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L-valued identities and equational classes
Abstract

Abstract

We deal with lattice valued structures, which are generally
obtained by replacing characteristic functions by suitable mappings
from a classical set or algebra into a complete lattice L.

Usually a lattice L being the co-domain is known and fixed.
Therefore we say that these are L-valued structures, or
L-structures, for short.

Special L-valued equalities are introduced in order to replace the
ordinary classical equality in dealing with L-valued identities.
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Namely, we define L-valued identities as formulas in which terms in
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Namely, we define L-valued identities as formulas in which terms in
the language of an algebra are related by compatible L-equalities.
An L-identity may be satisfied by an L-valued subalgebra (with
respect to some L-valued equality), while the underlying algebra
need not satisfy the analogue classical identity.
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Abstract cont.

Namely, we define L-valued identities as formulas in which terms in
the language of an algebra are related by compatible L-equalities.
An L-identity may be satisfied by an L-valued subalgebra (with
respect to some L-valued equality), while the underlying algebra
need not satisfy the analogue classical identity.

We prove that if an L-valued subalgebra of an algebra satisfies an
L-valued identity with respect to some L-valued equality, then
there is a least L-equality such that the corresponding L-identity
holds on the same L-valued subalgebra.
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Next we introduce and investigate L-valued equational classes.
These are defined with respect to a set of lattice valued identities,
and consist of L-valued algebras of the same type, fulfilling all
L-identities in the given set. In this lattice valued framework we
introduce basic notions of universal algebra: lattice valued
homomorphisms (H), lattice valued subalgebras (S), and lattice
valued direct products (P). Our main result is that every lattice
valued equational class is closed under these three constructions
(H, S and P), hence forming a lattice valued variety.
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The notion of a fuzzy equality was introduced by Hohle in 1988
and then used by many others. Demirci (1999-2003), considers
particular algebraic structures equipped with a fuzzy equality
relation; he also uses compatible fuzzy functions. B&lohlavek (the
book from 2002, also with Vychodil 2005-6) introduces and
investigates algebras with fuzzy equalities. These are defined as
classical algebras in which the crisp equality is replaced by a fuzzy
one being compatible with the fundamental operations of the
algebra. Bélohlavek develops and investigates the most important
fuzzified universal algebraic topics in this framework.
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From now on, L denotes a fixed complete lattice.

A lattice valued set 1 on a nonempty set A (a lattice valued
subset of A) is a function p: A — L.

Consequently, a mapping p : A2 — L is a lattice valued (binary)
relation on A.
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Preliminaries

From now on, L denotes a fixed complete lattice.

A lattice valued set 1 on a nonempty set A (a lattice valued
subset of A) is a function p: A — L.

Consequently, a mapping p : A2 — L is a lattice valued (binary)
relation on A.

If w: A— Lis an L-valued set on a nonempty set A, then a lattice

valued relation p: A2 — L on A is said to be a lattice valued
relation on p if for all x,y € A

p(x,y) < pu(x) A p(y)-
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A lattice valued relation p on a lattice valued set y is reflexive if



L-valued identities and equational classes

Preliminaries

A lattice valued relation p on a lattice valued set p is reflexive if
for all x,y € A,

p(x, x) = p(x).

Lemma

If p is a reflexive lattice valued relation on a lattice valued set . on
A, then for every x,y € A,

p(x,x) = p(x,y) and p(x,x) = p(y,x).
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Preliminaries

Let p: A2 — L be an L-valued relation on an L-valued set 1 on A.

p is symmetric if p(x,y) = p(y,x) forall x,y € A;
p is transitive if p(x,y) > p(x,z) A p(z,y) for all x,y,z € A.

A reflexive, symmetric and transitive relation p on a lattice valued
set 1 is a lattice valued equivalence on p.
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Preliminaries

Let p: A2 — L be an L-valued relation on an L-valued set 1 on A.

p is symmetric if p(x,y) = p(y,x) forall x,y € A;
p is transitive if p(x,y) > p(x,z) A p(z,y) for all x,y,z € A.

A reflexive, symmetric and transitive relation p on a lattice valued
set 1 is a lattice valued equivalence on p.

