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Some Definitions and Examples

Definition
Let A be an algebra and let t and s be two terms over A.

We say that t and s are equivalent over A if t(ā) = s(ā) for every
substitution ā ∈ A

Example

xp ?≡ x in Zp

Yes, Fermat’s theorem

Example

AB
?≡ BA over Mn(F)

No, Mn(F) is not commutative
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Example

xp ?≡ x in Zp

Yes, Fermat’s theorem

Example

AB
?≡ BA over Mn(F)

No, Mn(F) is not commutative



Some Definitions and Examples

Definition
Let A be an algebra and let t and s be two terms over A.

We say that t and s are equivalent over A if t(ā) = s(ā) for every
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Question: are t and s equivalent over A

Always decidable: check every substitution

What is the complexity of TERM-EQ?
Always in coNP.
What is the complexity of the problem for certain class of structures?
Goal: Prove dichotomy: TERM-EQ is either in P or coNP-complete
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Is there any semigroup with coNP-complete TERM-EQ?
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Klíma (2003) 6
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for almost every at most 6 element monoid the problem is in P



Results – Semigroups

Theorem
Seif, Szabó (2001)
TERM-EQ is P for combinatorial 0-simple semigroups.

Is there any semigroup with coNP-complete TERM-EQ?

Volkov, Popov (2002) #elements ≈ 21700

Kisielewicz (2002) few thousand
Szabó, VV (2002)13
Klíma (2003) 6
for every at most 5 element monoid the problem is in P
for almost every at most 6 element monoid the problem is in P



Results – Semigroups

Theorem
Seif, Szabó (2001)
TERM-EQ is P for combinatorial 0-simple semigroups.

Is there any semigroup with coNP-complete TERM-EQ?

Volkov, Popov (2002) #elements ≈ 21700

Kisielewicz (2002) few thousand
Szabó, VV (2002)13
Klíma (2003) 6
for every at most 5 element monoid the problem is in P
for almost every at most 6 element monoid the problem is in P



Results – Semigroups

Theorem
Seif, Szabó (2001)
TERM-EQ is P for combinatorial 0-simple semigroups.

Is there any semigroup with coNP-complete TERM-EQ?

Volkov, Popov (2002) #elements ≈ 21700

Kisielewicz (2002) few thousand
Szabó, VV (2002)13
Klíma (2003) 6
for every at most 5 element monoid the problem is in P
for almost every at most 6 element monoid the problem is in P



Volkov’s Example

〈a, b〉 — the free semigroup generated by two elements

Pj = ab15+ja2, 0 ≤ j ≤ 14
( = P0P2P1 ) = P0P3P1
¬ = P0P4P1 ∨ = P0P5P1 ∧ = P0P6P1
1 = P0P10P1 0 = P0P11P1

Expressions
(0), (1), (¬0), (¬1)
(V1∧V2∧ · · · ∧Vk), where Vi ∈ {0, 1,¬0,¬1}
W1∨W2∨ · · · ∨Wl , where Wj is defined by the previous forms

Relations
U = W , whenever U, W is not an expression

¬0 = 1 ¬1 = 0 (0∧0 = (0 (0∧1 = (0
(1∧0 = (0 (1∧1 = (1 ∧0∧0 = ∧0 ∧0∧1 = ∧0
∧1∧0 = ∧0 ∧1∧1 = ∧1 (0)∨(0) = (0) (0)∨(1) = (1)

(1)∨(0) = (1) (1)∨(1) = (1)
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Is there any semigroup with coNP-complete TERM-EQ?
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Combinatorial 0-simple semigroups

M – a 0–1 matrix.
Λ – the index set of rows
I – the index set of columns

Underlying set

SM := {〈i , λ〉 : i ∈ I , λ ∈ Λ} ∪ {0}

Multiplication:

〈i , λ〉〈j , µ〉 =

{
〈i , µ〉, if M(λ, j) = 1
0, if M(λ, j) = 0

and
0 · s = 0 = s · 0 ∀s ∈ SM
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Translating to Graphs

t = x1 · · · xn a term
X := {x1, . . . , xn} the set of variables in t
Define Gt(At , Bt , Et)
where
At = {ax | x ∈ X}
Bt = {bx | x ∈ X}
(ax , by ) ∈ Et ⇐⇒ xy is subword of t
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Evaluating
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Evaluating Terms

t = x1 · · · xn, X := {x1, . . . , xn}  Gt(At , Bt , Et)

