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Abstract. This paper is concerned with the existence of solutions for parameters depen-
dent Schrodinger-Kirchhoff system driven by nonlocal integro-differential operators
with singular Trudinger-Moser nonlinearity in the whole Euclidean space RYN. These
parameters have a major impact on the produced analysis. It is noted that, we also
study the asymptotic behaviour of solutions depending upon these parameters. The
proofs of the existence results to the aforementioned system rely on the mountain pass
theorem, the Ekeland variational principle, the classical deformation lemma, and the
Krasnoselskii genus theory. The salient feature and novelty of this paper is that it also
covers the so-called degenerate case of the Kirchhoff function, that is, it could vanish at
Zero.
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1 Introduction and main results

In this paper, we study the following nonlocal Schrédinger—Kirchhoff type system:
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where N >1,0<s<1,sp=N,1<g<oo,v€][0,N),Aand u are two positive parameters,
and the norm

1
1w, 0) = (lullfysr + lollfsn )"
Wiy Wiy

where for the singular kernel K : RN \ {0} — R* with R* = (0,0) and w € {u, v}, we define

Il = (/RN [ [005) = @)K (x —y) dxdy+ [ Vol d)

Consequently, M : Rf — R} with Rf = [0,0) is a Kirchhoff function, V : R¥Y — R is a
scalar potential, / : RN — R* is a measurable function, the functions F, and F, are partial
derivatives of a Carathéodory function F, of exponential type and L3, is the nonlocal fractional
operator which, up to a normalization constant, is defined by

Ly¢(x) =2 lim o) = W' @(x) —py)K(x —y) dy,  VxeRY,

along any ¢ € C(RY), where Be(x) = {y € RN : |[x —y| < e}. The singular kernel K :
RN\ {0} — R* is a measurable function satisfying the following properties for sp = N and
0<s<I:

(a) 7K € LY(RN), where 5(x) = min{|x|?,1}.
(b) there exists Ko > 0 such that K(x) > Ko|x|~N*5?) for any x € RN \ {0}.

In addition, we make a note that from here onwards, - stands for the natural inner product in
any Euclidean space IR for any dimension d > 1 and | - | denotes the corresponding Euclidean
norm.

Throughout the paper, without further mentioning, we have the following assumptions on
the scalar potential V, and the Kirchhoff function M.

(V) The function V : RN — R is assumed to be continuous and to satisfy:

(V1) There exists a constant V) > 0 such that infgn V > V4.

(V2) There exists h > 0 such that lim,_,,, meas ({x € By(y): V(x) <c}) =0, V¢ >0,
where we denote the Lebesgue measure of any set E C RN by meas(E).

(M) The function M : Rf — Ry is assumed to be continuous and to satisfy:
(M) For any T > 0, there exists x = x(7) > 0 such that
M(t) > «, Vit>T.
(My) There exists 6 > 1 such that

EM(t) < OM(t), VteR],

= [ M@ a

Remark 1.1. The condition (V) is weaker than the coercivity assumption, that is, V(x) —
oo as |x| — oo.

where
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On concerns about the nonlinearity term F, we have the following assumptions.
(F) The function F : RN x R? — R is a Carathéodory function and to satisfy:

(F) F(x,-,-) € CY(R?) fora.e. x € RN, F(x,-,-) > 0in R?, F(x,0,0) = 0 for a.e. x € RN,
F,(x,u,v) =0forallu < 0and v € R, F,(x,u,v) =0 forallu € R and v < 0,
F,(x,u,0) = 0 for all u € R and F,(x,0,v) = 0 for all v € R. Moreover, for all
(u,0) € RT x RT, the function F(-,u,v) is strictly positive for a.e. x € RN.

(F,) There exists ag > 0 with the property that for all ¢ > 0, there exists x, > 0 such that
for a.e. x € RN and all z = (u,v) € R? with |z| = Vu2+ 92, VF = (F,, F,) and
jp =min{j € N: j > p}, we have

|VF(x,u,0)| <e|z|P1+ thb(uco]z\p,),

where .
ey N
®(t)=exp(t)— Y — and p' =
( p(t) ]_Zé f P'=x

_g
(F3) There holds

VE(x,u,0) =o(|z|??"!) as|z| — 0T uniformly for x € RY.
(F1) There exists o > 6p such that

0 <oF(x,u,v) < VF(x,u,v).(u,v), Y (x,u,v) € RN x R?.

In recent years, studying elliptic partial differential equations involving fractional Lapla-
cian or more general nonlocal integro-differential operators has become a very interesting
area of nonlinear analysis. Such types of operators occur naturally in several real-world ap-
plications, such as finance, optimization, game theory, image processing, multiple scattering,
phase transition phenomena, population dynamics, continuum mechanics, ultra-relativistic
limits of quantum mechanics, soft thin films, minimal surfaces, and the stochastic stability
of Lévy processes. In this regard, we refer the readers to study [6,12-14,29,31] and related
references. Indeed, the literature on nonlocal fractional operators and their applications is
somewhat vast, as shown by the new monographs [2,34], the comprehensive work [19] and
the references included therein.

In the context of fractional order Sobolev space, the Sobolev embedding states that for
sp < N with s € (0,1), the continuous embedding W*?(RN) — L"(RN) holds for any
r € [p, pi], where p; = Nl\ips is called the critical Sobolev exponent. In conclusion, to study
the variational problems with subcritical and critical growth, the nonlinearity cannot exceed
the polynomial of degree p;. Despite this, in the Sobolev limiting case ( commonly known as
the Trudinger-Moser case), that is, sp = N, the continuous embedding W*?(RN) — Li(RN)
holds for any g € [p, o) but we cannot assume g = oo for such an embedding. Further, in this
case, every polynomial growth is allowed. In this scenario, to deal with variational problems,
many authors proved separately that the maximal growth of the nonlinearity is of exponential
type, for a detailed study, we refer to [28,36,45]. The Trudinger-Moser inequalities have many
applications, including extremal problems for determinants and zeta functions under confor-
mal deformation of metric. For instance, on the four-dimensional sphere, the determinant of
the conformal Laplacian is extremized under conformal deformation with fixed area by the
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standard metric. The most important aspect of the Moser-Trudinger inequality has been its
connection to the Polyakov-Onofri log determinant variation formula, as well as its later de-
velopment in conformal geometry and geometric analysis of conformally invariant operators
on higher-dimensional manifolds. In this regard, we refer to see [8,16]. It is worth noting
that there has been significant progress in the Trudinger-Moser inequalities to analyse the
existence, nonexistence, and multiplicity of solutions to nonlinear PDEs in the context of the
factional Sobolev space in RY. For a detailed study, one may go through [10,46,47,50-52] and
references therein.

During the last few decades, there has been a tremendous amount of attention focused
by many authors towards the study of Kirchhoff-type problems driven by nonlocal fractional
Laplacian operators due to their applicability in various models of physical and biological
systems. A typical model of Kirchhoff function M can be considered by M(t) = a + bot?~! for
allt > 0, where a,b > 0, a+b > 0 and 6 > 1. We say that M is of degenerate type if 2 = 0,
while it is called non-degenerate type if 2 > 0. Obviously, one can easily notice that assump-
tions (M;)—(M_) in this paper also cover the degenerate case that corresponds to M(0) = 0.
In addition, we make a note that in the study of Kirchhoff-type problems, many authors often
used M as a nondecreasing function on ]Rar , for instance, see [24,37]. But however, in view
of the assumption (M;), one can consider that M is not monotone in nature as M can be
chosen M(t) = (1+t)F + (1 + )71 for t > 0 with 0 < k < 1. Moreover, it is worth mention-
ing that the degenerate case in Kirchhoft’s theory is more interesting and significant than the
non-degenerate case. From a physical point of view, M measures the change of the tension
on the string generated by the change of its length during the vibration, while M(0) = 0 indi-
cates that the base tension of the string is zero. The presence of the nonlinear coefficient M is
crucial to be considered when the changes in tension during the motion cannot be neglected.
The existence of solutions for non-degenerate fractional Kirchhoff stationary problems are
discussed in [3-5,24,26,30], whereas degenerate problems are addressed in [22,40, 48] and
the relevant references. To the best of our knowledge, most of the works on Kirchhoff-type
problems are driven by nonlocal fractional Laplacian or more general integro-differential op-
erators involve the nonlinear terms satisfying some polynomial growth, but there are only a
few papers dealing with nonlinear terms satisfying exponential type of growth, this is one of
the key motivation towards the study of this paper. In this context, we recommend the readers
to study [9,32,33,43,49].

Nowadays, the study of elliptic systems involving fractional Laplacian or more general
nonlocal integro-differential operators has gained much attention due to a wide range of
applications in applied sciences. Indeed, if w = (u,v)T denotes a vector of concentration
variable, H = (f(x,u,v),g(x,u,v))" describes a local reaction term related to source and loss
process, then for M = 1, K(x) = |x|"(N*P) and s = 1, the system (Sh,u) derive from the
following p-Laplacian reaction-diffusion elliptic system

zy = div(|Vz|P72Vz) + H(x,2)

with
div(|Vu|P~2Vu)
div(|Vz|F2Vz) =
div(|Vo|P~2V0)
Such equations can be frequently seen in physics, plasma physics, biophysics, chemical re-

action design, etc. In many situations, H = (f(x,u,v),g(x,u,v))T has both components
of polynomial type with variable coefficients, but for the Liouville-Bratu—-Gelfand and the
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Frank-Kamenetsky models H has exponential growth at infinity. We refer to [15,17] for other
physical examples of such problems. On concerning nonlocal elliptic systems with critical
and subcritical growth one can see to [23,30,38] and references therein. However, concern-
ing about nonlocal elliptic systems with exponential growth the literature is very limited (see
[18,20,35]). This is another key motivation towards the study of this paper.

Motivated by the above-cited works, especially by [35,45,49], we study for the first time
in the literature to solve a coupled Schrodinger-Kirchhoff elliptic system with singular expo-
nential growth driven by the nonlocal integro-differential operator in RY.

To establish our main results, we first define the weak solution of the system (S, ;).

Definition 1.2. We say that (1,v) € X (see (2.1) for its definition) is a (weak) solution for the
system (S, ,,), if for all (¢, ) € X, we have

M(||(u, )P (<u ?)x v <”'1/’>z<p,v) _ / VE(x,u,9).(¢,9) dxH/ )l 2up dx

RN ’xh
e [ Bl 2oy dx,
where for any w; and w,, we define
(i) y = [ o 101G = @) 2 (w1 (x) — w(y) (walx) — waly)) K(x — y) dxdy
+/ x)|wq [P~ 2w w, dx.

Our main results for this paper are listed below.