A lattice valued equivalence relation p on p, fulfilling for all
X,y €A xX#y,

if p(x,x) # 0, then p(x,x) > p(x,y) and p(x,x) > p(y, x),

is called a lattice valued equality relation on p.
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Let A = (A, F) be an algebra. A lattice valued subalgebra of A
is any mapping 1 : A — L fulfilling the following:
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Preliminaries

Let A = (A, F) be an algebra. A lattice valued subalgebra of A
is any mapping p : A — L fulfilling the following:

For any operation f from F with arity greater than 0,
f:A" > A neN, andall xq,...,x, € A, we have that

pxi) < plf(xas o5 X))

n

1
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Preliminaries

Let A = (A, F) be an algebra. A lattice valued subalgebra of A
is any mapping p : A — L fulfilling the following:

For any operation f from F with arity greater than 0,
f:A" > A neN, andall xq,...,x, € A, we have that

/\ pxi) < plf(xas o5 X))

For a nullary operation (constant) ¢ € F, we require that

where 1 is the greatest (the top) element in L.
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Preliminaries

An L-valued relation p : A2 — L on an L-subalgebra ;1 : A — L of
A = (A, F) is said to be compatible with the operations, if for
every n-ary operation f € F and for all x1,..., X0, V1,...,¥n €A

n

p(f(Xl, e ,X,,), f(yl’ e >yn)) > /\ p(Xi,)/i)-
i=1
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An L-valued relation p : A2 — L on an L-subalgebra ;1 : A — L of
A = (A, F) is said to be compatible with the operations, if for
every n-ary operation f € F and for all x1,..., X0, V1,...,¥n €A

n

p(f(Xl, e ,X,,), f(yl’ e >yn)) > /\ p(Xi,)/i)-
i=1

A compatible L-valued equivalence on an L-subalgebra p of A is a
lattice valued congruence on p.
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Preliminaries

An L-valued relation p : A2 — L on an L-subalgebra ;1 : A — L of
A = (A, F) is said to be compatible with the operations, if for
every n-ary operation f € F and for all x1,..., X0, V1,...,¥n €A

n

p(f(Xl, e ,X,,), f(yl’ e >yn)) > /\ p(Xi,)/i)-
i=1

A compatible L-valued equivalence on an L-subalgebra p of A is a
lattice valued congruence on p.

Obviously, particular L-valued congruences on p are compatible
L-valued equalities on this L-subalgebra of A.
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Lattice valued identity

Lattice valued identity

A lattice valued identity of the type (F, o) over a set of variables
X is the expression E(t1, t2), where ti(x1,...,Xn), t2(x1, ..., Xn),
briefly t1, t» belong to the set T(X) of terms over X and both
have at most n variables.
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Lattice valued identity

Lattice valued identity

A lattice valued identity of the type (F, o) over a set of variables
X is the expression E(t1, t2), where ti(x1,...,Xn), t2(x1, ..., Xn),
briefly t1, t» belong to the set T(X) of terms over X and both
have at most n variables.

An L-valued subalgebra  of an algebra A = (A, F) satisfies a
lattice valued identity E(t1, t2) (this identity holds on p) with

respect to L-equality E; on A, if for all xq,...,x, € A
n
/\ XI < t17t2)
i=1
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Lattice valued identity

Theorem

Let pu be an L-valued subalgebra of A, such that there is an
L-equality E on u so that p satisfies identity E(f,g) for terms f, g
in the language of A. Then there is the least L-valued equality on
p, denoted by E, ¢ o), such that u satisfies E, (¢ ¢)(f, g).

B.& V. Budimirovi¢, B. Se3elja, A. Tepavtevi¢ L-valued identities and equational classes



Lattice valued algebra

«40r «4F»r « =) 4 Q™



Lattice valued algebra

Let A = (A, Fa) be an algebra, let ya: A— L be a lattice valued
subalgebra of A and E4 : A> — L a compatible lattice valued
equality on ua.
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Lattice valued algebra

Lattice valued algebra

Let A = (A, Fa) be an algebra, let s : A— L be a lattice valued
subalgebra of A and E4 : A2 — L a compatible lattice valued

equality on pa.

Then, A= (A, uua, Ea, L) is a lattice valued algebra of the type
(F,0).
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Lattice valued algebra

Lattice valued algebra
Let A = (A, Fa) be an algebra, let s : A— L be a lattice valued
subalgebra of A and E4 : A> — L a compatible lattice valued

equality on pa.

Then, A= (A, uua, Ea, L) is a lattice valued algebra of the type
(F,0).

