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Abstract. We prove the uniqueness of positive radial solution to the (p,q)-Laplacian
problem

—Apu — Aqu = Af(u) inQ),
u =0 on dQ),

where p > g > 1, A,u = div(|Vu|"~2Vu), Q = B(0,1) is the open unit ball in RV,
f:(0,00) = R is g-sublinear at co with possible semipositone structure at 0, and A > 0
is a large parameter.
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1 Introduction

In this paper, we study the uniqueness of positive radial solutions for the (p,q)-Laplacian
boundary value problem

(1.1)

u = 0 on 0Q),

where Q) is the open unit ball in RN, p > g > 1, A,u = div(|Vu| " 2Vu(|Vu| ~2Vu), f :
(0,00) — R is p-sublinear at oo i.e. limy_c Z;E—l_l% = 0 and A is a positive parameter. The
(p,q)-Laplacian problems occurred in a variety of applied areas such as quantum physics,
plasma physics, and reaction diffusion to name a few, see e.g. [2,4,6,13,14,23]. When f is
p-sublinear at oo, the existence of positive solutions to (1.1) for A large was recently established
in [1] under the mere additional natural condition that lim inf,, e P f (1) > 0 and limsup,, .
uP|f(u)| < oo for some B € [0,1), which extended previous results in [10,20]. When p = g,

the uniqueness of positive solutions to (1.1) for all A > 0 was established in the pioneering
work [3] for p = 2 when @ is strictly decreasing on (0, c0), and subsequently extended to the
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case p > 1 in [11]. When this monotonicity condition is assumed only for u large, uniqueness
results for A large were obtained under additional hypotheses in [5,7-9,12,15-19,21,22,24-26],
where the semipositone case i.e. —o0 < f(0) < 0 is allowed in [18]. Note that previous
uniqueness proofs depend on the homogeneity of the p-Laplace and cannot be extended to the
(p,q)-Laplace operator. In this paper, we shall establish the uniqueness of positive solutions
to (1.1) for A large when f is g-sublinear at co with possible semipositone structure at 0, which
has not been obtained in the literature to the best of our knowledge. Related uniqueness
results for (1.1) in a bounded domain of RN can be found in [10,13]. In [13, Theorem 2.2],
the uniqueness of positive solutions for all A > 0 was established when z!~7f(z) is decreasing
for z > 0 and the assumption that any two positive solutions u;, i = 1,2, of (1.1) satisfy
Apu; € L®(Q), and u;/u; € L®(Q),i # j. The uniqueness for A large in the semipositone case
was observed in [10] for the special Dirichlet two-point boundary problem

—((@)?) —u" = Af(u) in (0,1),
u(0) =u(1) =0,

where f(u) = (u+1)7 —2 for some v € (0,3). Note that this observation is generated by
Mathematica and does not constitute an analytical proof.

Since we are looking for radial solutions for (1.1), it reduces to finding solutions of the
ODE problem

{_<rN—1¢<u'>>/ = AN (), 0<r <1, (1.2)

u'(0) =0, u(1) =0,
where ¢(x) = ¢, (x) + g(x), ¢r(x) = |x|"x.
We make the following assumptions.
(A1) f:(0,00) — R is continuous and f is increasing on [L, c0) for some L > 0.

(A2) limsup,_, Z}[ES) <g-—1

(A3) There exists v € [0,1) such that limsup, . 27| f'(z)| < co and f(07) < o0 if v = 0.

By a positive solution of (1.2), we mean a function u € C'[0,1] with # > 0 on [0,1) and
satisfying (1.2). Our main result is

Theorem 1.1. Let (A1)-(A3) hold and suppose either
(A4) f(z) > 0forz > 0 with liminf, o+ Z& > 0.
or
(A5) —oo < f(07) < 0 and there exists p > 0 such that (z — B)f(z) > 0 for z # B.
holds. Then there exists a constant A > 0 such that (1.2) has a unique positive solution for A > A.
Remark 1.2.
(i) Note that (A2) implies % is decreasing for z large and lim,_, e % =0.