Theorem 1.3. Suppose V satisfies (V1) — (Vz) M satisfies (M) — (M) and (F) fulfills (Fy) — (Fs).
If1<q<pandh e L"(RN) withn = & 5+ then there exists A > 0 such that for all (A, u) €

(0,A) x (0, A), the system (S A,u) admits at least one nontrivial nonnegative solution (uy y,, v, ) in X.
In addition, there holds

a0 ey | 4t D) | = 0

Theorem 1.4. Suppose V satisfies (V1)—(V2), M satisfies (M1)—-(Mz) and (F) fulfills (F1)—(Fs). If
g > 0p and h € L®(RN), then there exists A > 0 such that for all (A, u) € (A,00) x (A,00), the
system (S, ,,) admits at least one nontrivial nonnegative solution (u Aur© Ml) in X. Further, there holds

lim Uy 4,0 =0.
L [Cw

Theorem 1.5. Suppose V satisfies (V1)—(Va) and (F) fulfills (F2)—(Fs). In addition, we assume that
F and M satisfy the following conditions:

(F)) F(x,-,-) € C}(R®) for a.e. x € RN, F(x,-,-) > 0in R* and F(x,0,0) = 0 for a.e. x € RN.
Consequently, we assume that F(x,u,v) = F(x, —u, —0) for all (x,u,v) € RN x R2

(M) the Kirchhoff function is of type M(t) = a +bot*~! for all t > 0, where a,b > 0,a+b > 0 and
6> 1

Then for 1 < q < p and h € L'(RN) with n = &~ 5/ there exists A > 0 such that for all (A, ) €
(0,A) x (0,A), the system (S, ,) has infinitely many solutions in X.
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The rest of the paper is organized as follows: In Section 2, we discuss some preliminary
results useful for the next main sections and the variational structure of the system (S, ;).
Section 3 is devoted to proving Theorem 1.3 via the Ekeland variational principle and using
the standard topological tools. In Section 4, we prove Theorem 1.4 with the help of the
mountain pass theorem. Finally, in Section 5, by introducing a truncated functional and using
the deformation lemma along with the Krasnoselskii genus theory, we prove Theorems 1.5.

Notations. From now on in this paper, we have the following notations:
e For any Banach space (X, || - ||x), we denote its continuous dual by (X*, || - ||x+).
e 0,(1) denotes the real sequence such that 0,(1) — 0 as n — oo.
e — means weak convergence and — means strong convergence.

e u" =max {u,0} and u~ = max {—u,0}.

2 Preliminary results

In this section, we shall discuss about some basic properties of fractional Sobolev spaces and
related lemmas, which are used in the sequel of this paper. Note that throughout this paper,
weuse N >1,s5 € (0,1) and sp = N.

Let r € (1,00) and L"(RN) denotes the standard Lebesgue space with the norm || - ||,.
Moreover, for nonnegative measurable function V : RN — R, the space L}, (RV), consisting of
all real-valued measurable functions, with V(x)|u|" € L'(RYN), equipped with the seminorm

fully = ([, vEolut ax)

which is a norm, thanks to (V;). The space (L}, (RN),| - ||;v) is a uniform convex Banach
space (see [39]), thanks to (V1). Consequently, under the assumption of (1), the embedding
L}, (RN) < L"(RYN) is continuous.

For v € [0, N), we define the space L' (RN, |x|~7dx), consisting of all real-valued measur-
able functions, with |u|"|x|~7 € L}(RV), equipped with the norm

1
r
HuH"/Y = </]RN ‘umx"V dx> .

Define the fractional Sobolev space W5?(RY) by
WP (RM) = {u € LP(RN) : [us, < oo},

where [u];, denotes the Gagliardo seminorm, defined by
1
W 4rdqu)”
SP_</]RN/]RN x—y |N+sp xy) .

[ullwsr = (Ilullp + [)) 7,

Under the following norm

=



On a coupled nonlocal Schrodinger—Kirchhoff system 7

the space (W*?(IRN), || - ||ws») is a uniformly convex Banach space and hence a reflexive Ba-
nach space (see [39]).
Due to (V4), the weighted fractional Sobolev space W;,” (RN) makes sense and defined by

Wy" (RY) = {u € W(RN) : u € L},(RV)},
endowed with the norm )
lllygsr = (lullyy + [u]5p) -
It is well-known that the space (W} (RY), || - ||W;,p) is a uniformly convex Banach space and
CP(RYN) is dense in Wy (RN). Consequently, in virtue of (V;), the embedding Wy” (RN) —
Ws?(IRN) is continuous and there holds min{1, Vo}|lul/}., < HuHivw for all u € Wy (RN)
v

(see [39]).

Let K : RN\ {0} — R be the singular kernel, which is stated in the introductory part of
this paper. Now we define the generalized fractional Sobolev space Wy" (RN) by

WP (RN) = {u € LP(RN) : [u]sk, < o0},

equipped with the following norm

==

[etllysr = (fluellp + [”]skp) ’

where

ulsk, = (/]RN/]RN y)|PK(x —y) dxdy>p.

The space (Wi’ (RN), |- [|ws») is a uniformly convex Banach space and hence a reflexive
Banach space (see [45]).

Under the assumption (V7), the weighted fractional generalized Sobolev space W‘S/’z((IRN )
makes sense and defined by

Wil (RY) = {u € W (RY) su € Ly, (RY)},
endowed with the norm )
lullr, = (lully + ), ).
It is easy to see that the space (W;/F{,(RN ) - ||W;<,/;€/) is a uniformly convex Banach space and
hence reflexive (see [45]).

The natural function space to study the system (S, ;) is the generalized vectorial fractional
Sobolev space X, defined by

X = Wh (RN) x Wi (RY), @.1)

endowed with the norm

‘w\.—n

I, 0) | = ([(w,0)]ik, + 1w 2)1}1)7

where

==

1
[(,0)]s, = ([ulix, + [0)Lx )P and [[(w0)llpy = (lully,y + [2l}y) "

Consequently, we note that the space (X, ||(+,-)||) is a uniform convex Banach space, and thus
it is reflexive. Similarly, we can define the norm of the Banach space W7 (IRN) x WP (RN).
Now we list some technical lemmas that will be used later in this paper. The following first
three lemmas are direct consequences of [45, Lemma 2, 4 and 6].
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Lemma 2.1. Under the assumption of (V1), the following chain of embeddings
X — W (RN) x WoP(RN) — L'(RY) x L"(RY)

are continuous for all v € [p, o) and there holds min{ Vo, Ko }| (1, 0) [|lysppysr < || (1, 0)||P for all
(u,v) € X. Moreover, if v € [1,00), then the embeddings X — L"(Bgr) x L"(BR) is compact for any
R > 0.

Lemma 2.2. Suppose (Vy) and (V) holds. Then the embedding X < LY(RN) x LY(RN) is compact
forall v € [p,o0). Consequently, there holds || (u,0)|| pvrny s (rv) < Ay (1, 0)|| for all (u,v) € X,
where A, is the best constant in the embedding X — LV(RN) x LY(RN) and defined by

1
v

: [ (u,0)] :
A, = inf with ||(u,0)];v v = ([lully + lolly) ¥
(12) X\ {0} | (14, )| vy e () 1 2oty iy = (e el

Lemma 2.3. For any v € [p,o0) and v € [0,N), the embedding X — L'(RY,|x|™7 dx) x
LY(RN, |x|~7 dx) is compact. In addition, there holds

(14, 0) || 2o (RN |1 oy 2r (RN 27 d) < Bupl(w,0)ll, ¥ (w,0) € X,

where B, is the best constant in the embedding X — LV(RN, |x|~7 dx) x LY(RN, |x|~7 dx), which
is defined by
b I(0)]
() eX\{(00)} [| (1, ) | v (RN, jx| -7 dx)x LY (RN, x|~ dx)

with

==

111, 0) | Lo (RN 7 dyscLr RV, 27 dx) = (Nl + [9ll) 7

Lemma 24. Let 1 < q < pand h € L"(RN) with 5 = N%Sq, then the embedding LP(RN) —
L] (IRN) is continuous and there holds

1
llgn < ellgllullp, ¥ ue LP(RN) with |ull], = /]RNh(x)lulq dx.

Further, the embedding WP (RN) — LZ(IRN ) is compact. In addition, due to [45, Lemma 4], the
embedding W;’f’v(]RN ) < LI(RN) is compact.

Proof. Let g € (1,p) and h € L"(RN) with 5 = 2. ik Observe that % + % = 1. Consequently,
by the Holder’s inequality, we have

1
lullgn < Iklgllull,, Ve LP(RY).

It follows that the embedding L?(RY) < LI(RN) is continuous. To complete the proof, we
only have to show that if u, — u in W (RN) as n — oo, then u, — uin L] (RN) as n — oo. For
this, first we assume that u, — u in WS"’(IRN ) as n — co. Due to [45, Lemma 4], the sequence
{un — u}, is bounded in LP(RN) and thus there exists m > 0 such that ||u, — u||, < m for all
n € N. Further, since h € L7(RN) and using the fact that every integrable function is tight,
we can assume that for every € > 0, there exists R > 0 large enough such that

h(x)|" d e )’
J, M0 "<<m)'
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This together with the Holder’s inequality implies at once that

1
" €
—yla 1 _yl1 =
/IRN\BReh(x)]un ul? dx < (/RN\BRE Ih(x)| dx) it — ul}y < 5.

In virtue of [45, Lemma 4], we also have u,, — u in LP(Bg_). Therefore, using the the Holder’s
inequality, we get

1
/ h(x)|u, —ul? dx < ||h||,7(/ |ty — u|P dx> - 0,(1) asn — oo.
BR BR

In conclusion, there exists nyp € IN and € > 0 such that | By 11(X) [ty — u|T dx < 5 forall n > n.
Now gathering all the above information, we obtain for all n > ng that
—ul? = —yull —yll
r— /RN\BRG h(x) |t — dx+/ )ity — ) dx < e,
and thus we conclude the proof. O

An immediate byproduct of the above lemma, we have the following result.

Lemma 2.5. Let 1 < g < pand h € L"(RN) with = N%sq, then the embedding
LP(RN) x LP(RY) < LI(RN) x LI(RN)

is continuous. In addition, the embedding WP (RN) x Ws#(RN) — LT(RN) x L}(RN) is compact.
Further, due to Lemma 2.1, the embedding X — L]}(RN) x L] (IRN) is compact and there holds
|| (u, v)||Lq ®V)<LIRY) < Sy Hi(w, )| forall (u,0) € X, where Sy is the best constant in the

embedding X — LI (RN) x Lq T(RN), which is defined by
< . I(,9)]

= riom T M yggpegaey 102 s (lullg, + l121lg,0)

S

Lemma 2.6 (cf. [11,35]). The function ®(t) = exp(t) — Z;”;Oz ]ﬁ, is increasing and convex in [0, 00).
Moreover, for any a > 0 and r > 1, there exists a constant C = C(r) such that for j, = min{j €
N: j> p}, we have

p=2 aj|5|jf’/ r jp—2 OCjTj|S|jp/

(explalsl) - & 5 ) < c((explark) - &

= =

>, Vsel.

