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Abstract

As we know several algebras with one binary and one
nullary operations introduced as an algebraic-logic
structure. One of them is implication algebra whgh
applied in other branches of sciences like commurtal
Intelligence, lattice theory, Meta theory, fuzzgadiny,

etc. In this paper, first we introduce some resofits
Implication algebras and after that we verify teRtion
among the implication algebras with BCK-algebras,
gBCK- algebras, Hilbert algebras and lattice imgiama
algebras.
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1. Introduction

As we know several algebra with one binary andanyll
operation introduced as an algebraic-logic which
obtained from classical or non-classical logic. ohe
them is implication algebra introduced by J. C. Aloo
1967 which he discuss algebraic systems with desing
binary operation modeled on the Boolean operation
a* b =a U b where a is the Boolean complemerat. of
Such algebra is satisfy three basic equalitiesvat#d
from laws of implication in the absolute propogitab
calculus and are called implication algebras.
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RELATIONS AMONG As we k_now Resconi et al. (1990) _built_the Me_ta tiyeaf

IMPLICATION ... uncertainly based upon modal logic, with the inskent of the

Abstract modal logic, the fuzzy set theory and the fuzzy soeacan b
. represented by a common model. The semantic dtidzg

1. Introduction sets is given by the conceptual definition of polgsworlds in

2. Preliminaries modal logic. an isomorphism was established betwieen

3. Main Results structure of the probability calculus in the phgsidomain an

the fuzzy set theory in the conceptual domain efwtiorids,

. and obtain the semantic structure to describeuitkeerce

EXit theory. Korlelainen (1999) in the topological appioéo L-
fuzzy set theory introduced the fuzzy modifier ater
connected with accessibility relation.
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1. Introduction

Lukasiewicz and other created in a pure conceptual
domain, the many valued logic that Resconi et al. ca
describe in a symbolic way, by lattice structui&sdeh
with the definition of the continuous membershipdtion
created fuzzy sets for vagueness the operatiowsich
are different from the usual set theory as intérsec
union and complement.

L-fuzzy sets are built when the membership function
assumes symbolic values L. Meta theory of uncdstain
based upon modal logic is built to unify measures o
vagueness uncertainty and inconsistence in natural
language. So Meta-theory of uncertainty uses modat

as logic instrument.
a B
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1. Introduction

Resconi(2004) suggest in his paper to rewrite ta@m
part of the implication algebra by modal logic uthk a
way as to write a common language between the
traditional fuzzy logic and the implication algebra
Also Xu et al. (2003) with the lattice implication
algebras as a meta language formalized the L-fsgizy
theory.

Xu has established the concept of lattice implicatio
algebra by combinaning lattice and implication opara
which is a new logical-algebraic system and distigss
algebraic properties, also have studied the prigseot
lattice implication algebras.

an
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1. Introduction

Further more has discussed the relation amongthee
Implication algebra with MV-algebra, BL-algebra, R0
algebra and multiple valued logic.

Implication algebras have a strong logical- algabral
structure and as we know nonclassical logic hasrhecd
considerable formal tool for computer sciencesamficial
Intelligence information and uncertain informatimany-
valued logic a great extension and developmenlastccal
logic has always been a crucial direction in hassical
logic, so the study of implication algebras andoerties of
It is very interested for many researchers esdgcial
mathematician which are working on applied sciences

an
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1. Introduction

On the other hand the concept of BCK- algebras which
Introduced by K. Iseki (1966) are based by usesdie
theory and propositional calculus. Now this acagpt
applied in fuzzy logic, semantic language, etdhis
paper we will elaborate implication algebras witGK3
algebras, gBCK- algebras and Hilbert algebras
chronologically and we will study their propertias

brief. More over we will study relation between bded
Implication algebras with lattice distributive ingation
algebra.

'
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2. Preliminaries

Definition 2.1.

Definition 2.2.

Lemma 2.3.

Definition 2.4.

Example 2.5.

Example 2.6.

Lemma 2.7.

Definition 2.8.

Lemma 2.9.

Definition 2.10.

Lemma 2.11.

Definition 2.12.

Question
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3. Main Results

Lemma 3.1.
Lemma 3.2.
Definition 3.3.
Lemma 3.4.
Theorem 3.5.
Theorem 3.6.
Corollary 3.7.
Theorem 3.8.
Theorem 3.9.
Example 3.10.

Corollary 3.11.

Definition 3.12.

Theorem 3.13.

Lemma 3.14.

