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A bifurcation analysis
on a nonlocal overdetermined problem
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Abstract. In this paper, we study an overdetermined problem with Kirchhoff type
nonlocal terms related to the celebrated work by Serrin. We obtain the precise number
of solutions according to the value of the bifurcation parameter and study asymptotics
of bifurcation curves of solutions when the bifurcation parameter is large in some cases.
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1 Introduction

Let QO C RY be a bounded domain with C? boundary. In this paper, we consider the following
overdetermined elliptic problem with Kirchhoff type nonlocal terms:

—A (HuHPl’ Hquth) Au=AB (HuHsz Hquqz) in (),
u=0 onodQ), (1.1)
g—ﬁ =c¢ onod(),

where p1, p2,91,92 > 0, A > 0 are given constants, || - ||; stands for || - ||/ for any ¢t > 0,
¢ is an unknown constant, v is an outer unit normal to 0Q), and A(s,t), B(s,t) are positive
continuous functions in (s, t) € Ry x Ry. The positive constant A plays a role as a bifurcation
parameter.

In a celebrated paper by Serrin [5], see also Weinberger [10], it is proven that if the overde-
termined elliptic problem

—Au=1 inQ,
u=0 onodQ), (1.2)
g—z =c¢ onad)
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admits a solution u € C?(Q)), then Q) must be a ball and u is radially symmetric. Thus if
Q) = Br(xp), a ball of radius R with center xy, then the unique solution of (1.2) must be of the

form

RZ — |x — X0 2
() = © g0

By a simple computation, we have

1\ fwn_ N
P N N-1 2p+N v
Ity = () () 8 (G0 1),

1 q WN_
. _ (L) [ wWN-1) pN4g
IVUR 30|10 (3 (x0)) = <N> <N+”7> ¢

for any p,q > 0, where wy_1 is the area of the unit sphere in RN and B(x,y) =
fol t*~1(1 — t)¥~1dt denotes the Beta function.

After [5,10], many researches have been done around this topic and various generaliza-
tions (differential operators, spaces, and so on) have been obtained up to now. We refer to
a survey paper [3] and the references there in. However, to the best of authors” knowledge,
overdetermined problems with Kirchhoff type nonlocal terms have not been studied so far.
Thus we initiate to study it in this paper.

(1.3)

In this paper, following an argument in [1], we prove

Theorem 1.1. Let A,B € C(Ry x Ry;Ry). Then if (1.1) admits a solution u € C*(Q), then Q)
must be a ball and u must be radially symmetric.

On the other hand, consider the system of equations with respect to (s1,s2,t1,t2) € Ry x Ry X
IR+ X IR+.'

s1=A i((: tf)) IUR o ll 171 (B (x0))

Sp = AMI!UR,xOHLPz(BR(xo)) (1.4)
t = AMIIVUR,xOHL‘h(BR(xo)) |
ty = /\mnvuli,onqu(BR(Xo))

where Up , defined in (1.3) is the unique solution of (1.2) for O = Br(xg). Then for A > 0, the
problem (1.1) for QO = Bgr(xo) has the same number of solutions of the system of equations (1.4). Also
the number of solutions of (1.4) is the same as the number of solutions to the equation

8(8) = MIURr,xq I L1 (Bx (x0)) (1.5)

with respect to s > 0, where

sA s, HVUR,X()HL‘”(BR(XO))S
|UR xo [l L (Br(x0))

8(s) = (1.6)
B [UR o172 (Br(x0)) . IV UR,xo [ 192 (Bg (x0))
s, s
IURxo |27 (Br(xo))  TUR ol 01 (Br(x))
Moreover, any solution u, of (1.1) is of the form
uy(x) = 51 i U, (x) (1.7)
Roxo |71 (B (x0)
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where sy is a solution of (1.5).

As a result of Theorem 1.1, many bifurcation diagrams can be obtained for specific A and
B in (1.1). Next are typical examples of the result.