(ii) Itis easily seen from (A3) that limsup,_,,. z7|f(z)| < oo. Sinceliminf, ,o 27 f(z) > 0 and
limsup, . 27|f(z)| < oo, it follows from [1, Theorem 1.1] that (1.2) has a positive solution
for A large under the assumptions of Theorem 1.1.
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2 Preliminary results

Let H(z) = (l;f(gz)). Then H is increasing for z large and lim, ., H(z) = oo in view of Re-
mark 1.2 ().

Lemma 2.1. Let K > 0. Then for A > 1,
() HY(AK) < KriH ' (A)ifK > 1.

(i) HY(AK) > K7 iH () if K < 1.

1

Proof. Letzy = H !(A) and K = K7~7. Then z; — o as A — .
Suppose K > 1. Then f(Kz,) < Ki71f(z,) for A large in view of Remark 1.2 (i), which
implies )
4’p({<ZA) > Kp—q¢P(ZA)
f(Kzp) f(zx)
ie. KH (1) = Kzy > H !(AK) and (i) holds. If K < 1 then by replacing A by AK and K by
K~ in (i), we obtain (ii). O

— ARP™1 = )K,

Lemma 2.2. Let A, x,¢c > 0. Then
¢ (Ax) = ag, (Ax)
for Ax > ¢, provided that aP~1 + a7~ i1 < 1.

Proof. Lety = ¢, '(Ax). Then

q—1

p(ay) = (ay)P~! + (ay)T" = 2" "Ax + a7 (Ax) P 2.1)

Since Ax > ¢,

-

@ (Ax) T = gt b <M>p < il (Ax> — a1 ler T Ax,
which together with (2.1) imply
P(ay) < (a’H + aq—lc%’) Ax < Ax

if aP1 4 a9 1cr T < 1ie. ay < ¢~1(Ax), which completes the proof. O

If (A4) holds then clearly positive solutions to (1.2) are decreasing on (0,1). The next result
shows this is also true in the semipositone case under assumption (A5).

Lemma 2.3. Let (A1) and (A5) hold. Then any positive solution u of (1.2) is decreasing on (0,1) with
1u(0) > 6, where 6 > B is such that (z — 0)F(z) > 0 forz > 0,z # 6. Here F(z) = [; f.

Proof. Let u be a positive solution of (1.2). Since f(07) < 0, it follows that (rN"1¢(u)) > 0
for r near 1 and therefore u'(r) < u/(1) < 0 for such r. Let ry € [0,1) be the smallest number
such that 4’ < 0 on (rg, 1) and suppose ry > 0. Multiplying the equation in (1.2) by u’ gives

G'(r)=—(N-1)rN20W )+ A(n—1)rN2F(u) on (0,1),
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where ®(z) = [;¢ and G(r) = rN"Y¢(u')u' — ®(u') + AF(u)). Note that G(1) = (1 —
1/ p) (D] + (1~ 1/g) [ ()}7 > 0.

We claim that u(rg) > 6. Indeed, if u(r9) < 6 then u < 6 on (rp,1), which implies G is
decreasing on (o, 1). Since u/(ry) = 0, it follows that

0<G(1) <G(r) <G(rg) <0 on (ry,1),

a contradiction. Hence u(rg) > 0 and so (rN=!(¢(u))’ < 0 near ry. Consequently, u’(r) >
0 for r near ro, v < r9. Let r1 € [0,79) such that ¥’ > 0 on (r1,7) and u'(r;) = 0. Since
N-1 / _n — .N-1 / :

ro ¢(u'(ro)) =0 =ry""¢(u'(r1)), there exists rp € (r1,79) such that

—(N (! (1)) (r2) = Ary  f(u(r2)) = 0

i.e. u(ry) = B. Thus 0 € u ((r2, 7)) and there exists r3 € (r2,79) such that u < 6 on [r,73) and
u(rs) = 0. Since u’ > 0on (r1,r9), u < 6 on [ry,r3) i.e. and so G’ < 0 on [ry,73), which implies

0<G(r3) <G(r) <G(rn) <0,
a contradiction. Thus ry = 0, which completes the proof. ]

Lemma 2.4. Let ¢ > 0 and suppose (A1), (A4) hold. Then
¢(cx)

limsup ~ < 0,
x—0t X

where f(x) =inf>y f(y).

