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Abstract. In this paper, we consider the existence and nonexistence of solutions for
a class of modified Schrodinger-Poisson system with Kirchhoff-type perturbation by
use of variational methods. When nonlinear term h(u) = |u[P~2u, 1 < p < oo, the
nonexistence of nontrivial solutions of system is demonstrated through PohoZaev iden-
tity. When nonlinear term h(u) satisfies appropriate assumptions, taking advantage of
critical point theorem, we obtain a positive radial solution and a nontrivial one of sys-
tem when g(u) satisfies different conditions. Moreover, some convergence properties
are established as the parameter b — 0. What is more, the nonexistence of nontrivial
solutions in critical case is also proved by use of PohoZaev identity.
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1 Introduction

In this paper, we studied the following generalized quasilinear Schrodinger-Poisson system
with a Kirchhoff-type perturbation, which is an innovative research topic.

(14 fi 20 VPt ) (=div(2(1) V) + () (1] VP

+V (x)u+ pu = h(u), x € R3,
—A(P — uz, X e RS/

(1.1)

where b > 0, V:R?> - Rand 4 : R — R are continuous functions, g€ Cl(IR, R™") satisfies
the following assumption:
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(1) giseven with ¢'(t) <Oforallt >0and g(0) =1, lim; 4. g(t) =a,a € (0, 1).
When ¢ = 0, the system (1.1) has become the following Kirchhoff-Schrédinger equation:

(140 [, 20 Vulr ) (=div(g2(u) V) + g()g (] V)
+V(x)u=h(x,u), xeRN. (12

Problem (1.2) is related to the stationary analogue of the Kirchhoff-Schrédinger type equa-
tion, which was proposed by Kirchhoff as an extension of classical D’Alembert’s wave equa-
tion for free vibrations of elastic strings [13,18]. Since the Kirchhoff-type problems arise in
various models of physical and biological systems, numerous scholars have conducted re-
search on problem (1.2). References [3] and [20] considered the existence and nonexistence
of solutions for problem (1.2). For h(x, u) = Af(u) + g(u)G>(u) as considered in [3], where
G(u) = fou g(t)dt. Under some suitable assumptions on f(u), problem (1.2) admits at least
one positive ground state solution for A > A* > 0. If A = 0, the corresponding equation
had no nontrivial solution. For h(x, u) = f(u) and f(u) satisfied appropriate conditions,
then problem (1.2) had at least one radial ground state solution. In [20], when h(x, u) sat-
isfied critical or supercritical growth at infinity, the nonexistence result for (1.2) was proved
via Pohozaev identity. If i(x, 1) showed asymptotically cubic growth at infinity, the existence
of positive radial solutions for (1.2) was obtained by use of variational methods. Moreover,
some properties were established as the parameter b — 0. Both of the existence of ground
state and sign-changing ground state solutions about (1.2) were testified in [23]. Chen et al.
[6] applied some new analytical techniques and non-Nehari manifold method to obtain one
ground state sign-changing solution v, = G~!(u;). Moreover, they illustrated that the energy
of v, = G 1(uy) is strictly larger than twice of the Nehari type ground state solution. They
also established the convergence properties of v, = G~1(u;,) as the parameter b — 0.
For ¢(u) = 1, problem (1.2) transforms to the following classical Kirchhoff equation:

- <1 + b/3 \Vu]zdx) Au+V(x)u=h(x, u), x€R5
R

which takes into account the changes in length of the string produced by transverse vibrations,
hence the nonlocal term appeared. If b = 0, problem (1.2) takes the following form:

—div(g*(u)Vu) + g(u)g'(u)|Vu|* + V(x)u = h(x, u), x€R>. (1.3)

This equation is related to the existence of solitary wave solutions for quasilinear Schrédinger
equations:
0z = —Az +W(x)z — k(x, |z|) — Al(]z|)!'(]z*)z, (1.4)

where z : Rx RN — C, W : RN — R is a given potential, I ‘R —>Rand k: RN xR —
R are suitable functions. Equation (1.4) appeared in plasma physics and fluid mechanics
[25], dissipative quantum mechanics [12] and condensed matter theory [24]. The existing
results for equation (1.3) such as nontrivial solutions [15], ground state solutions [4, 31, 33],
positive solutions [9,10,29], nonexistence of solutions [14], high-energy solutions [22], multiple
solutions [21] and infinitely many solutions [30] were obtained respectively.