Corollary 1.2. Let Q) = Br(xo) and let A(s,t) = (s —a)?>+b, B(s,t) = sin (1.1) for a,b > 0. Then

(i) if0 <A< m there is no solution to (1.1),

(ii) if A = m there is a unique solution to (1.1),

2
(ii) sz <AL (a”+b) , there are just two solutions to (1.1),
X0 ILF2 (B (xq

; (e rer—

2
(iv) if A > %, there is a unique solution to (1.1).

Also any solution u) is of the form

uR,xo (X )

, X € Br(xp)
||uR,XO||L”1(BR(Xo))

up(x) = sy

where s, is a positive solution of the quadratic equation
(s — @) + b = AUR x, [l 172 (B (x0)-

Corollary 1.3. Let Q) = Br(xg) and let A(s,t) = €°, B(s,t) = t" in (1.1) where r > 1. Then

HUR XQ ”LPl (Br(xq))

o —1 r . .
(i) if O < AU x|l 1o (Br (o)) < (757) (HVUR T, ) , there is no solution to (1.1),

(Br (%))

ey . r—1 HUR)»()HLPI Bg(xg) r . . .
(i) if MUR x|l 171 (Bg (x0)) = (751) (m) , there is a unique solution to (1.1),

ceey . -1 |UR x|l p X r . .
(iii) if A||UR ol 121 (Ba(xo)) > (757)" (W) , there are just two solutions uy », uy , to
R (%0
(1.1).

Also we have

1

A1 1 u
urp(x) = 1+ p— (1+ 0(1))}\*% | RxOHLm Br(x0)) UR x, (x)
||vquoHqu(BR(x0)) HVURXOH 2(Bg(x0))
for x € Br(xg) as A — oo, and
Ug xo( )

uyp(x) = {logA + (r —1)(loglog A)(1+0(1))

LTI P

for x € Br(xg) as A — oo.
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Here we mention some related works. Let I = (—1,1) C R be an interval. T. Shibata
performed a bifurcation analysis on the one-dimensional Dirichlet problems with Kirchhoff
type nonlocal terms of the form

—A ([[ullgy, [1u'llr,) u”(x) = AB (|lullg,, l'[l,) P (x), x €L,
u(x) >0, xel,
u(£1) =0,
where p > 1 and A > 0, and || - [|; stands for || - || () for any ¢ > 0. We refer the readers

to a series of works by T. Shibata [6-9]. Also, in the same spirit, we performed a bifurcation
analysis on the nonlocal boundary blowup problem in one space dimension

A ([[ullgy, 1'llr,) w”(x) = AB (l[ullgy, 14/ [lr,) uP (x), x €1,
u(x) >0, xel,

limy 41 u(x) = 400,

where p > 1,1 >0, 41,92 € (0, ’%1), and r1,7, € (0, Z—j), see [2,4]. We consider the problem
(1.1) is a higher dimensional analogue of the problems above.

2 Proof of Theorem 1.1.

In this section, we prove Theorem 1.1.

Proof. First assume that there exists a solution u € C>(Q) of (1.1) and put
v =uU

where 7 > 0 is chosen so that

B([[u| e (), IVl ay)

1) )
i Al (), [V )

Then

B([lull w2y, | Vil o2 2))
A(l[ull Lo ), VUl L0 ()

—Av(x) = Y(~Au(x) = 92 =1

in (). Also we see v = 0 on d() and g—z = qc is a constant on 0Q). Thus by the result of Serrin,
we see that Q) must be a ball, say Q) = Br(xp) for some R > 0 and xp € RN and v = Ug y,(x).
This implies that

u(x) = 'y_lllR,xo(x), Vu(x) = 7_1VUR,xo(x). (2.1)

Define

s1= lullen Bevo))r 52 = Nullir By 01 = IVUllLn ), f2 = VHtl|Lo Br(xo))-
Then by (2.1), we have
s1 =7 Urxllrr1 (g (x,))
52 = 7 IUR xol 172 (B (x0))
b= 9 I VUR x| 01 (Br (x0))
tr = ¥ I VUR g || 192 (Br (x0))
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which is equivalent to (1.4). This shows that
(s1,52,t1,£2) = (1l ) 11172t 190 ey 1V )
is a solution to (1.4) and thus
#{u : solutions of (1.1)} < #{(s1,2,t1,t2) € (Ry)* : solutions of (1.4)},

where §A denotes the cardinality of the set A.
On the other hand, let Q = Bg(xp) for some R > 0 and xp € RN and let (sq,5s2,t1,t2) €
(R;)* be any solution to (1.4). Note that by (1.4), we see

