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Abstract. The subject of this presentation is the class of (m+k,
m)—bands, i.e. the class of vector-valued (m+k, m)—semigroups that
are direct products of p—zero (m+k, m)—semigroups (an (m+k, m)—
groupoid (Q; [ 1) is said to be a p—zero (m+k, m)—groupoid,

0<p<m, i [xl"’+k]=xfx;”f,f+1 for any x""*e0™*). Two

characterizations of (m+k, m)—bands are given and free
(m+k, m)—bands are described.

0. Introduction

We will introduce some notations which will be used
further on:

1) The elements of O°, where O° denotes the s—th Cartesian

power of Q, will be denoted by x;. If x, =x, =...=x, =x,

N

then x; Is denoted by the symbol x.
2) The symbol x/ denotes the sequence xux;....x; for i <,
and the empty sequence when i > ;.

3) The set {1,2,...,s} will be denoted by IN,.



Let m and k be positive integers. An (m+k, m)-groupoid
Is a pair Q=(Q; [ ]) where O, [ ] is an (m+k, m)-

operation, i.e.amap[]: 0"*— Q"

Let [ ] be an (m+k, m)—operation on a set O. We can

associate a sequence of m m+tk-ary operations
[1u [Jor [1n ([12 0™ —> 0, 1<i<m)to[] by
"1 =y, < 1=y (1)

for every 1<i < m.

An (m+k, m)—groupoid Q=(Q; [ ]) is called an (m+k, m)—

semigroup if for each x""* e 0" 1<i<k

ooy [ T ] = LD Bl (2)

i+m+k+1



1. p—zero (m+k,m)—semigroups

Definition 1.1 An (m+k,m)—groupoid Q=(O;[]) is
said to be a projection (m+ k,m)—groupoid if there are
1<o,<a, <..<a, <m+k, such that

[ ] = %, Xy e 3)

forany x""* e 0",

The left-zero (m + k,m) —groupoid (a pair A=(4;[]),
where [ ] is an (m + k,m) —operation defined by [x"*]= x/")

and the right-zero (m + k,m) —groupoid (B=(B;[]), where

[ ] is defined by [x/*]=x"") are examples for projection

(m + k,m) —groupoids which are also
(m + k, m) —semigroups. In general, projection
(m + k, m) —groupoids are not necessarily

(m + k, m) —semigroups. For example, the (4,2)-groupoid
Q=(0;[ 1) where [] is defined by |x'|=x?, is a projection
(4,2)—groupoid, but not a (4, 2)—semigroup.



Definition 1.2 Let 0< p <m. An (m+ k,m) —groupoid
Q=(0;[ ]”) is said to be a p—zero (m + k, m) — groupoid if
[x" 1" = x/x) 00 (4)

for any x/""* e 9™,

Proposition 1.3 Any p-zero (m+ k,m)—groupoid

Q=(0O;[ 1?) isan (m + k, m) —semigroup.

Proposition 1.4 If Q=(0O;[]) 1is a projection
(m + k, m) —groupoid which IS also an
(m+ k,m)—semigroup, then Q is a p-zero

(m + k,m) —semigroup, for some 0< p <m.

Propositions 1.3 and 1.4 imply that there are exactly m +1

projection (m + k, m) —semigroups.



2. (m+Kk,m)—bands

Let A=(4,;[1),i=12,....,t be (m+ k,m)—semigroups.
Their direct product is an (m + k, m) —semigroup, where the

(m + k, m) —operation [ ] is defined by

m+k

[xl ]:ylm < X :(xi,l’xi,Z""’xi,t)’ Y :(yj,l’yj,Z""’yj,t)’

Yir = [xl,sz,j"'xm+k,j ]r’ 1€Ny+t, JEN,, r€N,. ()

Definition 21 Let Ay=(4,;[]°) be p-zero
(m + k, m) —semigroups, 0< p<m. The direct product of

A, A ..., A, 1s called (m+ k,m) —band.

If (4, xA ,x..xA,; [] 1san (m+k,m)—band then its

(m + k, m) —operation [ ] is of the form
[ 1= 07 = (00X 5000 X, )
yj = (xj,l’xj,Z""’xj,m+1—j’xj+k,m+2—j""’xj+k,m+1)’ (6)

iEH\Jm+k,j€[|\Jm.