System (1.1) is the so called quasilinear Kirchhoff-Schrodinger-Poisson system. If b = 0,
(1.1) reduces to the following quasilinear Schrddinger-Poisson system:

{—div(gz(u)Vu) +gw)g (W)|Vul> + V(x)u +¢u = h(u), x€R3,

1.5
—A¢p = u?, x € R3. (1.5)
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In [27], the authors proved the following problem admits at least a ground state solution

—div(g*(u)Vu) + g(u)g' (u)|Vul> + V(x)u + ¢G(u)g(u) = h(x, u), x € R3,
—A¢ = G*(u), x € R?,

for h(x, u) = b(x)|G(u)|P~2G(u)g(u) — c(x)|G(u)|172G(u)g(u), 2 < g < 4 < p < 6. Recently,
Zhang and Liu obtained a nontrivial ground state solution for h(x, u) = Af(u) + g(u)G>(u)
in reference [38]. By setting ¢*(u) = 1+ 2u? in (1.5), we get the following quasilinear
Schrodinger-Poisson system:
—Au+V(x)u+ ¢u —kuA(u?) = h(u), in R3, 1.6)
—Ap =12, in R°. '

There are a variety of excellent results for system (1.6). References [11, 34, 35] studied the
existence of nontrivial solutions respectively for k = 3 or k = 1. The authors in [32] obtained
the existence of ground state solution and infinitely many geometrically distinct solutions.
The sign-changing solutions can be referred to the references [2,37].
By setting ¢?(u) = 1+ 2u? in (1.1), we get the following modified quasilinear Kirchhoff-
Schrodinger-Poisson system:
—(14b [gs |[VulPdx)Au+ V(x)u — SuA(u?) + ¢u = h(u), x € R®, A7)
—Ap =12, x € RS '

System (1.7) was introduced in [1] very recently, the authors proved that problem (1.7) has at
least three solutions: one is positive, one is negative, and one changes its sign. Furthermore,
if h is odd with respect to u, they also obtained unbounded sequence of sign-changing solu-
tions. Under appropriate conditions, the authors in [5] discussed the existence of nontrivial
nonpositive and nonnegative solutions, a sequence of high-energy solutions via perturbation
method. Combining perturbation method with discontinuous finite element method, a se-
ries of weak solutions of system (1.7) were gained in [7] for h(x, u) = K(x)u’~2u, where

K(x) € L%(]R3), 1 < p <2and K(x) > 0 for x € R3. When system (1.7) involving a nonlocal
term and an integral constraint, infinitely many sign-changing solutions were obtained in [8]
according to the method of invariant sets of the descending flow combined with the genus
theory. The authors in [36] proved that the system (1.7) has a sign-changing solution uy, which
has precisely two nodal domains. The same conclusion was gained in [17] as in [36] for critical
case that ii(u) = Alul72uln |u|? + |ul*u.

Nevertheless, there are relatively few achievements on the generalized quasilinear
Kirchhoff-Schrédinger—Poisson system (1.1), so the discussion in this paper makes innova-
tions of the pioneering work. Based on the existing results, we extend the results of references
[3] and [20] to the generalized quasilinear Kirchhoff-Schrodinger-Poisson system, then we
obtain the existence and nonexistence of solutions for system (1.1).

We make some assumptions on V(x) and h(u):

(V1) Ve C(R* R), V(x) = V(|x]), 0 < Vo < V(x) < Voo 1= limy 0 V(%) < 00

() h € C(R, R), h(t) =0, Vt < 0 and lim;_,o "

0;

(ha) |h(t)| < C(1+ |t|771) for some C > 0and g € (4, 6);
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(h3) there exists T > 4 such that
0<7g(t)H(t) < h(t)G(t), Vt>0,
where H(t) = [, h(s)ds, G(t) = [} g(s)ds.
Clearly, (h1) and (hy) show that for any ¢ > 0, there exists C; > 0 such that
\h(u)| < elu| + Celu|T!, VuecR. (1.8)
Now we state our main results.

Theorem 1.1. For h(u) = |u|P~2u in (1.1), assume that (g1) holds. If V(x) +2(VV(x), x) <0,

problem (1.1) has no nontrivial solutions when p < 132 If 2 <a < 1land V(x) +2(VV(x), x) > 0,
problem (1.1) has no nontrivial solutions when p > 6.

Theorem 1.2. Assume that (V1), (g1) and (hy)—(h3) are satisfied, then problem (1.1) has a positive
radial solution.

Theorem 1.3. Assume that (V1), (g1) and (h1)—(h3) are satisfied, {u, } C H are the positive radial
solutions obtained in Theorem 1.2 for each n € IN. Then, uy, — ug in H as b, — 0, n — oo, where
ug is a positive radial solution for problem (1.5).

The following condition of g is necessary to obtain the next two important results.

(¢") ¢ € CY(R, R") is even with ¢/(t) > 0 for all t > 0 and g(0) = 1, tg'(t) < g(t) for all
teR.

Theorem 1.4. Assume that (V1), (§') and (hy)—(h3) are satisfied, then problem (1.1) has a nontrivial
radial solution.

Theorem 1.5. Assume that (V1), (') and (h1)—(hs) are satisfied, {w, } C H are the nontrivial
radial solutions obtained in Theorem 1.4 for each n € IN. Then, uzn — ujin H as b, — 0, n — oo,
where uy, is a nontrivial radial solution for problem (1.5).

Finally, we consider the following generalized quasilinear Schrodinger—Poisson system
involving a Kirchhoff-type perturbation and critical Sobolev exponent

(140 fao 2000 T ) (=iv(g2() Vi) + g0)g 1)V

+V (x)u+ ¢u = g(u)GP~1(u), in R3,
—A¢ = u?, in RS

(1.9)

Theorem 1.6. Suppose that (g') holds. If
2V(x) +(VV(x), x) >0, VxcR5
then problem (1.9) has no nontrivial solutions when p > 6.