The following theorem was proved by Nguyen in [45], which is called singular Trudinger—
Moser inequality in the fractional Sobolev space W*”(IRN). It can be read as follows:

Theorem 2.7 (Singular Trudinger-Moser inequality in RYN). For any & > 0, v € [0,N) and
u € W (RN) with s € (0,1) and sp = N, there holds

P (alul”) (RN

———F——— € L' (R7),

where @ is defined as in (F,). Moreover, there exists B, > 0 such that for any 0 < o < B, < a, with
a. < gy, the following inequality holds true:

D (aful?')
sup / 77 dx < +oc0,
weWsr (RN, Jufl yep <t RV 1]
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where

S

) Lo _ | N—s
) N(Z(NwN) Plp+1) §= (N+k=1)t 1 ) with wy = —

N = NI kL (N+2k)P r(M2)

N
2

k=0
In addition, the above inequality is sharp for &« > &} \;, that is, the supremum is infinity.

Since we are interested in studying the nonnegative solutions of the system (S, ,), we
define the associated Euler-Lagrange variational functional J, , : X — R by

Ml o)) - [ P

1
e dx—g(A”WHZ,h+VIIU+HZ,,1), Y (1,0) €X. (2.2)

Iau (u,0) = rl)

In virtue of the assumption (F,) and Theorem 2.7, one can easily verify that Jau is well-defined,
of class C!(X,R) and its Gateaux derivative is given by

(0,90, () = ML) () + G0 ) = [, g W)

RN |x")’

— [ O - p(e ) Y dx, V() EX (23)

where (-, -) denotes the duality pairing between X* and X. It follows that the critical points of
Ja,u are exactly the weak solutions of the system (S, ;).

3 Proof of Theorem 1.3

In this section, for the sake of simplicity, we assume without further mentioning that the
structural assumptions required in Theorem 1.3 hold.

The following lemma shows that every nontrivial (weak) solution of the system (S, ;) is
nonnegative.

Lemma 3.1. For all A > 0 and p > 0, any nontrivial solution of the system (S, ;) is nonnegative
in RV,

Proof. Suppose A > 0 and p > 0 are fixed and (u,v) € X\ {(0,0)} is a solution of the system
(Siu)- Notice that u = u™ —u~ and v = v" — v~ and thus testing (2.3) by (—u~, —v~), we
have

(Ja,(u,0), (—u~,—v7)) = 0.

Due to (F; ), we obtain the following estimates

/ VF(x,u,v).(u",v") dr =0
RN |x’7

and
/]RN h(x){A(u+)‘7—1u— 4 y(v*)q‘lv‘} dx = 0.

On the other hand, we also have

/RN V() ([ulP2u(—u) + [o]P20(—07)) dx = /RN V() ([u|P + o |?) dx,
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Invoking [32, Lemma 2.1], for a.e. x,y € RN and w € {u, v}, we infer that
W™ (x) —w™ ()P < Jw(x) —wy) P (w(x) —wy)(-w (x) + ™ (y)).
Gathering all the above information, we obtain from (] ﬁw(u, v),(—u~,—v7)) =0 that
M|, o) [P) ([ (=, 07)[IP) <.

Hence by using the fact that ||(x,v)|| > 0 and (M;), we get u= = v~ = 0 a.e. in RN. This
shows that u = u™ and v = v" a.e. in RV, and we finish the proof. O

To apply the minimization argument, we first prove the following geometrical structures
of the functional J ,.

Lemma 3.2. There exists p € (0,1] and two positive numbers A, and j, depending upon p, such
that ]y, (u,0) > j for all (u,0) € X with ||(u,v)|| = p and for all A > 0 and p > 0 such that
max{A, u} <A,

Proof. It follows from (M;) that
M(t) > M(1)t%,  Vtelo1].
By using (F3), it follows that for any € > 0, there exists § = d(¢) > 0 such that
|VF(x,u,v)| <e|z|?71, VxcRNand |z| < 6. (3.1)
Further, by using (F,) and Lemma 2.6, we get for any ¢ > 0p that
|VE(x,1,0)| < &e|z|" '@ (ao|z”), VxeRNand|z| >, (3.2)

where there exists r > 0 such that ¢ = 0p +r and &, =
(3.2), we obtain

W + 567 Combining (3.1) and

IVE(x,1,0)| < e|z]?~" 4 &|z|? @ (aoz|"), Y (x,z) € RN x R? and ¢ > 6p. (3.3)

Now we obtain from (3.3) and Lemma 2.6 that

1 1
|F(x,u,v)| = ‘/ ;tF(x, tu, tv) dt' = / VF(x,tu,tv).(u,v) dt
0 0

< g|z|? /01 o1 dt+k€]z|l’/01 P10 (aot? |2|7) dt
< €|z|% + &e|z|° D@ (ao|2|").
This yields at once that
|F(x,u,0)| < e|z|% + &|z|° D (ao|2|"), V (x,z) € RN x R? and ¢ > 6p. (34)

Suppose § € (0,1] is sufficiently small enough and there holds 0 < ||(u,v)|| < J. It is easy to
see that |z| = Vu?2 4+ v?> < ¢ := |u| + |v| and thus by using Lemma 2.1, we get

==

lllwsr < laellwss + [l0lwsr < 2(llljsr + 1211s0)

_1
= 2[|(u, 0) [lwsrxwer < 2(min{Vo, Ko}) 7 [| (1, 0)]]- (3.5)
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Choose t,#' > 1 satisfying 1 + & = 1 and ¢ = ¢/||¢|lws=». Due to (3.5) and the fact that
5 € (0,1] is small enough such that 0 < ||(u,v)| < J, we can assume that ocot’||1p||€\/,s,,, <

(25)¥ (min{VO,KO})_ﬁ(xot’ < Bi < ay with o, < & . Therefore, by applying the Holder’s
inequality, Lemma 2.3 and Lemma 2.6, we obtain from (3.4) that

JRLCII
RN

|x[7

Op P 24
cof Y g [ R
RN |x|7 RN |x|'Y

ot T /|z|¥' v
i . [z / C D(aot'|z]")
<2 ng,78||(”/0)|| +K€</IRN |x|7 dx RN |x|7 .
1

D (ot [9lyes 917 o)’

|x[7

—0 1oy -

< 2B, e, 0+ 2°CF Byl o)
) L

< 27, Vel (1,0) | + 2°DC By &l (w,0)],

where D > 0 is a constant, thanks to Theorem 2.7. Gathering all the above information and
using Lemma 2.5, we obtain for 0 < ||(1,v)| < that
M(1 0 ~ 1 _
) = (M= 25, 0] — €l 0] = Lt b w017, 3
where C = 219DC%’B;£97;?£. Take ¢ = ]\71(1)/29?’“;989_;/2, and consider the function g : [0,d] —
R as follows:

g(z)zz(ml) o —Cce®,  vieelo,d).

p+1)?
Notice that ¢ admits a positive maximum j in [0,4] at a point p € (0,4]. This shows that for
all (u,v) € X with ||(u,v)|| = p, one has

M(1 ~ 1 _ .
Jpu(u,0) > 2(p)p"” —Cp® - gmax{?\lﬂ}é‘qﬁp”’ >g(p) =j>0,
for all A > 0 and u > 0 with max{A, u} < A,, where A, is given as follows
A, = ﬁpﬂzﬂ*q_
2(p+1)S,,
This finishes the proof. O

Lemma 3.3. Forall A > 0 and p > 0 with max{A, u} < A, there holds
Mg = inf{Jou(1,0) * (1,0) € By} <0
where
By = {(u,0) € X: |[(u,0)]| <p}.

Finally, there exists a nonnegative sequence {(uy, vy) }n and some nonnegative function (uy ,, v ,) in
Ep such that for all n € IN, we have

1 .
| (un, o) || < 0, mau < Japu(ttn, vn) < mpy, + pr (tn,0n) = (Urp,00,) i1 X, 3.7)

(tn,0n) = (Uru,OAy) ae. in RN and ]M(un,vn) —0 inX* asn— oco.
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Proof. Fix A > 0 and p > 0 with max{A, u} < A, and a pair (u,v) € X such that ||(u,v)| < p.
Let T € [0,1], then by using (F;), we have

—_

~ 1
Jau(Tu, o) < =M([|T(1,0)|[P) — ;(AHWHZ,h +ullotl7,)

=

1
<o (£ max M(s)) = T (7, + ot 1)

Since 1 < g < p, it follows that J) ,(tu, tv) < 0 for T € (0,1] sufficiently small enough. This
together with (3.6) implies that

—00 < 1y, = inf{],,(u,0) : (u,v) € By} < 0. (3.8)

This shows that the functional J, , is bounded from below and of class C' on B,. In addition,
we also know that B, is a complete metric space with the metric defined by the norm of X.
Due to Lemma 3.2, we obtain that

inf Ja(1,0) 2 j > 0. (3.9)

In virtue of (3.8) and (3.9), for n large enough, we can assume that

1
Sy (0, ia%f]/\,y(u, v) — i?f]A,y(u,U)). (3.10)

n o

Now applying Ekeland variational principle [21] to the functional ), : B, — R, we can find
a sequence { (s, vy) }n in B, such that

1 1
m/\,p. S ]A,y(”n/ vn) S m)t,y + E and ]A,y(un/ Un) S ]A,;t(u/ Z)) + EH(un/ vn) - (u/ U)H (3-11)

for all (u,v) € B, satisfying (u,v) # (i, v,) for each n € IN. Consequently, we obtain from
(3.10) and (3.11) that

1 1 .
Iagu(thn, 00) < mp + = %th,y(u,v) +o < %)If}fhly(u,v).

