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Motiváció: Hubert&Schäfer: Magnetic Domains, 1998

Legyen                  egy nyílt, korlátos tartomány sima peremmel. 
Létezik-e olyan                        vektormező, amelyre igaz:

⌦ ⇢ R3

u : ⌦ ! R3

|u|2 = 1 in ⌦

u · ⌫ = 0 on @⌦

div u = 0 in ⌦

•  

•  

•  

és      véges sok, a        peremen  
található szinguláris pont kivételével 
sima. 

u @⌦
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Point  Singularities  and  Magnetization Reversal in 
Ideally  Soft  Ferromagnetic  Cylinders 

Abstract-The principles of micromagnetics are used to describe the 
magnetization processes and magnetic  configurations in a  cylinder of 
finite length. The cylinder is of radius large compared to the exchange 
radius. Magnetostatic terms  dominate  in  the limit that crystalline 
anisotropy is negligible. The exchange energy is minimized for  boundary 
conditions primarily determined by magnetostatics. The  point singu- 
larities  required by topology  are essential to understanding the process 
of magnetization.  Complete reversal of  magnetization is made pos- 
sible by propagating point singularities down  the axis of the cylinder. 
These  propagating singularities arise from pair  creation in a unit vector 
field. 

T 
I .  INTRODUCTION 

HE FOUNDATIONS of micromagnetics are set forth 
in two  books by William Fuller  Brown, Jr., Magnetostatic 

Principles in  Ferromagnetism (1 962) and Micromagnetics 
(1963). Micromagnetics is a philosophy. It tells us how we 
ought to discuss magnetization processes. It gives the differ- 
ential  equations that specify the equilibrium problem  com- 
pletely [ l ]  . To  quote Brown, that problem is “obviously a 
formidable one” [ I ]  . 

We would like to solve  Brown’s equations  for  the case of  an 
ideally soft  ferromagnetic  material, one where there is no 
anisotropy  and no magnetostriction,  and  the volume is suf- 
ficiently large that magnetostatic  terms are dominant in the 
energy.  In a previous treatment of  this  problem,  attention was 
focused on  the behavior in  the  central cross section  of a long 
cylinder [2] . There the assumption was that magnetization 
and energy throughout  the cylinder scaled with  the results for 
the  central cross section. That  calculation yielded the essen- 
tial features of ferromagnetism: nucleation,  remanence, 
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coercivity,  and irreversibility. To achieve the  latter  it was 
necessary to assume that  there was a hole down the axis of 
the cylinder. This was to avoid the line singularity that occurs 
for cylindrical symmetry  with translational invariance  along 
the axis. In the  present paper we tackle the full three-dimen- 
sional problem  and describe magnetization configurations  with 
essential point singularities. To  do  this we have used, to again 
quote Brown, a “less ambitious method” [3 J . Ritz  parameter 
techniques are applied to minimize the energy terms  from 
which Brown’s equations  follow,  rather  than deal directly with 
them as was done for  the case  of the  central cross section 
problem. 

We treat  the problem  with the  constraint of cylindrical sym- 
metry. The axis of the cylinder is  the site of the  point singu- 
larities. As point singularities exist in any unsaturated singly 
connected  ferromagnetic  material,  this  constraint does not 
lessen the applicability of the general conclusions from  this 
specific example of  how a ferromagnetic  material reverses its 
magnetization. It is pointed out in the discussion how point 
singularities occur in the simple Landau ferromagnetic domain 
structure  that is found in iron whiskers and  platelets,  and also 
in I-bars  for  bubble memories. 

The approach  taken  here relies  heavily on  the  fact  that a 
large cylinder of an ideally soft ferromagnetic  material behaves, 
magnetostatically, very much like a paramagnetic material of 
very high susceptibility. The magnetostatics can be treated 
separately from  the exchange energy effects to a very good 
approximation. The  2agnetostatics provides the  condition 
that  the magnetization M satisfies 

--f 
divM = 0 (1) 

within the cylinder and gives the surface+charge densities urn 
which specify the  normal components ofM  at  the surfaces, 

n . M = u r n .  
A +  

(2) 
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Motiváció: Hubert&Schäfer: Magnetic Domains, 1998

Megjegyzés:
• Szinguláris pontok a peremen mindenképpen vannak 
• 2 dimenzióban tipikusan 1-dimenziós szinguláris görbék léteznek

Legyen                  egy nyílt, korlátos tartomány sima peremmel. 
Létezik-e olyan                        vektormező, amelyre igaz:

