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Free spectrum

Definition

The sequence of cardinalities |Fy(n)| (n=0,1,2,...) is called the free
spectrum of variety V, where |Fy(n)| denotes the size of the free algebra
freely generated by n free elements.
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Structure

Theorem (J. Berman (1995))

For each k > 2 there exist positive constants dy,...,ds and c1, ¢, ¢4,
such that if A k-element simple algebra and V = Var(A), then for every
sufficiently large n,

Q iftyp(A) =1, then din < |Fy(n)| < cyn'og2k

if typ(A) =2, then dok" < |Fy(n)| < cok(k=D)n.

if typ(A) =3, then kK" < |Fy(n)| < kX";

if typ(A) =4, then k%K"/V7 < |Fy(n)] < ketk"/V7;
)

if typ(A) =5, then dsk” < |Fy(n)| < k", where

0909

o) = gt (s -
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In universal algebra

An algebra is simple <
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In universal algebra

An algebra is simple < it has no proper congruence.
congruence-free

In semigroup theory

A semigroup is simple < it has no proper ideal.
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In universal algebra

An algebra is simple < it has no proper congruence.
congruence-free

In semigroup theory

A semigroup is simple < it has no proper ideal.
simple
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Definition

A semigroup S with zero is called 0-simple if
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Definition

A semigroup S with zero is called 0-simple if
o {0} and S are its only ideals;
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A semigroup S with zero is called 0-simple if
o {0} and S are its only ideals;
e S2#£0.
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Definition
A semigroup S with zero is called 0-simple if

e {0} and S are its only ideals;
e S2#£0.

Definition

A semigroup is called combinatorial if it does not contain a nontrivial
group as a subgroup.
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Rees matrix semigroups

Denote by Sy the Rees matrix semigroup MO(G; I, A; M),
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Rees matrix semigroups

Denote by Sy the Rees matrix semigroup MO%(G; I, A; M), where
o G is a group;

@ / and A are nonempty sets;
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Rees matrix semigroups

Denote by Sy the Rees matrix semigroup MO%(G; I, A; M), where
o G is a group;
@ / and A are nonempty sets;
e Mis a A x | matrix with entries in G U {0}.
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Denote by Sy the Rees matrix semigroup MO%(G; I, A; M), where
o G is a group;
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Rees matrix semigroups

Denote by Sy the Rees matrix semigroup MO%(G; I, A; M), where
o G is a group;
@ / and A are nonempty sets;
e Mis a A x | matrix with entries in G U {0}.

Sw={li,g,N:i€l, g€G, AeAjuU{0};
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Rees matrix semigroups

Denote by Sy the Rees matrix semigroup MO%(G; I, A; M), where
o G is a group;
@ / and A are nonempty sets;
e M is a A x | matrix with entries in G U {0}.

Sw={li,g,N:i€l, g€G, AeAjuU{0};

g AL b ] = | o8mahop]if im0
b b b ) 0 if m)\’j:O‘
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Rees matrix semigroups

Denote by Sy the Rees matrix semigroup MO%(G; I, A; M), where
o G is a group;
@ / and A are nonempty sets;

e Mis a A x | matrix with entries in G U {0}.

Sw={li,g,N:i€l, g€G, AeAjuU{0};

g AL b ] = | o8mahop]if im0
b b b ) 0 if m)\’j:O‘

A finite Rees matrix semigroup MO(G; I, A; M) is combinatorial iff the
group G is trivial (G = {1}).

Kamilla Katai-Urban (Bolyai Institute) Free spectra July 2007.



Example
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Let MO(G;/,A\; M) be a Rees matrix semigroup,
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Let MO(G; /,A; M) be a Rees matrix semigroup, where

G=G={g"|g=g*=1,0<k<2},
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Let MO(G; /,A; M) be a Rees matrix semigroup, where
G=G={g"|g’=¢g>=10<k<2},

I ={1,2}, AN=1{1,2,3},
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Let MO(G; /,A; M) be a Rees matrix semigroup, where

G=G={g"|g=g*=1,0<k<2},

0q

I={1,2}, A={1,23}, M =

=0y 0
= O
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Let MO(G; /,A; M) be a Rees matrix semigroup, where

G=G={g"|g=g*=1,0<k<2},
g g2
I={1,2}, A={1,23}, g 0
11
a=(1,g%1), b=1(2g,3),
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Let MO(G; /,A; M) be a Rees matrix semigroup, where