Proposition 2.2 An (m+ k,m)—semigroup Q=(O;[ 1)
IS an (m+k,m)—band if and only if the following

conditions are satisfied in Q:

m+k | |1 i+k—1 m+k | .
(I) [xl ]i _[yl X Vin 'xi+kyi+k+l_i’ ZE[N"“

JY i1 k-1 m—i | k-1 m—j _i—l - -1 k-1 m—j m—i
()| alaxaya|aza | =|laxalayaza | a],
' j L J i

1

for a fixed elementof QO and j <7i;

il 1 k=1 m—j | k=1 m—i i1 k-1 mei _
(1 a[axaya} aza =[axaza},f0raﬂxed
J i '

1

element of O andj <7i,
J1 kA il k-1 m=iT| m—j J1 k1 m—j )
(IV)[axa[ayaza} a} =[axaza},foraflxed
i j J

element of O andj < i;

V) [mxk} .



3. A characterization of (m + k, m)—bands

In the sequel we will give a characterization of

(m + k,m) —bands using the usual rectangular bands, where a
rectangular band is a semigroup (Q;*) that satisfies the

following two identities
x*y*xz=x+*zand x*x=x, (7)

foreach x,y,ze Q.

Proposition 3.1 Q=(Q;[]) is an (m+k,m)—band if
and only if there are rectangular bands (Q;*.), i €lN,, such
that
() (ex, p)*, z=x%, (y*, 2). j<i;

(if) (x*, y)* z=x% z, j<i;
(¢ii) x *, (y*l. Z)ZX*J. z, J<I;

and [xl’””‘ ]l. =x,* x,,, X" e Q" ielN,. (8)

1



4. Free (m + k, m) —bands

Let B = J. We define a sequence of sets By, By, ..., B

)4
... by induction as follows:
B, = B;

Let B, be defined and let C, = {xy X, V€ Bp}. Then we

take B,,1=B,U(N,xC,) and B= |35, .

50
We define a length for elements of B, i.e. a map
| |: B—N, in the following way:
For each aeB, |a| =1,
Let |u| be defined for each ueB,, then for (i, xy)eB,.u,

we put

(6, xp) =1+ [xf +[x]y].
By induction on the length we define a map ¢:B — B

as follows:

If aeB then
(DO) ¢(a) =a



Let u = (i, xy) e B and suppose that for each ve B, with
v <|ul|, o(v) be defined and:
i) o(v) % v = [o(v)] <V
ii) o(o(v)) = ¢(v).
Let o(x) = x or ¢(y) # y. Then
(D1) o(i, xy) = o(i, o(x) 9()).
Let o(x) =x and o(y) = y.
If u = (i, xx) then
(D2) ¢(u) = ¢(x).
If u=(i,(j,2w)y), j<i then
(D3) o(u) = ¢(i,zy).
If u=(i,x(j,zw)), i < j then
(D4) o(u) = @(i, xw).
If u=(i,(j,zw)y), i < j then
(D3) o(u) = (j, 2@, wy)).
If u=(i,x(j,xz)), j<i then
(D6) ¢(u) = ¢(/, x2).



If o(u) can not be defined by (D1), (D2), (D3), (D4), (D5) or
(D6) then

(D7) o(u) =u.
Proposition 4.1 ¢ is a well defined mapping.

Proposition 4.2 a) For each ue B, |o(u)| < [ul;
b) For ue B, if o(u) #u then )| < |ul;

c) For each ue B, ¢(p(u)) = o(u).

Proposition 4.3 Let u = (i, xy) € B. Then:

a) o(u) = o(i, o(x) ());
b) o(u) = o(i, p(x)y) = ¢(i, xp(y)).

Proposition 4.4 Let u = (i, xx) € B. Then ¢(u) = ¢(x).

Proposition 45 (1) Let u=(,(j,zw)y), j<i. Then

P(u) = (i, zy).
(1) Let u = (i, x(j,zw)), i < j. Then o(u) = ¢(i, xw).

() Let u=(G,(j,zw)y), i< j. Then o(u) = (j,z(i,wy)).

10



(IV) Let u = (i,x(J,xz)), j<i. Then o(u) = o(j, xz).

Let Q:(p(ﬁ). If ueQ then there is ve B such that

o(v)=u, and by Proposition 4.2 c) we have

o(u) =p(e(v)) =e(v)=u. It is clear that if ¢@(u)=u then

ue (p(E)z 0. Hence, Q:{u‘ ueB, ou) = u}
We define maps *, :OxQ — Q, i €N,, by
x#, y =i, xp). 9)

Proposition 4.6 For each i eN,,, (Q;*,) are rectangular

bands that satisfy (i), (i7) and (iii) from Proposition 3.1.

Let [ ] be the (m + k, m) —operation on O defined by

[xl’“k]l. =x,* x,, x"" e Q" iecN,. (10)

i i Vitk!

Theorem 4.7 (Q;| ]) is a free (m +k,m)—band with a
basis B.
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