⌦ ⇢ R3

u : ⌦ ! R3

|u|2 = 1 in ⌦

u · ⌫ = 0 on @⌦

div u = 0 in ⌦

•  

•  

•  

és      véges sok, a        peremen  
található szinguláris pont kivételével 
sima. 

u @⌦



Vektorpotenciál

Vektorpotenciál                             , ahol  w : ⌦ ! R3 u = curl w

|curl w|2 = 1 in ⌦•  
|u|2 = 1 in ⌦

div u = 0 in ⌦

•  

•  

hu0, curl wi = h in ⌦

Linearizáció az                          pontban:u0 = curl w0



hu0, curl wi = h in ⌦

azaz:
L1w

1 + L2w
2 + L3w

3 = h in ⌦

L1 = u2
0@3 � u3

0@2

L2 = u3
0@1 � u1

0@3

L3 = u1
0@2 � u2

0@1

ortogonalitás:

hLi, u0i = 0 8i

Linearizáció az                          pontban:u0 = curl w0

|curl w|2 = 1 in ⌦



L1w
1 + L2w

2 + L3w
3 = h in ⌦

[Li, Lj ] 2 span{L1, L2, L3} hu0, curl u0i = 0

Frobenius tétele: Ebben az esetben létezik az       vektormezőre 
merőleges 1-kodimenziós fóliázás.

u0

1. Az integrálható eset:

•  
•  

|u|2 = 1
div u = 0
hu, curl ui = 0•  

Fóliázás  
minimálfelületekkel

“kalibráció”

Tétel (D. Sullivan): Egy 1-kodimenziós     fóliázáshoz egy kompakt  
       sokaságon pontosan akkor létezik olyan metrika melyre a fóliázás  
minimális, ha     feszes (“taut”).  

F
M3

F



2. A nem-integrálható eset: hu0, curl u0i � � > 0

Az      -ra duális 1-forma       meghatároz egy kontakt-struktúrát.u[
0u0•  

hu0, curl wi = h in ⌦

u[
0 ^ du[

0…vagyis                  egy térfogatalak.

•  Egy példa: ha
H : S3 ! S2 a Hopf-leképezés,
! az      -n a térfogatalak,         S2

akkor                            egy vektormező, melyre:u = (⇤H⇤!)]

•  
•  
|u|2 = 1
div u = 0

•  hu, curl ui = 1



|curl w|2 = 1 in ⌦

Tétel (Canevari-Sz): Ha 

akkor létezik             és             hogy ha " > 0r > 0 ���|u0|2 � 1
��� < "

akkor van olyan sima    melyre                   ,                 ésu div u = 0 |u|2 = 1

ku0 � ukC1 < r

hu0, curl u0i � � > 0

w 7! h = hu0, curl wi Ck ! Ck�1

h 7! w =
h

hu0, curl u0i
u0 Ck�1 ! Ck�1

Bizonyítás: Nash-Moser iterációval



Egyszerű div-mentes mező: “Bloch-fal”

x1

u(x) = a(x1)e2 + b(x1)e3

Két-skálás div-mentes vektormező: 
u�(x) = a(�x1, x)e2 + b(�x1, x)e3 +O( 1� )

���|u0|2 � 1
��� < "

ha    és    a “gyors” változójában 
periodikus nulla átlaggal.

a b

|u0 + u�|2
!
= |u|2 + f +O( 1� )



Tétel (Canevari-Sz): Ha                és                   egy kompakt 
Riemann-sokaság, akkor minden kritikuspont-mentes vektormező 
        -en homotóp egy sima, nem-integrálható divergenciamentes  
egységhosszúságú vektormezővel.

n � 6 (Mn, g)

Mn

(Mn, g) n � 6

|u|2 = 1

div u = 0

u[ ^ du[ 6= 0

•  

•  

•  

�(M) 6= 0



Tétel (Eliashberg-Gromov): Ha             és                 egy sokaság, 
akkor minden kritikuspont-mentes vektormező homotóp egy  
kritikuspont-mentes divergenciamentes vektormezővel.

n � 3 (Mn, g)

(Mn, g) n � 6

Lemma (Thom-transzverzalitás): Ha             akkor a nem-integrálható 
      vektormezők halmaza sűrű      -ban.

n � 6
Ck Ck

R3

R3 Moser-iteráció
u[ ^ du[ 6= 0

két-skálás Bloch-fal