At = {ax | x ∈ X},
Bt = {bx | x ∈ X} and
(ax , by ) ∈ Et ⇐⇒ xy is subword of t

for an evaluation X → SA \ {0}, xj 7→ 〈ij , λj〉

Gt →rr rr rr

JJc
cJJ



#
# ax 7→ λ, bx 7→ i if x = 〈i , λ〉

Lemma

t(~a) 6= 0 ⇐⇒ Gt →rr rr rr

JJc
cJJ



#
# is a homomorphism;

If 6= 0, then t(~a) = 〈i1, λn〉
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Identities of SA

t = x1 · · · xn s = y1 · · · ym, X = {x1, . . . , xn, y1, . . . ym}

Let us consider an evaluation X → SA \ {0}, then t(~a) = s(~a) iff:

Gt → rr rr rr
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#
# is a homomorphism ⇐⇒ Gs → rr rr rr

JJc

cJJ


#

# is a homomorphism;
if ε(t) 6= 0 and ε(s) 6= 0, then ix1 = iy1 and λxn = λym

Theorem
t ≡ s if and only if:

Gt = Gs ; and
x1 = y1 and xn = ym

Theorem
Seif, Szabó (2001) TERM-EQ(SA) ∈ P
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0-simple semigroups

G finite group
M – G ∪ {0} matrix.
Λ – the index set of rows
I – the index set of columns

Underlying set

SM := {〈i , g , λ〉 : i ∈ I , g ∈ G , λ ∈ Λ} ∪ {0}

Multiplication:

〈i , g , λ〉〈j , h, µ〉 =

{
〈i , gM(λ, j)h, µ〉, if M(λ, j) ∈ G
0, if M(λ, j) = 0

and
0 · s = 0 = s · 0 ∀s ∈ SM
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Example

Example
Z2 = 〈a〉

P :=

0 a 1
1 0 1
1 1 0


where Λ = I = {1, 2, 3}

Example

〈1, a, 1〉〈2, a, 2〉〈1, 1, 1〉〈3, a, 1〉〈2, 1, 2〉 =

〈

1

,

a

,

2

〉

P(1,2)=a P(1,2)=a

Theorem
, VV (2005) TERM-EQ(SP) is coNP-complete
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Z2 = 〈a〉
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0 a 1
1 0 1
1 1 0
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where Λ = I = {1, 2, 3}

Example

〈1, a, 1〉〈2, a, 2〉〈1, 1, 1〉〈3, a, 1〉〈2, 1, 2〉 = 〈1, a, 2〉

P(1,2)=a P(1,2)=a

Theorem
Goldberg, VV (2005) TERM-EQ(SP) is coNP-complete



Example

Fact
Multiplying a row or column of the matrix by a group-element doesn’t
change the semigroup

h−1

↓
← g−1

← k−1

g−1
5 g−1

6 g ′
3
−1

↓ ↓ ↓
← g ′

2
−1

← g ′
4
−1

a
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The Equivalaence Problem over SP

2HOM(H)

Given: H a finite bipartite graph
Input: G a finite bipartite graph

Question: ∀ϕ : G → H homomorfism 2
∣∣
|ϕ−1(e)|
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Results – Rings

Theorem
Hunt, Stearnes (1990)
For a finite commutative ring the equivalence problem is

in P, if the ring is nilpotent,
coNP-complete otherwise.

Theorem
Burris, Lawrence (1993)
For a finite ring the equivalence problem is

in P, if the ring is nilpotent,
is coNP-complete otherwise.
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Example

Example

Z2 is a Boolean ring:

identity element
x2 = x

form a Boolean algebra:

x ∧ y ↔ x · y
x ∨ y ↔ x + y + xy
x̄ ↔ 1 + x

3-SAT can be formulated:
(x1 ∨ x2 ∨ x̄3) ∧ · · · ∧ (xn1 ∨ xn2 ∨ xn3)  

((x1 + x2 + x1x2) + (1 + x3) + (1 + x3)(x1 + x2 + x1x2)) · · ·
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Different approaches of the Equivalence Problem over Rings

((x1 + x2 + x1x2) + (1 + x3) + (1 + x3)(x1 + x2 + x1x2)) (x5 + x2 · · · ) · · ·

expand ⇒ exponentially many monoms

Restriction for TERMS

any
TERMΣ (sum of monomials)
x1x3

2 x3 + x1 + x2x1x3 + x19
TERMΣ-EQ(R) problem
monomial
just in the multiplicative semigroup TERM-EQ problem for the
multiplicative semigroup



