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Semilattice ordered algebras

Definition

An algebra (A,Q,+) is called a semilattice ordered V-algebra, if
(A,+) is a (join) semilattice, (A,€2) € V and the operations from
the set Q distribute over the operation +.
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Varieties of semilattice ordered semigroups

Theorem [1979, R.McKenzie, A.Romanowskal]

There are exactly 5 varieties of semilattice ordered semilattices.
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Varieties of semilattice ordered semigroups

Theorem [1979, R.McKenzie, A.Romanowskal]

There are exactly 5 varieties of semilattice ordered semilattices.

Theorem [2005, S.Ghosh, F.Pastijn, X.Z.Zhao]

The lattice of all subvarieties of the variety of ordered bands
(semirings whose multiplicative reduct is an idempotent semigroup
and additive reduct is a chain) is distributive and contains precisely
78 varieties.

Each of them is finitely based.
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Varieties of semilattice ordered semigroups

2005, M.Kufil, L.Poldk

The lattice of subvarieties of the variety of all semilattice-ordered
semigroups was described using the certain closure operators on
relatively free semigroup reducts.
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Varieties of modals

Modals - semilattice ordered idempotent and entropic algebras
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Varieties of modals

Modals - semilattice ordered idempotent and entropic algebras

1995, K.Kearnes
To each variety V of entropic modals one can associate a
commutative semiring R(V), whose structure determines many of

the properties of the variety.
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Varieties of modals

Modals - semilattice ordered idempotent and entropic algebras

1995, K.Kearnes

To each variety V of entropic modals one can associate a
commutative semiring R(V), whose structure determines many of
the properties of the variety.

Theorem [1995, K.Kearnes]

The lattice of subvarieties of the variety of entropic modals V is
dually isomorphic to the congruence lattice ConR(V) of the
semiring R(V).
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Varieties of modals

Theorem [2008, K.Slusarska]

The lattice of subvarieties of entropic differential modals (M, -, +)
(modals whose the groupoid reducts are idempotent and entropic
algebras satisfying the additional identity: x(yz) ~ xy) forms the

three element chain.
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Varieties of modals

Theorem [2008, K.Slusarska]

The lattice of subvarieties of entropic differential modals (M, -, +)
(modals whose the groupoid reducts are idempotent and entropic
algebras satisfying the additional identity: x(yz) ~ xy) forms the

three element chain.

2012, A.Pilitowska, A.Zamojska-Dzienio

Some family of fully invariant congruences on the free modals was
described.
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Varieties of semilattice ordered algebras

U - the variety of all algebras (A, Q) of type 7: Q@ -+ N
VCOU

(Fy(X),Q) - the free algebra over a (non-finite) set X in the
variety V
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Varieties of semilattice ordered algebras

U - the variety of all algebras (A, Q) of type 7: Q@ -+ N
VCOU

(Fy(X),Q) - the free algebra over a (non-finite) set X in the
variety V

Sy - the variety of all semilattice ordered V-algebras
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Varieties of semilattice ordered algebras

U - the variety of all algebras (A, Q) of type 7: Q@ -+ N
VCOU

(Fy(X),Q) - the free algebra over a (non-finite) set X in the
variety V

Sy - the variety of all semilattice ordered V-algebras

The semilattice ordered algebra (PS§ Fi5(X), 2, U) is free over a
set X in the variety Sg.
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Varieties of semilattice ordered algebras

§8C8 = V={WCU|V(AQ+)eS8, (AQ) e W}
such that § C Sy
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Varieties of semilattice ordered algebras

§8C8 = V={WCU|V(AQ+)eS8, (AQ) e W}

such that § C Sy

For two different subvarieties V # W C U, the varieties Sy and Sy
can be equal.
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Differential groupoid - an idempotent and entropic groupoid (D, -)
such that x(yz) = xy
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Differential groupoid - an idempotent and entropic groupoid (D, -)
such that x(yz) = xy

Diij: (- ((xy)y)..Jy = x/' = xy™,

i—times

for some i € N and positive integer j
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Differential groupoid - an idempotent and entropic groupoid (D, -)
such that x(yz) = xy
Diij: (o ((xy)y). Dy = xy" = xy'™,
—_—

i—times

for some i € N and positive integer j

Theorem

Sp,, - the variety of all semilattice ordered Do j-groupoids
For each positive integer j, one has

8py; = Sz,

LZ - the variety of left-zero semigroups (xy ~ x)
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Varieties of semilattice ordered algebras

For which different subvarieties V1 # Vo C U, the varieties 8y, and

Sy, are different, too?
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The Relation 6

A - aset
© C T;‘gA X [P;?jA
égAxA, B
(t,u)e® & ({t},{u})€®©
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The Relation 6

A - aset
© C T;‘gA X [P;BJA
égAxA, B
(t,u)e® & ({t},{u})€®©

PSUAX PSEA=Ax A
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The Relation 6

© - a congruence on (PSEFis(X),Q,U) =

© - a congruence relation on (F5(X), Q)
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The Relation 6

© - a congruence on (PSEFis(X),Q,U) =

© - a congruence relation on (F5(X), Q)

Let © be a fully invariant congruence relation on
(PS§ Fi5(X), Q,U). Then the relation © is a fully invariant
congruence on (Fi(X), Q).
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The Relation 6

© - a congruence on (PSEFis(X),Q,U) =

© - a congruence relation on (F5(X), Q)

Let © be a fully invariant congruence relation on
(PS§ Fi5(X), Q,U). Then the relation © is a fully invariant
congruence on (Fi(X), Q).