Remark 1.7. Throughout the paper we denote by C, C; (i = 1,2,...) > 0 various positive
constants which may vary from line to line and are not essential to the problem.
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2 Preliminary results

In this section, we introduce the variational framework associated with problem (1.1). Let

LP(R?) be the usual Lebesgue space with the norm |u|, = ([g |u|de)%
Define the space H given by

H':= H'(R%) = {u € L2(R®) : Vu € L2(R%)},

with the norm: )

Jull = ([ 90+ 0

and the corresponding inner is
(u, v) = /S(Vu - Vv + uv)dx.
R

Let
DY2(R?) = {u € L°(R%) : Vu € L*(R%)}.

According to the assumption (V;), we use the space
o= {u € H'(R®) : u(x) = u(|x|), /N V(x)udx < oo},
R
with the norm: :
2
Julle = [ (VP + Vi)

then the embedding H — L?(R3) is compact for 2 < p < 6.
According to [3], the energy functional associated with (1.1) is

2
/ u)|Vul|*dx + = / ]u\zdx—i—b(/ gz(u)]Vulzdx>
2 2 R3
@.1)
— 2 —_—
+4/]R3(P|u| dx /1123 H(u)dx,

where H(t fo s)ds. Since the term [p; g%(1)|Vu|?dx is not well defined in 7, to overcome
this d1ff1culty, a change of variable constructed in [28] is very helpful to us. For any v € H, let

u=GYv) and G(u)= /Ou g(t)dt,

then
[ 820 VuPdx = [ (G )|VG (o) Pdx = [Volf < o,

and I,(u) can be reduced to

/|Vv\2dx+ / (0)2dx + - (/ \Vv|2dx>2 .

/cPG 0|G ™ (0) [Pdx — /3H(G—1(v))dx.
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Then v € H is a solution of (1.1) if

G (v)
Vo -V dx+/ dx+b/ VZJde/ Vo - Vndx
/ 1 g(G 3(G1(0))" Vel 1

(v) G(0)
-l-/]R3 ¢G1(U)g(G—1(v))ndx_/]R3 Mndx =0,

for all 7 € H'(IR3).
We observe that by the Lax-Milgram theorem, for given u € H!(IR?), there exists a unique
solution ¢ = ¢, € DV2(R%) satisfying —A¢, = u? in a weak sense. The function ¢, is

represented by
_ 1w
$ulx) = 47 /]R3 |x —y\dy’

and it has the following properties.
Lemma 2.1 ([11,26]). The following properties hold:

(i) there exists C > 0 such that for any u € H'(IR®),
I9ullorz < Clully, [ 1V@uPdx= [ gudx < Cllully

(ii) ¢y >0 forallu € H'(R3);
(iii) ¢py = t2¢y forall t > 0and u € H'(R3);

(iv) if u; — u weakly in H'(R?), then, up to a subsequence, ¢y, — ¢ in DV*(IR®) and

2 2
/11{3 Puuidx — /]R3 Puu-dx

Lemma 2.2 ([19,22]). For the function g, G, and G™1, the following properties hold under the condi-
tion (g1):

(1) ﬁg’(t) < 0forallt >0;
@) |t <|1G7Y )| < Y forani t € R;
(3) < -LG(t) < %for all t € R.
Under condition (g'), the following properties hold:

(4) |G71(1)] < g%o)m = |t| forall t € R;

(5) S < \G1()2 forall t € R;

im G 1 _
(6) ﬁ}go r = 5oy — Land

G'(t) _ @, if ¢ is bounded,
0, if g is unbounded.
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3 Proof of the main results
3.1 Proof of Theorem 1.1

In this section, we will prove the nonexistence of nontrivial solutions for the following system:

(140 fuo 2000 TP ) (=iv(g2u) Vi) + g0)g 1)V

+V (x)u + pu = |u|F~2u, x € R3, (3.1)
—Ap = u?, x € R3.
By a standard argument in [20, 35], we can obtain the following PohoZaev identity.
Lemma 3.1 (PohoZaev identity). If v € H is a weak solution of (3.1), then v satisfies
/ Vol2dx + 2 / |2dx+2/ (VV(x), )|G 1 (0) Pdx
(3.2)

Z 2 = 2 — )|P
t5 </RS | Vol dx) +4/]R3¢G71(v)| dx = / |G~ 1(v)|Pdx.