It follows that {(u,,v,)}n C By, that is, ||(us,v,)| < p for all n € IN. Suppose (¢,9) € S,
where S = {(¢,¢¥) € X : |[(¢,¢)| = 1}, and t > 0 sufficiently small such that (u, + t¢,
v, + 1) € B, for all n € N. By using (3.11), we can notice that

U it 00), (g, ) = tim Pl 210 TN Il ), Ly g 5

t—0+ t n

The arbitrariness of (¢, ) € S infers that

1
[T tn on), (09D < = V(g p) €5
This together with (3.11) implies at once that
Jau (U, 0n) — my,,  and ]j\,y(un,vn) —0 inX* asn — oo. (3.12)

On the other hand, it is easy to see that the sequence {(u,,v,)}, is bounded, and thus up to
a subsequence still denoted itself and (1, v,) € B, such that (i, v,) = (02 y) in X as
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n — co. In view of Lemma 2.2, we have (u,, v,,) — (4p, 0p ) in LY(RN) x LY(RN) as n — o
for all v € [p, ). Further, since the maps u +— u® are continuous from L'(RYN) into itself,
therefore we conclude that u,, — uA,y,u,jf — uf’y,vn = Vru and vni — U;M a.e. in RYN as
n — oo. In addition, from (3.12), we infer that

(T (tn, o), (=1, —0,)) =0 asn — co.
Now using a similar strategy developed in Lemma 3.1, we obtain
M(|[ G, o) IP) (1] Gy, 00 )1P) = 00(1) a5 11— co. (3.13)

Hence we have two possibilities, that is, either inf,en || (4n, vn)||=d > 0 or inf,eN|| (ttn, v4) || =
0.

Case 1. Let inf,en || (4, vn)|| = d > 0. Denote x = x(7) as the number corresponding to
T = d? in (M;) such that
M(|[(un, vn)||?) > x, VneN. (3.14)

In virtue of (3.13) and (3.14), we conclude that (u,,v,) — (0,0) in X. It follows that Uy, =
v, =0ae in RN and thus the pair (i, ,,, v, ;) is nonnegative in RY. Consequently, without
loss of generality, we can assume that (u,,v,) = (4}, v,), thanks to (u;,v,,) — (0,0) in X.
This shows that the sequence {(u,, v,) }» is nonnegative.

Case 2. Let inf,eN || (440, v,) || = O, then either (0,0) is an accumulation point of the sequence
{(un,vn)}n or (0,0) is an isolated point of the sequence {(uy,v,)}n. If (0,0) is an accu-
mulation point of {(u,,v,)}s, then up to a subsequence still denoted by itself such that it
strongly converges to (u,,,v,) = (0,0). This situation is impossible. Indeed, if not, then
0 = JAu(0,0) = my, < 0, which is a contradiction. On the other hand, if (0,0) is an iso-
lated point of {(u,,vs)}n, then there exists a subsequence still denoted by itself such that
inf,eN || (#n, vn)|| > 0. In this situation, we can proceed as in Case 1 to conclude the proof.
From the above discussions, we infer that the sequence {(u,,vy)}, and (uy,, uy,) are
nonnegative. This finishes the proof. O

Proof of Theorem 1.3. Due to Lemma 3.3, there exists a nonnegative sequence { (i, vy )}, in
Ep such that (3.7) holds, that is, we have

Japu(ttn, v0) = my, (< 0) and ]}L,H(un,vn) —0 inX" asn — .

Evidently, we have two situations according to the behaviour of the Kirchhoff function M:

either inf,en || (t4n, v )| = d > 0 or inf,en || (14n, v ) || = 0. Hence we divide the proof into two
parts.
Case 1. Let inf,eN || (4, vn)|| = d > 0. Denote x = x(7) as the number corresponding to

T = dP in (M;) such that
M(||(un, vn)||?) > x, VneN. (3.15)

Let A > 0 and u > 0 be such that max{A, u} < A with A = min{A,, A}, where A, as in
Lemma 3.2, while Ay is defined by

v g (o — 0p) (min{Vp, Ko }) ( B >pp’q -
' 2-1(c—q)0pS,]  \2 |

p—q
p

(3.16)
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By using (3.7) and Lemma 2.2, Lemma 2.3 and Lemma 2.5, one has
( .
(14, 00) = ( ) inX;
( ) = (uruvru) in LY(RN) x LY(RN), Vv € [p,00);
(n,0n) = (g, 0ppu) in LS(RN, |x]77 dx) x LE(RN, |x|77 dx), V € € [p,o0); (3.17)
( ) = ( ) in L(RN) x L}(RN);
(14, 00) = (

UpuOry) ae. inRN as n — oo

Up, Un
For each (u,v) € X, we define the functional L(u,v) : X — R by
(L(u,0),(9,9)) = (u, q’>1<,,,v + <Uf¢>1<,,,v' V(g p) eX.
Recalling the elementary inequality as follows
a*ct < (a4 b)*(c+d)%,  Vabcd>0 and ac(0,1). (3.18)
By applying the Holder’s inequality and (3.18), it is not difficult to show that
(L@ 0), (@) < lwo)I” (@)l ¥ (p9) €X

Thus, the definition of L implies that for each (1,v) € X, L(u,v) is a continuous linear func-
tional on X. Consequently, the weak convergence of {(u,,v,)}» in X gives that

(L(upp,0ap), (tn — Upy, 00 —Vpy)) = 0n(1) asn — co. (3.19)

Furthermore, due to (3.17), there exists [, > 0 such that up to a subsequence still denoted by
same symbol, we have ||(u,,v,)|| — I, as n — oo. In virtue of (3.7), we can also deduce that

<]A,y(un,vn), (U — tp g0, 0y —Vpu)) = 0u(1) asn — oo,
On simplifying the above convergence, we have
M| (e, o) 1P )L (s, 0n), (e = g 0w = Oa )

VFE(x,u,,v,).(Uy — Uy, Opn —0 _
—/ (%, thn, 0n)- (1 = U0 0n = O dx — A [ h(x)u] 1(un—u;‘y) dx
RN ‘x|7 RN ’

—u h(x)vn_l(vn —0pu) dx = 0,(1) asn — oo. (3.20)
Using the notation of Lemma 2.5, (Fs), (My) and (3.15), we obtain from (3.7) that as n — oo

1
0>mpru=Japu (tn, 0n) — E<];\,;4(”nlvn)r (tn, 0n)) +04(1)

> ) o, 00) ) = M) (1, 0) ) 0,20
—max(, 1} (5 = 2 ) Sy lm o) I+ 0u(1)
> <91p _ ;)xH(un,vn)H” — max{A, u} (; — ;)sq,,f]\(un,vn)uq +0u(1).

Define z, = (uy,v,) and z = (uyy,0),). Then it is easy to see that |z,| = /uZ +v5 < ¢, =
|tn| + |vn|. By direct calculation, one has

_1
[pnllwsr < 2(min{Vo, Ko})™ 7 (un, 0a)]]-
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Hence from the above two inequalities and (3.16), we can easily deduce that

v
: 2P71(c — q)0pS,  max{A, y} [ i
Hm sup |[n][jysr < < # = < fa : (3.21)
n—eo gk (o — 0p) (min{ Vg, KO}) 3 0
By using the Holder’s inequality, (3.17) and (3.18), we have
/]RN h(x){Aud ™" (u, — Upy) + w0l (v, — vpu) b dx
< max{A, i} fatall7, it = ull g+ o3, 1w = 00l
< max{A, V}H(umvnmyf (RN)x LI (RN) [ (un — wp s 0n — v/\,}l)HLZ(]RN)xLZ(IRN)
< max{, uh Sy sup e o) 10t = 100 = 00,0 13 e
ne
—0 asn — oo,
thanks to the boundedness of the sequence {(u,,v,) }» in X. It follows at once that
lim h(x){)\u,‘fl(un —Upy) + ;w,‘fl(vn —0pu)} dx = 0. (3.22)

n—oo JRN

Set

fp—1 o P —

z z z ng |z z z

L ——s/ | n| | ! |dx and L = Kg/ ( O| n| )| ! |dx.
RN |x|7 RN |x|7

Invoking the Holder’s inequality, we obtain by using (3.17) and the boundedness of { (1, v4) }»
in X that

op—1 1
Op o — |0 o
z P z z b
L <e / 2] dx / de
RN |x|7 RN |x|7

6
< 27¢||( u"’v")HL"P RN, [x|~7 dx)xLOP (RN, [x|-7 dx)

X || (un — Up,ur On — UA,y) ||L9v(1RN,\xw dx)x L (RN, |x| =7 dx)
—(6p—1 _
< 2%eB, P sup || (1, 0,) |7
nelN

X | (u — Upur On — UA,y) ||L9v(1RN,\xw dx) x L (RN, |x| =7 dx)
—0 asn — oo.

Define ¥, = ¢y /|| ||wsr. Suppose t > p and #' = 15 > 1 such that 1 + } = 1. Due to (3.21),
there exist m > 0 and ny € N such that Htang\;&p < m < By/2u for all n > ny. Now choose
t' > 1 close to 1 in such a way that there holds aot |9 ||jys, < ¥'B+/2 < a, for all n > ng with
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ax < a 5. Using the Holder’s inequality, Lemma 2.6 and (3.17), we get
@ (o|zn|?')

1
_ |t T
7 (/ |Zn Z| dx)
E A
/ l/ 1
Che / O (a0t lyal”) L\ / ze — 2" 4 )
€ RN |x"7 RN ‘x”)’

/ o P’
< 2Cfl”<s</N cI>("‘01L Hlanws,P‘an‘ ) dx)
R

|x[7

12<K8

IN

==

X [ (tn — a0 On = O ) [ LH RN Jx| 7 dx) x L RN, x|~ dx)

< Cll(ttn = t4p,30, 00 = 02 30) L (RN |7 do) < LH (RN |7 dw) — O @8 71— 0,

where

=

R D (apt! pls b, |V
C:ZC}/;Q(sup/N (8ot l[¢nlliwer | ] )dx) < +0o,
R

n>ngp |x"y

thanks to Theorem 2.7. Consequently, we obtain from (F,) that

/ VF(x, tn, 0n).(Un — Up, s On — O )
RN

PR dx

<L+, —0 asn— oo.

It follows that
. VF(x,tn, 0n).(Un — U, On — Opu)
lim
n—oo JRN |x|7

dx =0. (3.23)
Passing limit n — oo in (3.20) and using (3.22) as well as (3.23), we get
M| (t, ) ||P) (L (11, 0), (1ty — Up s O — Opu)) = 0n(1) asn — oo

It follows from inf,cn || (un, vn)|| = d > 0 that [, > 0. This shows that M(||(u,, v,)||P) —
M (lfj ) > 0 as n — oo, thanks to the continuity of M. In conclusion, from the above conver-
gence, we deduce that

(L(tn,vn), (U — tpp, 0n —0p,)) = 04(1) as n — oo. (3.24)
On combining (3.19) and (3.23), we obtain
(L(ttn,0n) — L(tipr g, 0pp), (ttn — Uppu, 00 —Orp)) = 0,(1) as n — oo. (3.25)
Recall the well-known Simon inequality [42] as follows:

ol < {cpw—zc— [nl72).& — ) for p > 2,

~ -2 2 4 2p (3.26)
Col(IEIP2¢ = [n|P~2n).(C —m)]2(I¢]F + [|P) = for1<p <2,

where ¢, 77 € RN and C,, as well as ép are positive constants depending only upon p. In virtue
of the Simon inequality, we distinguish the following two situations :

Situation 1. Let p > 2, then we obtain from (3.25) and (3.26) that

[ (ttn, vn) = (upp, 02 )1P < Cp{ L(ttn, vn) — L(tpp, 0pp), (tn — U, On — Uay))
— 0 asn — oo.
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It follows that (u,,v,) — (#a4,0p ) in X as n — oo for any p > 2.

