d§) 9. (4.16)

The characteristic operator of Eq. (4.13) is

0

A(z) = Epoq — / " B(t)eHdt
0

_(1- fooo po(t)e ?dt 0 _(z/(z+po) O
B 0 Ew— [, P(t)e™#dt) 0 Aiz) )
So, it follows that
detA(z) = Z—ipo detA(z),

and in view cif A(0) = E,, — Py and (A1), 0 is a characteristic root of Eq. (4.13) whose order as
a zero of det A(z) is at least greater than 1 (Recall that det A(z) is analytic in the domain C_,).

Proposition 4.6. det A(z) has 0 as a zero of order 1 (i.e., det A(z) has 0 as the one of order 2) if and
only if (A1) and (Ay) hold.

Proof. Letus denote A(0) = E,, —Py = (a1 az --- ay) and Py = (p1 p2 - -+ pm) withaj, p; € R™
(j=1,2,...,m). By virtue of the first inequality of (4.1), we have

k o 0
A® () = _;Zk /0 P(f)e2dt = (—1) /O *P(t)edt, zeC_,,

(k=1,2,...) and hence A(z) is expressed as
A(z) = A(0) 4+ zA'(0) + 0o(z) = Ejy — Py + zPy + 0(2).
Put d(z) := detA(z). Then, d(0) = 0 and
d

/ e
d (0) - dzlz=0

:Zdet(al p] am)
j=1

det (a1 +zp1+o0(z) ax+zpr+o(z) --- am+zpm+o(z)>

]
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Suppose that det A(z) has 0 as a zero of order 1, that is, d'(0) # 0. Let k := dim R(E,, — D)
and assume that k < m — 2. Without loss of generality, we may assume that R(E,, — Py) =
span{aj, ay,...,a;}. Since span{al,...,u]-_l,pj,a]-+1,...,am} = span{ay, ..., a, pj}, we have
dimspan{ay,...,aj_1, pj,aj41,...,am} < k+1 <m—1so that

det(ay -+~ pj -+ am) =0, j=12,...,m.
T

Hence, we get d'(0) = 0, contradicting to our assumption. Thus, we obtain k = m — 1,
and therefore (A;) holds. Moreover, in this case, we may assume that a,, can be written as
Ay = Z,T(”:’ll cxax with some ¢y € R (k=1,2,...,m —1). Then,

—

m m—1
d/(O) = Z Z det (a1 s p] s Ckﬂk)
j=1k=1 j

m—1

=det (a1 - Am-1 pm) + Z det(ay -+ pj -+ am—1 cjaj)
=1
m—1

= det (al ct Am—1 pm) + Z det (ﬂ] cee 11]‘ e Agp—1 —C]p])
=1

m—1
= det (a1 az -+ Am—1 Pm — Z Cij>-
j=1

Since col (¢y, ..., ¢cp-1,—1) € N(Ey — By), we see py, — Z;”:jl ¢jp; belongs to P (N (E,, — Py)).
Consequently, it follows from d’(0) # 0 that (A;) is also valid.

Conversely, suppose that (A1) and (Az) hold. Then d4'(0) # 0 is clear from the argument
above. O

Note that Eq. (4.13) has no characteristic roots with positive real parts. Indeed, (A3) implies

detA(z) # 0 for Rez > 0 since A(z) = A(2). Thus, £* = @, and therefore we have
X =EoE, (4.17)

where E¢ and E° are the center subspace and the stable subspace of the equilibrium 0 for
Eq. (4.13), respectively. Also, notice from (A3) that X = {0}.
By (2.7) of Subsection 2.4, E¢is given by the generalized eigenspace of A associated with
eigenvalue 0:
EC = My(A) = U N(AF),

k>1

where A is the generator of the solution semigroup {T(t)};>o of Eq. (4.13).

Proposition 4.7. We have My(A) = N (A) = span {w1(0)ey, w1 (0)7.}, where ey and 7. are the
elements of R™*! given by ey := col (1,0,...,0), 7. = col (0,7.), 17+ being an eigenvector of Py
corresponding to eigenvalue 1, and w1 (0) is the one given by (2.8).

Proof. By virtue of Proposition 2.6 we know that ¢ € N(A) if and only if ¢ = w;(0)y; for
some 7j; € R™*! with A(0)#7; = 0. Since

D0 =30 =g ;)



Local center manifolds and bifurcation for integral equations 33

(see ((2.9)), one can see from (A;) that N'(A) = span {w1(0)e1, wy(0)7.}.
Recall the fact that

N(E?) = (@) + (02 D2(0) (1) =0, 1o € R71},

where D, (0) is the matrix defined by

o0 = (% 510

(see (2.9)). So, w1 (0)7j1 + w(0)72 € N(A?) is equivalent to

A0)fj; +A'(0)i, =0 and  A(0)7, = 0. (4.18)
It is also easily seen that
1oy (00/ (z 4 po)? 0 : ey (1/p0 0
A(z) = < 0 [ tP(t)edt) hence A'(0) = 0o p)

(4.18) implies A'(0)7j2 € A'(0) (N (A(0))), so that A(0)7j; = 0 and A’(0)7j, = 0 because
R(A(0)) ® A'(0)(N(8(0))) = R™H (4.19)

follows from (Aj3) Nimmediately. In particular, 7/, = 0. Indeed, assume that 7j, # 0. Since
ii> belongs to N'(A(0)), which is a two-dimensional subspace spanned by e; and 7, the
fact that A’(0)7, = 0 means dim A’(O)(N(A(O))) < 1. On the other hand, in view of

(A1), dimR(A(0)) = dimR(A(0)) = m — 1, which contradicts to (4.19). Hence, we ob-
tain 172 = 0, and therefore (4.18) is equwalent to A(O)ﬁl = 0 and 77, = 0. Consequently,
N(A?) = {w(0)71 : A0)7 =0, 7j; € R"*'} = N'(A) and the proof is completed. O

Remark 4.8. By virtue of Proposition 4.6, together with [22, Cororally 3.1], one may also
conclude that dim My(A) = 2 under the assumptions (A1) and (A3).

Similarly, the generalized eigenspace of the formal adjoint operator A? is identical with its
eigenspace.

Proposition 4.9. We have N ((AH)F) = N'(A?) (k=2,3,...) and
N(A%) = span {w(0)e, w}(0)"},
where e and (* are the elements of R™™1* given by e} := (1,0,...,0), * = (0,7*) being an

eigenvector of D§ associated with eigenvalue 1, that is, {* € N (A(0)*)\{0}, and wﬁ (0) is the one
given in (2.10). Here A(0)* and P§ denote the adjoint operators of A(0) and Py, respectively.