Proof of Theorem 1.1. Indeed, because (v, Pg-1()) € H x DV?(R?) is a solution of (3.1), we
have the following equation:

/ \Vv|2dx—|—/ g(((?} 11( v)))vdx—l—b </ ]Vv\zdx)Z
)

a G261 .
+ / ———vdx = / vdx.
P0gGE) ™ T e g(G10)
Multiply the equation of the (3.3) by % and combined with (3.2), we have
3 ) 5G Yoo 3 4, 3, 0 \?
2/ ve dx+/R3V(x><4 iy 3G R dx o [ 1VoPar
1 _ 2 (U)U -1 2
3.4
— 5 [TV, 016 @) P+ [ g6 ( Gy 6@ )ax G
5 G (0)v - )
= )P 22— |G Y (0)]? ) dx.
= Jolo o (G e @
If V(x) +2(VV(x), x) <0, then by Lemma 2.2-(3) that the left hand of (3.4) is nonnegative,
so that the equation (3.4) has no nontrivial solutions when p < %
Combining (3.2) and (3.3), it can be concluded that
1 G '(v)v 102 1 10,2
3 v (i — 36 @R dx = 3 [ TV, 0l6 )
1 G o) 5 .4, .0
= - = 3.5
+2 ]R3¢G 1(v)< ( (’(J) 2’G (ZJ)| >dx (3.5)
(o

_ _ G )u 3, .
IR3|G 1(7))’7) 2 <(G(U)) ;‘G 1(U)|2> dx.

Under conditions % < a < 1, Lemma 2.2-(3) and V(x) +2(VV(x), x) > 0, for p > 6, the
equation (3.5) has no nontrivial solutions. O
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3.2 Proof of Theorem 1.2

This section provides the proof of Theorem 1.2. Clearly, as mentioned previously, we will
devote to studying the functional J,. It is hard to prove the boundedness of the (PS) sequence
of ]y, so that finding a special bounded (PS) sequence of ], , may provides great help,

2
Ty (0) : 2/ Vol?dx + = / (0)[2dx + 2 (/ |VU|2dx)
(3.6)
+1/Ra%_l(v)\(;*l(v)ﬁdx—y/RSH G
where p € [1, 2].

Next, we list a useful critical point theorem proposed by Jeanjean [3,16], which is crucial
to obtain our main result.

Theorem 3.2. Let (X, || - ||) be a Banach space and I C R an interval. Consider the following family
of Cl-functionals on X:

Jo,u(0) = A(v) — puB(v), Vpel,
where B(v) > 0, Vo € X, and either A(v) — +oc0 or B(v) — +o0 as ||v|| — co. Assume that there
are two points vy, v in X, such that

Cp = vlgrf tfer}gl?(] Jo,u(Y(£)) > max{Jy, u(v1), Jo,u(v2)}, Vu €T,

where
Iy ={r€C(0,1], X) : v(0) =1, 7(1) = v2}.

Then, for almost every u € 1, there is a sequence {v,} C X, such that

(i) {vy} is bounded;

(i1) Jo,u(vn) = cu;
(iii) ]{),}[(Un) — 0 in the dual X! of X.
Moreover, the map y — c,, is continuous from the left.
Lemma 3.3. Assume that (V1), (1), (h1)—(h3) are satisfied, then

(i) for u € (1, 2], there exists v € H\{0} such that J, ,(v) < 0;

(if) there exists p, a > 0 such that ], (v) > « for ||v|y = p
Proof. (i) According to (h1) and (h3), there exists constant C > 0 such that

H(G Y(v)) > Clo|* forall v>0 and H(G '(v))=0 forall v <0,

where T is defined in (h3).
For any fixed ¢ € ‘H with i > 0, by Lemma 2.2-(2), we have for T > 4

i) =5 [ (\wmz+v<x>|c-1<t¢>|2)dx+b ( [ 1vtoPar)

7 [ 06 |G o) P - u/ (ty))dx

b4
< colyly+ 2 ([ 199ax) + oyl —per [ fpras

— — o0,
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as t — oo, which implies that (i) holds if we take v = ti with t sufficiently large.
(i) Let e € (0 m) by Lemma 2.2-(2) and (1.8), we obtain

4 z‘u
Ty () = / Vol?dx + = / (0)2dx + 2 / Vo|?dx ’
s 2 2 4\ Jrs
+Z/ $6-1()|G 7 (v) de—y/ H(GY(
= 2 _= 2 q
> / Vol dx—|—2/ (Vo —£3) lofdx qaq/ lo]9dx.
> Ci|lol3, — Gallv]l,-
Hence, for g > 4 we can choose |[v]|3; = p > 0 small enough such that J, ,(v) > a > 0. O
Define

1 b S|
A(v) := 5 /]R3 [\Vv[z + V(x)]Gl(v)\z} dx + 2 </]R3 ]Vv\zdx) + 1 /]R3 ¢G71(0)|G*1(v)\2dx,

B(v) := / H(G(v))dx.
R3
It is deduced from (V;) and Lemma 2.2-(2) that

1
A(v) > f||v||%{ — 400, as |||y — +oo.

Moreover, from (hy), it can be observed that B(v) = [s H ))dx >0, Vv € H.

Based on the above facts and Lemma 3.3, the conclusmn of Theorem 3.2 holds. It shows
that for a.e. y € [1, 2], there is a bounded (PS)., sequence {v,} C H, satisfying J;, ,(va) — ¢,
and Jj, » (vn) — 0, where ¢, is the mountain pass level.

Lemma 3.4. Suppose (V1), (g1), (h1)—(h3) hold, {v,} is the sequence obtained above, going if neces-
sary to a subsequence, v, — v in H.