Proof. Since liminf, o+ % > 0, there exist constants k, & > 0 such that

f(y) 2 ke(cy) fory € (0,9). 22)
Let x < Jdand y > x. If y < ¢ then (2.2) gives
f(y) = kg(ex), (2.3)
while if y > J then
f(y) = ko = ki (cd) = kip(cx), (24)

where ko = infi5 ) f >0 and ky = ko/¢(cd).
Combining (2.3) and (2.4), we obtain

F(x) > kag(cx) for x € (0,0),
where k; = min(k, k1), which completes the proof. O

The next result gives sharp lower and upper bound estimates for positive solution of (1.2)
when A is large.

Lemma 2.5. Let the assumptions of Theorem 1.1 hold. Then there exist positive constants Ay, Aa, and
Ag such that for A > Ag, any positive solution of (1.2) satisfies

A1By(1—71) <u(r) < ABy(1—7) (2.5)

forr € (0,1), where By = ¢, ' (Af(H'(A)).
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Proof. In what follows, A > 1 or A large means A > A* for some A* > 0 independent of u
and A.

Case 1. Suppose (A4) holds.

Let A > 0 and u be a positive solution of (1.2). Then u is decreasing on (0,1). By integrat-
ing, we get

—u'(r) =¢! (rNA_l /Or sN_lf(u)ds) , 0<r<l1.

Recalling that f(x) = ir>1f f(y) and since f is nondecreasing, we have
y>x

—u'(r) > ¢! (rz\;\—l /01/2 sN_lf(u)ds> > ¢! (Aclf(u (1/2))) forr >1/2, (2.6)

where ¢; = ﬁ, which implies upon integrating on (1/2,1) that
2u(1/2) > ¢! (/\clf (u (1/2)))
i.e.
Pu1/2) o )0 2.7)
f(u(1/2))
Since limsup,_, % < oo in view of Lemma 2.4, we deduce from (2.7) that u(1/2) — oo as
A — oo,

Hence u(1/2) > 1 for A > 1, and so
¢(2u(1/2)) < 2¢p(2u(1/2)) = 2°¢p(u(1/2)),
which together with (2.7) and the fact that f(z) = f(z) for z > L, gives

H(u(1/2)) = 372D 5

f(u(1/2))

where ¢; = min(c;/27,1). Hence by Lemma 2.1 (ii),

u(1/2) > H Y (Acp) > csH (), (2.8)

1
where ¢3 = ¢; 7. From (2.6) and (2.8), we get

—u'(r) > ¢! (Aclf <03H_1()\)>) > ¢! <Ac1cg_1f (H_l(/\))) forr >1/2, (2.9)

For A > 1, )\clcgflf (H_1 ()\)) > 1, from which (2.9) and Lemma 2.2 with ¢ = 1 and x =
clcqflf (H (1)) give

—'(r) > agy " (e ' F(HYN))) =mg, (A (H(A)) =mBy forr >1/2, (210)

where B, = (,bljl (Af(H'(A)) and a > O is such that a? ! + 47! <land sy = aqb;l(clcq_l).
Note that By — o0 as A — co. Integrating (2.10) yields

u(r) > mBy(1—r) (2.11)
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forr > 1/2, while forr < 1/2,

u(r) >u(1/2) > 3BA > EBA(l —7). (2.12)
Combining (2.11) and (2.12), we obtain
u(r) > A1By(1—r) forre (0,1), (2.13)

where A1 = a1/2 i.e. the lower bound estimate in (2.5) holds.
Let C = sup,. ;) 2" f(z) and note that 0 < C < co. Since f > 0 on (0, 00),

f(z) < % + f(max(z,L)) (2.14)

for z > 0. Since ||| — 00 as A — o0, |[u||c > L for A > 1 and hence (2.13)—(2.14) yield