Proof. Recall from Proposition 2.7 that N'(A?) = span {w! (0) : {D;(0) = 0, { € R"*1*} and

N((A%)?) = {w}(0)02 + w5 (0)C1 « (§1, $2)D2(0) =0, {1, 32 € R™1).
One can readily verify that A'(A?) = span {w1( )ei, wl( )C«}. Also, ({1, {2)D2(0) = 0 implies
ZiA0) =0 and 1A(0) 4+ HA(0) = 0. (4.20)

Hence, {; vanishes on the subspace R(A(0)) of R"*! and on A'(0)(N(A(0))), as well. There-
fore, by (4.19), we must have {; = 0. Thus, (4.20) is equlvalent to ; = 0 and §2A( ) =0,
so that NV((A%)?) {wl )02+ $A(0) = 0, € R™1*} = N(A*). This completes the
proof. O
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By Theorem 2.8 the projection I1° : X — E€ along the decomposition (4.17) is given as
follows:

Proposition 4.10.

0 =) (oM
H%wl(m( 00 [ po(=0) ([} 9V (2)dc ) do )

(1/7) [0, e P(=0) (J; 9P (@) )6 - 1.
for ¢ = col (p1), ¢} € X, where r denotes the constant ({*, Pyij..).

Proof. We first verify r # 0. Suppose by contradiction that r = 0; then {*|x0)w(a(0))) = 0
because of N (A(0)) = span{7.}. Note that * € N(A(0)*) = R(A(0))*, where for any
subspace W of R"*1, W stands for the annihilator of W. By the same reasoning as the proof
of Proposition 4.9, it follows from (A3) that {* = 0, contradicting to the fact that {* is an
eigenvector of Pj corresponding to eigenvalue 1.

We next consider the representation of I1°. In virtue of (4.16), it is easy to see

(! (0)e;, w1 (0)er) Z/O (/eopo(—f))dé)d(}:/o (—9)p0(—9)d9:/0wtpo(t)dt:1,

—c0 —00 Po

(] (0)ef, w1(0)77-) = (}(0)Z", wi(0)er) =0,
~ 0 0 0
@i 0 0)) = [ ([ epomd)ao = [ (-op-o)ae ).

—00

_ g*(/ow tP(t)dt) e = (T Pup) = .

Therefore, by letting
f *
CI)c - (wl(o)elr wl(o)ﬂ*)r ‘Fc - <Zjé((8;21> 7
1
we have
@)= (1" 7).,
and so,
gy (P00 (w0, 4?>>>:< (w}(0)(poet), $) )
o i) = (5 ),) <<<w§<o>¢*, ») ~ \oame, ¢

Hence, Theorem 2.8 yields

1§ = e (D, ¥e) "' (Fe, §) = w1(0) ( (i (0) (poct), 9) ) .
Since

—00

(i) poei), 3 = [ ([ omn(-0)pt @) ) do

and
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we have

[T = w; (0) po [2u po(=0)( J7 9 (@)d2) o
S\ P (e @de)do - )

This completes the proof. O

4.3 Central equation for the extended system

Now we shall derive the central equation for Eq. (E). Let ¥(t) = col (¢(t), x(t)) be a solution
of Eq. (E). Then, by Proposition 4.10,

e (5) oo PR )

1/r) [°,7.P( (9(]9 t+gd§)d9 7.

Since

[ pt-or( [ e+ ey ae
_ 000 po(— </ )ds)d@ /too po(t_r)</:s(s)ds>d’f
= [ ([t -mac)esrs = [ ([ potaort ety

/Ooo g*P(—9)</6°x(t+g)dg> de = /:O ( t°°s G*P(w)dw>x(s)ds,

and similarly

it follows that
1% = w; (0) o0 [, (S polw)dw )e(s)ds
A/ e (fmg* w)d )X(S)ds-n*
_ oo [ e (ftspo dw)s(s)ds

B ((1/r f (ft LJOP( )x(s)ds)‘

Hence, in view of T1°X; = ®.z.(t), we obtain

w(t) = ( oo [ (ftoospo ) (s)ds )
(1/7)

f (ft JOP( )x(s)ds

which, together with Eq. (E) (or (4.7)), leads to

4. () = ( 00 (s(t) I po(t—s)g(s)ds> )
1

(/1) (x(t) = [' o P(t = 5)x(s)ds)

Summarizing, we have:
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Proposition 4.11. The central equation of the equilibrium 0 of Eq. (E) is described as the 2-dimensional
ODE
Z = H(z), (4.21)

where H is an R*-valued function defined on a neighborhood of 0 of R? by
H(w) := H.G(®w + F.(Pcw))  for small |w|,
and H. is the 2 x (m + 1) matrix given by H, := r~'col (0,*).

Let us denote w = col (¢,5) € R?. Then ®.w = w1 (0)(eeq + s17.) = col (w1 (0)e, w1 (0)(s7+))
and hence by (4.9),

+ Q(wl( )(s174)) + g(w1(0) (s774))

— 00

62(@a) = ([ po(=6)(r (0)) <9>de) ([_PC-o().)0)0)

= ( ed@) < sm)d@) + Q(w1(0)n4)s" (422)
+o([[w1(0) (s1:) (%)
=esn +s"vg+0(|s|") as (g5s) — (0,0),
where we used the fact Pyy. = 77, and put vp := Q(w1(0)7s).
Proposition 4.12. F. (w1 (0)(ee1)) = 0 for sufficiently small |¢|.
Proof. %(t) := ee; (t € R) is obviously a solution on R* of (E) with & = w;(0)(ee;)

(= ®.(ee1)). So, if |e] < pd/3, we have ¥ € Qg for t € RT, and hence Theorem 3.3
means dist (%5, WS _(0)) — 0 as t — co. Thus, w1 (0)(ee;) € WE (0) = graph F,, that is,

loc loc
w1 (0)(eer) = I1°(w1 (0) (ee1)) + F. (IT° (w1 (0) (eer)),
which proves the proposition because IT¢(w1(0)(geq)) = w1(0)(eeq). O
Proposition 4.13. G@) (®,w + F,(®.w)) satisfies
(i) GO (P.w + F.(P.w)) = est. + s"vg + o(|s|") + o(es|),
(ii) (9/95)G® (P.w + F.(P.w)) = e+ o(|e]) + ns" vy + o(|s|* 1)
as w = col (¢,5) — (0,0).