Situation 2. Let 1 < p < 2. First, recall the following elementary inequality:
2-p 2-p 2-p
(a+b)7z2 <az +b7, Vab>0 and 1<p<2 (3.27)
Using the Holder’s inequality, (3.25), (3.26) and (3.27), we obtain

H(umvn) - (”/\,wv)\,y)np

~ P
< Cp[(L(ttn, vn) — L(upp, 0pp), (Un — tip0, 00 — 0pp))]2

2-p

X (||, 0n) [IP + 1| (p i op ) 17) 2
< Cpl{L(tn, vn) — L(up 10, 00), (tn — tp 0,00 — Oa ) )]

(2=p)p (2=p)p

X ((un,o0) 2 + l(ua o)l 2 )

14
< C(L(un, vn) — L(upp, 00 0), (n — U 0, 00 — 0pp))]7 — 0 asn — oo,

[SIa~

where

~ (2=p)p (2=p)p
c=cp(supu<un,vn)u 22 4 o) | )<+oo,

nelN

thanks to the uniform boundedness of the sequence

(2-p
2

Lo

)p @-p)p .
G o) | 2 } inR.
n

This shows at once that (u,,v,) — (43, 0p,) in Xasn — co forany 1 < p < 2.
From the above discussions, we conclude that (1, v;) — (a4, Vp,) in X as n — co. Now
we shall discuss about the situation when inf,c || (4, v )| = 0.

Case 2. Let inf, e || (44, v4) || = 0. If (0,0) is an isolated point of the sequence {(uy,, v,) }n, then
there exists a subsequence still denoted by the same symbol such that

nlglg [ (un,on) || =d > 0.

In this scenario, we can proceed as before. On the other hand, if (0,0) is an accumulation point
of {(un,vn) }n, then up to a subsequence still denoted by itself such that it strongly converges
to (#p,0p,) = (0,0). This situation is impossible. Indeed, if not, then 0 = J, ,,(0,0) = m, , <
0, which is a contradiction.

By using (un,vn) — (Upu,vpy) in X as n — oo, we deduce that Jy , (11, 0ry) = My
and J) ,(upu,vru) = 0, thanks to ]y, € C'(X,R). This shows that (1, ,,v,,) € B, and thus
the solution (u,,,v,,) of the system (S, ) is also a minimizer of the functional ], , in B,.
Consequently, we deduce that

]A,y(ugw,m,y) =my, <0<j< Jau(u,0), V (u,v) € 9B,,

thanks to Lemma 3.2. It follows that (u,,,v,,) € B, and hence (u,,,v,,) is a nontrivial

nonnegative solution of the system (S5 ;) for all A > 0 and p > 0 such that max{A, u} < A.
On the other hand, one can see that {(u,,, v)w)}( Ape(OR)x(0.0) 19 uniformly bounded in

X, thanks to the fact that p > 0, which is independent of A > 0 and p > 0, as specified in
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Lemma 3.2. In virtue of (Fy), (M2), (3.15) and using (uy, vy) — ()., 0p,) in X as n — oo, one
has

. 1
0> mA,y = nh_{%o []A,y(”n/ Un) - E<I//\,y (ul’l/ vn)/ (un; vn)>]
1

1~
> —M([[ (a0 02, [I7) = =M (2,0, 02, 1) 1t s 02,0) 1P
p g

1 1 _
—max{d, (3 = 2 ) Syl 00,01

1 1
= (L= D)l onn) 17 - mox{ Dy,

p o
where
1 1 _
Doy = ( a U)‘Sq,lj sup [ p s 02, ) 17 < o0,
q (Au)e(0,1)x (0,1)

This yields at once that

1 1
0> limsup my, > limsup — — — | x|[(uru, 000 |7 > 0.
+ 0+ ’ PN ’ ’
(Au)=(0+,0%) (Ap)=(0%,0%)
This implies that
1‘ 4 = 0/
(/\,y)—l>r(r()1+,0+) [ oag)

and thus we conclude the proof. O

4 Proof of Theorem 1.4

Throughout this section, we assume without further mentioning that the structural assump-
tions required in Theorem 1.4 hold. To prove Theorem 1.4, we need the mountain pass theo-
rem and some basic definitions, as stated below.

Definition 4.1 (Palais-Smale compactness condition). Let X be a Banach space and Z : X —
R be a functional of class C!(X,R). We say that Z satisfies the Palais-Smale compactness
condition at a suitable level ¢ € R, if for any sequence {u,}, C X such that

Z(uy) —c and sup [(Z'(un), @) -0 asn— oo (4.1)
lollx=1

has a strongly convergent subsequence in X. Note that if this strongly convergent subsequence
exists only for some values of ¢, we say that 7 satisfies a local Palais-Smale condition. We also
remark that the sequence {u,}, C X satisfying (4.1) is known as a Palais-Smale sequence at
level ¢ € R [(PS). sequence in short].

Theorem 4.2 (The mountain pass theorem, cf. [41,44]). Let X be a real Banach space and I €
CY(X,R). Suppose 1(0) = 0 and

(a) there exist two constants o, p > 0 such that I(u) > « for all u € X with ||u|| = p;

(b) there exists e € X satisfying ||e|| > p such that I(e) < 0.
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Define
T ={7.€CY[0,1],X): 7.(0) =1, 7.(1) =e}.

Then

¢ = inf max I(vy.(t)) > «
yeel te[01] (r:(8)) 2

and there exists a (PS). sequence {uy,}, for I in X. Consequently, if I satisfies the Palais—Smale
condition, then I possesses a critical value ¢ > «.

Now we shall verify the validity of the mountain pass geometrical structure of the func-
tional ] .

Lemma 4.3 (Mountain Pass Geometry-I). Forall A > 0 and p > 0, there exist numbers jo > 0 and
po € (0,1] very small enough such that ]y ,(u,v) > jo for all (u,v) € X with ||(u,v)| = po .

Proof. The assumption (M) gives that
M(t) > M),  Vie[o1].

Suppose 6 € (0,1] small enough and there holds 0 < ||(#,v)|| < é. Then by using the notation
of Lemma 3.2, we can easily deduce that

F(x,u,0) _8 19
o G < 2905 1,00 4+ 2°DCH Bl )

for any 0 < ||(u,0)|] < 8. Consequently, from the above information, we obtain for any
0 < [[(u,v)]| <6 that

Tau(1,0) > All(u,0) || = B[ (u,0)[|° = C|| (u,0) |4, (4.2)
where
M(1 _ 1 _
A= ;S) — 29"’89258, B = Z&DC%B;&;@ and C= 6max{A,y}Aq 7] co-

Choose ¢ > 0 sufficiently small such that A > 0. Suppose ¢ = min{d, g}, then using the fact
that 0 < ||(u,v)|| <6 < 1, we obtain from (4.2) that

Tou(w,0) > All(u,0)|% — (B4+C)||(w,0)|6, V¥ (1,0) € Xwith0 < [[(w,0)]| <5.  (4.3)

Define the function
f(0) = A% — (B4 C)t5, Y109

Observe that f admits a positive maximum jj in [0,4] at a point pg € (0,6]. This shows that
for all (u,v) € X with ||(u,v)|| = po, we obtain from (4.3) that

Tnu(u,0) > Ap” — (B+C)pf = flpo) = jo > 0.
This completes the proof. O

Lemma 4.4 (Mountain Pass Geometry-II). For all A > 0 and y > 0, there exist a nonnegative non-
trivial couple (e1,e2) € CP(RN) x CF(RYN) with both components nontrivial, and also independent
of A and p such that ], ,(e1,e2) < 0 for all ||(e1,e2)|| > po, where pq is stated as in Lemma 4.3.
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Proof. Due to the assumption (M), we obtain
M(t) < M(1)t®,  Vtell, o).

Let (u,0) € CP(RYN) x CF(RY) be a nonnegative nontrivial couple with both components

nontrivial such that ||(#,v)|| = 1 and there holds [y F(r;"”;v) dx > 0, thanks to (Fy).
Define the map

{:[1,00) > R

by
Z(t) =t "F(x,tu,tv) — F(x,u,v), Vt >1 and u,ve€ R".

By direct computation, we have

O'(t) = t7F,(x, tu, tv)u + t ""F,(x, tu, tv)v — ot~ F(x, tu, tv)
=t o1 [Fu(x, tu, to)tu + F,(x, tu, tv)tv — oF(x, tu, tv)]
=t 9 YVF(x, tu, tv).(tu, tv) — oF(x, tu, tv)).

This together with (F) implies at once that '(#) > 0 for all t > 1 and u,v € R*. It follows
that the map [1,00) > t — {(t) is monotonically increasing. In conclusion, we have

F(x,tu,tv) > t"F(x,u,v), Vt>1 and u,ve€ R".

Choosing t > pg sufficiently large enough, we get by using the above information that

M(1) , 0 F(x, tu, tv)
Jau(tu, to) < , tF || (u, ) || /]RN x| 7 X
- M(l)tep_tg/ FOow0) 4y oo ast— oo,

RN ‘x"Y

thanks to o > 0p. Hence by taking (e1,e2) = (tu, tv) with t > pg sufficiently large enough, we
get [y u(e1,e2) <0 forall ||(e,e2)| > po and we conclude the proof. O

In view of Lemma 4.3 and Lemma 4.4, we notice that the functional J, , satisfies the
geometrical assumptions required in Theorem 4.2. Hence we infer that there exists a (PS)., ,
sequence { (1, vy)}n C X such that

Jau(ttn,vn) = cpp and ]jw(un,vn)—>0 inX* asn — oo,

where

:.f I *t >.
G = inf max (7+(t)) = jo

with
= {7. €C([0,1],X) : 7:(0) = (0,0), 7:(1) = (es,e2)}.

It is obvious that cy, > 0, thanks to Lemma 4.3. Now we will discuss about the asymptotic
behaviour of the mountain pass level c, .