C G

w1 (7) + f(max(u(t),L)) < m

fu(t)) < + f(l[ull),

for T € (0,1), where C; = C/Aiy . Thus

u(r) = /rl P! <SNA1 /OS Tle(u)dT> ds

< /r]c,b_l (SNA_l /OSTN—l (BX(lCiT)W +f(Hu||oo)> dT) ds

< [0 (e f 5 A ule) ) ) <97 MG+ A(lulle))) (-1
< g (lull)) (1~ 1) < 35 ACs ()1~ 1) @15

forr € (0,1), where C; = C; fol (1?7;)7 and C3 > 1 is such that (C3 —1)f(L) > Ca.
In particular,

lulleo < ¢ (ACaf ([[1ll)),

which implies

¢p (|| eo)
H(||lt]|oo) = S < AGs,
Il = Al
and therefore
[ullo < H'(AC3) < C4H (M), (2.16)

1
in view of Lemma 2.1 (i), where C4, = C{™".

Combining (2.15)—(2.16) and Remark 1.2 (i), we infer that
u(r) < ¢, (AGsf (CHT' (W) ) (1= 7) < ¢, (AGCY T f(HT' (M) (1 = 7)
= Ay, "(Af(H' (M) (1 —7) = ABr(1—7)
for r € (0,1), where Ay = ¢, 1 (Cg,CZ*l) i.e. the upper bound estimate in (2.5) holds, which
completes the proof.

Case 2. Suppose (A5) holds.
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By Lemma 2.3, u is decreasing on (0,1). Recall that 8,0 > 0 are such that (z — ) f(z) > 0
forz # Band (z — 0)F(z) > 0 for forz # 6. Letp = # and J € (0,1) be such that
N

)
— inf f—(1—-30)K>0, 217
2N [P f=(1-0) 217)

where K > 0 is such that f(z) > —K for all z € (0, o).

We will show that #(d) — oo as A — 0. To this end, we need to verify the following claims.
Let B1 € (0, B) and 4y, 91 satisfy § < Jp < &1 < 1.

Claim 1. u(é1) > B for A > 1.
Suppose to the contrary that u(é1) < B1. Then u < B1 on (61,1), which implies

(N p(u')) = — AN () > AmrN71 on (6,1), (2.18)

where m = —sup, 5, f > 0.
Let 6, € (61,1). By the Mean Value Theorem, there exists o € (é1,d,) such that

i) =) B

Hence by integrating (2.18) on (¢, 1), we obtain

0> ¢(u' (1)) >N 1o/ (o)) + Am /1 PN=ldr > Am 51 Nldr — ¢(B) > 0,

for A large, a contradiction which proves the claim.

Claim 2. u(ép) > p for A > 1.

Suppose to the contrary that u(dy) < p. Then u < p on (&, 1) and therefore G’ < 0 on
(60,1), where G is defined in the proof of Lemma 2.3. Hence G(r) > G(1) > 0 on (19, 1) i.e.

¢(u ' — @)+ AF(u)) >0 on (&,1),
or, equivalently,
1—=1/p)|'|P+ (1 —1/9)|u|7 > —AF(u) on (d,1). (2.19)
By Claim 1 and the monotonicity of u,
Pr<u<p on(d,d),

and hence x = infig, ;1 (—F(z)) > 0. Consequently, (2.19) gives

/)P + |7 > q"f"l = Axo on (30, 51).
For Aky > 2, this implies |u’| > 1 and hence 2|u’|P > Axg on (o, 61) follows i.e.
—u' = |u'| > (Axo/2)YP  on (8,07). (2.20)
Integrating (2.20) on (o, d1) gives

u(éo) > (/\K()/Z)l/p(él — 5()) >p
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for A > 1, a contradiction which proves Claim 2.
By Claim 2, u > p on (0, ) and hence
f(u) >x1 on (0,6),

where k1 = inf|, ) f > 0. This implies

u(do) +/ <SN : /s ’L’N_lf(u)d”l‘> ds > (6o —8)¢p 1 (Am /05 TN_ldT> ds,

and thus u(8) — oo as A — oo.