Proof. We assume that ||®.w||; < ¢ so that F.(®.w) is well-defined. Let us denote F, (®.w) =
col (¢™, ™) € X with ¢¥ € X; and ¢* € X. By Proposition 4.12,
F (@) = F. (w1 (0) (ee1 + 57.)) — F. (w1 (0) (ee1))
14 =

= |, @b F.(w1(0)(ee1 + Tsn4))dt

= /o DFE, (w1 (0)(ee1 + Ts77.) ) (w1 (0) (s77: ) )d,
and hence

IE.(@cw)lg < o~ Is|ls| sup ||DE. (w1(0)(eer + Ts12)) || o e,
0<t<1
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This yields F.(®.w) = o(|s|) as (g,5) — (0,0) since F, is of class C' with DF,(0) = 0; so, in
view of [[7|[x < [[Fu(Pcw)| 3,
P* =o(ls]), (&s)—(0,0). (4.23)

In addition, since

;’Sf*(cpcw) — DE, (o) (w1 (0)7.) = 0(1) as (&) — (0,0)
and [|0y®/3s||x < ||(9/9s)E.(P.w) || %, it follows that

;S¢w —0(1), (&5) — (0,0). (4.24)

(i) We first observe that TI°F,(®,w) = 0 because of the fact F.(®.w) € E°; so Proposi-

tion 4.10 yields
OZPOL po(— </4’ d§>d9

[ ([ eomi-00)g*@rac = [ pu(-cr* @)z

Hence, one can see from (4.9) that

G2 (<I>Cw + E.(®w)) — G? (d.w)

= ([ n(-0)07©)+0) ( [P0y (@) + 5.0 + £ (4 + 1 (0)s1.)
( 8%)</:P0ﬂﬂmnﬁ)—fWMm@m» -
=& [ PO O)d0 + F(§* +1(0)(51)) ~ Fa(0)(5m.)).

Notice from (4.23) that the first term is estimated by

—0o0

e [ P07 ()d8] < IePlll 9l = o(fs) (426)
as (¢,5) — (0,0). On the other hand, we have

A+ 01(0)(51.)) — £r(0)(s1.))] < Q™ + wa(0)(s7.) — Qs (0)(51.)

I 4w (0)(s7.)) — 8w (0)(57.))] =+ ds + 4.

Since )
d2 < [ 1Dy +w01(0) (51.)) e 9 T
and, by (4.23) again,

1% + w1 (0) (s17:) [ x < [[9*[|x + [[wa(0) (s17.:) | x

5 (4.27)
= o(|s]) +p "Isln«] < Gsls|, Te€[0,1]
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hold with some positive constant Cz, it follows from the assumption (4.4) that
dy = o([s|""") o(|s]) = o(|s|") as (e,;s) — (0,0).
Also, by the multi-linearity of Q. and (4.27),
dy = [Qu(9” + w1 (0)(s74), -, % + w1 (0)(s77+)) — Qu(w1(0)(s77+), - .., w1 (0) (s77:))]
< 1100 9+ O, + 1 (0))

—

= Qu(y®, . 9", wi(0) (s17.), % + wi(0) (1), .., 9 + w1 (0)(s77+)) |
k
= knzl |Q* (l,bw ..... PY, Y, Y+ wy (0) (517*) ..... P+ un (0) (517*))‘
= k

< Y NQullen g 19Nk 19 + w1 (0) (s) 1%~
k=1
n
< 1Qullerxemmy Y 19N (Cals)" ",
k=1
and hence (4.23) implies d; = o(]s|") as (¢,s) — (0,0). By (4.25), (4.26) and the estimates of d;
(i =1,2), we obtain
G2 (®,w + E(Pew)) — G (D.w) = o(|es|) + o(]s|™),
and so, by (4.22),
G (®.w + E.(Dew)) = es + ps"vg + o|s|") + o(es]) as (g,5) — (0,0).
(ii) We know that

G2 (®.w + F.(Dew))

_ ( [ Ooo po(0)(¢™(0) +s)d9) ( / " po)(y"(0) +s17*)d9> + £ + w1 (0)(s7.))

—00

= et + 8/0 P(0)y*(0)d0 + uQ(y® + w1(0)(s1+)) + g(¥* + w1(0) (s77+)),

—00
and hence

d ~ 0 d d
S GO @+ F(@aw)) = e +¢ [ P(O)5 4 (0)d0 + = Qg + 1 (0)(57.))

(4.28)
+ Dg(y* +0r(0)(s1.) 5297 + 1 0)7. ).

In view of (4.24),

op”
0s

0 0
e [ PO) 5y @] < llPly

=o(le]), (g5) — (0,0).
X
Moreover, observe that

QU” +w1(0)(s1:)) = s"vo+ Y, Qu(Pr,---, Pm),
(¢1,-Pm)EB
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where we used the fact that Q(w1(0)(s#«)) = s"vy, and denoted by B the subset of X",
w n
{9, 01(0)(517) "\ { (@1 (0) (51.), .., w1 (0) (s77.))}. Hence,

;SQ(lIJw—le(O)(Sﬂ*)):nS”1vo+ Yo Y Qi ..., 0p/0s, ..., Pu).

(¢1,...pn)EB k=1
One can readily deduce from (4.23) and (4.24) that for any (¢1,...,¢x) € B,
Qulr, ..., 0¢r/0s,...,¢0) = 0(|s|" 1) as (g,5) = (0,0),

so that 5
535 QY +wi(0)(s7+)) = ns" v +o([s["1).

Also, by (4.24) again, there exists a positive constant C4 such that

< C4 for small |¢| and [s],
b'e

d
|5y w0,

which, together with (4.27) and the assumption (4.4), means that

. < Cul| Dg (9™ +w1(0) (s17:)l|xx = o(Js[" ™).

D5ty + wiO)(s.) (597 + w0 )

Consequently (4.28), together with the estimates above, leads to

9 _
gG(z)(Cbcw + F(®cw)) = ens + o(le]) + ns" o+ o(Js|" 1)
as (¢,s) — (0,0), and this completes the proof. O

In virtue of Proposition 4.13, the central equation (4.21) turns out to be of the form

¢ =0 (CE)
s' = h(e,s),
where h(e,s) = (1/7)(¢*, G®(Pcw + F.(Pcw))) is of class C! and satisfies
1
h(e,s) = 7<§*,ss;7* +s"vo +o([s|") + o(es|))
) (4.29)
= —q—ss +cos" +o(|s]") + o(|es|)
as (g,5) — (0,0). Furthermore, its derivative with respect to s has the property
oh 1 n—1 n—1
g(s,s) = —q—s—i—ncos +o(ls|" " +1e]), (&s) — (0,0), (4.30)

where g, and ¢j are constants introduced in (4.5), that is,

g« = =0 Pug) /(0" 14), and co = (7%, Q(w1(0)7+))-
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44 Proof of Theorem 4.4

In this subsection we will prove Theorem 4.4. Under the conditions (4.29) and (4.30), the
behaviors of solutions of (CE) are determined by the following lemma, which is a slight
refinement of [11, Lemma 6.3.1].

