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<ground

Lattice of Clones.

Definitions
E,={0,1,2,...,k—1}.

= 1{flf:E] = Ex}, Pk=U P}.

>

Py is the set of all functions irqill—valued logic.
F C Py is a clone if F is closed under superposition and
contains all projections.
Jk is the set of all projections.

The clones form an algebraic lattice whose least element is Jx
and whose greatest element is P.
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Background

Background

e All clones in two-valued logic were described (E. Post, 1921,
1941)

@ There exists a continuum of clones in k-valued logic for
k >3 (Ju.l. Janov, A. A. Muchnik, 1959).

e All maximal (also known as precomplete) clones in
three-valued logic were found (S.V. Jablonskij, 1955)

o All minimal clones in three-valued logic were found
(B. Csdkdny, 1983)
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Background

Background

e All 158 submaximal clones in three-valued logic were
described (D. Lau, H. Machida, J. Demetrovics, L. Hannak,
S.S. Marchenkov, J. Bagyinszki).
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Background

Background

e All 158 submaximal clones in three-valued logic were
described (D. Lau, H. Machida, J. Demetrovics, L. Hannak,
S.S. Marchenkov, J. Bagyinszki).

o All maximal clones except the clone of all linear functions
contain a continuum of subclones (J. Demetrovics,
L. Hannak, S.S. Marchenkov, 1983).

o The cardinality of the set of all clones in a given

submaximal clone in three-valued logic was found
(A. Bulatov, A. Krokhin, K. Safin, E. Sukhanov).
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Self-Dual Functions

Self-Dual Functions

Definitions

An n-ary function in three-valued logic is called self-dual if

fxq+1,x+1,..., X0+ 1) = (X1, X2, ..., Xp) + 1

for all x1,Xo,...,Xn € {0,1,2}.
+ is addition modulo 3.

o Self-dual functions are functions that preserve the relation

01 2
(1 2 O> ’
@ The set of all self-dual functions is a maximal clone in
three-valued logic
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Self-Dual Functions

Main Result

e Many clones of self-dual functions were found
(S.S. Marchenkov, J. Demetrovich, L. Hannak, 1980).

@ There exists a continuum of clones of self-dual functions
(S.S. Marchenkov, 1983)
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Self-Dual Functions

Main Result

e Many clones of self-dual functions were found
(S.S. Marchenkov, J. Demetrovich, L. Hannak, 1980).

@ There exists a continuum of clones of self-dual functions
(S.S. Marchenkov, 1983)

Main Result

All clones of self-dual functions in three-valued logic are
described

o This is the first maximal clone besides the clone of all linear
functions that has such description.
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Self-Dual Functions

Meaning of Lines

solid line

/‘ N M is a maximal clone in N.
M

dotted line

N M c N, sublattice between M and N is a
2 countable chain.

aN M C N, sublattice between M and N is not a
)
ook chain.
M-
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1f-Dual Functi
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Self-Dual Functions

Predicates

Definition

A mapping E] — {0,1} is called an n-ary predicate.
Ir(’: {:0‘ p- El?_> {071}}7Rk = U1 er('
n>

Definition
Inv(M) is the set of all predicates that are preserved by
functions from M.

|
| \

Pol(S) is the set of all functions that preserve predicates from S.
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Self-Dual Functions

Duality

Let o : B3 — B, 0(0) =1, o(1) = 0, 0(2) = 2.

By f* we denote the function that is dual (with respect to o) to
f:

(X1, .. xn) = o (Flo(x), 0(%), . . ., o(xn)))-

Suppose M C Pj3, then put M* := {f*| f € M}.

@ Clones on the left side of the figure are dual (with respect
to o) to the clones on the right side of the figure
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Self-Dual Functions

Set of Predicates [l

Suppose
e me{1,2,3,...,},ne{0,1,2,3,..., }.
o A, As,...,AnC{1,2,...,n},
e AiUAU...UAn={1,2,...,n}.
Incascof n=0we have Ay = A= ... = Apn = @.
Let 7a, A,...A, be the predicate of arity m+ n such that

TAy AgrAm(@15 - - @m, b1, ... bp) =1

iff the following conditions hold:
Q@ Vila=1Vv(a=0A(VjeA: bj € {0,1}))):

@ at least one of the values ai,...,am, by, ..., bn is not equal
to 0.