G=G={g"|g=g*=1,0<k<2},
g g2
I={1,2}, A={1,23}, g 0
11
a=(1,g%1), b=1(2g,3),

ab=(1,g%,1)(2,8,3)
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Let MO(G; /,A; M) be a Rees matrix semigroup, where

G=G={g"|g=g*=1,0<k<2},

g g
I={1,2}, A=1{1,2,3}, M=1g 0

1 1
_ 2 _ (& 00 _
a_(lvg’l)' A_<0 0 0) b—(2,g,3),

ab=(1,g%,1)(2,8,3)
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Let MO(G; /,A; M) be a Rees matrix semigroup, where
G=G={g"|g’=¢g’=10<k<2},

g
I={1,2}, A={1,23}, M=|g 0
1 1

ab=(1,g%1)(2,g,3)
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Let MO(G; /,A; M) be a Rees matrix semigroup, where
G=G={g"|g’=¢g’=10<k<2},

g
I={1,2}, A={1,23}, M=|g 0
1 1

ab=(1,g%1)(2,g,3) = AMB
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Let MO(G; /,A; M) be a Rees matrix semigroup, where
G=G={g"|g’=¢g’=10<k<2},

g
I={1,2}, A={1,23}, M=|g 0
1 1

2
= (1, g2 _ g2 00
ab=(1,g2,1)(2,g,3) = AMB = <0 0 0)
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Let M°(G;/,\; M) is a Rees matrix semigroup, where
G=GCG={gh|g’=g*=10<k<2},

I={1,2}, A={1,23}, M

Il
— 0y 0q
— o
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Let M°(G;/,\; M) is a Rees matrix semigroup, where
G=GCG={gh|g’=g*=10<k<2},

I={1,2}, A={1,23}, M

Il
— 0y 0q
— o

200 000
a:(17g271)' A:(% 0 0>' b:(2’g73)’ B( >

2
ab:(l,gz,l)(2,g,3)=AMB=(g 0 0)

0 0 g%g°g
00 0
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Let M°(G;/,\; M) is a Rees matrix semigroup, where
G=GCG={gh|g’=g*=10<k<2},

I={1,2}, A={1,23}, M

Il
— 0y 0q
— o

200 000
a:(17g271)' A:(% 0 0>' b:(2’g73)’ B( >

0 00

0 0 g%\ _ (0 0 g%\ _ . .»
(00 o )= loo o)=1end)

2 g &
ab:(l,gz,l)(z,g,a):AMB:(g 0 o) c % (0 0 o>:
11

Kamilla Katai-Urban (Bolyai Institute) Free spectra




If S is a finite Rees matrix semigroup = S is a finite 0-simple semigroup. J
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If S is a finite Rees matrix semigroup = S is a finite 0-simple semigroup. J
=

S is a finite combinatorial Rees matrix semigroup < S is a finite
combinatorial 0-simple semigroup.
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If S is a finite Rees matrix semigroup = S is a finite 0-simple semigroup. J
=

S is a finite combinatorial Rees matrix semigroup < S is a finite
combinatorial 0-simple semigroup.

Definition

A variety is called exact if it is generated by a finite 0-simple semigroup.
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Variety | generating | matrix (M) | free spectra
semigroup of variety
SL Y [1]
LNB L [1]
RNB R [11]
NB N [11]
B B> [51]
10
LN By L, [8 ﬂ
RN B, R, [§99]
100
v | N | B
A A, [16]
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Variety | generating | matrix (M) | free spectra
semigroup of variety
SL Y [1]
LNB L [1]
RNB R [11]
NB N [11]
B B> [51]
10
LN By L, [8 ﬂ
RN B, R, [§99]
100
v | N | B
A A, [16]

[Fy(n)] = [ClonA| = 3= (}) P(A)
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Proposition (S. Seif, Cs. Szabé (2003))

Let S € {Y,L,R,N}. The sandwich matrix M of S is an r x | all 1 matrix.
Let p=p(x1,...,%n) = X, ... X;, and g = q(x1,...,Xp) = Xj ... X, be
two terms. Then p = q over S if and only if the following conditions are
satisfied:
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Proposition (S. Seif, Cs. Szabé (2003))

Let S € {Y,L,R,N}. The sandwich matrix M of S is an r x | all 1 matrix.
Let p=p(x1,...,Xn) = Xy ... X;, and g = q(x1,...,Xn) = Xj, ... X;,, be
two terms. Then p = q over S if and only if the following conditions are
satisfied:

© the variables occurring in p and q are the same;
Q@ ifr>2, then x; = xj,;
@ ifl > 2, then x; = Xx;,.
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Proposition (S. Seif, Cs. Szabé (2003))