In other words, a lattice valued algebra is an L-valued subalgebra of
a given algebra, endowed with a compatible lattice valued equality.
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An L-valued algebra A = (A, PA; Ea, L) satisfies an L-identity
E(t1, t2) (this identity holds on A), if for all xq,...,x, € A

n
/\ pa(xi) < Ea(ty, t2).
i=1
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An L-valued algebra A = (A, PA; Ea, L) satisfies an L-identity
E(t1, t2) (this identity holds on A), if for all xq,...,x, € A

n
/\ pa(xi) < Ea(ty, t2).
i=1

Equational class
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Lattice valued algebra

An L-valued algebra A = (A, 114, Ea, L) satisfies an L-identity
E(t1, t2) (this identity holds on A), if for all x1,...,x, € A

/\,UA X/ < t17t2)

Equational class

Let ¥ be a set of lattice valued identities of the type (F, o) and let
L be a fixed complete lattice. Then all L-valued algebras

A = (A, pa, Ea, L) of this type satisfying all identities in ¥ form
an equational class 91 of L-valued algebras.
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Lattice valued subalgebra of a lattice valued algebra

Operator S

Theorem

Let A= (A, pa, Ea, L) be an L-valued algebra and pg : A — L an
L-subalgebra of A, fulfilling the following conditions:

1. up(x) < pa(x) for all x € A.
2. If x and y are distinct elements of A and pug(x) > 0, then
Ea(x,y) < ug(x).
3. ug(c) = pa(c) , for any constant c in the language.
Then, a lattice valued relation Eg on ug given by

Eg(x,y) == Ea(x,y) A us(x) A pg(y),

is a compatible lattice valued equality on up.
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Lattice valued subalgebra of a lattice valued algebra

Let A = (A, pa, Ea, L) be an L-valued algebra and pg : A — L an
L-subalgebra of A, fulfilling the following:

1. up(x) < pa(x) for all x € A.
2. If x and y are distinct elements from A and if ug(x) >0,
then Ea(x,y) < pus(x).
3. pug(c) = pa(c) , for any constant c.
4. Eg(x,y) = Ea(x,y) A ug(x) A ug(y).
Then we say that the L-valued algebra B = (A, ug, Eg, L) is a
(lattice valued) subalgebra of A.
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Let 9 be an equational class of L-valued algebras and let A € 9

where A = (A, pa, Ea, L). _IfB = (A, ug, Eg, L) is an L-valued
subalgebra of A, then also B € 9.
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Lattice valued homomorphism
Operator H

Let A = (A, pia, Ea, L) and B = (B, ug, Eg, L) be lattice valued
algebras of the same type. We say that f : A — B is a lattice
valued mapping of A into B if the following conditions hold:

1. (Va € A) us(f(a)) 2 pa(a)

2. Let t1(x1, ...y Xn), ta(x1,-.., Xn) be terms in the language of A,
let tlA, tf‘ be the corresponding term operations and ay, ..., a,
elements from A. .

If EA(tiA(al, ey a,,), tf(al, ey a,,)) = /\ ,uA(a,-),
i=1
then EB(f(tlA(al,...,a,,)),f(tzA(al,...,a,,)))2

pe(f(t'(a1, ..., an))) A pa(f(15 (a1, ..., an))).

B.& V. Budimirovi¢, B. Se3elja, A. Tepavtevi¢ L-valued identities and equational classes
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lattice valued homomorphism

Theorem

Let A= (A, pa, Ea, L), B= (B, ug,Eg,L) and C = (C, puc, Ec, L)
be L-valued algebras of the same type and f : A— B, g: B — C

an L-valued mappings. Then also their composition fog: A— C
is an L-valued mapping.
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lattice valued homomorphism

Theorem

Let A= (A, pa, Ea, L), B= (B, ug,Eg,L) and C = (C, puc, Ec, L)
be L-valued algebras of the same type and f : A— B, g: B — C

an L-valued mappings. Then also their composition fog: A— C
is an L-valued mapping.