The set of all such predicates we denote by [1
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Self-Dual Functions

Quasiorder

o We define a quasiorder < on the set [T;

F C M is a down-set if the following condition holds

Vope FYoeN(cSp = og€F).
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Self-Dual Functions

Continual Class of Clones

For F C I we put

CIone(F):Pol(FU{(? ; g),(g Y o ;)})

Clone*(F) = (Clone(F))*,

The continual class of clones consists of all clones
Clone(F), Clone*(F),

where F C 1 is a nonempty down-set.
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Self-Dual Functions

Continual Class of Clones

Theorem

Suppose Fq, Fo> are nonempty down-sets, then

Clone(F1) C C/one(Fg) <— F; D Fo.

N

Corollary

Suppose Fq, Fo are nonempty down-sets, then

F1 # Fo = Clone(Fy) # Clone(Fy).

A

o Each clone from continual class is uniquely defined by a
nonempty down-set F C 1.
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1f-Dual Functi
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1f-Dual Functi
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1f-Dual Functi
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Self-Dual Functions

Pairwise Inclusion of the Clones Into Each Other

o For the finite and countable classes of clones pairwise
inclusion is shown by the graph.

o For the continual class of clones we formulate theorems that
describe pairwise inclusion.
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Self-Dual Functions

Bases of Clones

B is a basis of M iff [B] = M and VB' C B : [B] # M.

o It is proved that every clone of self-dual functions has a
basis (finite or infinite)

All clones with a finite basis (or finitely generated clones)
are found

o All clones from finite and countable classes have a finite
basis (are finitely generated)

@ A basis for each clone from the finite and countable classes
is found

For the continual class of clones we formulate a simple
criterion for the existence of a finite basis
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Self-Dual Functions

Relation Degree

Relation degree of a clone is the minimal arity of relations such
that the clone can be defined as the set of all functions that
preserve these relations.

o The relation degree of each clone of self-dual functions is
found

@ The values of relation degree prove that our description is
minimal. That is, these clones can not be defined by
relations of smaller arity.

Dmitriy Zhuk zhuk.dmi



Self-Dual Functions

Cardinality of principal filters and principal ideals

L3 is the set of all clones of self-dual functions,
LL(M) := {M € Ls|M C M),

Li(M) = {M' € Lsg|M C M).

e For each clone F € L3 the cardinality of Lg(F ) is found.
e For each clone F € L3 the cardinality of Lﬁ(F ) is found.

° Lé(M) is continuum for every M = Clone(F) such that
M # Clone(T). L}(Clone(I)) = 4.
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Minimal Clones

Minimal Clones

A clone A # Jy is called minimal, if the following condition
holds:
Ve A\ Jk: [{f}UJ] = A

Examples of minimal clones in Pg

[{max(x, y)}], [{2x + 2y}], [{0, x}].

o I. Rosenberg classified all minimal clones in Py (1983).
e B. Csdkany found all minimal clones in Ps (1983).

e All minimal clones in P4 were found (Poshel, Kaluzhnin,
Szczepara, Waldhauser, Jezek, Quackenbush, Karsten
Schélzer, 2012).
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Minimal Clones

Rosenberg Classification of Minimal Clones

Theorem

Each minimal clone in Py can be presented as [Jx U {f}] where

@ fis an unary function.
@ f is a binary idempotent function
f(a,a) = a for every a € Ej.
@ f is a majority function
Va,b e Ez: f(a,a b)="f(ab,a)=f(baa)=a
@ f is a minority function
Va,b e Es: f(a,a b)=f(ab,a) =f(b,aa) =>b
@ f is a semiprojection to the i-th variable
fe Pg, 3 <n<Kk, for every tuple (&1, ap, ..., an) satistying
{a1,az,...,an}t| < nwe have f(ay,a,...,an) = a;.