Hence for A large, u(d) > p and for r > J, we have

! N-1 0 N-1 ! N-1 5N
[Nt = [ s + [N p(ugds > 5 pw(e) - (- 0K = S Fla)

in view of (2.17). Hence

) = (i [ ) 2 90 (AL, )

for r > ¢, and upon integrating on (,1), we get

N u
o2 1 g (M1000)

ie.
4} <(C”<5)) > AD,, (222)
where ¢ = (1 —6) ' and D; = &5
For A > 1, cu(d > 1and ¢ (cu(d)) < 2¢,(cu(d)) = 2¢,(c)$p(d) and (2.22) becomes

¢p(u(9))
where D, = <P ( 5, () < 1, which implies
u(8) > H'(ADz) > DsH™'(A) (2.23)

follows, where D3 = DZ”T" .
Combining (2.21), (2.23), Remark 1.2 (i), and Lemma 2.2, we obtain for A > 1,

MNf(DsH—1<A>>> . (MNDZ*ﬂHl(A))),

W)z e < 2N 2N

Npi-1 -1
> gy’ (M D Sl “”) = Dagy* (AF(H (1)),

-1
for r € (9,1), where Dy = a¢, (JNzDI\% ). Integrating this inequality gives

u(r) > D44>;1(Af(H_1(/\))(1 —r) forre(4,1),
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which, together with the monotonicity of u, gives the lower bound estimate in (2.5).
For the upper bound estimate, by increasing L if necessary, we can assume L > B with
f(L) > 0. Hence

f(z) < 1 + f(max(z, L))

for z > 0, where C; = max(g f.
Suppose ||u]| > L and C, > 1 be such that

G < (G-Df(L) < (C2=1)f([[u]le)-

)= o7 (G [ e )as < o7t (S [ @ Al e ) o

< [l (s [ 2 @Al d ) s < 97 A(Gaf () (1 -1
< 7 O (o)) (1~

for r € (0,1). The rest of the proof uses the same arguments as in the upper bound estimate
for Case 1, which completes the proof. O

Lemma 2.6. Let w € (0,1) and T > 0. Then
min(7,1)(1 —a) <1—a" <max(7,1)(1—a). (2.24)
Proof. Suppose T < 1. Then 1 —a™ < 1 — a. By the Mean Value Theorem with g(a) = (1 —a)7,

(1= )" = lg(w) = g(D)] = (1 - a) L >t(1-a),

for some ¢ € («,1) i.e. (2.24) holds. The case T > 1 is proved in the same way. O

The existence of a positive solution to (1.1) in a general bounded domain is based on the
following result:

Lemma 2.7 ([1, Theorem 1.1]). Suppose

=0.

(A1) f:(0,00) — R is continuous and limy_,c i}gﬂ

(A2) There exist constants A,L > 0and 0 < B < 1 such that

f(u)z:; foru > L

and
lim sup uP| f(u)| < 0.

u—0t

Then there exists a constant Ay > 0 such that (1.1) has a positive solution u, for A > Ag with
infq % — coas A — oo, where d(x) denotes the distance from x to 9Q).
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3 Proof of Theorem 1.1

