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Time travel: Past

© Post described the lattice of all Boolean clones.

® There exists a continuum of clones on {0, 1,2} (Yanov, Muchnik '59).

@ Classification of all maximal and minimal elements (..., Csakany).

® All maximal clones! contain a continuum of subclones.

© D. Zhuk: "Continuum is not a problem".

Lexcept the clone of all linear functions.
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o Want: clones that satisfy the same minor conditions to be
in the same class.

o T: set of function symbols;
o A minor identity (height 1 identity) is an identity of the form
X1y %n) = g(y1,y- -y Ym)

where f, g € T and x1,...,Xn, Y1,-- ., Ym are not necessarily distinct.

o Minor condition: Finite set of minor identities.

o Minor-preserving map £: C — D. (C<m D)

S

E(F(mf .., mf)) = &) (..., mF).

in
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o What are the elements of 33 covered by 7, = (v, m)?

vVIi0o 1
(1) (1) 1 m(x,y,z) =xDyd z.

o @ : Every term in 7, can be expressed as the sum of an odd
number of "monomials".

t(X1,.--sX6) =X1VX3Vxa Dx3DBx2V x5 DX D X1V X

:m(m(xl\/X3\/x4 , X3, X2V X5) , Xg , X1VX5)
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Submaximal elements of 33

CQ::P0|(<(1) (1))) C3::Pol(<(1) ; g)) BgzzPo|(<(1) . 1))

The poset B3 has exactly three submaximal elements: Co, C3, and Bo. I

Proposition

Let C be a clone on {0,1,2} such that

C ﬁm Cz, C fm C3, and C fm Bz.

Then there exists a minor-preserving map from I, to C (i.e., Ip <, C).
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of times in the tuple (x1, ..., Xn).
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Ingredients

Definition (generalized minority)

o n: odd number;
o c: constant.
o mS(x,...,x,) returns
o c if there are at least three distinct values occurring an odd number
of times in the tuple (xi,...,%n);
o a otherwise; where “a" is the only value occurring an odd number
of times in the tuple (x1, ..., Xn).

o m%(0,1,2,0,2,2,0) =0;
o m%(2,0,1,1,1,0,2) = 1.

@ : mS is idempotent and (fully) symmetric.
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Ingredients

Definition (totally symmetric operation)

An n-ary totally symmetric operation (TS(n)) is an n-ary operation
satisfying all identities of the form

f(X15X27 oeo aXn) ~ f(yl»y2a 000 7yn)a

where {x1, X2, ..., Xn} = {V1,¥2, -, ¥n}- )

(<) t(Xl,...,X5) =x1V---VXs;
o semilattice = TS(n), Vn > 2.
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Splitting-theorems (blockers)

Let C be a clone over a finite set. Then either C <,, C,, or
ClEclx,x2, ..., Xp) = c(Xxa,...,%p, X1).

@ - if C £m C2, then C has a binary symmetric operation.
- if C £m C3, then C has a 3-cyclic operation.

Let C be a clone over a finite set. Then either C <., B> or
CE m(x,x,y) = m(y,x,x) = m(y,y,y).

@ : if C £, Ba, then C has a Mal'cev operation.



Let C be a clone on {0,1,2} having
Q a binary symmetric operation,
Q a 3-cyclic operation, and
Q a Mal'cev operation.

Then C has a generalized minority of arity n, for every odd n > 3.




Let C be a clone on {0,1,2} having
Q a binary symmetric operation,
Q a 3-cyclic operation, and
Q a Mal'cev operation.

Then C has a generalized minority of arity n, for every odd n > 3.

11111

my my iy

AN N AN

D D

©
Cl
Cl
Cl

to (w1, w2, 03,74, 75)

Figure: The tree of ms(x1, x2, X3, Xa, X5).
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Let C be a clone on {0,1,2} having
Q a binary symmetric operation,
Q a 3-cyclic operation, and
Q a Mal’cev operation.

Then C has a totally symmetric operation of arity n, for every n > 2.

sn(Xla .. aXn) = m3(5n—1(X17 M(X15X27X3)7X47 .. ,X,-,),
Sn—l(X27 M(X17X23X3)7X47 e 7Xn)7

Snfl(X3a M(X17X27X3)7X4a e 7Xn))~



Let C be a clone on {0, 1,2} such that

C fm Cg, C fm C3, and C ﬁm Bz.
We define:
f: I —C
Et t*

t(Xl, ..

t*(X17 000 )X6) = m5(53(X1’X35X4)7X37 52(X27X5)7X6’ 52(X1’X5))

.,X5):X1 Vx3Vxs®xgs®xoVxs®xg®xgVxs
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° - Fully described. (Bodirsky, V., Zhuk)

There are only finitely many clones on {0, 1,2} with a
Mal’cev operation.

° - Tame! ©

o Below By: Wildl @
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Future

o Atoms of B3 have been described (Brady + Barto, V., Zhuk).

o Ongoing (Part I): Clones "defined by binary relations".
(Barto, Kompatscher, V., Zahalka, Zhuk, ... you?)

"We're wanderers in the darkness."
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