Lemma 4.14. Let h(e,s) be a real valued function of class C' defined in a neighborhood Uy of (0,0) of
IR? that satisfies

h(e,s) = —ase + Bs™ +o(|s|™ + |es]|), (4.31)
and o0
g(e,s) = —ae+mBs" 1 +o(|s|"! + |e|) (4.32)

as (s,e) — (0,0), where « > 0, B # 0 and m = 2,3, ... Then we have:
(a) If m is even, then

(a1) there exists an s* > 0 such that h(0, s) is positive (resp. negative) definite for 0 < |s| < s*
in the case of B > 0 (resp. B < 0). Moreover, there exist an €* > 0 and a continuous
function s : (—¢*,e*)\{0} — R\{0} such that h(e,s;) = 0 for 0 < |e| < &*, s, — 0 as
¢ — 0, and

oh {<0 (e <0),

g(s, Se) (4.33)

holds for small |e|.

(ap) There exists an open subset Uy of Uy containing (0,0) such that h(¢,8) = 0 with some
(¢,8) € Uy implies § = 0 or § = s;.

(b) If mis odd and B > 0, then

(by) there exists an s* > 0 such that sh(0,s) > 0 for 0 < |s| < s*. Moreover, if ¢ < 0 with
le| small, h(e,-) has no small zeros other than O; on the other hand, there exist an €* > 0
and continuous functions s* : (0,&*) — R\{0} such that h(e,s}) = h(e,s;) = 0 for
0<e<e,st—0ase— +0,and

g’;(e, s¥) >0 forsmall £ > 0. (4.34)
(ba) There exists an open subset Uy of Uy containing (0,0) such that h(,8) = 0 with (&,3) €
U, implies that § coincides with 0, sgr ors; .
(c) If mis odd and B < O, then

(c1) there exists an s* > 0 such that sh(0,s) < 0 for 0 < |s| < s*. Moreover, if ¢ > 0 with
le| small, h(e,-) has no small zeros other than 0; on the other hand, there exist an € > 0
and continuous functions s* : (—¢*,0) — R\ {0} such that h(e,s}) = h(e,s;) = 0 for
—* <£<0,sgi — 0ase— —0, and

g}sl(s,sf) <0 fore < 0 with || small.

(c2) There exists an open subset Uy of Uy containing (0,0) s such that h(£,8) = 0 with (¢,5) €
U, implies that § coincides with 0, sg, ors; .
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We will first prove Theorem 4.4 and, for completeness, give a proof of Lemma 4.14 at
the end of this subsection. Note that any equilibrium in Oy of Eq. (E) must be contained in
WfOC(O) because of the attractivity of WfOC(O) (see [23, Theorem 5], or Theorem 3.3); so in view
of Proposition 3.1, ¢, € Qs an equilibrium of Eq. (E) if and only if there exists an equilibrium

z, of the central equation (C E) (or (4.21)) such that
Py = Pz, + Fo(Pezs). (4.35)

Remark 4.15. If ¢, is an equilibrium of Eq. (E) (or (4.7)), then ¢s := I, is an equilibrium of
Eq. (PE) with A = 1+ ¢, where ¢ is given by w; (0)e = I1;.. Conversely, if ¢, is an equilibrium
of Eq. (PE), then ¢, := jy_1(¢.) is an equilibrium of Eq. (E) (or (4.7)), where j; : X — X is the
map defined in (4.14) (see Proposition 4.5).

Moreover, throughout this subsection, we assume that
L(d) < 1. (4.36)

by taking 6 > 0 sufficiently small.

Proof of Theorem 4.4. We know by (4.29) and (4.30) that h(g, s) in Eq. (CE) satisfies the assump-
tions (4.31) and (4.32).

(i) Let A = 1, that is, e := A —1 = 0, and s* > 0 be the one in Lemma 4.14 (a;). Then,
s’ = h(0,s), the second equation of (CE) with ¢ = 0, has no equilibria in (—s*,s*)\{0}. By
taking s* small if necessary, we may assume that

. _ PO
s* < : (4.37)
3|17

(ia) Note that || Pcz||z = [sw1(0)7|lx = o~ s||n7+] for z = col(0,s). So such a z with
s € (—s*,s") satisfies ||®.z|y < 6/3, and hence

[ ez + Eu(@e2)ll > (1 - L(0)) [ @ezllg = (1 — L(8))p sl

Let o1 := (1 — L(6))p 's*|7.]; then 0 < p; < 5/3 due to (4.36) and (4.37). Therefore, one can
see from (4.35) that Eq. (E) has no equilibria in Bg(p1)\{0}. So, by Remark 4.15, Eq. (PE) has
no equilibria in the set j; ' (Bx(01)\{0}) = Bx(p1)\{0}, where we used the fact that j; is an
isometry for € € R. Thus, the former part of (ia) is valid with Wy = Bx(p1)-

Lets: (—¢*,e*)\{0} — R\{0} be the function in Lemma 4.14 (a;) and set

¢t = ® M Fo(P2t ), Ae(1—¢,1+e)\{1}, (4.38)

where we used the notation z° := col (g, s;) for € € (—¢*,¢*)\{0}. We may assume
|®czf||g < 0/3 for e € (—€,¢")\{0}. (4.39)

Since z° is an eguilibrium of Eq.(C E), @} is also an equilibrium of Eq. (E) by (4.35).

Note that T(t) = diag (To(t), T(t)), where {To(t)}>0 is the solution semigroup of the
first equation of (4.7). So, T5(t) = diag (T§(t), T°(t)) because X; x {0} and {0} x X are
T(t)-invariant subspaces of X for t > 0. Since I"Gs(A. 5(¢)(s)) = col (0, F”ng) (Aus(9)(s)))
withNng) () := I1Gs($), we see TT; (ITT"Gs(A.5(1)(s))) = 0. Hence, (4.12) means that for
p € E°,

11, (F, s(¢)) = lim ' Ty (—s)IT; (ITT"Gs(Ax 5(1) (5)))ds = 0. (4.40)

n—o | _o
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It also follows from Proposition 4.10 that ®cz* ™1 = w; (0) ((A — 1)e; + sy_17:); so that
I (¢1) = T (@2 1) + T (Fe (@2 1)) = w1 (0) (A — 1)

because of (4.38) and the fact that F, = F, 5 on Bz (6); in other words, IT; (¢})(8) = A — 1 for
feR.
Define ¢, : (1 —¢*,1+¢*)\{1} — X\{0} by

¢ =Th(¢r), Ae(l—e"1+e)\{1}.

Then, ¢ is seen to be an equilibrium of Eq. (PE) by Remark 4.15. In addition, ¢} is continuous
in A and satisfies ¢ — 0 (A — 1) since z}~! — 0as A — 1.