Lemma 4.5. There holds

lim cy,y = 0.
()= (eo0)
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Proof. Let (e1,e2) be a couple as in Lemma 4.4 and thus J) ,(tej, te) — —o0 as t — co. So,
there exists f, , > 0 such that

Jau(taper taea) = max Jj (te1, tes).

Consequently, we have
<]§L,y(f)\,y€1, taue2), (e1,€2)) = 0.

On simplifying, we deduce by using (F;) that

dx

VF(x, ) pe1, tape)-(Eruer, trpe2)
M(Itruer,e2) 1M agler el = [ [x]"

+6, /R h(x){Ae] + ped} dx

F(x,t) ,e1,t) ,€
>0 / (x faer taez) o (4.4)
RN |x’7

From this we conclude that {f,,},,) is a bounded sequence of real numbers. Indeed, if
not, let there exists a subsequence of {f,,}(, ) still denoted by itself such that ¢, , — co as
(A, u) — (00,00). Hence without loss of generality, we can assume t, , > 1 for sufficiently
large values of A and p. In addition, due to (M) and using similarly approach as in Lemma
4.4, we can deduce that

M(t) < M(1)t%, Vt>1 and F(x, taper tape2) > £, F(x, e1,e2). (4.5)
In virtue of (M) and using (4.4) as well as (4.5), we get

OM(1)E] Il (er,e2)lIP > 6M(|ltau(er, e2)[1”) = M(lltauler, e2) 7)1t (er e2)]?

S o9 Fxener)
= Ay RN ‘xh

This yields at once that

1 ~ _ F(x,eq,e
Lomr e enl > [ FE) gy

RN ‘ x|'Y
Letting (A, #) — (00, 00) in the above inequality and using the fact that

X, e1,€)

F(
c>0p and /]RN 7 dx >0,

we arrive at a contradiction, thanks to (Fy). This shows that {f, ;, }(, ) is a bounded sequence
of real numbers. Now, we fix a sequence {(A,, ptn) }n € RT x R such that (A, 1) — (00, 00)
as n — co. From the above arguments, we know that {t,, ., }» is a bounded sequence of real
numbers. This shows that there exists ty > 0 and a subsequence of {(A,, ptn) }n still denoted
by itself such that t,,,, — to as n — 0. In conclusion, due to the continuity of M, we infer
that {M(||ta, u, (e1,€2)[|P)[[tr, 1, (€1,€2)[|P }4 is bounded. So, there exists a constant C > 0 such
that

M([ltr, g0, (e1, @) 1) 1t g, (1, 02) IP < C, - ¥ € N
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We claim that tp = 0. Indeed, if not, let {, > 0. Consequently, we obtain from the above
inequality and (4.4) that for all n € IN, the following estimate holds

VF(X, t/\n/,unel’ t/\n/,”n 62)'<t)\nrﬂnel’ t/\n/,uneZ>
RN

X[ dx + t‘;m ()\nHelHZ,h + ‘unHezHZ,h) <C. (4.6

Due to (3.3) and Theorem 2.7, we obtain from the Lebesgue dominated convergence theorem
that

lim dx.
n—co JRN |x|’7

VF(XItAn,ynelrt}\n,ynEZ)-(t/\n,ynelrt)xn,yneZ) dx—/ VF(x,toer, toez).(toer, toea)
~Jry | x|

The above convergence together with ||e; ||Z , > 0 fori = 1,2 implies that

lim [/ VF(x, tr, .1, trnn€2) - (EA, s€1, Ery 1, €2)
IRN

.2 dx + ¢, (Aullerl]], + pallez]|]), | = eo.

n—oo

In virtue of (4.6), we arrive at a contradiction. It follows that to = 0 and t) , — 0 as (A ) —
(00, 00), thanks to the arbitrariness of { (A, pn) }». Now consider the path {(t) = t(e1, ;) with
t € [0,1], belongs to I'. Using the continuity of M, we get

0 <cpp < max Jau(G(t)) = Jau(tauer, tauea)

1~
< ?M(Ht/\,y(elreZ)Hp) =0 as (A, ) = (c0,0),

thanks to the couple (e3, e2), which does not depend on A and . This completes the proof. [

Lemma 4.6. There exists A > 0 such that forall (A, ) € (/A\, 0) X (A, 00), the functional J) ,, satisfies
the (PS)c,, condition on X.

Proof. Let {(un,vn)}n C Xbea (PS)c, , for ], ,. It follows at once that

CAu

<]§\,y(un,vn), HEZ::Z:;”> =o0,(1) and Jy,(un,vn) =cpyu+o0n(1) asn — co. 4.7)

Possibly, we have two situations based on the nature of the Kirchhoff function M: either

infyen || (4n, vn)|| = d > 0 or infuen || (un, vn)|| = 0. Hence we have to discuss these situations
separately.
Case 1. Let inf,en || (#n,v4)|| = d > 0. Denote k¥ = x(7) as the number corresponding to

T = dP in (M) such that
M(||(un, vn)||?) > x, VnelN. (4.8)

Now we claim to prove { (i, v,) } is bounded in X. For this, we first consider the case when
fp < o < g. In this case, we obtain from (4.7), (4.8), (Fs) and (M) that as n — oo

1
CrgeF0n(1) + 0n ()|t 0| = Toge(ttn, o) = — (T (b, 0n), (14, o)

> M(Il(un,vn)llp)—%M(II(un,vn)\l”)ll(un,vn)ll’”

1
p
1 1
> ——= P.
> (ep U)KH(un,vn)H
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Since p > 1, we conclude from the above inequality that {(u,, v,)}» is bounded in X and thus
we have

/

! 6 p
o) 7 < (g +ou(D)) (@9)

Define z, = (uy,v,) and z = (up,, v ,). Then it is easy to see that |z,| = /u2 +v3 < ¢, :=
|tn| 4 |vn|. By direct calculation, we can deduce that

lullwsr < 2(min{Vo, Ko}) ™7 | (1tn, 00| (4.10)

In virtue of (4.9) and (4.10), we infer that

, / 2 o0p chy 17
timsup [y, < | o]

(4.11)

n—oo (min{Vo, Ko}) p-1

Similarly, when o > g > 6p, we obtain from (4.7), (4.8), (Fs) and (M;) that as n — oo

C)\rl/‘ +O”<l> + O”(l)H(u”Iv”)H - IA,y(un/vn) - <]5L,y(u”/vn)/ (un,vn)>

1
q
M| (o)1) — ;M(mevn)Hp)H(umvn)H”

1
14
1 1
> ( - q)Kuwn,vn)HP.

This shows that {(u,,v,)}n is bounded in X. Using a similar procedure as discussed above,
we have

lim sup || [|5yer < (4.12)

n—seo (min{Vp, Ko} )71
On combining (4.11) and (4.12), we get

, 2 v 0 v 0 r
i sup [y < —— ) <[< o)+l ) 19

2 [ q0p cau ]pl
(q—0p)x] ~

n—r0 (min{V,, KO})ﬁ o—0p q—0p
By using Lemma 4.5, there exists A > 0 such that for all (A, 1) € (A, ) x (A,00), we can
assume
1 i/ / / *i,
B (min{ Vo, Ko}) 7T |7 oop 1" gop 17\ 7
0 <enu< 27" 1, (0 —0p)x + (g—6p)x '

From the above inequality and (4.13), we obtain

timsup gl < 2o, ¥ (A g0) € (o) x (3, 0).
0

n—c0 2

Due to the boundedness of {(u,,v,)}, in X, there exists (u,,,v5,) € X such that up to a
subsequence still denoted by itself, we can assume that (i, v,;) — (up,,0p,) in X as n — 0.
In addition, by using the notations used in the proof of Theorem 1.3, it is easy to see that (3.17)
holds, there exists ) , > 0 such that up to a subsequence, we have || (u,, v,)| — I, asn — oo
and also we can easily obtain from (4.7) that

<]’A,H(un,vn), (Un — iy, Uy —Vpu)) = 0n(1) asn — oo,
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thanks to the boundedness of {(u,,v,)}, in X. Moreover, by using the Holder’s inequality,
(3.17) and (3.18), one has

[ BT (0= ) + (07)7 (0 = 02,)} dx

-1 -1
< max{A, p lleo | atall] ™ 1t = 12, llg + loalld ™ lon = oa0ll]
-1
< mac{A, e o (o, 0) oy ey | 0 = 90000 = 00 s vy e
—(g—1 _
< max{A, g} floo A T sup || (1t 0) 971 (i — 010000 — 02) 13 oy 2 (RY)

nelN
— 0 asn — oo.

It follows at once that

m [ () {A ()T g — uny) + (o)) Hon —op,) } dx = 0. (4.14)

n—oo JRN

Using all the above information and proceeding likewise as in the proof of Theorem 1.3, we can
prove that (u,,v,) — (4p,,0p,) in X as n — co. This together with inf,cn ||(4y,v4)|| =d > 0
implies that [y, = |[(#a,,0),)| > 0. This shows that M(||(un, va)[|P) — M(lAp,ﬂ) > 0 as
n — oo, thanks to the continuity of M. Next, we claim that

lim

Upy,0 =0.
o)l

Indeed, if not, let there exists a sequence {(Ay, px) }x with (Ag, pg) — (00, 00) as k — oo such
that [y, , — lo > 0 as k — co. It is easy to see that for ¢ € {¢,q} (according to the situations:
either fp < o < gor0p < g < 0), one has

1 1

. 1
ChAppr = nlgl;lo ]A,y(”n/ Un) - E(]//\,y (un/ Un)r (un/ Un)>:| > <9P - Q)M(l)‘pklyk)lﬁk#k-

Letting k — oo in the above inequality and using Lemma 4.5, we get
1 1
> —— = | M)
0= <9p e)M(O) 0> 0
which is not possible. It follows that

lim Uy 4,0 = Iim [,,=0.
g o P2 = ) T o

Now we shall discuss about the situation when inf, e || (u#n, v,)|| = 0.

Case 2. Let inf,eN || (140, v,) || = 0. If (0,0) is an isolated point of the sequence {(uy, vy)}», then
there exists a subsequence still denoted by the same symbol such that

inf |[(un, o) = d > 0.

In this situation, we can proceed as in Case 1. Moreover, if (0,0) is an accumulation point of
{(ttn, v4) }n, then up to a subsequence still denoted by itself such that it strongly converges to
(u )W,UM,) = (0,0). This situation is impossible. Indeed, if not, then 0 = J, ,(0,0) = c; , > 0,
which is a contradiction.