Let A= (A, pa, Ea, L) and B = (B, ug, Eg, L) be L-valued
algebras of the same type. Then an L-valued mapping h: A— B
is a lattice valued homomorphism of A into B if the following
holds:
1. For each n-ary operation f4 and for all a1, ...,a, € A,
h(fA(al, crey a,,)) = fB(h(al), crey h(a,,)).
2. h(ca) = cg, for every nullary operation c in the language, ca
and cg being the corresponding constants in A and B
respectively.
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Lattice valued homomorphism

Proposition
Let A= (A, pa, Ea, L) be an L-valued algebra and B = (B, Fg) a
subalgebra of A. If

x), x€B
pe(x) = { Hal 3 else and

Eg(x,y) == Ea(x,y) A ug(x) A pe(y),
then B = (A, ug, Eg,L) is an L-valued subalgebra of A.
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Lattice valued homomorphism

Theorem

Let A= (A, pa, Ea, L) and B = (B,us, Eg, L) be L-valued
algebras and h: A — B an L-valued homomorphism. Define
D = (B, up, Ep, L), where

_ [ us(d), deD=hA)
po(d) = { 0, otherwise

and
Ep(x,y) = Eg(x,y) A o (x) A pp(y)-
Then, D is an L-valued subalgebra of B.
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Lattice valued homomorphism

Theorem

Let A= (A, pia, Ea, L) and B = (B, g, Eg, L) be L-valued
algebras and h: A — B an L-valued homomorphism. If
F(x1,...,X,) is a term in the same language and FA, FB the
corresponding term operations in A and B respectively, then h is
an L-valued homomorphism of (A, FA) into (B, FB).
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Let M be an equational class of lattice valued algebras. If A € M

and D is a homomorphic image of A, then also D € 9.
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Direct product of lattice valued algebras

Operator P

Theorem

Let {A; = (Aj,pi,Ea) | i€ I} be a family of L-valued algebras
of the same type, A = [[ .A; the direct product of algebras A; and
icl
let the following holds for all g1,g> € [] Ai:
icl
If g1 # g2 and A pi(gi(i)) # 0, then
icl

N Ea(er(i): g2(1) # N\ nilga(i)).

iel i€l
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Direct product of lattice valued algebras

Then the following holds: If
1. u(g) == A ni(g(i)), g € [T Ai and

icl i€l
2. Eag1, &) = '/\/ Ea(g1(1), 82(1)); 81,82 € 'H/Ai'
IS e
then A = [[ A; := (A, i, Ea, L) is an L-valued algebra.
i€l
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Direct product of lattice valued algebras

Then the following holds: If
1. u(g) == A ni(g(i)), g € [T Ai and

icl i€l
2. Eag1, &) = '/\/ Ea(g1(1), 82(1)); 81,82 € 'H/Ai'
IS e
then A = [[ A; := (A, i, Ea, L) is an L-valued algebra.

i€l

The above lattice valued algebra A= (A, u, Ea, L) is the direct
product of L-valued algebras A;,i € I.
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If an L-valued identity E(u(x, ...

2 Xn)s V(X1 ...

...y Xn)) holds in all
lattice valued algebras A;, i € | of a fixed type, then also this

identity holds in their product A = ] A;.

iel
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L-valued identities and equational classes

Equational classes and varieties

Theorem

Let 9 be an equational class of lattice valued algebras. Then the
following hold:

1. IFAc M, and B is a lattice valued subalgebra of A, then

B em.
2. Iffl eEM,and Disa homomorphic image of A, then
D e M.
3. If for every i€ I, A; belongs to 9, then also ] A; € M.

i€l
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An L-valued equational class consists of three kinds of algebras:
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Examples

An L-valued equational class consists of three kinds of algebras:

» Classical algebras, fulfilling given identities with respect to the
ordinary equality (and hence also with respect to the
corresponding L-valued ones).
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Examples

An L-valued equational class consists of three kinds of algebras:

» Classical algebras, fulfilling given identities with respect to the
ordinary equality (and hence also with respect to the
corresponding L-valued ones).

» [-valued subalgebras of algebras mentioned above, fulfilling
given identities with respect to L-valued equalities.
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L-valued identities and equational classes

Examples

An L-valued equational class consists of three kinds of algebras:

» Classical algebras, fulfilling given identities with respect to the
ordinary equality (and hence also with respect to the
corresponding L-valued ones).

» [-valued subalgebras of algebras mentioned above, fulfilling
given identities with respect to L-valued equalities.

» [-valued algebras being L-valued subalgebras of classical
algebras in the given language, such that the following holds:
the algebras do not fulfill given identities, while the L-valued
ones do (with respect to some L-valued equalities).