We next show the instability of the equilibrium 0. When ¢ = 0, the second equation of
(CE) is s’ = cos™ + o(|s|"); so its zero solution, and hence the equilibrium 0 of (CE), is unstable
because 1 is even. Given tp € R and sy € R\{0}, let z(t) be the solution of (CE) with
z(tg) = col(0,s0) and set ¢ := ®.z(tg) + F.(Pcz(to)), where we assume |s| is sufficiently
small in such a way that ||®.z(t)||x < J holds. Then it follows from (4.40) that T3 = 0, so
that ¢ = jo(¢) with ¢ = ITp¢. So we deduce from Proposition 4.5 that

jo(xe(to, 9, f)) = Fe(to, §, G) = Pez(t) + Fu(Pez(t))
for t > to with t — tg small. Hence the instability of the equilibrium 0 of (PE) with A =1

follows from that of the equilibrium 0 of (C E). Thus, (ia) holds.
(ib) The central equation of the equilibrium 0 of Eq. (E;) is of the form

7 = H.Gs(®cz + E, 5(Pcz)) (CEy)

(cf. Proposition 4.11 and (4.11)). Let hi5(z) be the second component of H,G;(®.z + F, s(Pcz)).
In view of (4.36), || ®.z||y < d implies

1Ees(®cz) 5 < L(8)[[®ezllz < &,

and hence ®.z + F, 5(®.z) € Q. So, h(z) = hs(z) for |®Pcz|| 3 < & in particular, by (4.39), z* !
is also an equilibrium of Eq. (CEs) for A € (1 —¢*,1+¢*).

Suppose that g, < 0. Notice from Lemma 4.14 (a;) and the principle of linearized stability
that sy_1 (A # 1) is the nonzero equilibrium of s’ = h(A —1,s), hence of s = hs(A —1,s),
which is asymptotically stable (resp. unstable) if A < 1 (resp. A > 1).

Now let A < 1. Since {A — 1} x R is an invariant set for Eq. (CEy), the stability of s)_;
implies that for arbitrary fp € R™ and & > 0, there exists a y(¢) > 0 such that if z* € {A —
1} x R satisfies |z* — z*~1| < 80(£), then z(t;ty,z*) € {A — 1} x R and |z(t; tg,z*) —2* 1| < &
hold for t > t,, where z(¢; to, z*) denotes the solution of Eq. (CEJ) with z(ty) = z*.

Let us denote by II§ and II the projections defined by II§ := Il oIl 0 jo and IT5 :=
I, o I'T° o jo, respectively. It is easy to see that I1° o jo = jc o I1§ and IT° o jo = jo o Il§ for e € R.
Set

vOi=TIk¢r, and @ =TIy
Similarly, given ¢ € X and ¢ € X, we put ¢° := [1%¢ and ¢ := I1°¢; and likewise for ¢°
and ¢°. Given ¢ € X, let z* be the point of R? satisfying ®cz* = (ja_1(¢))° = jr_1(¢°).
Then z(t;ty,z*) = z(t — to,ja_1(¢)) for t > to (cf. (3.16)). Observe that ®z*~1 = TI°¢} =
I(ja-1 (@) = ja-1(¢2 ) and
[Del]z* =271 < [|Dez* — q)cz)‘il”)?

= llia-1(9°) = a1 (92 Iz = 197 — ¢2<lIx,
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where the last equality is due to the fact that j. is an isometry. So, if ¢ € X satisfies
197 = @“llxc < lIell- do(2/ [|Pe[|*), then

[Pez(t — to, ja1()) — ja—1(¢L )l = [ Pez(t;to, z*) — Dz 5

441
<l@d ettt )~ <e O
for t > ty. For € > 0, set
(2 - é AR g
0(8) := , ) . 4.42
©=min (s a2 i roTer -
Given any ¢ with 0 < & < §, let ¥ € Bx(¢};6(8)). Then ja_1(p) € Bz(ja—1(9});8(8)),
and hence, it follows from Claim 1 (Subsection 3.2) and (3.33) that there exists a 43 €
Bs(ja—1(¢});26(2)) such that g(¢) = jr_1(¢), where g is the one in (3.28) applied for Eq. (E;).
In particular,
ITT° % (0, ja1 (), Gs) — Pez(t — to, ~)H;~< (4.43)
< Col|TT° %4, (fo, ja—1 (), Gs) — Fr(@cz(0,§)) [l ge P10
holds for t > ty because of Theorem 3.2 (a) and its proof. By Proposition 4.5 we have
1% (to, ja—1(), Gs) = T 1 (x:(to, ¥, f5)) = ja—1 (Txi(to, ¢, f5)) € ja_1(X). (4.44)

Moreover, let Z = col (£ 3) be the point of R*> determined by I1°¢ = ®.z. Then it readily
follows from Eq. (CE) that ®.z(t — g, §) € j:(X). Consequently, we must have A — 1 = & due
to (4.43) and (4. 44) that is, = jy_1(¢) for some cp € X with ||¢ — ¢} ||x < 26(8).

Noting that ¢2* = (cp* ) follows from ¢} € WE(0), and the fact that ¢} = ja_1(¢}),

one can see (j— 1((}7*)) E. 5(ja_1(¢2*)), so that

||H537t0(fo,jA—1(ll7)/G5) — F5(®cz(0,ja-1(¢))) I
= [ (Ga-1(¥))* = Ee s ((Ga-1())%) [ %
< |G- (9))° — (]A 1)) g + IFes(ia1(@29)) — Fos(a-1(¢)) 15 (4.45)
< Cilljia1(®) = a1 (@D)lg + LN Ga1(@2) = (a1(9) 5
< Ci(lly — ¢ llx + L(6) (|92 — @llx) < C1(142L(5))4(#).

Since

c_ #Ac A $(a 3
H‘P (0 HX < Cl”‘P ‘P*HX < 2C1§(€) < H(DCH*‘SO<3(1+L(5))’|q)c||*)' (4.46)

it follows from (4.41), combined with jy_1(¢3) = ¢2, (4.38) and (4.39), that

. - g o0 ¢ 26
[@cz(t —to, ja-1(P)) Iz < ||4’£CH;~( + 3 < 3 + 373" (4.47)

Hence, by (4.43) and (4.45), together with ¢ = j,_1(¢),

X% (t0, ja—1(9), Go) | g < [[Pez(t — to, ja-1(9))l| + CoCi (1 + 2L(8))é(8)e P~

<2—5+§<(5 t>t
3 "3 =0
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Moreover, (3.1), (4.36), (4.45) and (4.47) yield

I (fo, a1 (), o)l < I1Fus (Pez(t — to, a1 (9))) 15 + CoCa(1 +2L(8))(e)e P

) €
< [[@ez(t —to, a1 (@)l + 3 <0, t=to.
Thus, we dedgce ft(to,jA,l(l/J),(f}v(s)Ne Q (t > tp). Noting that Gs = G on O, we have
Xt(to, ja-1(), Gs) = Xi(to, ja-1(¢), G). Therefore, Proposition 4.5 ensures that the solution
x(t;to, 9, f) is defined on [to, 00) and satisfies jy_1 (x;(to, ¥, f)) = Xi(to, ja—1(¢), G) there.
We also know from (3.2) and (4.45) that

