Minkowski geometriak izometriairol

G.Horvath Akos

Department of Geometry, Mathematical Institute,
Budapest University of Technology and Economics (BME)

Kerékjarto szeminarium, SzTE, TTIK, Bolyai Intézet, Geometria tanszék
Szeged, 2017 marcius 23



Euclidean space

)

iInner-product

/ AN
semi-inner-product iIndefinite-inner-product
J U
normed space and pseudo-euclidean space
N\ /

Minkowski space




on a complex vector space V is a complex

semi — inner — product
The ¢ . o .
inde finite — inner — product

sl,s2,s3, s4
11,122,113, 14

function [z,y] : V x V — C with the properties {
sl=il: [z + y,z] = [z, z] + [y, 2] (additivity of the first argument)

s2=i2: [Az,y] = Alz,y] for every X € C (homogeneity of the first argument)
s3: [z,z] >0 when =z #= 0 (positivity)

i3: [z,y] = [y,z] for every z,y eV (antisymmetry)

s4: |[z.y]|? < [z, z][y,y] (Cauchy-Schwartz inequality)

i4: [z,y] =0 for every y €V then z = 0. (nondegeneracy)



Euklideszi eset jellemzése

Félskalaris szorzattal: Euklideszi esetben a félskalaris szorzat skalaris szorzat

- Az els6 argumentumban is additiv.
Ortogonalitasokkal: két kiilonbdz6 jellegl ortogonalitas megegyezik

- Vannak homogén és szimmetrikus ortogonalitasok,

(Busemann, Birkhoff, James illetve isosceles, Pitagoraszi, Radon sik)

Biszektorral, egységgombbel: Biszektor hipersik, egységgomb ellipszoid

Ellipszoid karakterizacios tételek:
- K ellipszoid ha minden hipersikkal valé metszete ellipszoid

- K ellipszoid, ha hataranak minden eltoltjaval valé metszete hipersikot feszit ki.
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Megjegyzesek

* Minkowski geometria izometriai affin transzformacioi a beagyazo
Euklidészi térnek

* Minden dimenzidban, minden Minkowski geometria esetén az
izometria csoport tartalmazza az eltolasok szemi direkt szorzatat az
origdra tiikrozéssel (J(n)27(n)><C(2) , mert T(n) normalosztd)

* Az egyenes korhenger mint egységgomb példat ad olyan nem-
Euklideszi Minkowski geometriara, melynek izometria csoportja
tartalmazza ‘7T(n) > 0(n-1)-t. (Azaz a szemi direkt szorzatnak az
egységgombot invariansan tarto komponense nem véges csoport.)



Tota

isan nem-Euklidészi Minkowski ter

Definition 2. A Minkowski n-space is totally non-Euclidean if it has no 2-dimensional
Fuclidean subspace.

Corollary 1. I'n a totally non-FEuclidean Minkowski n-space every diagonalizable adjoint
abelian operator is a scalar multiple of an isometry.

£is. Langi, On diagonalizable operators in Minkowski spaces with the

Algebra Appl. 433/11-12 (2010) 2161-2167



Nyitott probléma az izometria csoportro

Problem 1. Is it true or not that if for n = 3 the Minkowski n-space is totally non-
Euclidean one (see Definition 4) then its isometry group Z(n) is a semi-direct product
of the translation group 7 (n) with a finite subgroup of SL(n)?



does not intersect a two-plane in an ellipse, then
the group Z(3) of isometries of (V.| -||) is isomorphic to the semi-direct product of the
translation group T (3) of R® with a finite subgroup of the group of linear transformations
with determinant £1.




Struktura tétel

Theorem 10. Let V' be a finite dimensional real Banach space, U : V. — V' be an isome-
try on V, and [+, -] be a semi-inner product preserved by U. Then there is a decomposition
of the space of form

V:V]_$VS@V5+1$.$W®W+1$.$W+;C.

where V; 1 < i <[ are U-invariant mutually orthogonal eigenspaces of dimension 1, if 1 <
i < s the corresponding eigenvalue is 1, and for s < i <[ the common eigenvalue is —1;
moreover n — | is even and the subspaces Viq,..., Vi are 2-dimensional U-invariant
subspaces such that all of them are orthogonal to the 1-dimensional ones. The restriction

of U to a 2-dimensional component is a generalized rotation with respect to an Auerbach
basis {a,,b,} defined by the matriz

cosy  sin
[A|1in{a b }] = o P | where 0 < v < 2m.
=:Petl{a,,bs} —sing cosg



A Lowner-John ellipszoid szerepe a
bizonyitasban

* A maximalis (minimalis) térfogatu K-ba (K-koré) irt ellipszoid
egyertelmd, ezért minden izometria invariansan hagyja a K felszinének
a metszetét a John ellipszoid felszinével.

* A probléma affin invarians igy feltehet6 a John ellipszoidrél, hogy az
egységgomb, azaz a K-t invariansan tarto izometriak az O(3) csoport
elemei.