Theorem 3.15.
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IMPLICATION __. An implication algebra is a set X with a binary cgien

Abstract

“** which satisfies the following axioms:

1. Introduction
(I11) (X*y)*Xx =X,

2. Preliminaries
3. Main Results (12) (xX*y)*y=(y*X)*Xx,

Re_ferences (13) X*(y*2) =y * (X * 2).
EXit

for all x, y, zL1 X. [Abbott, 1967]
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Definition 2.2.

A BCK-algebra is a set X with a binary operatiori &nhd
constant “1” which satisfies the following axioms:
(BCK1) (y*2z)*((z*x))*(y*x)) =1,

(BCK2) y*((y *x) *x) =1,

(BCK3) x*x =1,

(BCK4) x*y=y*x=1imply, x =Yy,

(BCK5) x*1=1.

for all x, y, z0 X. [Imai and Iseki, 1966]

- n



RELATIONS AMONG IMPLICATION ALGEBRAS AND SOME ORDER ED ALGEBRAS
B [
SR

(s Lemma 2.3.

Jniversity of Shahid Beheshti

IMPLICATION . In any BCK-algebra (X, *, 1), the following iden&s hold:
Abstract

(i) 1*x=x,
1. Introduction
2. Preliminaries () z*(y*x)=y*(z*Xx).
3. Main Results for all x, y, [ X.

References

=
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MPLICATION A gBCK-algebra is a set G with a binary operatishghd

Abstract constant “1” which satisfies the following axioms:

1. Introduction (G1) 1*x=x,
2. Preliminaries (G2) x*x =1,

3. Main Results (G3) z*(Yy*X)=y* (2 *X),
References
— (G4) z*(y*x)=(z*y) *(z*Xx),
for all x, y, zO G. [Hong, Jun, Ozturk, 2003]
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Example 2.5.

Abstract

. Let X ={a, b, 1} and operation “*” on X is definedk
1. Introduction follows:

2. Preliminaries " b

e

ii

3. Main Results i1 1

b | |
ii ||.I

R R | [ —

References
=

Then (X,*, 1) is a BCK- algebra but it is not a gBCK
algebra, sincea*(a*®(a*a) * (a*b).
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Example 2.6.

Abstract

Let X ={a, b, 1} and operation “*” on X is definedk
1. Introduction
follows: I

(2 1

2. Preliminaries ’1
3. Main Results . i i
ii

i

i
i

— i |

References 1
=

It is routine to check that (X,*, 1) is a gBCK- ahya but it
IS not a BCK-algebra, sincea*b=b*a=1 bd#tla
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IMPLICATION ... In any gBCK-algebra (G,*, 1), the following idems hold:

Abstract () (*2)*(@*)*y*x) =1,
1. Introduction () Z*X)*((y*2)*(y*2) =1,

2. Preliminaries (i) X*(X*y)=x*y,

(v) x*(y*x) =1,
(v) (x*(y*2z))*((x*y)*(x*2) =1,
(vi) x*1=1,

(x) y*((y*x)*x) = 1.

3. Main Results
References
=

University of Szeged for all x, y, zO G.

Hungary, July 16—-20, 2007 * *‘
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A gBCK- algebra (G,*, 1) Is said to be commutati¥e

Abstract (X * y) *y = (y * X) * X,
for all x, y G.

1. Introduction
2. Preliminaries
3. Main Results
References
Exit
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NTHUCSREN  In any commutative gBCK-algebra (G,*, 1), the faliag
Abstract Identities Is hold:
I * * —
1. Introduction (') (X*y) *x =X,
() Xx*xX=y*y,

2. Preliminaries
3. Main Results
References

(i Ifx*y=y*x=1then, x =.
for all x, y, zU G.

=
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Definition 2.10.

A Hilbert algebra is an algebra (H, *, 1) of typedR where
H Is a nonempty set, “*" is a binary operation whic
satisfies the following axioms:

(H1) x*(y*x) =1,
(H2) (x*(y*2))*(x*y)*(x*2) =1,
(H3) x*y=1andy*x=1imply,x=y.

for all x, y, zI H. [Henkin, Skolern, 1950-1959]

- n
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RELALDNS SMONG If (H,* 1) is a Hilbert algebra, then:
Abstract () x*x=1,
S
1. Introduction (“) LEX=x,
() x*1=1,

2. Preliminaries
3. Main Results
References
Exit

(V) x*(y*z)=y*(x*2),
(V) x*(y*z)=(Xx*y)*(x*2).
for all x, y, zLI H.
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Definition 2.12.