Proof. Since {v,} C H is bounded, up to a subsequence, there exists v € H such that
v, =0 inH,
v, -0 inL"(R%, 2<r<6,
va(x) = v(x) ae. onxcR3.

Define ¢ : R — R by ¢(t) = g(%ill((tt))). According to (g1), thena < g(t) < 1fort € R,

jointly with Lemma 2.2-(1), we have
, 1 G (g (GT'(1)) 1
(1) = 577 |1 — — > - > 1.
i g2(G71(t)) g(G1(1)) g2(G71(1))
According to the mean value theorem, for any x & R3, there exists a function ¢ (x) between
v(x) and v, (x) such that

oo e (< )>> e o
/ V(x) v, — v|dx
2/ xX)|v, — v|*dx,
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and with the help of Lemma 2.1, we have

G !(vn) G (v
/ [‘PG @) ¢(G1(0n)) ¢G1(v)] (0n — v)dx
Glo) G0 ]
9510 iy ~ geioy ) o

Gfl
R3 ¢G71(Un)§0/(g) ‘vn - U‘de

> /le PG (0, [on — 0] 7dx

Choose A, = [is |Vou?dx and A = [, |Vo|?dx. By v, — v in H, thus {A, — A} is bounded.
By the weak convergence of v, in H, we get b(A, — A) [gs VoV (v, — v)dx = 0,(1). So that
b/ ]anlzdx/ Vv,V (v, —v)dx — b/ \Vv\zdx/ VoV (v, — v)dx
]R3 ]R3 ]R3 ]R3
>b(A,— A) / , VoV (v, —v)dx
R
— 0,

as n — oo. Noting that a < g(f) < 1, then by Lemma 2.2-(2), (1.8) and Holder inequality,
v, — vin L'(R®), 2 < r < 6, we obtain

WG (on)) BGI@)]
fo e ~ st | e

<c/ [e(|on] + [0]) + Ce([2al"~1 + [0971)] o — v]dx

< Ce(|onl2 + 0]2)|on — vl2 + CCe(Jvuld " + [0]§ ) |ow — ol
— 0,

as 1 — oo. Then
0n(1) = (Jb, 1 (vn) = Jp, (), V0 — )

— 0 2 X X Gil(%) — Gil(v) Uy —0)dx
o 9= 0P+ [ V00 ety ~ i) o0~ M

-l-b[/ |an\2dx/ VUH-V(vn—v)dx—/ \Vv|2dx/ Vou-V(v, —v)dx
R3 3 R3 R3

G1(v,) ) T
* o [P 00 gty ~ @10y 01 2
MG RG],
fe [g(Gl(vn» g(G1 <>>](”” o)
|V(vn—v)|2dx+/ V(x)|v, — v|?dx
IR3 ]R3

= llow — ol

Therefore, v,, — v in H. O
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According to Theorem 3.2, there is a bounded sequence {v,} C H satisfying ] ,(vi) — ¢4
and ]{W(vn) — 0. From Lemma 3.4, for every u € [1, 2], we get that Jo, has a nontrivial
critical point v satisfying Jy,,(v) = ¢y and J; ,(v) = 0. Therefore, there exists {yx} C [1, 2]
such that limy, e pn = 1, {vy, } C H such that J; ,, (vy,) = ¢y, > 0and ]{,,M(Uyn) = 0.

Lemma 3.5. Suppose that (g1), (h1) and (h3) are satisfied, then sequence {v,, } is bounded in H.
Proof. Since sequence {vy,} C H satisfies
Ib; Hn (v,un) - C,un and ]l/), Hn (v,un) =0.

Then we have

2
To, 1 (Vp) 2/ Vo, | |dx + = / x)|G™1 vyn)]2dx—i— (/ |Vvy”]2dx)

_ ~ (3.7)
7 | 06100, 1G 7 o) P = [ H(G (03,)i
- C,”n > 0
We also deduce that
<]b u v,un U.un / ’vvﬂn de +/ v]in) ndx
' U]/‘n))
(v )

+b</ Vo, 2dx> / (0 T ) dx
V| Per o) 8(G (o) " (3.8)
h(G~ 1(”# ))

- — dx

M Jro §(G1(0,,)) "
= o(1)||v, ],

as n — oo. It follows from (3.7), (3.8), (h3) and Lemma 2.2-(2), (3) that

C,”n + 1 + Hvﬂn H

> Jo s 0) = 3 U8, (O)r )

> (375) [P0 [ VG 00) |36 (00 - M] "
+ (i - Z) b </R3 !Vvunlzdx>2+/w 960G (Op) [icl(z”‘"> M}d"
_— /IRB H(G™!(vy,)) — ZM”W] ax