* Ha végtelen a K-t invariansan tarto izometriak részcsoportja, akkor
meg tudjuk konstrualni K egy olyan sikmetszetét, melynek minden
pontja a metszethez tartozik (azaz a sikmetszet kor).



2 in Z(3)y, so that, G is finite if and only if Z(3)q is so. Let a point = be a common point
of the boundary of C' and the boundary of E. (Of course such a point exists.) Let denote
by CT the closed half sphere containing « and bounded by the hyperplane orthogonal to
x through the origin. If the group G is infinite then the orbit of = also contains infinitely
many distinct points of form T;(x) € bdE NbdC™ where T; € Z(3)y. Since bdE NbdC™
is compact for every k € N there are two indices ¢ # j such that ||T;(x) — Tj(x)| < 1/k
implying that ||Tj_1ﬂ(;1:) — z|| € 1/k. Consider the isometry i}_lﬂ € SO(3). Hence
TJ-_ITL; is rotation about an axis, say x;. Thus the points (f?flTi)I (x) for [ € N are on a
two dimensional intersection of bdFE', so they are also on a circle E}.. This circle through
the point x contains a set of points of bdC' with successive distance at most 1/k forming
an 1/k-net on it. Let denote by gy the unit normal vector of the plane of F} directed
by C*. The set Y := {yr. k € N} is infinite and hence it has a convergent subsequence
(yx,) with limit y. Consider now the circle F'(x,y) defined by the intersection of E with
the plane through = and orthogonal to y. It has the property that if z € E(x,y) then
for every € > 0 there is a point u of bd £ NbdC such that ||z — u|| < . This implies that
E(z,y) C bdENbdC giving a contradiction with our assumption. Thus the group Z(n)g
is finite and the statement is true. 0O



Hilbert geometriak




Hilbert izometriak

Theorem 4.1. A finite-dimensional Hilbert geometry on a bounded open convex set
is 1sometric to a normed space if and only if the domain is a simplex.

Using this correspondence, and the Masur—Ulam theorem, the isometry group of
the simplicial Hilbert geometry was determined for n = 2 in [9] and for arbitrary n
in [17]. Let 6, be the group of coordinate permutations on V', let p: V' — V be
the isometry given by p(x) = —x for x € V, and identify the group of translations in

V with R”.
Theorem 4.2 ([1 1], [17]). If D is an open n-simplex with n = 2, then
Coll(D) = R" xo,+1 and lIsom(D)=R" xT,.;.

where I',, .1 = g, X (p).

A. Karlsson and T. Foertsch, Hilbert metrics and Minkowski norms. J. Geomerry 83 (2003),
no. 1, 22-31.



Theorem 4.3 ([9]). If the closure of D is strictly convex, then Isom(D) = Coll(D).

P. de la Harpe, On Hilbert's metric for simplices. In Geometric group rheory (Sussex,
1991), Vol. 1, London Math. Soc. Lecture Note Ser. 181, Cambridge University Press,
Cambridge 1993, 97-119.

Theorem 4.4 ([17]). If (D, Hil) is a polvhedral Hilbert geometry, then Coll( D) differs
from Isom( D) if and onlv if D is an open n-simplex, withn = 2.

B. Lemmens and C. Walsh, Isometries of polyhedral Hilbert geometries. J. Topol. Anal. 3
(2011), no. 2, 213-241.

Theorem 7.3 (Colbois—Verovic). Let K be a bounded open convex set in R"™
(n > 2) whose boundary OK is a hypersurface of class C® which is strictly
conver (in the sense that the Hessian is positive definite). Then if OK is not
an ellipsoid, any discrete subgroup of the isometry group Isom(K,d;) whose
action on K is proper is finite.

B. Colbois and P. Verovic, Rigidity of Hilbert metrics. Bull. Austral. Math.
Soc. 65 (2002), 23-34.



Centralszimmetrikus Hilbert geometria mint
Minkowski geometria feletti hiperbolikus ter

P (xy)=c(x,y) p,,(xy)
|
Pry XY=y 5 (%Y)




Kétféle izometria fogalom

Definition 16. A linear isometry f : H- — H™ of H™ is the restriction of a linear map F : V — V to H™ which preserves
the Minkowski product and which sends H™ onto itself.

Definition 18. A topological isometry f : H — H of H is a homeomorphism of H which preserves the Minkowski-Finsler
distance between each pair of points of H.

Theorem 14. A linear isometry of H™ is also a topological isometry on it.

In the proof of this theorem we also proved that a linear isometry is a Finsler isometry, in the sense thatitis a diffeomorphism
of H onto H which preserves the Minkowski-Finsler metric function. In a Riemann space the two types of isometries (the
topological and the Riemannian one) are equivalent. This is a result of Myers and Steenrod (see in [29]). The analogous

theorem on Finsler spaces was proved by Deng and Hou in [30]. In the latter paper it is also stated that the two concepts of
isometry are equivalent for a Finsler space.

In the following theorem we impose the condition of linear homogeneity of H™.