We will assume that i = 1 for all occurring semiprojections.
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Minimal Clones

Minimal Clones on Three elements (found by B. Csdkany)

Ps has exactly 84 minimal clones. One obtains every one of these clones by
applying inner automorphisms of P; to exactly one of the following clones:

a)

b)

Cp C4 ¢C

N>

Minimal clones generated by unary functions

N = Of x
on =@

]
1
1

N o =
N

Minimal clones generated by idempotent binary functions

x y|by by by by bs bg b; bg by byg by by
0 111 o0 1 1 1 i 0 0 0 0 1 2
10 1 1 1 1 1 1 1 1 1 1 1 2
0o 2 1 0 0 0 0 0 0 1 0 1 0 1
2 0| 1 i 0 2 0 2 0 1 1 2 0 1
121 1 1 1 1 1 1 1 1 0 2 0
2 1| 1 1 1 102 2 1 2 2 2 2 0

Minimal clones generated by majority functions m¢, mz, mg and
semiprojections S1, Sz, S3, Sa, S5

X y z[my my m3 S; Sy S3 Sg S5
0 1 2 1 0 0 1 0 0 1 1
0 2 1 1 1 0 1 0 0 1 2
1 0 2 1 1 1 1 1 1 0 0
1 2 0 1 0 1 1 1 1 0 2
2 0 1 1 0 2 1 1 0 2 0
2 1 0 1 1 2 1 1 1 2 1
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Minimal Clones

Main Problem

How many clones contain a given minimal clone on three
elements?
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Minimal Clones

Main Problem

How many clones contain a given minimal clone on three
elements?

@ For minimal clones generated by majority functions the result
follows from Baker-Pixley Theorem (K. A. Baker, A.F. Pixley,
1975)
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Minimal Clones

Main Problem

How many clones contain a given minimal clone on three
elements?

@ For minimal clones generated by majority functions the result
follows from Baker-Pixley Theorem (K. A. Baker, A.F. Pixley,
1975)

@ Clones containing S5 and clones containing bqo are finitely
generated (S.S. Marchenkov, 1984)
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Minimal Clones

Main Problem

How many clones contain a given minimal clone on three
elements?

@ For minimal clones generated by majority functions the result
follows from Baker-Pixley Theorem (K. A. Baker, A.F. Pixley,
1975)

@ Clones containing S5 and clones containing bqo are finitely
generated (S.S. Marchenkov, 1984)

@ The set of all clones containing bqs is finite and completely
described (I. Rosenberg, 1995).
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Minimal Clones

Main Problem

How many clones contain a given minimal clone on three
elements?

@ For minimal clones generated by majority functions the result
follows from Baker-Pixley Theorem (K. A. Baker, A.F. Pixley,
1975)

@ Clones containing S5 and clones containing bqo are finitely
generated (S.S. Marchenkov, 1984)

@ The set of all clones containing bqs is finite and completely
described (I. Rosenberg, 1995).

@ For the minimal clones generated by unary functions this
problem was solved by J. Pantovié¢ and D. Voivodié¢ (2000).
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Minimal Clones

Main Problem

How many clones contain a given minimal clone on three
elements?

(]

For minimal clones generated by majority functions the result
follows from Baker-Pixley Theorem (K. A. Baker, A.F. Pixley,
1975)

Clones containing S5 and clones containing bqa are finitely
generated (S.S. Marchenkov, 1984)

The set of all clones containing bqz is finite and completely
described (I. Rosenberg, 1995).

For the minimal clones generated by unary functions this
problem was solved by J. Pantovié¢ and D. Voivodié¢ (2000).

The set of all clones containing a function f has continuum
cardinality for every f € {s1,82,b1,b2,bg,bg, bg,bg}. The set of
all clones containing a function g is at least countable for every
ge {53,34, bs, bs, b7, b10} (J. Pantovié¢, D. Voivodi¢, 2000).
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Minimal Clones

Main Result

Suppose M = [J3 U {f}] is a minimal clone in Ps. The set of all
clones containing M

o is finite if f € {c3,b12, My, My, M3},
@ is countable if f € {s4,85},

@ has continuum cardinality if
f € {cp,Cq,C2,bq1,b2,b3, ..., b1g,b11,81,S2,83}.
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Minimal Clones

Finite and countable cases

Finite

c3(x) =x+1;
bi2(x,y) =2x +2y.

Countable cases

2x +1, if [{x,y,z}| =3;

X, otherwise.