1%+ (to, ja—1(9), Gs) — Ki(to, ja—1(¢), Gs) |l < 2CoCi(1 +2L(8))8(8)e PI—10)

< 28 Bt (4.48)
- 3
So, in view of (4.48), (4.41), (4.46) and Proposition 3.1, combined with the fact that
fc1(9)) = ¢t = ¢L + ¢ = ja_1(¢2) + Eus (a1 (¢9)),
we conclude that if ¥ € Bx(¢};5(£)), then
Ixt(to, ¥, f) — @2lIx = [lja—1 (xe(to, ¥, ) — a1 (@) Iz = 1T (to, a—1(¥), G) — ¢ |5
< ||xXi(to, ja—1(), Gs) — Xi(to, ja—1(¢), Go)ll 5
+ [|@ez(t — to, a—1(¢)) — ja-1(92 )%
+ [|E,, 6 (@ez(t — to, ja—1(9))) — Fus(ja-1(9))l5
28 L . , N
<5e PU=t0) (14 L(0))||Pez(t — to, ja—1(¢)) — ja—1 (¢} )|z <

for t > to. The equilibrium ¢} is therefore stable.

We next verify the attractivity of ¢. By the asymptotic stability of s, 1 as an equilibrium
of ' = hs(A —1,s), together with the invariance of {A — 1} x R for Eq.(CE;), there exist
an Ry > 0 with the property that to any € > 0, there corresponds a 7(¢) > 0 such that
|z(t;tg,z*) — 21| < & for every t > to+ T(2) and z* € {A — 1} x R with |z* — z*~1| < Ry. Let
R :=min (6(6), ||®c||«Ro/(2C1)), where &(-) is the one in (4.42). Given any ¢ € (0,0), set

£(¢) = max ((110 4CoCi (1 +2L(8))R T( 5 ))

| e ‘ L) e

and assume that ¢ € Bx(¢},R). Then jy_1(¢) € Bg(ja_1(¢2);R), and there exists a ¢ €
Bz (ja—1(¢2);2R) with g(¢) = ja_1(¢). Since R < §(5), we know from the former part that

Xi(to, ja_1(), Gs) € Q (t > tg). So, in the same way as above, ¢ can be written as ¢ = jA_1(¢)
for some ¢ € X with ||¢p — ¢ ||x < 25(5) and the following estimate is valid:

xe (o, 9, £) — @2 Ix < 1%e(to, ja-1(9), Gs) — Ze(to, ja-1(9), Gs) I ¢
+ (1+ L(8))[|Pez(t — to, ja-1(¢)) — a-1(92 )5
< 2CoC1(142L(8))RePU=t0) 4 (1 4 L(8))|| e *|2(E to, 2°) — 2

£ &
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where z* is again the point of R?> determined by ®.z* = jy_1(¢°). Thus, ¢ is an attractive
equilibrium of Eq. (PE), and hence, is asymptotically stable.
Similarly, the equilibrium 0 of Eq. s’ = h(A — 1,s) is asymptotically stable because

o (6,0) = ~ e+ o(fe) <0
for e < 0 with |¢| small. By the same reasoning as above, one can see the asymptotic stability
of the equilibrium 0 of Eq. (PE).

Suppose now that A > 1. Then z}~! = col (A — 1,5, 1) is a unstable equilibrium of
Eq.(CE). So, by Theorem 3.3, ¢} is a unstable equilibrium of Eq.(E). The invariance of
ja—1(X) then implies the instability of ¢}, and likewise for the equilibrium 0.

If g. > 0, then consider the function (g s) := h(e, —s) ((¢,s) € R?) in place of h(e,s)
in Eq. (CE). One can readily verify that fz(s,s) satisfies the conditions (4.31) and (4.32) of
Lemma 4.14. Applying the lemma to /i(g,s) and noting that (9h/9s)(e,s) = —(9h/ds)(e, —s),
we see that the equilibrium s)_; of the scalar equation s’ = h(A —1,s) is unstable (resp.
asymptotically stable) if A < 1 (resp. A > 1). So, the argument above yields the desired
stability properties of ¢7; and similarly for the equilibrium 0.

(ic) Let U; be the open set of R? in Lemma 4.14 (ap). We may assume that U is a rectangle
U(r) = (—=r,r) x (—=r,r), where r > 0 satisfies r < pd/3 — s*|1.| (see the proof of the lemma
and notice (4.37)). Set

W .= Hz(ﬁo N (Hc)_l(QDCUl));

then W is an open set of X since @, is a homeomorphism as a map from R? to E¢, and T1; is
an open map. Now assume that ¢, € W\{0} is an equilibrium of Eq.(PE) with |A —1| < r.
Since ¢. € W, ¢, can be written as ¢, = [1y¢°, where ¢° € Q) satisfies TI°¢° = ®.z° for some
z° = col (A° —1,5°) € U;. Hence, IT§¢, = II§11,¢° = ILII°¢° = [1,P.z° = wq(0)(s°7.).

On the other hand, in view of Remark 4.15, ¢. := jy_1(¢.) is an equilibrium of Eq. (E).
Since IT°¢, = ja_1(I1%¢s) = w1(0) (A — 1)eq +s°n.) and IF@, = jo(IIps) = jo(ILIT ¢, ), we
have

Wl ™

TGl < o™ (1A = 1+ [s°[[7]) < 7 (r + 5[ ]) <

7

and
)

T = ITLIE@ |y < 1095 < 2
(because of ¢° € ). Hence ¢ is an equilibrium of Eq. (E) in Qp, and therefore, by (4.35), ¢, =
@z, + F.(Pcz4) for some equilibrium z, of Eq.(CE). Thus, we have IT;¢, = TTjji_1(ds) =
w1(0)(A — 1), and T1p, = I Dz, as well (see (4.40)); in particular, z, is of the form z, =
col (A —1,s.) € R% One can also obtain that [1¢, = II5IL¢, = ILIIG, = [Pz, =
w1(0) (541« ), so that s° = s,.. Consequently, z, = col (A —1,5°) € Uj. It therefore follows from
Lemma 4.14 (a) that z, = z*~1, and hence that ¢, = ®.z*~1 + F,(®.z" 1) = ¢}, which yields
P = ¢1h.