Ug := HSP((F5(X)/6,Q)) € U
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The Relation 6

© - a congruence on (PSEFis(X),Q,U) =

© - a congruence relation on (F5(X), Q)

Let © be a fully invariant congruence relation on
(PS§ Fi5(X), Q,U). Then the relation © is a fully invariant
congruence on (Fi(X), Q).

Ug = HSP((F5(X)/0,Q)) C U

© € Congi(PSy Fis(X)), t,u € Fi5(X)
~ u is an identity in (P<§ F5(X)/©,Q) if and only if t ~ v is an
identity in Ug.
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The Relation 6

It may happen that for ©;1 # ©5, the congruences ©1 and O, are
equal.
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The Relation 6

It may happen that for ©;1 # ©5, the congruences ©1 and O, are
equal.

There are at least 5 subvarieties of the variety of semilattice
ordered groupoids which are also semilattice ordered semilattices.
But the variety of semilattices has only 2 subvarieties.
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The Relation 6

Let ©1,05 € Conf;(fpi‘éJFU(X)). Then

0146, = Sts5, # Sus,
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The Relation R

@1, @2 € Conf,-(iPi‘é’FU(X))

0,70, & 0,=06,
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The Relation R

@1, @2 € Conf,-(iPi‘é’FU(X))
0RO, & 6,=6,

R - an equivalence relation
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The Relation R

@1, @2 € Conf,-(iPi‘é’FU(X))
0RO, & 6,=6,

R - an equivalence relation
©c COH,(,(TSBJFU(X))
vV, cO/R, i€l
(vico/r

i€l
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Con}l (PS5 Fu(X)) := {© € Cons(PSgFs(X)) [©@= (] @}
dcO/R
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Con}l (PS5 Fu(X)) := {© € Cons(PSgFs(X)) [©@= (] @}
dcO/R

© € Cong(P<Y Fu(X))

HSP((PS§ Fi5(X)/©,9,U)) C S
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Con}l (PS5 Fu(X)) := {© € Cons(PSgFs(X)) [©@= (] @}
dcO/R

© € Congi(Psg Fis(X))
HSP((955 Fs(X)/0, 9, U)) € 8,
© € Con¥(P<sFi(X))

HSP((‘P;‘SFU(X)/@, Q, U)) = SUé
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Con}l (PS5 Fu(X)) := {© € Cons(PSgFs(X)) [©@= (] @}
dcO/R

© € Congi(Psg Fis(X))
HSP((955 Fs(X)/0, 9, U)) € 8,
© € Con¥(P<sFi(X))

HSP((P<§ Fis(X)/©,2,U)) = S5, — " Main knots”

A. Pilitowska, A. Zamojska-Dzienio



©1,0, € Conﬁ(:P;B)FU(X))

©.C0, = 6,C6,
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©1,0, € CO”ﬁ(iP;B)FU(X))

©.C0, = 6,C6,

©1,0; € Conf, ('P<w FU(X))

©.C0, & 6,C6,
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The ordered set (ConR(P<Y Fi5(X)), C) is a complete lattice, in
which for any two congruences ©1, 0, € Con}(P<g Fis(X)):
ﬂq,e(@lvez/m) ® is the least upper bound of ©1 and ©5, and
ﬂ¢e(@m@2/§R) ® is the greatest lower bound of ©1 and ©5.
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"Main knots”

The ordered set (ConR(P<Y Fi5(X)), C) is a complete lattice, in
which for any two congruences ©1, 0, € Con}(P<g Fis(X)):
ﬂq,e(@lvez/m) ® is the least upper bound of ©1 and ©5, and
ﬂ¢e(@m@z/§R) ® is the greatest lower bound of ©1 and ©5.

The lattice ({8t | © € Confi(PSg Fis(X))}, C) s dually

isomorphic to the lattice (Con®(P<§ Fi5(X)), C). For any two

varieties SUél and 85é2, the variety Sge,mve is the least upper
1

2
bound and the variety SUeAg is the greatest lower bound of them.
1VS>
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V-preserved subvarieties

Definition

VCO
Let S be a non-trivial subvariety of Sy. We say 8 is V-preserved if
for any proper subvariety W C 'V, the variety § is not included in

Sw.
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V-preserved subvarieties

Definition

VCO
Let S be a non-trivial subvariety of Sy. We say 8 is V-preserved if
for any proper subvariety W C 'V, the variety § is not included in

Sw.