Let S € {Y,L,R,N}. The sandwich matrix M of S is an r x | all 1 matrix.
Let p=p(x1,...,Xn) = Xy ... X;, and g = q(x1,...,Xn) = Xj, ... X;,, be
two terms. Then p = q over S if and only if the following conditions are
satisfied:
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Variety | generating | matrix (M) | free spectra
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Proposition (S. Seif, Cs. Szabé (2003))

Let S € {Y,L,R,N}. The sandwich matrix M of S is an r x | all 1 matrix.
Let p=p(x1,...,Xn) = Xy ... X;, and g = q(x1,...,Xn) = Xj, ... X;,, be
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Proposition (S. Seif, Cs. Szabé (2003))

Let S € {Y,L,R,N}. The sandwich matrix M of S is an r x | all 1 matrix.
Let p=p(x1,...,Xn) = Xy ... X;, and g = q(x1,...,Xn) = Xj, ... X;,, be
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Variety | generating | matrix (M) | free spectra
semigroup of variety

st Y oo s@=2-1

LNB L [1]

RNB R [11]
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Proposition (S. Seif, Cs. Szabé (2003))

Let S € {Y,L,R,N}. The sandwich matrix M of S is an r x | all 1 matrix.
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Proposition (S. Seif, Cs. Szabé (2003))

Let S € {Y,L,R,N}. The sandwich matrix M of S is an r x | all 1 matrix.
Let p=p(x1,...,Xn) = Xy ... X;, and g = q(x1,...,Xn) = Xj, ... X;,, be
two terms. Then p = q over S if and only if the following conditions are
satisfied:

© the variables occurring in p and q are the same;
Q@ ifr>2, then x; = xj,;
@ ifl > 2, then x; = Xx;,.

Variety | generating | matrix (M) | free spectra
semigroup of variety
st Y oo s@=2-1
VB | L 3| Sk =n
RNB R [11] S k(}) =n2mt
NB N [11] S kA7) = n(n+1)2n2
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The five element combinatorial Brandt semigroup

Denote by By the five element combinatorial Brandt semigroup
MO(G; I, A; M), where
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The five element combinatorial Brandt semigroup

Denote by By the five element combinatorial Brandt semigroup
MO(G; I, A; M), where

o G={1},

o I =N={1,2},

o M=E,.

i Al = {g*ﬂ o
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term — bipartite graph

t= T1T3XL2L4T4T3L1L3Ty
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term — bipartite graph

Uy

U1

Kamilla Katai-Urban (Bolyai Institute)

= T1X3XoT4T4T3X1X3T

Uz us
o [ ]
[ ] [ ]
V2 U3
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term — bipartite graph

= T1T3XX4X4X3T1L3T

Uy Uz us Uy
[ ]
[

U1 V2 U3 (2
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= T1T3TXX4X4X3T1L3T
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[ ] [ ]
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term — bipartite graph

= T1T3XX4X4X3T1L3T2

Uy Uz us Uy
[

[
U1 V2 U3 (2
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term — bipartite graph

= T1T3TX4X4X3L1T3T9

Uy Uz us Uy
[
U1 V2 U3 (2
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term — bipartite graph

= T1T3TX4X4X3L1T3T9

Uy Uz us Uy
[
U1 V2 U3 (2
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term — bipartite graph
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term — bipartite graph
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term — bipartite graph

t= T1T3XX4X4X3T1T3T

Uy U9 us Uy

U1 V2 U3 (2
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Term equivalence over Bj

t= L1X3ToL4T4X3T1T3T2

Uy Uz Uz Ug

(g1 V2 U3 (Z
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Term equivalence ov 2

t= TL1X3T9T4T4X3TL1T3T Bg
Uy Uz U3 Uq 1 2 I
U1 V2 U3 Vg 1 2 A
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Term equivalence ov 2

t = T1T3T2X4T4T3T1T3T2 B
Uy Uz us Ug —_— 1 2 I
U1 V2 U3 Uy _— 1 2 A

Kamilla Katai-Urban (Bolyai Institute) Free spectra July 2007. 25 /39



Term equivalence ov 2

t = T1T3T2X4T4T3T1T3T2 B
Uy Ug Uus Ug —_— 1 2 I
U1 Vg U3 Uy _— 1 2 A
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Term equivalence over Bj

t = T1T3T2X4T4T3T1T3T2 B
Uy Ug Uus Ug —_— 1 2 I
®
[ ]
U1 Vg U3 Uy _— i1 2 A
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Term equivalence ov 2