S4(X,y,Z) =

y, if[{x,y,z}| =3;

Ss5(X,y,2) = :
X, otherwise.
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Minimal Clones

The Lattice of Clones containing x + 1

P,,U [x+1]

LU [x+1,x%,0]
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Minimal Clones

The Lattice of Clones containing 2x + 2y




Minimal Clones

Clones containing a majority function




Minimal Clones

Clones containing a majority function
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Minimal Clones

Clones containing a majority function

How many clones
on three elements
contain a majority function?



If-Dual Ft n Minimal Clones

Clones containing a majority function

How many clones
on three elements
contain a majority function?

1 918 040
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Minimal Clones

Clones containing the semiprojection S4 or Ss

For myne {1,2,3,...} let

Pmn = ({07 1}m X {07 2}n) \ {(07 07 07 ) 0)}
Let S = {pmnlm,ne {1,2,3,...}}.

Every semiprojection in P3 preserves the relation pm p.
Suppose 1 < m' <m, 1 <" <n, then ppy v € [{pm,n}]-

A set HC S is called closed if

pmn € H=(vm <mvn' <n py € H).
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Minimal Clones
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Minimal Clones

Properties of clones containing Sy or Ss.

Theorem (S.S. Marchenkov, 1984)

Every clone in P3 containing Ss is finitely generated.

Every clone in P3 containing Sq is finitely generated.
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Minimal Clones

Open Problems

Problem 1

Find all minimal clones on k > 4 elements such that the set of
clones containing this minimal clone is finite or countable.

Problem 2

Does there exist a minimal clone in k-valued logic that is not
finitely related (cannot be defined by a relation)?

@ A clone M is called essentially minimal, if every essential
function in M generates M.

Find all essentially minimal clones on kK > 3 elements such that
the set of clones containing this minimal clone is finite or
countable.
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Clones containing a majority operation

How many clones
on three elements
contain a majority function?

1 918 040
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Further Prospective

Maximal clones on three elements

The number of clones containing a majority operation

01 2 0120 f
Pol(0) | Pol({0,1}) | Pol <1 > 0) Pol (0 1 2 1 0)
1744 466 | 1722818 17 36 942
01200 1 0120012
P°1<o12122> P"1<o121200>
1546 84 201
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Further Prospective

Minimal clones on three elements

The number of clones containing a majority operation

a) Minimal clones generated by unary functions
Co Cq Co C3
52530 | 83 | 67837 | 2

b) Minimal clones generated by idempotent binary functions

b1 b2 b3 b4 b5 bG
144 099 | 103572 | 375270 | 371 876 | 107 444 | 425 584
by bg bg b1o b14 b1z

312915 | 38981 | 82786 | 996 | 77 457 | 17

¢) Minimal clones generated by majority functions
m4 mz m3

928 767 | 325581 | 99 152

d) Minimal clones generated by semiprojections

Sq S2 S3 Sy S5
217 601 | 469 196 | 196 315 | 55 898 | 14 832
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Further Prospective

Decidability Problems

Given a finite set of relations S; decide whether Pol(S) is
finitely generated.

Problem 2

Given a finite set of functions M; decide whether [M] is finitely
related.

Problem 3

| A

Given a finite set of functions M; a finite set of relations S;
decide whether [M] = Pol(S).
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Further Prospective

Partial Results

Problems 1, 2, and 3 are decidable for

@ clones in Ps

@ clones of linear functions in Ps

o clones of self-dual functions in Py

@ clones containing a majority function

@ clones containing 2x + 2y or x + 1 in three-valued logic.
@ clones containing S4 or Ss in three-valued logic.

o clones containing bq1 in three-valued logic.
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Main Ideas

Main ideas

o We essentially use a Galois connection between clones and
relational clones. We operate with relations instead of
operating with functions.

o We consider only predicates that cannot be presented as a
conjunction of predicates with smaller arities. These
predicates are called essential.

o We investigate the lattice not from the top but from the
bottom; select a clone M near the bottom of the lattice (for
example a minimal clone), then describe the set of all
essential predicates from Inv(M).

o We define a closure operator on the set of all essential
predicates. Using this closure operator we describe closed
sets of predicates.
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Main Ideas

Essential predicates

Definition

A predicate p is called essential iff p cannot be presented as a
conjunction of predicates with arity less then the arity of p. By
Ry we denote the set of all essential predicates