> (= —-= |Vvyn]2dx —|— V(x)|G’1(UV”)|2dx
4

2
Z Z H v]fln HH’
which means that {v,, } is bounded in H. O

Proof of Theorem 1.2. Taking a subsequence of {v,, } still represented by {v,,, }, because {v,, } is
bounded in H, similar to the proof of Lemma 3.4, we obtain v, — v, in H. From Theorem 3.2,
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we know that y — ¢, is continuous from the left. So

n—oo

lim Jy(o,) = im | Jp,, (0n,) + (tn = 1) | H(G'(vy,))dx
n— R3

= limc¢, =2¢.
n—oo

In addition,
h(G™1
S o) 1) = im0 (o), )+ =) [ B0

for any 7 € C°(IR®), which means that J}(v) = 0 satisfies J,(v) = ¢ > 0.
Let v~ = min{v, 0}. Using Lemma 2.2-(2), (3) and with help of the assumption (h;) and
Lemma 2.1, we have

ndx} =0,

0

p(0), 07)
G 1(v7)

0
v’z X)—————0 X
/Rs<’v IO reaTEDy )d
> [ Vo P4 V(o Pax
IR3

> o |13

It shows that v~ = 0. Applying the strong maximum principle, we obtain v > 0. O

4 Asymptotic properties
Now, we are in a situation to give the proof of convergence properties.

Proof of Theorem 1.3. If vy, is a critical point of ], , which is obtained in Theorem 1.2 for each
n € IN. Similar to the proof of Lemma 3.3, for b, — 0, n — oo, {v}, } is a (PS) sequence, which
is bounded in H. There exists a subsequence of {b,}, still denoted by {b, }, such that v;, — v
in H. It is easy to obtain

[[0p, — vol|3; < Iy, (vs,) — Jo(vo), vy, —vo) — by Vo, [2dx | Vo, V(vp, —vo)dx
R3 R3
G~ '(vo) G (op,)
* /R [%“vwg(c;l(vo)) - "’G“”bﬂg(Gl(vbﬂ)J (08, = v0)dx

L [h<c—1<vbn>> e w))} (or, —vo)d

On the one hand, for all 7 € H\{0}, in view of Lemma 2.2-(2), we can use the Lebesgue
dominated convergence theorem to obtain

) G~ oy, )1 _ /
Jim [ VO g = [ V)

lim

WG (o), [ WG (wo)y
e s g(G (o)) d’“‘/m .

3 8(G (o))
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By Lemma 2.1, we can obtain

, G~ (v, )1 G~ (vo)n
lim (0,) AT o) T ATy X
R s P07 G603, )] T o P (G (w0))
On the other hand, we have (]}, (v,), 77) = 0x(1) and (J3(v0), 17) = 0x(1). Moreover,
nh_{{}o - Vo, Viydx = /]123 Voo Vidx,
. 2 _
lim b, /11{3 Vo, | dx/IR3 Vo, Vi = 0.
Thus,
( 0) (G~ '(v0))
VUde+/ / @ dx:/idx.
Jyo T 7o 00 g6 1(w0)) "™ T e 8(GT(w0)) "
It shows that v is a posmve solut1on of (1.5). O

5 Proof of Theorem 1.4 and Theorem 1.5

In this section, we will prove the existence of nontrivial radial solution for system (1.1) under
the condition (g’).

Lemma 5.1. Assume that (V1), (§'), (h1) and (h3) are satisfied, then
(i) for u € [1, 2], there exists v € H\{0} such that J, ,(v) <O0;

(ii) there exists p1, @y > O such that , ,(v) > ay and ||v||y = p1.
Proof. (i) According to (h1) and (h3), there exists constant C > 0 such that
H(G '(v)) > Clv|® forall v>0 and H(G '(v))=0 forall v<0,

where 7 is defined in (h3).
For any fixed ¢; € H with ¢; > 0, by Lemma 2.2-(4), we have

2
Jottp) = 5 [, (1904 vEIG- (th1)|2>dx+ ([ 17ew )
/‘PG 1(tyy) ’G (ty1) de—ﬂ/ “H(tyr))dx

< Sl 2ot ([ 190 Pae) + el — e [ s

— —o0,

as t — oo for T > 4, which implies that (i) holds if we take v = t; with ¢ sufficiently large.
(ii) It follows from (3.6) that

Jo,u(0 2/ (IVoP+V(x)|G7(v)] )dx+Z </H{3’Vv\2dx>2

+i/}[{3 ¢G71(U)|G_1(v)]2dx—y/3H G_l

= 3 ol = [ (=3VI6 @) + uH(G (o)) ) d

b 2 2 -1 2
+i </IR% |VU| dx> +1/}R3¢G71(U)‘G (U)| dx.
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Let A(x, s) == —3V(x)|G1(s)[* + uH(G 1(s)), then by Lemma 2.2-(6), we have

. Alx, , 1 “1(s)|* H(G! 1
lim T:\ZS):ELO —3V ) S(S) o <,S|2(S>)]—_2v<x>, (5:2)
and )
. Alx,s) 1 G 1(s) 1 H(G Y(s)) | _
i A5 =t |3V <|s|4>+“\sr6] w09

Thus, by (5.2) and (5.3), for € > 0 sufficiently small, there exists a constant Cc > 0 such that

Alx, s) < (— ;V(x)+e>|s|2+Ce|s|6. (5.4)

Then, according to (V;), (5.1), (5.4), Lemma 2.1 and Sobolev embedding theorem, we have

1 1
o, u(0) > E/RS\dex—/W <—2V(x)+e) ]v|2dx—/1R3 Celoldx
b Vo|*d g G l(v)%d
w5 ([ 1voPax) + 5 [ o106 (@)