Lemma

© € Con(P<EFi5(X)), W € Cong(P<y Fis(X))
A non-trivial subvariety

8 = HSP(PS§ Fu(X)/W,Q,U) C Sy,

is Ug-preserved if and only if V=0 ((6,V)cR).
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V-preserved subvarieties

© € ConfH (P8 Fi(X))
There is one-to-one correspondence between the following sets:
o the set of all fully invariant congruence relations W on the
algebra (PSg Fis(X), Q, V) satisfying the condition V = ©;

o the set of all fully invariant congruence relations « on the
algebra (P3G Fis5(X), 2, U) with the properties: a = idg,; (x)
(€]

and (PS5 Fis5(X)/a, Q) € Ug.

A. Pilitowska, A. Zamojska-Dzienio



V-preserved subvarieties

© € Con¥(P<EFi(X))

Conf (fP<°"FU (X)) ={ac€ Confi(iP;E’FUé(X)) | = "dFUé(X)v

(P26 Fug(X)/a, Q) € Ug}

A. Pilitowska, A. Zamojska-Dzienio



V-preserved subvarieties

© € Con¥(P<EFi(X))

Conf (fP<°"FU (X)) ={ac€ Confi(?i‘ajFué(X)) | = idFUé(X)a

(P26 Fug(X)/a, Q) € Ug}

(Con;;fj(i]’i‘gFUé(X)), Q) is a complete meet-semilattice with the
relation a; N ap as the greatest lower bound of any
o1, € COH#(:P;‘(‘;FUC;(X))
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V-preserved subvarieties

© € Con¥(P<EFi(X))
Conff (PS5 Fsy (X)) := {a € Cona(PS Fu (X)) | @ = idr,s_ (X):

(P26 Fug(X)/a, Q) € Ug}

Lemma

(Con;;fl(i]’i‘gFUé(X)), Q) is a complete meet-semilattice with the
relation a; N ap as the greatest lower bound of any
o1, € COH#(:P;‘(‘;FUC;(X))

i
Corollary

(Con}?(fPi‘(‘)’F@é(X)), Q) is dually isomorphic to the join semilattice
of all Ug-preserved subvarieties of Soé.

y
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The lattice of subvarieties of semilattice ordered U-algebras

For each non-trivial subvariety
8§ = HSP((T;BJFU(X)/\I/, Q, U)) C 8,

with ¥ € Conf,-(i]’i‘é’FU(X)),
there are uniquely defined two congruence relations:
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The lattice of subvarieties of semilattice ordered U-algebras

For each non-trivial subvariety
8§ = HSP((T;BJFU(X)/\I/, Q, U)) C 8,

with ¥ € Conf,-(i]’i‘é’FU(X)),
there are uniquely defined two congruence relations:
Q@ O € Con¥(P¥Fi5(X)) such that ¥ = ©
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The lattice of subvarieties of semilattice ordered U-algebras

For each non-trivial subvariety
8§ = HSP((T;BJFU(X)/\I/, Q, U)) C 8,

with ¥ € COHf,'(iPiS’FU(X)),
there are uniquely defined two congruence relations:
Q@ O € Con¥(P¥Fi5(X)) such that ¥ = ©

@ a® € Cond(P<yF, (X))
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The lattice of subvarieties of semilattice ordered U-algebras

Coni# () := {a® € Conid(PS§Fu (X)) | © € Conf(PS Fs(X))}
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The lattice of subvarieties of semilattice ordered U-algebras

Coni# () := {a® € Conld(PS§Fu (X)) | © € Conf(PSs Fs(X))}
a®, 8% € Cond(V3), with ©, W € Con (P4 Fs(X))

0® <Y o OCV and Y(ay,...,ak bi, ..., bm € Fs(X))
({a1/0,...,a/0},{b:1/O, ..., by/O}) € a® =
({a1/V, ..., ac/V}, {b1/V, ... by/W}) € BY.
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The lattice of subvarieties of semilattice ordered U-algebras

Conff (V) := {a® € Confd(P§Fiy(X)) | © € Conf(PSE Fs(X))}
a®, 8% € Cond(V3), with ©, W € conf, (P<Y Fs(X))

0® <Y o OCV and Y(ay,...,ak bi, ..., bm € Fs(X))
({a1/0,...,a/0},{b:1/O, ..., by/O}) € a® =
({a1/V, ..., ac/V}, {b1/V, ... by/W}) € BY.

(Conid(05), <) is a complete lattice, dually isomorphic to the lattice
of subvarieties of semilattice ordered U-algebras.
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Thank you for your attention.
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