(ii) (iia) Let A = 1 and s* > 0 be the one in Lemma 4.14 (bq). In a similar manner to the
proof of (ia), one can see that Wy := Bx(p1) is a required open set. Now let s and s° the
functions from (0,¢*) to R\{0} given in Lemma 4.14 (b;), and set z% := col (¢,5% ). Define the
functions ¢ : (1,1 +¢*) — X by

¢t =T (Dezt '+ E(Pzt ), Ae (L 1+,
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where we choose ¢* small if necessary. Then ¢} and ¢* are distinct equilibria of Eq.(PE)
which tends to0 as A — 1+ 0.

The proof of the instability of the equilibrium 0 is quite similar to that of (1a).

(iib) By the same reasoning as (iia), the stability properties of ¢+ and 0 directly follow from
Lemma 4.14 (by).

(iic) Let U; be the open set of R? in Lemma 4.14 (b,), which may also be thought of a
rectangle U(r) = (—r,7) x (—r,7) with r > 0 small. Then, W := IT,(Qo N (I1°) "} (dcly)) is a
desired open set of X; the proof being similar to that of (ic).

(iii) The proof is quite the same as that of (ii), and hence we will omit it. O

Now we prove Lemma 4.14. For this, we will employ the following lemma, which is the
implicit function theorem for Lipschitz continuous maps.

Lemma 4.16. Let U and V be open sets of R" and R™, respectively, and (1o, vo) a point of U x V.
Suppose that G : U x V — R" is a continuous map satisfying the followings:

(i) Foreachv € V, G(-,v) is a Lipschitz continuous map from U to R"; and in addition there exists
an I, € [0,1) such that the Lipschitz constant of E, — G(-,v) does not exceed 1, forv € V, E,
being the n x n unit matrix.

(ii) G(uo,v()) =0.

Then there exist an v > 0 and a continuous map ¢ : Bre(ug;¥) — V with the properties that
¢(uy) = vy and

G(u, (1)) =0, u € Brn(up;r).

Moreover, if r > 0 and 7 > 0 are sufficiently small, then G(u,v) = 0 with (u,v) € Bgrn(up;r) X
Bgrn (vo; 7) implies v = ¢(u).

Proof of Lemma 4.14. Set A(e,s) := h(e,s) + ase — Bs™. By letting s := oe/ ("=, h(g,s) can be
written as

h(e, 0) = h(e,oe!/"7V) = /0D (—ag 4 po™) + Ale, o€/ "),

So,
(e, o) = eV (—wo+ o™+ R(e,0)), (e0) € Uy:=7 (Up), (4.49)

where R(g, o) is the function defined by

R(e,0) i {8_m/(m_1)A<€, oel/ D), g £,

0, e =0,
and T is the one defined by (¢, o) := (¢, 0e”/ ("~1)). Then we have:
Claim 2. R(g, o) has the following properties.

(Ry) R(e, o) is of class C! in U\ {e = 0}.

(Ry) R(g,0) and the partial derivative R, (e, o) are continuous in Up.
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Proof of Claim 2. (Ry) is evident.
(Rp) Since m is even,

A(e, gel/(m=1))
o |O-£l/(m—l)’m + |80-€1/(m—1)|

R(e, o) (le|™+1e]), e#0. (4.50)

(4.31) therefore implies that R(e, o) converges to 0 uniformly for |o| < ¢* as ¢ — 0, where
oc* > 0 is arbitrary; and in particular R(g, o) is continuous at the points in Uy N {e = 0},
which, together with (R;), yields the continuity in Uj of R(g, o). In virtue of (4.32) and the fact

that

~ As (g, 0!/ (m=1)) _
1/(m=1)\ _ s\&r m—1
)= |ogl/ (m=1)|m=1 4 |¢| (el +1)

0A
R 7 — _17 7
s(e,0)=c¢ s (¢,0¢
for ¢ # 0, R,(0,€) converges to 0 = R,(0,0) uniformly for 0| < c* as ¢ — 0; hence, by the
same reasoning as the former part, R, (¢, ) is continuous in Up. This proves Claim 2.
Now let
F(e,0) :== —ac + Bo™ + R(e,0), (¢,0) € Up.

(a) (a1) The first part is obvious. Since m is even, F(0,c) has always two zeros, i.e,, 0 = 0

and I 1/(m—1) 4 1
00 = </%) : (4.51)

Notice that F,(0,09) = —a +mpoy' ' = (m — 1)a # 0, and define G(g, ) by

G(e,0) := F(e,0), (g0) € U,.

Fg’ (0, UO)
G is a continuous function with G(0,0p) = 0 and G(g, -) is locally Lipschitz continuous for
each . In view of (Ry) and the fact that G,(0,0p) = 1, there exist open intervals U and V
containing 0 and oy, respectively, and an Iy € [0,1) such that Lip (1 — G(g, -)), the Lipschitz
constant of the restriction (1 — G(g, -))|,, satisfies

Lip(1—-G(e,-)) = sup [1—-Gy(e,0)| <l ee€U.
(e,0)eUxV

Therefore it follows from Lemma 4.16 that there exist an €* > 0 and a continuous function

o : (—¢,¢e") = V with the properties that c(0) = op and G(¢,0(¢)) = 0 for e € (—¢*,").

Hence, h(e.o(e)) = "/ (""VF(¢e,0(e)) = 0 for e € (—¢*,e*)\{0}. We may also assume that

o(e) # 0 for e € (—e*,€*) since 0y # 0 and o(¢) is continuous. Set s, := o(¢)e!/ "~V Then

s: (—e*, ") — R is a continuous function which maps (—¢*,¢*)\ {0} into R\ {0}, and satisfies
hie,s;) = h(e,0(e)) =0, €€ (—,€)\{0}

together with s, — 0 as ¢ — 0. Moreover, it follows from (4.32) that

= —ae+mpBoy e+ mp(o(e)" ! —(0)" e+ o(e) (4.52)

=(m-—1)ac+o(e) as e—0,

where we used (4.51) and the continuity of o(¢); so that (4.33) holds.
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Also, by Lemma 4.16 G(¢,0) = 0 with (¢,0) € (—¢*,€*) x (09 — 0", 00+ 0*) yields o = o (e),
provided that ¢* > 0 and ¢* > 0 are small enough.

We next consider o = 0 as the other zero of F(0,0). Since F;(0,0) = —a # 0, by applying
the same argument as above to the function

~ 1

G(e,0) := FU(O’O)F(&Z,U), (¢,0) € U,

one can see that there exist an & > 0 and a continuous function & : (—&*,&*) — V with
the properties that 7(0) = 0 and G(e,7(¢)) = 0 for ¢ € (—&,&*). On the other hand, it
follows from (4.31) that A(g,0) = 0, and hence G(g,0) = 0. By the same reasoning as the last
paragraph we obtain ¢(¢) = 0 for ¢ € (—&*,&*) with & > 0 small.