21/ \VU|2dx+1/ V(x)vzdx—e/ \vlzdx—Ce/ |v|®dx
2 Jrs 2 Jrs R3 R3

1
> EHUHZA — €Cllv]|3, — Cellv||%;-
It follows that
Jo,u(v) > Cllv|3, — Cllo]l%;,

if we choose sufficiently small p; > 0, which implies that
Jo,u(0) = Cp? — CpS :=w; > 0. O

Obviously, as defined in Section 3.2, A(v) and B(v) are the same, we can still obtain that
B(v) > 0 for v € H and A(v) — +o0 as ||v|| — oo. Also by Lemma 5.1 that the conclusion of
Theorem 3.2 holds, then there is a bounded (PS),, sequence {v;,} C H, satisfying ]y, ,(07,) — ¢

K
and J; , (v),) = 0, where ¢}, is the mountain pass level.

Lemma 5.2. Suppose (V1), (§'), (h1)—(h3) hold, {v},} is the sequence obtained above, going if neces-
sary to a subsequence, v, — v’ in H.

Proof. Since {v;,} C H is bounded, up to a subsequence, there exists v € H such that

v, =7 inH,
v, - o in L'(R?), for2 < r < 6,
/

vl (x) = ?/(x) ae onxéeR.

Firstly, we claim that there exists C > 0 such that

o — o2 X G () _ G '(v) o — o) dx o — o2
Jo 9@ =P+ v (et = P ) @l =) dr >l = vl 59
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Indeed, we may assume v}, # v' (otherwise the conclusion is trivial). Set

ol
! n
“n = o, =]

and

- 1 G'(v,) = G'(v)
T =0 \g(GT(eh)  g(GTH() )
Argue by contradiction and assume that

/ (V@2 4+ V(@) (x)w)dx — 0.
R

Since
d( Gl(s) > _ 1 <1 _ Gl(S)g’(Gl(S))) -0
ds \g(G~1(s)) ) g2(G71(s)) 8(G~1(s)) '
g(G 7_11((35))) is strictly increasing, and for each C > 0 there exists ¢’ > 0 such that
d [ G'(s) /
i (i) >

when |s| < C. Hence, we see that I,(x) is positive. Hence
/ |V, |*dx — 0, / V(x)l,(x)w?dx — 0, and / V(x)wPdx — 1.
R3 R R

Similar to Lemma 2.5 in Reference [30], we assert that for each ¢ > 0, there exists C; > 0
independent of n such that meas(Q),) < €, where Q, := {x € R3: |v},(x) —?'(x)| > G}, it
can be inferred that there exists a constant C > 0 such that

/ V(x)w?dx < C V(x) G (ol — Z)/)|2dx < C/ V(x)l,(x)dx — 0 (5.6)
®\0, T T e, lo, —o'fl2 7" T e ' '

On the other hand, by the integral absolutely continuity, there exists ¢ > 0 such that whenever
Q C R3 and meas(Q) < ¢,

/Q V(x)widx < % (5.7)

Combining (5.6) with (5.7), we have

1
/]RS V(x)w?dx = /1R3\Qn V(x)wiPdx + o, V(x)widx < 5T 0 (1),

which implies 1 < 1, a contradiction. This implies that (5.5) holds. What's more, by
Lemma 2.1, we have

! (5.8)
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Similar to Lemma 3.4, we can easily obtain

b/ |Vv;1|2dx/ Vo,V (v, —U')dx—b/ |VU/|2dx/ Vo'V (v, — o' )dx
R3 R3 R3 R3
> b/ (Vo[> = [Vo']?) dx/ Vo'V (0, — ')dx (5.9)
R3 R3
— 0,

as n — oo. From (g’), there is g(f) > 1, Vt > 0. In addition, by Lemma 2.2-(4), (1.8) and
Holder inequality, v, — v in L"(R®),2 < r < 6, we obtain

MG 0h) MG )]
AJﬂcww» ﬂcwwﬂ<" )

< [ [eonl 12D + Cel(ohl 7™+ o/177)] o], — o'l (5.10)
< e([h]2 + [0']2) [0}, — o'l + Ce(lopl§ " + 10l ) oy = @'l
— 0.

By virtue of (5.5), (5.8)—(5.10), we have

0n(1) = (Jb, 4 (0n) = Jj, u(0"), v, = ')

_ o 2 X G (v} _ G '(v) o — o\dx
= Jpo IV (@ =P+ [ v ﬂmlw» gmlw»h" )

+0b [/ |Vv;|2dx/ VU;-V(U;—U/)dx—/ |Vz/|2dx/ Vo' -V (v], —0')dx
R? R R

G () G 1(v) ;o
+ /}RS [‘Pcl( 2(G1(0)) (Pcl(”’)g(G—l(v’)J (0 —v')dx

)
_ h(G’l(v;)) ChGTHONT i
/IR3 [g(G‘l(va)) g(G_l(v’))] (v —v)d
> Clloj, — '[|3, + 0u(1),

which implies that v, — v’ in H. O

From Lemma 5.2, for every u € [1,2], we get that ], , has a nontrivial critical point v’
satisfying Jy,,(v') = ¢, and J ,(v') = 0. Therefore, there exists {y,} C [1, 2] such that
limy oo ptn = 1, {0}, } C H such that Jy,,, (v},) = ¢, > 0and J; , (v;,) = 0.

