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1 Preliminaries

Let V) be any variety of groupoids.
A groupoid G is called an n-V-groupoid it

(Yay,as,...,an € G) {ay,as,....ay) € V.

The class of all n-V-groupoids is denoted by n-V.

1-V-groupoids are called power V-groupoids; p V.



V Cn-V and (n+ k)-V Cn-V, for any n, k > 1.

If the variety has the axiomatic rank n, then n-YV=V.

U = Varlz?y? =~ xy):
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pU-groupoids:
groupoids G such that (Va € G) (a) e U



B — arbitrary nonempty set

F = (F.-) — the set of all groupoid terms over B in
the signature .. The terms are denoted by t, u. v, w. ...
F = (F.-) is the absolutely free groupoid with the free
basis B, where the operation is defined by (u,v) — uwv.

of v and

For each v € F| we define the length | v
the set of subterms P(v) of v by:

1 b=1 |tu|=|t]|+|u] (1.1)
P(b) ={b}, P(tu) = {tu} UP(t)U P(u), (1.2)
foreachb € Bandt.u € F'.



E = (E.-) — the absolutely free groupoid with one-
element basis {¢}; the elements of E are called groupoid
powers and are denoted by f.qg.h.....

For any groupoid G = (G, -), each element f € FE
induces a transformation f¢ : G — G (called an inter-
induces a transformation [~ : G — G (called an inter
pretation of f in G) defined by:

eC(x)=x, (gh)% ()= ¢%x)h®(x) (1.3)
for any g, h € E and x € G.



2 Construction of free objects
in the variety pi/

. . ; : 9 9 . .
[t is shown in [1] that the axiom z°y* ~ ry is equivalent
. . : 9 9 . . p
with the system of axioms x°y ~ zy, xy~ ~ ry; Also, if
G € U, then a € G 1s a square 1ff a 1s an 1 dempotent.

Theorem 2.1. G € pU iff
(v € G)(¥f € B\ {e}) (o) = 22



Corollary 2.1. G € pU ff
(f(.’}.‘))g(‘{}(.'f.'})g — f(_‘}.')ﬂ(;}’.’) (2_1)

for any x € G and f,g € .

Corollary 2.2. The class of pU-groupoids is a
variety defined by the identities

R i R P el (2.2)

An element ¢ € (G is said to be primitive in G ift

(Va € G)(Vf € E\{e}) c# f(a)



Lemma 2.1. For any v € F there 1s a uniquely de-
termined primitive element u € F and uniquely de-

termined f € E\{e} such that v = f(u).

In that case we say that u i1s a base of v, [ 1s the
power of v, | f| the exponent of v, and denote it by
v=uwu,v” = fand |v™|, respectively.

Lemma 2.2. Let v,w € F.

a) If v and w have different bases, then vw is prim-
itive element in F, i.e. (v # w = vw = vw).

b) The elements v, w have the same base t iff t is a
base of vw (i.e. t = vw) and the power of vw equals
the product of the power of v and the power of w (i.e.
v=w=t & t=vw & (vw)”=v"w").



Define a carrier /2 of a free object in the variety pU as
follows:

R={tc F: (YuePt) |u"| <2}
Define an operation * on R by:

tu, if tue R

tbue R=txu=19 |
it t=u=uxz|t7|+|u"| >3



1°. R = (R.*) is a groupoid, B is the set of primes in
R and generates R.

Lett € R, f € E. We define f,(t) as follows:
ei(t) =1, (fg):(t) = fi(t) * g.(t). (2.3)

2°. Let t € Rand f € E'\ {e}.

a) If # is not a square in F', then f,(t) = t2, and,
specially, t * t = 12,

b) If ¢ is a square in F', ie. t = 2%, where z is a
primitive element in F', then f,(t) = ¢, and,
specially, t «t = .



3 Repl.
4°. R has the universal mapping property for pU over

B.

Theorem 2.2. R = (R.x) is a free groupoid in pU
with a free basis B.

The class of free objects in p U will be denoted by p Uy,

Note that, if a, b € B are distinct elements in 5, then

ax (bxb)=axb®=ab®+# ab = a b, and therefore: if

| B| > 2,then R ¢ U.



Proposition 2.1. a) For any x € R, x*x is an idem-
potent in R.

b)t € R is an idempotent in R iff t is a square in R.
c) If t € R is an idempotent in R, then there is a
unique nonidempotent x € R (i.e. ¥ # x % x) such
that t = x * x.

d)t € R is primitive in R iff t is primitive in F.

Proposition 2.2. Let [ be the set of all idempotents
in R and N be the set of all nonidempotents in R. If
z € R is a nonidempotent and z is not prime in R,
then one of the following cases is possible:
1)z=axf3, a,0cl, a3

2)z=xzxa,acl, z € N;

3)z=axx,acl, xc N,

j)z=xxy, x,y € N, z#y.



Proposition 2.3. For anyt € R\ B there is exactly
one pair (u,v) € R?, such that t= uv = ux*wv.

(We say that (u,v) is the pawr of divisors ot t in R. In
this case: v = v iff u? € R (iff u is not a square); then

we say that u is the divisor of t).

Remark. The proposition 2.3. does not exclude exis-
& - - i')
tence of distinct pairs (uy, v1), (ug, v2) € R*, such that

Uy * V] = U9 * V9.



3 Injective objects in pU

We say that a groupoidd H = (H,-) is injective in pU
(i.e. pU-injective) iff

0) H epld

1) If a € H is an idempotent, then there is a unique
nonidempotent ¢ € H, such that a = ¢? and the equality
a = ay holds iff {x,y} C {c, ?}.

(In that case we say that ¢ is the divisor of a or ¢ 1s the
base of a.)

2) It @ € H is an nonidempotent and is not prime in
H | then there is a unique pair (¢, d) € H 2 such that
a = cd and ¢ # d.

(Note that c¢.d could be both idempotents; one idem-
potent and the other nonidempotent; both nonidempo-
tents. )

The class of all pU-injective groupoids will be denoted
by pUin;.



Proposition 3.1. Fvery pU-free object 1s pU-injective,
ie. pUp C pUyy;.

It H = (H.-) € pUip; and a € H, then the sub-
groupoid Q = {a®} of H is not pU-injective.

Proposition 3.2. Neither of the classes pUy,. pUp;
is hereditary.

Theorem 3.1. (Bruck Theorem for the variety pi)
A groupord H € pU s pU-free iff the following con-
ditions are satisfied:

(i) H is pU-injective.

(ii) The set P of primes in H is nonempty and
generates H.



A construction of pU-injective groupoid that is not
pU-free.

Let N be an infinite set, [ a set equivalent and disjoint
with N, H = NUT and ¢ : N — [ a bijjection. We
define the set D = {(z,y) : z,y € NU I, x # y}.
Since N 1s infinite 1t follows that the sets N, [ and D
are equivalent. This implies that there 1s an injection
v: D — N.

Define an operation 7" in H = N U [ by:

mn - T = ;(’H) 1-1=1, I- Y = {‘ (;I-’. '_ij).

foranyn e N,i eI, (r,y) € D.

We obtain that H = (M, -) is a groupoid that is pU-
mjective. When ) 1s a bijection, then there are no prime
elements in H. So, H is not pU-free. Thus:

Proposition 3.3. The class of pU-free groupoids is a
proper subclass of the class of pU-injective groupoids,
i.e. pUp C pUiy;.