= 1T3T2T4T4T3L1L3T2

Uy Usa (5] Ug —_— i 2 I
v Vg 3 N _— 1 2 A

Kamilla Katai-Urban (Bolyai Institute) Free spectra July 2007. 30/ 39



Term equivalence ov 2

t = 2123220424 T3T1L3T2 —_— [2, ].]
uw Uz us U — 1 A ¢
vy Vg Vg Uy _— 1 2 A
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Term equivalence over Bj

= T1T3T2T4T4T3T1T3T2 — [2,1]
Uy Uz us Ug —_— 1 2 I
v v v3 v — 1 2 A
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Term equivalence over By

= T1T3T2T4T4T3T1T3T2 — [2,1]
w up ug u — I
v Uy U3 vy [ A

Theorem (S. Seif, Cs. Szabé (2003))

Kamilla Katai-Urban (Bolyai Institute) Free spectra July 2007. 32 /39



Term equivalence over By

= T1T3T2T4T4T3T1T3T2 — [2,1]
w up ug u — I
vy vy vz v — A

Theorem (S. Seif, Cs. Szabé (2003))

Let p=p(x1,...,Xn) = Xiy - . . Xj,
two terms.
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Term equivalence over By

= T1T3T2T4T4T3T1T3T2 — [2,1]
w up ug u — I
vy vy vz v — A

Theorem (S. Seif, Cs. Szabé (2003))
Let p=p(x1,...,Xn) = Xi, ... Xj, and g = q(x1,...,Xn) = Xj, - .. Xj,, be
two terms. Then p = q over By if and only if

© the components of G(p) and G(q) are the same;

@ Compgpy(uiy) = Compg(q)(uj,);

@ Compg,)(vi,) = Compg(q)(Vin)-

July 2007. 32 /39
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The free spectrum of B = Var(B;)

Proposition

Let p,(B2) denote the number of essentially n-ary term operations over
By. Then

log ps(B2) ~ log n".

IFs(n) = >"i—o (£) Px(B2)

Theorem (K.K., Cs. Szabd)

log |F5(n)| ~ log n?".
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Proposition

Pn(B2) < pn(L2) = pn(R2) < pn(N2) < n°py(Ba).
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Proposition

Pn(B2) < pn(L2) = pn(R2) < pn(N2) < n°py(Ba).

Variety | generating | matrix (M) | free spectra
semigroup of variety
10
[:NB2 L2 |:8 %j| ~log n2"
RNBQ Rz [(1J (1J (IJ] ~log n2n
100 on
VB, | N | (] | e
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Term equivalence over A,

Denote by A, the combinatorial Rees matrix semigroup Sy, where

M:(ié)
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Term equivalence over A,

R

Denote by A, the combinatorial Rees matrix semigroup Sy, where

M:(}é)

Theorem (S. Seif, Cs. Szabé (2003))

Let p= p(x1,...,Xn) = Xi; - . . Xj,

two terms. Then p = q over Ay if and only if

Q G(p) =G(q),

and q = q(x1,...,Xn) = Xj, - .. X, be
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Term equivalence over A,

R

Denote by A, the combinatorial Rees matrix semigroup Sy, where

M:(}é)

Theorem (S. Seif, Cs. Szabé (2003))

Let p= p(x1,...,Xn) = Xi; - . . Xj,

two terms. Then p = q over Ay if and only if
0 G(p) = G(q),

e Xil — le V.

and q = q(x1,...,Xn) = Xj, - .. X, be

m

Q X = Xjim -
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The free spectrum of A = Var(A;)

Proposition

G contains a closed walk containing all edges
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The free spectrum of A = Var(A;)

Proposition

G contains a closed walk containing all edges = there are exactly n> many
non-equvivalent essentially n-ary terms inducing the same graph.
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The free spectrum of A = Var(A;)

Proposition

G contains a closed walk containing all edges = there are exactly n> many
non-equvivalent essentially n-ary terms inducing the same graph.

Theorem (K.K., Cs. Szabd)

|Fa(n)| ~ n?2".
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Variety | generating | matrix (M) | free spectra
semigroup of variety
SC Y [1] 2n 1
LNB L [1] n2n—1
RNB R [11] n2n—1
NB N [11] n(n+ 1)2"—2
B B (53] ~log 1"
KNBQ |.2 [é (ﬂ ~log n2"
RNB, | R 3291 | ~og "
100 .
ve | N | ] e
A A; [15] ~ 22"
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