S1 o S2
[URxoller (Brxo))  1UR ol 2 (Br(xo)
t [5)
_ _ 2.2)
IVURxollin Br(xg) IV UR x| 192 (Bg (x0))
B(Sz, tz)
— A2 2)
A(s1,t)
Thus if we define
u(x) =s; Uz (¥)
1 UR o [l L1 (Bg (x0))
_ uR,xo (x) _ uR,Xo (x) _ uR,xo (x>
=5 =h =t ,
1 UR xo |72 (Br (x0)) [V UR xo [l 191 (Bg (x0)) [V UR xo [l 292 (Bg (x0))

then we have u(x) >0, u = 0, 3% = const. on 9Bg(xp) and

s1.= |lulltm Br(xo)) 52 = lullLra(Br(xo)) Bt = IV UllLa1 (Br(x0))r £2 = VU]l 12 (Bg (x0)) -

Moreover, by the definition of u, we have

~ A (1l 3oy 1V (5 ) But(x) = —A(s1, 1) du(x)
S
= —A(si,h) ! AUR , (x)
IUR o Il 71 (B (x0)) ~—="—
51
= A(sqy,t
(51 11) 1 UR x|l 71 (Br (o))
(2_2) )\B(Sz, tz)

This shows that
#{u : solutions of (1.1)} > #{(s1,52,t1,t2) € (IRy)* : solutions of (1.4)}.

Thus the number of solutions of (1.1) for Q3 = Br(xp) and that of (1.4) are the same.
Also by (2.2), we can rewrite the system of equations (1.4) into a single equation for s = s;

5 HUR,XOHLP2(BR(3C0))S HVUR,onmz(BR(xo))Sl
B IUR o 1Lr1 (Br(x0)) 1 URxo vt (Br (x0))

o Ukl o

A | VUR, x| L1 (Br(xo)) o (Br(x0))

s 51
H uR/xO HLP] (BR(JC()))

which is equivalent to (1.5) with g(s) in (1.6). Thus the number of solutions of (1.4) for
Q) = Br(xp) and that of (1.5) are also the same. O
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Remark 2.1. Theorem 1.1 can be generalized to the overdetermined problem of the form

—A (llullg [IVullz) Au = AB (ully, [Vulls), inQ,
u=0, onoadQ),

ou __
5 =6 on 9Q)

where

A (lullp, 12lz) = A (llzrs iy - el sy, 190l gy 190l o )
B (Ilullz, | Vulls) = B (I1ullers - el 1Vt gy oo IVl o o))

for {p;}_,, {q]}] oA {sitl, © Ry. We treat A, B of the forms in Theorem 1.1 just for a
simple presentation.

3 Proof of corollaries

In this section, we prove corollaries in §1. By Theorem 1.1, the number of solutions of (1.1) is

the same as the number of solutions of (1.5) when Q) = Br(xp), and we have the expression
UR Yo( )
IUR,x I p

follows, || - ||, stands for || || L7 (Br(xo)) for any p > 0. Thus we just need to solve the equation
(1.5) with A > 0 for specific A and B.

of solution u(x) = s> to (1.1) where s > 0 is any solution of (1.5). Here and in what

Proof of Corollary 1.2. Since A(s,t) = {(s —a)?>+ b} and B(s,t) = s, the function g(s) defined
in (1.6) becomes

HuRXoHPl 2
S +bl.
80 = Tl LA+

Thus g(s) is a quadratic function with respect to s > 0 and

LR x ll

u
min g(s) = g(a) = bl 2 1 .
ol

, (0) = (a®> +b)
it Il SO

Now, the equation (1.5) reads

IUR x [l

2
s—a)>+bl =AU _
HUR,onpz {( ) } || Rrx0||P1

By a consideration of the graph of g(s), we see that the number of positive solutions s of (1.5)
according to the value of A > 0 is:
() 0,if 0 < Al|Ury,lp < g(a) = mins=og(s),
(i) 1, if A|URxl[p, = (),
(iif) 2, if g(a) < A[Ur,xllp < (0),
(iv) 1, if A[URx[p, = 8(0).