(ap) Let U(r) := (—r,r) x (—r,7) and

d, == sup {|A(g,s)|/(|s|" + |se]) : (e,s) € U(r)\{s = 0}} (4.53)
for r > 0. Thend, — 0 as r — 0 by (4.31). Put

c,:= inf |—a+ o™ (4.54)

|o—op|>0*

and take an r > 0 small enough so that r < ¢* and

(1Bl Cs
— o |- 4.
d, < mln( 2 2o T+ 1) (4.55)
Now suppose that 1(£,8) = 0 for some (£,8) € U(r) with § # 0, and set ¢ := §¢~ /(=1
(Notice that & # 0 due to (4.55).) Since F(&,6) = 0, it follows from (4.50) that
| — a0+ Bo"| = |R(¢,0)| < d.(|o]" +|6])- (4.56)

Hence, in view of ¢ # 0 and (4.55),
oy < (gl - aiol <wtd <ot B,
so that |¢|"~! < 2|gp|™~! + 1, and therefore (4.56) and (4.55) imply
| —a+po" | < dp(|o" T +1) < 2d,(loo|" T +1) <cs,

from which and (4.54) we deduce that & € (09 — 0*, 00 + ¢*). Thus, we arrive at G(§,0) = 0
with (§,0) € (—¢*,€*) x (09 — 0,00 + ¢*). The argument in the proof of (a;) then yields
0 = 0(é) and therefore § = s;. Consequently, (az) holds true with U; = U(r).

(b) (b1) The first part is obvious. Let us take r > 0 so small that d, < min(«, 8), d, being
the one in (4.53). Then, it follows that for (¢,s) € U(r) with s # 0 and ¢ <0,

sh(e,s) = s(—ase + Bs" + A(e,s))
> ale|s? + Bls|" T — |s]|A(e,s)|
> (o —d,)|e|s® + (B —d,)|s|™ ™! > 0.

Thus, h(e, ) has no zeros in (—r,r) other than s = 0, provided that —r < e < 0.
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Assume now that ¢ > 0. Since m is odd, F(0,0) = 0 has three zeros, i.e., ¢ = 0, (75’ =
(a/B)Y/ (=1 and 0y = —(a/B)Y(m=1), Define h* : Uy — R by

ht(e,s) := —ase + Bls|™ + Alg,s), (g,5) € Up.
Then, 1" is of class C! and by (4.32),

on* m—1 m—1
g(s,s) = —ae+ mpBls|™ "sgns+o(|s|" 7 + |e]),

where sgn s denotes the sign of s € R with sgn 0 := 0. Moreover, by letting s := o|e|'/ ("1 sgne,
we have

Wt (e,0) :=hT(e,ale|/" Vsgne) = [¢|™ " V( —ac+ Blo|™ + R* (¢,0)),
according to (4.49), where

R (g,0) == {‘{E'm/(ml)A(S"ﬂg’l/(mD sgne), &#0,

0, e=0.
Consequently, the arguments in the proof of Claim 2 (resp. (a)) are valid for R™ (resp. h™ with
oy in place of 0p), and hence there exists a function s : (—¢*,¢*) — R satisfying the properties
(a1) and (az). In particular, it follows from (Tar > 0 that s, > 0 for € € (0,¢*), which, combined
with the fact that 1" (e,s) = h(e,s) for s > 0, implies that s* := s|(g ) is one of the desired
functions.

For the existence of s~ : (0,¢*) — R, we have only to consider the function

h™(g,s) := —ase — Bls|" + A(e,s), (g5) € Up.
In the same way as (4.52), we also obtain

+
aahs(f,sgi) = —ae+mBlsF|" 1 +o0(e) = —ae +mBlog|" e+ o(e)

=(m—1)ac+o(e) as e — +0,
and (4.34) follows from

oh™t oh oh~ oh
s (¢,9) s (¢,s) (s>0), and o (¢,5) p (¢,5) (s<0).

(by) Since the statement of (ay) holds for both h* (g, s) and h™ (¢, s), the definition of s* and
s~ , together with the argument of the first paragraph, imply the existence of a desired open
set of U.

(c) The proof is quite similar to that of (b), and is omitted. O

5 Examples

We will show an example on one-parameter bifurcation to illustrate our Theorem 4.4.
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Example 5.1. Let us consider a nonlinear scalar integral equation

x(t) = A/_t p(t —s)x(s)ds + f(x¢), (5.1)

where A is a nonnegative parameter and p is a nonnegative continuous function on R* that
satisfies

| ptnae=1 (5.2)
0
together with

Ipllie = /0 p(t)ef'dt < oo and |[|p|le,p = esssup{p(t)e’ : t > 0} < oo

for some positive constant p. Let X := L},(]R‘ ;R) and f : X — R be of the form

)= ([ a-erptere) +sto),

— 00

where 7 : RT — R satisfies
/ q(H)dt > 0, / lq(t)|e?'dt < co and esssup{|q(t)[e? : t > 0} < oo
0 0

and g € C'(X;R) with g(¢) = o([|9[%) as [|9]lx — 0.
Since f € CY(X;R) with f(0) = 0 and Df(0) = 0, so [23, Proposition 8] implies the
following fact:

e If 0 < A < 1, then the zero solution of Eq. (5.1) is exponentially stable (in L;);

e If A > 1, then the zero solution of Eq. (5.1) is unstable (in L;).

We will verify that A = 1 is a bifurcation point and a pitchfork bifurcation occurs when
A exceeds 1. Notice that Py = [, p(t)dt = 1 and P, = [; tp(t)dt > 0. So 0 is a simple
eigenvalue of Py and Py (N (1 — P)) = R; hence (A;) and (A;) hold together with (A4). In
addition, since the characteristic operator is A(z) = 1— A [ p(t)e~*'dt, we see from (5.2) that

Aliw) = / p(t)(1— coswt)dt+i/ p(t)sinwtdt, w € R.
0 0
So, if det A(iw) = A(iw) = 0 for some w > 0, then

/Oo p(t)(1 — coswt)dt = /oo p(t) sinwtdt = 0.
0 0

Hence, p(t) = 0 on R™ follows, for p(t) is continuous and nonnegative on R* and 1 — cos wt >
0 (t € R\ (2mrw~12Z)); see also [22, Example 4.1]. This contradicts to (5.2), so that det A(iw) # 0
for w > 0; and therefore (Aj3) is also valid due to Remark 4.2 and (5.2).

Since one can choose 7, =1 and {* =1,s0 g, = —P; < 0and

o= ([ °wq<—e><w1(o>><e>de)3 -(/ ”a(t)dtf >0

(see (4.5)). Consequently by Theorem 4.4 (iib) a pitchfork bifurcation is observed when the
parameter A exceeds 1; the equilibrium 0 becomes unstable and two more equilibria appear
in a neighborhood of 0, each of which is asymptotically stable for A > 1.
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