Definition

A tuple (ay,...,an) is called essential for p if there exists
bi,..., by such that

o p(a1,...,an):0,
e Vip(ai,...,ai-1,bi,a11,...,an) = 1.

| \

A
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Main Ideas

Examples

Essential Predicates

° p(x,y,2)=1<= (xeydz=1)
(0,0,0) is an essential tuple

0001
0 1 1

(1,0) is an essential tuple

)

(0,1) is an essential tuple

Not Essential Predicates
p(x,y,2) =(x<y)A(y < 2).
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Main Ideas

Properties of essential predicates

Theorem
The following conditions are equivalent:
@ p is an essential predicate;

o there exists an essential tuple for p.

[SN Ry] = S for every S = [S] C Ry.

e Every closed set S C Rk can be described by the set SN IEfk
of all essential predicates of S.
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Main Ideas

Example of Usage

Lemma

Suppose m(Xx, y, z) is a majority function, m € Pol(p), p is an
essential predicate. Then arity(p) < 2.

Assume that (ay, ao, .

This contradicts the condition p(ay,...,an) = 0.

.., an) is an essential tuple for p, n > 2.

a a a4
b a a
& by | _|a| p
dqs au as
an an an
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Main Ideas

Majority Function in Po.
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Main Ideas

Function x V yz.

Inv(x V yz) N Ry = C.

All clones containing X V yZ can be described by predicates from
the set C.

Dmitriy Zhuk zhuk.dmitriy@gmail.com On the Lattice of Clones on Three Elements



Main Ideas

Function x V yz.

Suppose p € Inv(x V yz) N ﬁg, the arity of p is equal to n, where
n > 3. Let us show that an essential tuple for p cannot contain
1. Assume that (1,0,0,...,0) is an essential tuple for p. Then

0 1 1 1
0 1 0 0
0 0 1 0
o|Yllo|"lof]|T]o0]|E”
0 0 0 0

This contradicts the definition of an essential tuple. Hence
(0,0,0,...,0) is the only essential tuple for p. Then, obviously
p is equal to py p.

Dmitriy Zhuk zhuk.dmitriy@gmail.com On the Lattice of Clones on Three Elements



Main Ideas

“ 00 1
Cy = P>, C3 = Pol (0) , A1 = Pol

A3:Pol<{(8 ? 1>’(0)}>;
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P 'FQEF; Fg':m({pv,n, (8 ° 1),(0)}),
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Main Ideas

The set of essential predicates S C I~?k is called closed if
oy, false € S, and the following operations applied to the
predicates from S always give not essential predicate or a
predicate from the set S.

@ Permutation of variables.
@ Striking of rows (adding existential quantifiers).
@ Identifying of two variables.
© ¢(p) = ¢/, where

P/(X17X2, s 7Xn—1) =X P(X7X7X1>X27 s 7Xn—1)-
@ ¢(p1,p2) = p, where m < n and

P(X15X27~-’Xn) = P1(X17X25~ . 7Xf7) APZ(X‘IaXZv"')Xm)’

Q for 2 </ < klet 0/(p1,...,p1) = p, where

p(X‘],‘la'"7X1,n17"‘7X/,17"'7X/,n/) =
=3Ix(p1(X, X115 X)) A AP (X X4y, Xn,)),

all variables in the right-hand side of the formula are different).

o
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Main Ideas

The set of essential predicates S C :Et’k is closed if and only if
[S]N Rk =S.

e Every closed set of predicates can be uniquely defined by
the closed set of essential predicates.

o We may give up considering not essential predicates at all.
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Examples

o Let p be a linear order relation on the set Ex. Let us show
that Pol(p) is a maximal clone in Pg. Let p'(x, y) = p(y, X).
Obviously {p, p', o, false, true} is closed set of essential
predicates. Then the maximality of Pol(p) follows from the
fact that there are no closed subsets that differ from
{0}, false, true}.

o How to check the equality of the following sets

0120 01 2 0 1
o T
Pol (0 1 2 1) , Pol (0 1 2 1 0) ! Using the

closure operator we can show that

{(8 _1| 2 ? (1)> 03, false, true} is a closed set. Hence

these sets are different.
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Thank you for your attention
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