This completes the proof of Corollary 1.2. O



On a nonlocal overdetermined problem 7

Proof of Corollary 1.3. Let A(s,t) = ¢° and B(s,t) = t" for r > 1. Then the function g(s) defined

in (1.6) becomes
HuR,onP1 >r s 1—r
)= =] s 7.
79 = (jvu s

A computation yields that

o _(MUragllpy (e N
ming(s) =glr—1) = <||vuR,x0qu> <r—1>

and limg_, 0 g(s) = lims_,e g(s) = +o0. Thus the number of solutions to (1.5) is

i i [ UR,xg 4 r—1
(i) 0,if 0 < A|Ur,x, |l < (”V&{iooﬁ;) (),

.. . | UR x, ’ r—1
(i) 1 i M Unaallp = (ogest=) (50"

. UR x, || r r—1
(i) 2, if A||UR,x|[p > (m) (ﬁ) .

Let 0 < 51, < sy, be two solutions of g(s) = A||Ug,,||p, in the case (iii). Then we see 51, — 0
and s, , — o as A — 0. Since
et = sf;lx\K

fori =1,2, where
I VURIE,

- HUR,onZl_l ’
by taking log of the above equation, we obtain
sin = (r—1)logs; \ + log(AK). (3.1)
Since 53, = 0(1) as A — oo, we have
0(1) = (r — 1) logsy A + log(AK)
as A — oo. By solving this with respect to 51,1, we see
sip = (AK) 712 = (AK) 71 (1 + 5) (3.2)
where § — 0 as A — oco. Inserting (3.2) into the both sides of (3.1) and computing, we have
(AK) 71 (1+6) = (r—1)log(1+8) = (r — 1)8(1 + 0(1)).
From this, we have

(AK) 71 = (r — 1)1_15(1 +o(1)) = (r — 1)6(1 + o(1)).

Thus

j= 1 1(1+o(1))(u<)—% (A — o).

r —

Inserting this into (3.2), we have

10 = K71 (14 25 (o)) (aK) )
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Ug
and recalling u; ) = 51 )‘W

oo, we obtain the formula for u ,:
P1

uR,xo (x )
[1UR x| p1

1

AT 1 u

- - (1+71<1+ <1>>A1“°”1) Ui ()
HvuR,x[)Hé; HVUR,XOHtiz

1

ua(x) = (AK) 71 (1 T +0(1))(AK)—H>

for x € Br(xp).
Similarly, from (3.1), we have

sp) = (r—1)logsyy + log(AK).

Now, since s; , — 00 as A — oo, we have

log K
soa|1—(r—1) logsan | _ log(AK) = (logA) | 1+ o8
’ 52,0 lo g}\
N —— N——
=o(1) =o(1)
as A — oo. From this, we have
1

as A — oo, where ¢ — 0 as A — co. Again, inserting this into (3.1), we have
(14+¢)logA = (r—1){log(l+e¢)+loglogA} +1logA +logK,
which leads to

loglog A 1 log(1+e¢) 1 logK

e= =15 n log A loglogA ~ r—1loglogA
=o(1)
_ loglog A
= (r 1)@(1 +o(1))
as A — oco. Then coming back to (3.3) and recalling that u; ) = suﬁ, we obtain the
X0 11P1
asymptotic formula for u ):
log1
o0 = (1+¢)logA = (1 +(r—1)lo8logl g +0(1))> log A,
’ log A
_ Ur Xo( )
MZ,A(X) - {log)\ + (}’ - 1)(10g10gA)<1 +0( ))} HUR HP
Xo 11P1
as A — oo. ]
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