By using (u,,vn) — (4ru,0pry) in X as n — oo and the fact that ) , € CY(X,R), we get
Jau(apsvru) = cap > 0and Jj  (upy,0pu) = 0. 1t follows from Lemma 3.1 that (u,, v,5)
is a nontrivial nonnegative solution of the system (S, ;). This completes the proof. ]
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Proof of Theorem 1.4. Due to Lemma 4.3-4.6, we infer that ], , enjoys all the assumptions
of Theorem 4.2. In addition, by Lemma 4.6, there exists A > 0 such that for all (Au) €
(A,00) X (A, 00), the functional | A admits a nontrivial nonnegative critical point (1, ,,va ;) €
X, which is a mountain pass solution of the system (S, ;). Consequently, there also holds
| (surpr oA )|l = 0as (A, ) = (00, 00). This finishes the proof. O

5 Proof of Theorem 1.5

In this section, we shall prove Theorem 1.5 using the Krasnoselskii genus theory. For the sake
of simplicity, we assume that the structural assumptions required in Theorem 1.5 hold. For
the convenience of the readers, we first summarize some basic properties and definition of the
genus.

Let X be a Banach space and A be a subset of X. A is said to be symmetric w.r.t. the origin
if u € A implies —u € A. Define

L={ACX\{0}: Aclosed and symmetric w.r.t. the origin}.
For A € I, we denote the genus of A by y(A), which is defined by
7(A) =min{k € N: 3 ¢ € C(A,RF\ {0}), ¢(x) = —¢(—x)}.

Moreover, we define ¢(@) = 0. In addition, if such k does not exist, we set y(A) = co. The
following properties of the genus can be found in [7,25,27,41,49].

Proposition 5.1. Let A, B € L. Then the following results hold:
(a) If there exists an odd map f € C(A,B), then v(A) = y(B);
(b) If A C B, then y(A) < y(B);
(c) If there exists an odd homeomorphism from A onto B, then y(A) = y(B);
(d) If y(A) > 2, then A has infinitely many points;
(e) IfS is a sphere centered at the origin in R¥, then y(S) = k;

/h v(AUB) < y(A) +v(B);

(¢) If v(B) < oo, then y(A\B > y(A) — ¥(B);

(h) If A is compact, then y(A) < oo, and 3 6 > 0 such that N;j(A) € L and y(A) = y(Ns(A)),
where

Ns(A)={xe X:d(x,A) <é} and d(x,A) =inf{||x —ul|: ue A};

(i) If Xo is a subspace of X with codimension k, and «y(A) > k, then AN Xo # @.

Next, we recall the classical deformation lemma, established by A. Ambrosetti and P. H.
Rabinowitz in [1]. It can be read as follows:
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Proposition 5.2. Let X be a Banach space and 1 € C'(X,R) satisfying the (PS) condition. If c € R
and N is any neighbourhood of

Ko={ueX: I(u)=c I'(u) =0},
then there exist n(t,u) = n:(u) € C([0,1] x X, X) and constants € > € > 0 such that
(@) no(u) =uforallu € X;
() ni(u) =uforallu ¢ I"'jc—¢&c+é|landall t €[0,1];
(c) 1t is a homeomorphism of X onto X for all t € [0,1];
(d) I(n(u)) < I(u) forallu € Xandall t € [0,1];
(e) m(I°TE\N) C I°¢, where I° = {u € X : I(u) <c} forallc € R;
(f) If K. = @, then there holds 1 (I°7€) C I°7¢;
(g) If I is even, then n; is odd in u.

Remark 5.3. We note that Proposition 5.2 is also valid if I satisfies the (PS). condition for
¢ < ¢g for some ¢y € R.

To study the infinitely many solutions of the system (S, ), we define the functional | :
X — R by

M| (,0)[|P) —/ F(x,u,0)

RN |x‘7

J(u,0) = dx— (Ml +ulol), ¥ (wo)eX. G)
By using (F,) and Theorem 2.7, it follows that | is well-defined, of class C!(X,R) and the
critical points are weak solutions of the system (S5, ;).

Note that by arguing similar arguments as in Lemma 4.4, we can prove that | is not
bounded from below. Hence we have some mathematical difficulty in studying the multiplic-
ity of critical points of the functional J. To avoid this difficulty, we use the technique used in
[25]. For this, we shall construct the truncated functional I corresponding to the functional |
and study the behaviour of solutions to the system (S, ;).

Suppose that ||(1,v)|| < 1. Observe that for £ € [0,1], we obtain from the definition of M
that

M(€) > M(1)£° = (a + b)£°.

Using the notations as stated in Lemma 3.2, for ||(u,v)|| < 6 with § € (0,1], we have

a+b _ ~ 1 _
J(u,0) > ( , —29”895?58) 61, 0)11% = Cll(u, ) = max{A, w3, w1

where C = ZﬂDC%B;t%kg. Choosing e =a+b/ 29’”“]015’;52, we obtain from the above inequal-
ity that

a+b ~ 1 _
J0) = (50 )10 = Cllw )| — L max{ bl o)l 62
for all (u,v) € X with ||(,v)[| < 1. Define the map H) , : [0,00) — R as follows

a+b

)W A Lllmax{/\, uyS, e, Vieelo,)
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and write
H)W(E) = EqHM, (0),

where

Hyu(0) = (a;;jb>g9p—q — Co?9 — ;max{/\,y}S;g.

Hence one can easily notice that J(u,v) > H, ,(||(,0)||) for all (u,v) € X with ||(u,v)[ < 1.
In addition, we have

Hyu(0) <0 and Hy,(f) = —c0 as{ — co. (5.3)

By direct calculation, one has

Hy,(0)=0 — (=

Further, it is easy to see that fljw(ﬁ) >0 forall ¢/ € (0,T) and Ifljw(ﬁ) < 0forall ¢ € (T,o0).
This shows that the map ¢ — H A (£) is strictly increasing on (0, T) and strictly decreasing on
(T, 00). In virtue of (5.3), we deduce that, if H Au(T) >0, then

Hyu(0)Hyu(T) <0 and  Hy,(T)H,,(¢) <0 for £ large enough.

Consequently, by the intermediate value theorem, there exists at least one root of H A In
between 0 and T. Since the map ¢ — H Au(£) is strictly increasing on (0, T), we infer that
there exists a unique root Ty(A, 1) in between 0 and T for H A+ Similarly, we can prove that
there exists a unique root T; (A, yt) in between T and oo for H A+ In conclusion, we can say, if
H, ,(T) > 0, then there exist two unique real numbers Ty(A, ) and Ty (A, p) with

0<To(Ap) <T<Ti(Au) <oo suchthat Hy,(To(A, p)) = Hyu(Ti(A, 1)) = 0.

Define
d—q Op—q

Alzfl(ﬂ—(?p)( a+b >Mp<9p~_q>“p
S \2p(@—q) C

then if max{A, u} < A!, there holds

~ a+b T Op—g\ T 1 _

so that, since we have Hy ,(To(A, 1)) = Hyu(Ti(A, ) = 0, thanks to Hy ,(¢) = Eqﬁ;w(é). In
addition, there holds

H,,(¢) >0, Ve (To(Au), Ti(A,pn)) and
(5.4)
Hy,(0) <0, ¥ £ € [0, To(A, 1)] U [Ty(A, ), ).

Corollary 5.4. The following holds

I To(A, 1) = 0.
g8 gy TOAH)
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Proof. 1t follows from H, ,,(To(A, u)) = 0 and H} ,(To(A, 1)) > 0 that

<a2+pb> (To(A, 1)) = C(To(A, 1))? + ;max{)t,‘u}S[;Z(TO()\ly))q (55)

and

(a;b>0P(To()\,y))ep—l > CO(To(A, 1))t + maX{A,}l}Sl;ij(To()\,y))q_l. (5.6)

On solving (5.5) and (5.6), we obtain

T()(/\, ;4) <

<a+@wp—w]“?
2pC(8 —q)

This shows that Ty(A, ) is uniformly bounded w.r.t. A and pu. Let us choose a sequence
{(An, pin) }n with (A, p) — (01,0%) as n — oo. Using the fact that {To(Ay, pn) }n is uniformly
bounded, therefore up to a subsequence still denoted by itself such that

To(An, pin) — To (= 0) (say) asn — oco.

Consequently, by replacing A, in place of A and i, in place of y in (5.5) and (5.6), respectively
and letting n — oo, we have

a+b\. op =0 a+b Op—1 o = qmo—
( 2 )To” =CTY and <2p>9pT0” > CoT
This directly implies at once that

C(o—op)T 1 <o.
Hence we deduce that Ty = 0. Due to the arbitrariness of {(Ay, tn) }n, we conclude that

To(A, u) — 0as (A, u) — (07,07) and thus we conclude the proof. O

By Corollary 5.4, we can find A2 > 0 small enough such that there holds Ty(A, ) < 1 for all
(A, 1) € (0,A%) x (0,A2%). It follows that To(A, ) < min{T;(A,u),1} for all (A, u) € (0,A%) x
(0,A%). Suppose that (A, ) € (0,min{A!,A%}) x (0,min{A!,A?}) and take a nonincreasing
cut-off function ¥ € C§°([0, ), [0,1]), which is defined by

v - {1 if £ € [0, To(A, )],
|0 if £ € [min{Ty(A, 1),1},00).

Define the truncated energy functional I : X — R by

H(w,9) = () w0 ~ ¥ (w2} | Fou,v)

1
RV x| dx — a(AHMHZ,h +7/‘HU||Z,;,), v (u,v) € X.

By the regularity of ¥ and ], we conclude that I € C! (X,R). In addition, one can notice that I
is coercive and bounded from below on X. We also mention that the following results hold:

J(u,v) = I(u,v), ¥ (u,0) € X with |[(u,0)| < To(A, 1) < min{Ty(A, ), 1}

and
J(u,0) = Gau(l(w,0)|]), ¥ (u,0) € X with  [|(u,0)]| <1,
where )
IR AV R -
Gaul) = ( 2p )E P—CY(0)0" — 5max{/\,y}8qlh£q.
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Lemma 5.5. There exists A > 0 such that for all (A, u) € (0,A) x (0,A), we have

(a) If I(u,v) < O, then ||(u,v)|| < To(A,u) and I(¢,¢) = J(@,¢) for all (@,) in a small
neighbourhood of (u,v);

(b) For all ¢ < 0, the functional I satisfies a local (PS). condition.

Proof. Suppose that ||(u,v)|| > 1, then we have ¥ (||(u,v)||) = 0. In addition, we obtain

a+b
I(,0) = LRE(]| (u, 0)[P) - amnun L+ allelll,) > ( )H( G
1
- 2max(A, 1}, )|
= 2l 2)])
for all ||(u,v)|| > 1, where g ,, : [0,00) — R is given by

a+b
p

By direct computation, one can notice that g, , has a global minimum point at

max{A,ultS i
E():( { l’l} qh)

Goull) = < >w’ - ;max{)\ nyS i,

a+b

and

q
max{A, y}th P- /11
~ o q - -
Sau(lo) = ( a+b max{A,y}Sqlh (p q> <0,

thanks to 1 < g < p. Further, it is easy to see that

1
max{A, S p=q
Wy qh) =: /1.