By Lemma 2.7, (1.2) has a positive solution for A large. Let u, v be such solutions. In view of
Lemma 2.5, there exists a maximum constant & € (0, 1] such that xv < u < a~'v on (0,1). Then
x> A1/ Ax = ag by (2.5). Recalling that L > 0 is such that f is increasing on (L, ). By using
(A2) and increasing L if necessary, we can assume that f(L) > 0 and z~%f(z) is decreasing on
[L,00) for some qo € (0,4 — 1). We will show that « > 1. Suppose to the contrary that « < 1.
Suppose A > A, where Ay is defined in Lemma 2.5.
Let L = aalL. Then
v(1/2) > Ly

for A > A* for some A* > 0 independent of u, v.
Forr <1/2,
u(r) > av(r) > aov(1/2) > agly =L,

which implies
fu(r)) = flav(r)) = a® f(o(r)). (3.1)
Suppose r > 1/2.
Case 1. v(r) > Lq
Then u(r) > L and therefore (3.1) holds.

Case 2. v(r) < Ly.

Then
u(r) < ayglo(r) < ap'Ly = L.

Let Ko = sup, g, z7|f(z)| and K; = SUP,¢(0,1,) z"1 f'(z)]. Then Ko, K; < o0 by (A3) and
(A5). Then the lower bound estimate in Lemma 2.5 gives,

Ko Ko

FO0DI S 53 < Jrr = (32)
which implies in view of Lemma 2.6,
F(0(r) > € f(o(r)) — (1 — ) [F(0(r))] > & f(o(r)) — 2mT =8 g
= = ATBI(1— 1)1’ |
where ¢;, = max(1, go), and
, Ki(1—a)o(r
() = £(e)] = () —o(r)7 @) < “EZE)
Ki(1—w) Ki(1—a)
) @O ATE (1 )7 .
for some & between u(r) and v(r). From (3.3) and (3.4), we deduce that
F0(0) = F(olr) = () = FEO)] 2 afolr) - g2 69

where K = (Kocg, + Klfxaz_'y)/A?. Hence (3.5) holds for r > 1/2 in both cases.



Uniqueness for (p, q)-Laplacian problems in a ball 11

Let g1 € (90,9 — 1). Then for r > 1/2, it follows from (3.2), (3.5) and Lemmas 2.5-2.6 that

) = f(0(r) > (=) 00)) = 20—
C(I—afmP)Ky  Kp(1—a) K3(1—a)

o A’YB’Y(l —7)7 Bz(l — 7)Y Z - Bz(l —r)r’ (3.6)

where K3 = K()A;7 max(1, g1 — qo) + Ko.
We claim next that

p(u') < aTg(o') (3.7)
n (0,1). Using the formula
Nl (1) — g (o ()] = A [ SN (F(w) -t f(0)ds 9
for r € (0,1), we see from (3.1) that for r < 1/2,
F(u(s)) =t £(0(5)) = (@ — am)£(0(s)) > 0 39

for s < 1/2 i.e. (3.7) holds on (0,1/2]. For r > 1/2, it follows from (3.6), (3.8), (3.9), and

Lemma 2.6 that
=) —arg @) = ([0 —a s+ [ ) - ot f(o))as )
0 1/2

> A [(zx% — ) /01/2 sN1 f(v)ds — Ks(1—-a) /11 1 )vdS]

B} r2(1-s

>A(1—a) >0,

Kef(0(1/2)) — 53 A T

0 . _ — —
where Ky = W, provided that A > A, where A > Ag is such that

Ky 11
Kif(Ly) — =2 / ds > 0.

Note that this is possible since f(L;) > 0 and By — o as A — co. Hence (3.7) holds on (0,1),
which implies

d(u') +an¢(|d']) <O0. (3.10)

Since

q 71(p—1)
¢ (aFlllv'D — a0/ [T T [P <t ([0 [P = aig([)),

it follows from (3.10) that
q
)+ (wr70']) <0
i.e.

o) < —¢ (a1]0']) = ¢ (770

q 9
Hence (1 — aqfllv)/ < 0 on (0,1) and since u(1) = o(1) = 0, it follows that u > &7-1v on
(0,1), a contradiction with the maximality of a since q; < g — 1. This completes the proof of
Theorem 1.1. O
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