Different approaches of the Equivalence Problem over Rings

((x1 + x2 + x1x2) + (1 + x3) + (1 + x3)(x1 + x2 + x1x2)) (x5 + x2 · · · ) · · ·

expand ⇒ exponentially many monoms

Restriction for TERMS

any
TERMΣ (sum of monomials)
x1x3

2 x3 + x1 + x2x1x3 + x19
TERMΣ-EQ(R) problem
monomial
just in the multiplicative semigroup TERM-EQ problem for the
multiplicative semigroup



Different approaches of the Equivalence Problem over Rings

((x1 + x2 + x1x2) + (1 + x3) + (1 + x3)(x1 + x2 + x1x2)) (x5 + x2 · · · ) · · ·

expand ⇒ exponentially many monoms

Restriction for TERMS

any
TERMΣ (sum of monomials)
x1x3

2 x3 + x1 + x2x1x3 + x19
TERMΣ-EQ(R) problem
monomial
just in the multiplicative semigroup TERM-EQ problem for the
multiplicative semigroup



Different approaches of the Equivalence Problem over Rings

((x1 + x2 + x1x2) + (1 + x3) + (1 + x3)(x1 + x2 + x1x2)) (x5 + x2 · · · ) · · ·

expand ⇒ exponentially many monoms

Restriction for TERMS
any

TERMΣ (sum of monomials)
x1x3

2 x3 + x1 + x2x1x3 + x19
TERMΣ-EQ(R) problem
monomial
just in the multiplicative semigroup TERM-EQ problem for the
multiplicative semigroup



Different approaches of the Equivalence Problem over Rings

((x1 + x2 + x1x2) + (1 + x3) + (1 + x3)(x1 + x2 + x1x2)) (x5 + x2 · · · ) · · ·

expand ⇒ exponentially many monoms

Restriction for TERMS
any
TERMΣ (sum of monomials)
x1x3

2 x3 + x1 + x2x1x3 + x19
TERMΣ-EQ(R) problem

monomial
just in the multiplicative semigroup TERM-EQ problem for the
multiplicative semigroup



Different approaches of the Equivalence Problem over Rings

((x1 + x2 + x1x2) + (1 + x3) + (1 + x3)(x1 + x2 + x1x2)) (x5 + x2 · · · ) · · ·

expand ⇒ exponentially many monoms

Restriction for TERMS
any
TERMΣ (sum of monomials)
x1x3

2 x3 + x1 + x2x1x3 + x19
TERMΣ-EQ(R) problem
monomial
just in the multiplicative semigroup TERM-EQ problem for the
multiplicative semigroup



The Σ-version for Rings

Theorem
Lawrence, Willard (1997), Szabó, VV (2004)
The Σ-version of the equivalence problem is

in P if R/J (R) is commutative.
If R = Mn(F) is a finite simple non-commutative matrix ring, then
TERMΣ-EQ(R) is coNP-complete.

Theorem
Szabó, VV (2004)
The Σ-version of the equivalence problem is

in P if R/J (R) is commutative;
coNP-complete otherwise.
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Step 1. – Reduction to the Group case

Search for a big N such that

for every non invertible matrix A ∈ Mn(F) : AN is idempotent
Everything can disappear!!

∃B ∈ SLn(q) with BN 6= 1.

Zsigmondy’s Theorem
For almost all 1 < a, n ∈ Z there exists a prime p such that:

p | an − 1
p - ai − 1, 0 < i < n
p - n
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Horváth, Mérai, Lawrence, Szabó
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 w a term that proves the coNP-completeness for GLn(q)

wN will be a proof for Mn(q)
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Step 3. – Direct Sum of Matrix Rings

Find a polinomial f such that

f (A) = 0 in most of the coordinates but
∃B ∈ SLn(F) such that f (B) ∈ GLn(F) for one coordinate

Hilbert Theorem 90’s
There exist an element of norm 1 in Fα

p over Fp.
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Fact
R a finite ring ,
J (R) its Jacobson-radical then

R/J (R) = Mn1(F1)⊕ · · · ⊕Mnk (Fk)

J (R) is nilpotent, i.e. J (R)n = 0

w is a word that proves coNP-completeness for Mn1(F1)⊕ · · · ⊕Mnk (Fk)
then
wn proves the coNP-completeness for R
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Hope: For any CSP(B) ∃ a 0-simple semigroup S such that:
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NP-complete for bands
√

(Klima)

NP-complete for the Brandt monoid
√

(Klima, Seif)
Combinatorial semigroups ?
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Vége = The End

What about your favorite structure?
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