By a lattice implicative algebra we mean a boundsiick
(L, [, .0, O, 1) with order-reversing involution * ~ " and a
binary operation “ * ” which satisfies the following
axioms:

(LI1) x*(y*2z) =y*(X*2),

(LI2) x*x =1,

(LI3) x*y=y *x ,

(LI4) x*y=1=y*X=x=Y,

(LIS) (xX*y)*y=(y*Xx)*X,

(L1) (xOy)z=(x*2z)U(y *2),

(L2) (xOy)*z=(x*z)UO (y* z).

for all x, y, zU L. [Chen,Oliveira, 1995]

4n
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Is there any relations among these variou

Abstract algebras?
1. Introduction

2. Preliminaries
3. Main Results
References
Exit
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NSl  Let (X,*, 1) be an implication algebra and x, y,)X. Then,

() x<yimply y*zsx*z,
) x<yimply 2*x<z*y,
(il) X*y <(y*2) * (x *2) and y * z< (X *y) * (x * 2),
(V) x<yandyszimply x<z.
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In any implication algebra (X,*), the following
|.dent|t|es hold:
. () x*(x*y)=x*y,
) 3 5y 2
(ilf) There exists a unique element 1 in X, fdnall X,
(v) x*x=1,1*x=x and x*1=1,
(WIf x*y=1andy*x=1then, x=y.
for all x, y X.
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Let (X,*, 1) be a BCK-algebra. Then X is called a
Abstract Implicative BCK-algebra, if

X=(X*Yy)*X,
for all x, y I X.

1. Introduction
2. Preliminaries
3. Main Results
References
Exit
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Let (X,*, 1) be an implication algebra . Then

Abstract

1. Introduction x*(y*x) =1,
2. Preliminaries ety &lll % 30 2%
3. Main Results
References

=
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1. Introduction
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3. Main Results
References
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IMPLICATION __ Implication algebras are equivalent to the imph@BCK-

Abstract

algebras.
1. Introduction

2. Preliminaries
3. Main Results
References
Exit
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IMPLICATION . Implication algebras are equivalent to the comnnegat

Abstract

gBCK algebras.
1. Introduction

2. Preliminaries
3. Main Results
References
Exit
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RELATIONS AMONG | L | _
IMPLICATION __. (1) Any implication algebra is a Hilbert algebra.

Abstract

1. Introduction

— algebra.
2. Preliminaries J

3. Main Results

(i) Any commutative Hilbert algebra is an implicat

References
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Let X ={a, b, ¢, 1} and operation “*” on X is defed as
IMPLICATION ...

follows:
Abstract

1. Introduction
2. Preliminaries |

3. Main Results L

References _ _ L
Then, (X,*, 1) is a Hilbert algebra which is not

commutative . Moreover, X is not an implicationetbga,
since, (a * b) * & a. Hence, the commutative condition i
necessary in the Theorem 3.9(ii).

University of Szeged * *
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The following statements are equivalent:
IMPLICATION ... . L
pym—— (X,*, 1) is an implication algebra,
ki _ (X,*, 1) is a commutative gBCKalgebra,
1. Introduction (X,*, 1) is an implicative BCKalgebra,

(X,*, 1) is a commutative Hilbert algebra.

3. Main Results
References
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1. Introduction
2. Preliminaries
3. Main Results
References
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Corollary 3.11.

Implication « _Implicative
BCK-algebra
algehra “
Comm'utative‘ ‘ Commutative
gBCK-algebra Hilbert
algebra

B
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Let (X,*, 1) be an implication algebra and
Abstract B(a,b)={x:b<a*x}

1. Introduction for a, bO X. If for all a, b0 X, B (a, b) has a least

U element, written @ b, then implication algebra X is

called to be with condition (P).
It is clear that, 1, a, bl B (a, b).

3. Main Results
References
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Let (X,*, 1) be a bounded implication algebra wuitt
Abstract m. Then,

(BIL): xUy =(x=y) "y,

(Bl2): xUy = (x=m)Lily = m)) = m.
: Il x, y[I X.

3. Main Results o &l Y
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IMPLICATION .. Any bounded implication algebra (X,*, 1) is withratition

Abstract

_ (P) and for all a, bl X, we have,
1. Introduction

2. Preliminaries allb =allb.
3. Main Results

References

Exit
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Abstract

implicative algebra.
1. Introduction

2. Preliminaries
3. Main Results
References
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Fxample 3.16
IMPLICATION ...
Abstract Let X ={0,a, b, c, 1} and operation “*” on X is dakd
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Then, (X,0, 0J, O, 1) is distributive lattice implicative
algebra but it is not a bounded implication algebra
since(b*a)*b=c*b=¢D.
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