B.& V. Budimirovi¢, B. Se3elja, A. Tepavtevi¢ L-valued identities and equational classes



Let us describe the equational class of L-valued groups, with the
membership values lattice given in Figure 1.
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Let us describe the equational class of L-valued groups, with the
membership values lattice given in Figure 1
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Figure 1: Lattice L



The language L contains one binary and one unary operation
(constant) e.

(denoted by - and ~! respectively), and a nullary operation
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L-valued identities and equational classes

Examples

The language £ contains one binary and one unary operation
(denoted by - and ~! respectively), and a nullary operation
(constant) e.

L-valued identities defining the equational class of L-valued groups
are

E(x-(y-z),(xy)-z), E(x-e, x), E(e-x, x), E(x-x_l,e)7 E(x_l-x, e).
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L-valued identities and equational classes

Examples

The language £ contains one binary and one unary operation
(denoted by - and ~! respectively), and a nullary operation
(constant) e.

L-valued identities defining the equational class of L-valued groups
are

E(x-(y-z),(xy)-z), E(x-e, x), E(e-x, x), E(x-x_l,e)7 E(x_l-x, e).

This equational class consists of:
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Examples

The language £ contains one binary and one unary operation
(denoted by - and ~! respectively), and a nullary operation
(constant) e.

L-valued identities defining the equational class of L-valued groups
are

E(x-(y-z),(xy)-z), E(x-e, x), E(e-x, x), E(x-x_l,e)7 E(x_l-x, e).

This equational class consists of:

» all groups;
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Examples

The language £ contains one binary and one unary operation
(denoted by - and ~! respectively), and a nullary operation
(constant) e.

L-valued identities defining the equational class of L-valued groups
are

E(x-(y-z),(xy)-z), E(x-e, x), E(e-x, x), E(x-x_l,e)7 E(x_l-x, e).

This equational class consists of:
» all groups;

» [-valued subgroups of groups, as known in the theory of
L-valued algebras;
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L-valued identities and equational classes

Examples

The language £ contains one binary and one unary operation

(denoted by - and ~! respectively), and a nullary operation
(constant) e.

L-valued identities defining the equational class of L-valued groups
are

E(x-(y-z),(xy)-z), E(x-e, x), E(e-x, x), E(x-x_l,e)7 E(x_l-x, e).

This equational class consists of:
» all groups;

» [-valued subgroups of groups, as known in the theory of
L-valued algebras;

» [-valued algebras which are L-valued subalgebras of algebras
in the language £, fulfilling the above L-valued identities.
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An example of such L-valued subalgebra is given in the sequel.
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L-valued identities and equational classes

Examples

An example of such L-valued subalgebra is given in the sequel.
The four-element algebra is (G, -, ~1, e), the binary operation is

presented by the table, the unary operation is identity (x ™! = x),
and the constant is e.

B.& V. Budimirovi¢, B. Se3elja, A. Tepavtevi¢ L-valued identities and equational classes



L-valued identities and equational classes

Examples

An example of such L-valued subalgebra is given in the sequel.

The four-element algebra is (G, -, ~1, e), the binary operation is
presented by the table, the unary operation is identity (x ™! = x),
and the constant is e.

O T L o

O T L oo
oo 0o V| L
L o 0 O|T
® L T 6|0

Table 1: Algebra G
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The above algebra is not a group (associativity is not satisfied).
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The above algebra is not a group (associativity is not satisfied).

Its L-valued subalgebra i1 : G — L given by

M(X)=<e a b oc

1pqr>’

fulfils the above identities with respect to the L-valued equality E*:
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L-valued identities and equational classes

Examples

The above algebra is not a group (associativity is not satisfied).
Its L-valued subalgebra p : G — L given by

=5 200

fulfils the above identities with respect to the L-valued equality E*:

b

oo olld
UIU’)U)F—‘?
w T w|lo
n Q9 u un

S~ 0 O 0o

Table 2: [-valued equality on g
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L-valued identities and equational classes

Examples

The above algebra is not a group (associativity is not satisfied).
Its L-valued subalgebra p : G — L given by

=5 200

fulfils the above identities with respect to the L-valued equality E*:

b

oo olld
UIU’)U)F—‘?
w T w|lo
n Q9 u un

S~ 0 O 0o

Table 2: [-valued equality on g

Hence, (G, u, E#, L) is an L-valued group in this equational class.
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Thank you for your attention!
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