Lemma 5.3. Suppose that (V1), ('), (1) and (hs) are satisfied, then any sequence {v;, } is bounded
inH.

Proof. Since {v;, } C H satisfies ]y, , (v},,) = ¢}, > 0, we have

2
o, (0,) / Vo), Px + 5 / Yo, )Pdx + ( [ 199, de>

/ Pc1(v,, )G (;4)|2dX—Vn/ H(G™ ( ))dx (5.11)

]411
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We also deduce that

71)
Ubyn 1 )s yn / |Vv ’2dx—i—/ Z/))v;ndx
Hn
+b</ Vo, |*d > +/ G 0h) d (5.12)
R3 UV” x R3 ¢G71(U;4M)g(G*1(U‘Ln))U n X :
h(G (v
ERCRICR W,
r> g(G (v}, ) ™

It follows from (5.11), (5.12), (h3) and Lemma 2.2-(5) that

2¢;, + 1+ ||vy, |

1
> ]b,yn (U;n) - 7<]l/7 Hn (v;n)’ v;n>

1.1, Uy,
1 RPN DR Uy, (5.13)
; /w P10 (0], [G (o)) - gmf(%))} dx
=10/ 1h(G71(U;n)) /
_'un/lR3 H(G (y,)) 4g(G*1(U’n))v”" dx

1 ) 1 1,0\ 2
> 1/IR3|WM dx+Z/RSV(x)]G (0], ) Pdx.

According to the assumption (h3) and (V;), we have H(s) > CG(s)® > CG(s)? for all s > 1.
Then by Lemma 2.2-(4)

V(x)0'? dx
/{x: G-1(0],)|>1} ()2},

<cC H(G'(v),))d
=€ ot T )

b 5 (5.14)
-1 2 2
<C [ H(G (o), )dx+7 </ Vo, | dx) +C/]RS 06110y, O A

< C[ / Vo, \de—l—z/ x)|G (v ;n)|2dx—c1 —1—0,1(1)].
On the other hand, for x € {x: |G~1(¢),)| < 1} we know that

1 / 2 AANT
— V(x)virdx < C V(x)|G™ (v, )|7dx
82(1) Jix: 164y, )11} " {x: |G (v}, ) 1<1} " (5.15)

< c/ V(x)|G1 (0, ) Pdx.
R3

Since (g’), we know that g(s) is nondecreasing. Combining (5.13) and (5.14) with (5.15), we
deduce that {v}, } is bounded in H. O

Proof of Theorem 1.4. Similar to the proof of Theorem 1.2, we take a subsequence of {v}, }, and
still represented by {v;, }, because {v}, } is bounded in #, similar to the proof of Lemma 5.2,
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we obtain v;n — v}, in H. From Theorem 3.2, we known that y — ¢/, is continuous from the

/ j
left. So
. -1
lim J,(v},,) = lim []b,ﬂn(v;in) + (i ‘1)/]1{3 H(G (v;*"))dx} (5.16)
= lim cy =7.
n—oo

In addition,

n—oo n—o0o

im (504 1) =l |, 55, )+ (i = 1) [ D] =0 G

for any 7 € C°(IR®), which means that J}(v) = 0 satisfies J,(v) = & > 0. O

Proof of Theorem 1.5. The proof process is similar to Theorem 1.3, and specific steps are omit-
ted here. D

6 Nonexistence in critical case

In this section, we prove the nonexistence of nontrivial solutions for system (1.9) by PohoZaev
identity.

Lemma 6.1. (PohoZaev identity) If v € H is a weak solution of problem (1.9), then we have the
following PohoZaev identity:

/ |Vv|2dx+2/ |2dx+2/ (VV(x), x)|G1(0)2dx
b 6.1)
t5 (/Rs \Vv]zdx> + 1/11{3 $G-1(0) |G (0) [Pdx — p/ |v|Pdx = 0.
Proof of Theorem 1.6. Suppose that v € H is a solution to system (1.9), then v satisfies
-1 2
/ |Vo|?dx +/ V(x)Gfil(v)vdx +b (/ \Vv]zdx>
R R g(GTH(0) R
o (6.2)
P S — 4 =
+ R3 ¢G71(U>g(G71(ZJ))0dx /]R3 ‘Z)‘ dx = 0.
Combining (6.1) and (6.2), we can get
o)p 3 2 B / 1312
v (35t 316 @F ) ds =3 [ (V). 216 (o) Pz o

N \

+ [t ngl -2 @R ) dx= (3-3) [ loas

Since Lemma 2.2-(5) that -0 < |G} (0) %, if 2V (x) + (VV (x), x) > 0, then (6.3) implies

that v = 0 for p > 6. So that 0 = u = G~!(v). Then (1.9) has no nontrivial solutions. O]
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