This shows that
I(u,0) > gau(l(w,0)) 20,  V|(wo)] >1

with ¢; < 1, that is, we have

g(a+D)
pS, i

=: A,

max{A, u} <

Next, we define a positive constant A% as follows

A =

qb(o — Gp)(mm{Vo,Ko}) <I3> (5.7)

20r=4 (0 — q)qulh 20

Pick A = min{A!, A%, A3,A}, then we conclude that for all (A, 1) € (0,A) x (0,A), we have
I(u,v) > 0 for any ||(u,v)|| > 1. This implies at once that if

I(u,v) <0, then ||(u,0)]]| <1, ¥V (A, u) € (0,A) x (0,7). (5.8)
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Consequently, from the definitions of H),, G,, and ¥, we get for all (A, ) € (0,A) x (0,7)
with I(u,v) < 0 that

Hyu (1 (,0) || < Ga(l[(w,0) ) < I(u,0) <O0.
This together with (5.4) implies that for all (A, u) € (0,A) x (0,A) with I(u,v) < 0, we have
I(w, 0) || € (0,1) N [(0, To(A, 1)) U (Ta(A, ), 00)]. (5.9)

Now we have following possibilities according to the nature of To(A, #) and Ty (A, u).

Situation 1. Let either 0 < To(A, p) < 1 < Tiy(A,p) or 0 < To(A,u) < Ty(A,u) = 1. In
both cases, for all (A, i) € (0,A) x (0,A) with I(u,v) < 0, it follows directly from (5.9) that
|(u,0)|| € (0, To(A, 1)) and we are done.

Situation 2. Let 0 < Ty(A, u) < Ti(A,u) < 1. Then for all (A, u) € (0,A) x (0,A) with
I(u,v) < 0, we deduce from (5.9) that ||(u,v)|| € (0, To(A, u)) U (T1(A, 1), 1). Next, we claim
that ||(u,v)|| € (T1(A, 1), 1). Indeed, if not, let Ty (A, u) < ||(u,v)|| < 1. By the definition of ¥,
we have ¥(||(u,v)||) = 0. Consequently, one has

1~ 1
H(0) = 4 F(1G00)17) = MLl + o)
a+b 1 _
> (52 0 = L max{d, 1 ()

= (|, 9) )

for all Ty (A, i) < ||(u,v)|| <1, where h) ,, : [0,00) — R is given by

() = (“ ; b)W - ;max{/\, uyS e,

By simple computation, we can deduce that /1, ;, has a global minimum point at
PR
7 max{A, V}Sq,;? Op=a
(a+Db)o

and

9
R max{A,y}Sflj =4 (1 1
hau(€) = ((a—i—b)qu max{/\,y}Sq’Z o a <0,

we thank to 1 < g < 0p. In addition, one sees that

max{)\,y}qu_,hq g ,
q(a+b) o

hul) >0 <= (> (

Consequently, we infer that
[(w,0) > hyu(l[(u,0)[) 20, ¥ [(w,0)]| € (Ta(A, 1), 1)

with ¢, < Ty (A, ), that is, we conclude that max{A, u} < A3, which is a contradiction. This
completes the proof of the claim. Hence in this case, we also have ||(u,v)| € (0, To(A, ).
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From the above discussions, we deduce that || (1, v)|| < To(A, #) and thus I(u,v) = J(u,v).
In addition, it follows that I(¢, ) = J(¢,¢) for all (¢, ) with ||(¢, ¢) — (1, 0)|| < To(A, u) —
|(u,v)]]. This shows that I(¢, ) = J(¢,¢) for all (¢, ) in a small neighbourhood of (u,v)
and thus we finish the proof of part (a). Now our aim is to prove part (b). For this, first
we take ¢ < 0 and a (PS). sequence {(u,,v,)}n C X for the functional I. Therefore, we can
assume that I(u,,v,) < 0 and I'(u,,v,) = 0,(1) as n — oo and thus by part (a), for any
(A, 1) € (0,A) x (0,A), there holds

(i, 0n) = J(un,0n), I'(thy,0n) = ' (tn,v,) and |[(un,vn)|| < To(A, ).

In addition, since I is coercive on X, we deduce that the (PS). sequence {(u,,vy)}n C X is
bounded. Hence up to a subsequence still denoted by itself such that (u,,v,) — (#,v) in X as
n — oo for some couple (u,v) € X. Further, by using (F;), we can notice that the following
estimates hold as n — oo

0>c= ](Mn,vn) - %U,(unrvn)r (unrvn)> + 071(1>

M(| (1, 0a) I7) = %M(II(un,vn)ll”)l\(un,vn)llp

< | =

1 1\ oy
_ max{ A, 1} (q - U)sq,h I 14, 00) 17 + 00 (1)
1 6 1 1)\ .-
> (P - (T>b||(”nrvn)||6p — max{A, u} <q - U)‘Sq,;fll(un,vn)llq + on(1).

Define z, = (u,,vy), then we can see that |z,| = \/u2 4+ 02 < ¢, := |uy| + |v,|. By direct
calculation, we have

_1
[l < 2(min{Vo, Ko}) 7 [| (14, 0]
It follows from the above two inequalities and (5.7) that

i
200=1 (0 — q)pS, T max{A,u} \ "’ B
9, < P
. fr—a 2060’
qb(c — 0p) (min{ Vo, Ko}) 7

thanks to the fact that max{A, u} < A < A%, since we have

/
timsup || [[jy: <
n—oo

(A, 1) € (0,A) x (0,A) and A = min{A!, A% A3, A%},

Using all of the above information, and arguing similarly as in the proof of Theorem 1.3, we
can easily deduce that (u,,v,) — (4,v) in X as n — oo. This completes the proof of part (b).
Hence the lemma is well established. O

It follows immediately from the above lemma that the following result holds.
Corollary 5.6. Forall (A, u) € (0,A) x (0,A), the set K., which is given by
K. ={(u,v) € X: I(u,0) =c <0, I'(u,v) =0}, is compact.

For € > 0, we define
I ={(u,v) € X: I(u,v) < —€}.

Lemma 5.7. For any k € IN, there exists € > 0 such that there holds (1) > k.
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Proof. Suppose that Xi be a k-dimensional subspace of X. For any (u,v) € Xi\ {(0,0)},
we define (u,v) = (¢, 9) with (¢,¢) € Xi, |[(@,¢)|| = 1 and rx = |[(1,v)||. Under the
assumption of h, we known that H((P'IP)HLZ(]RN)XLZ(IRN) is a norm of X; for all (¢,¢) € X;.
Since all the norms are equivalent in a finite-dimensional Banach space, therefore we infer
that for each (¢, ¢) € Xy, there exists di > 0 such that

|| ((P/ l)b) HzZ(RN)XLZ(IRN) Z dk'

Consequently, for 7y € (0, To(A, i), we can easily deduce that

I(u,v) = J(u,v) < (a _;; b)r,f - ;min{/\,y}dkrz.
In virtue of ¢ < p, without loss of generality, we can choose r, € (0, To(A, 1)) sufficiently
small enough such that I(u,v) < —e; < 0. Define S,, = {(u,v) € X: ||(4,v)|| = ¢}, then one
has S,, N Xy C I~%. Now by using Proposition 5.1, we have (I~) > (S, N Xy) = k. This
finishes the proof. ]

Define
ZkI{AGZ: ’)/(A) Zk}

and
¢ = inf sup I(u,v).
A€X; (u,v)eA

It is obvious that the sequence {cy }« is monotonically increasing in nature and there holds
—00 < ¢y < —€, <0 foreachk e NN,

thanks to the fact that I is bounded from below and I~ ¢ € X;. Due to Lemma 5.5, the
functional I satisfies the (PS). condition for ¢ < 0, and we have ¢, < 0 for each k € NN,
therefore by a standard argument, we infer that all c; are critical values of I.

The next lemma shows that the set K., defined in Corollary 5.6, contains infinitely many
critical points of I.

Lemma 5.8. Let (A, ) € (0,A) x (0,A). Then for ¢ = cx = ¢gy1 = -+ = Crym With some m € N,
we have y(K;) > m+ 1.

Proof. 1t will be proven by using the method of contradiction. For this, we first claim that
¥(K:) > m+1 holds. Indeed, if not, let ¢(K.) < m. In virtue of Corollary 5.6, the set K. is
compact and K. € Z. Consequently, by using Proposition 5.1, one has ¢(K.) < oo and there
exists & > 0 such that N3(K.) € X and y(K.) = v(Ns(K.)) < m. On the other hand, by using
the assumption (F), we infer that the functional I is even. Thus, due to Proposition 5.2, there
exists an odd homeomorphism #(t, (1,v)) = #:(u,v) € C([0,1] x X, X) such that

m(I°7¢\ Ns(K.)) C I°°¢  for some € € (0, —c).

From the hypothesis, we have ¢ = ci;, and hence there exists a set A € X, such that
SUP (e [(1,0) < c+e, thatis, A C I°*°. This shows that 11(A\ N5(Kc)) € m(I°F€\
Ns(K.)) C I°~¢. Consequently, we deduce that

sup I(u,v) <c—e. (5.10)
(u,0)€m (A\N;(Ke))
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Due to Proposition 5.2, we have

Y(A\Ns(Ke)) = v(A) = v(Ns(Ke)) =k and  y(71(A\ Ns(Ke))) = k.
It follows that 771 (A \ Ns(K.)) € Xy and thus we have

sup I(H, U) Z Cr = ¢,
(nv)€n (A\Ns(Ke))

which contradicts (5.10). This completes the proof of the claim and we finish the proof. O

Proof of Theorem 1.5. Let (A, u) € (0,A) x (0,A). Notice that if we have —c0 < ¢ < ¢z <
<o < ¢ < -+ < 0, then since ¢, are critical values of I, we infer that I has infinitely many
critical points. In virtue of Lemma 5.5, we have ] = I if I < 0. This shows that the system
(S)) has infinitely many weak solutions.

On the other hand, if there exists ¢x = ¢k, for some m € N, thenc =cx = cx11 = -+ =
Ck+m- In virtue of Lemma 5.8, we get y(K.) > m +1 > 2 and thus by Proposition 5.1, one can
notice that the set K. has infinitely many points. In conclusion, we deduce that the system
(Sx,1) has infinitely many weak solutions. This finishes the proof. O
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