Theorem 15. Let V be a generalized space-time model. Assume that the space S is strictly convex and smooth and the group

of linear isometries of H™ acts transitively on H*. Denote the Minkowski-Finsler distance of H™ by d(-, -). Then the following
statement is true:

[a, b]T = —ch(d(a, b)) fora,beHT™.



Probléma
Ha kétszeresen tranzitivan hatnak a linearis izometriak a
prehiperbolikus téren (Hilbert geometria egyenlé hosszu szakaszain

tranzitivan hatnak), akkor egyszeresen tranzitivan hatnak egy (n-1)-
dimenzios metszeten, ami egy gombje a vizszintes metszet Minkowski

térnek, azaz a Minkowski tér Euklideszi, a prehiperbolikus tér
hiberbolikus (a Hilbert geometria hiperbolikus geometria).

Egyszeres tranzitiv hatasbol kovetkezik, hogy minden topologikus
izometria linearis, és a metrika fliggvény szép kapcsolatban van

Minkowski-Finsler tavolsaggal.

Van-e ellipszoidtol kilonb6z6 konvex test, amire a linearis izometriak
tranzitivan hatnak a prehiperbolikus téren?



Motion of rigid systems
in the Euclidean plane
(roulettes)

-The plane X’ moving on the fixed plane
-Fixed frame with coordinates (x,y)
-Moving frame with coordinates (u,v)

-The parameter ¢ is non-vanishing (the motion is
nontranslative)

-For every value of ¢ there is a point of the
moving plane for which the velocity vector
vanishes. This point (the so-called instantaneous
centre) defines in the moving plane the moving
polode (centroid) and in the fixed plane the fixed
polode (centroid), respectively.

-The velocity vector at a point is orthogonal to
the position vector from the instantaneous
centre to the point, implying that the move is an
instantaneous rotation about the instantaneous
centre.

Tr=p+ucosp—uvsing,

y=gq-+usiny+ v cosyp



A kerek mozgasa | (az ivtavolsagok
rogzitettek)

2k=m
a=k-arcsin(x)+x
b=a-sin(k-a)
c=cos(2(k-a))

d=a-c+x-y

2(k-a)+(a-x)+y=a
0<y=x-2(k-a)=3x-2arcsin(x)<x




Kerek mozgasa Il (az ivhossz a forgatas
fluggvenye)

2k=m
a=k-arcsin(x)+x




KonkluUzio

szOg :> ivhossz

kapcsolat nem m(ikodik jol, ha a mozgas paramétere az ivhossz a fix gorbén, akkor
nem periodikus gorbét kapunk, ha a mozgo gorbe elfordulasaval paramétereziink,
akkor a gorbe ket pontja kozotti iv hossza flgg az iv mozgo gorbén elfoglalt
helyzetetdl.

Otlet: Kapcsoljuk a szdgmérést az ivhossz szdmitdshoz.



Flexible motions in Minkowski plane

Generalized angle measure:

Definition 2. Let v+ C X be a closed Jordan curve which is starlike with respect to a point p of the inte-
rior of the region bounded by ~. An angle measure with respect to such a Jordan curve is a (normalized)
Borel measure p., on ~ for which the following properties hold:

(a) py(v) = 2m;

(b) for any g € v we have p({¢}) = 0; and

(c) any non-degenerate arc of + has positive measure.

Angle in normed spaces (in common with V Balestra, H Martimi and R. Teixeira) dequationes Mathematicae (2016)



Generalized rotation

Definition 3. Let (X, ||-||) be a Minkowski plane and let o be a closed Jordan curve which is starlike with
respect to a point p of the interior of the region bounded by ~. Let 1, , be a generalized angle measure
as in the previous definition. A general rotation (with respect to p. ,) is a transform rot, X —= X
for which the following three properties hold:

(a) The transform rot,_  leaves invariant the pencil R(p) of rays with origin in p. In other words, if
r C X is a ray with origin p, then rot,__(r) is also a ray with origin p.

b) For each a > 0, rot, _ leaves invariant the homothetic curve ~,, := p + a(~ — p), i.e., for such a
. H~.p Yo,p P B P 1

curve we have roty. (Yap) € Ya.p-

c) The function r € R(p) — p~p (TOt r),r) is constant. Intuitively, rot “rotates every ray of
TP My p Moy, p
R(p) by a same angle”.



Area based general rotation (Kepler’s law)

W

With respect to x and G from above, for every real number 0 < ¢ < 27 there is a generalized rotation
of the Euclidean plane about O with this angle . By Kepler's second law about planetary motions,
the angle t of a generalized rotation is proportional to the time of the motion of the planet. Hence the
generalized rotation with angle t maps the current position P’ of the planet to that point P” of the orbit
where the planet arrives after time .



Ruletta definicio:

Definition 7. If the rectifiable Jordan curve ~'(s) rolls, without slipping, on the rectifiable Jordan curve
v(s), then we define the flexible motion corresponding to the rolling curves v and v as the following set
of mappings:

(6) {@:(p) =7(s) + R(ps) (P —7'(s)) : s €[0,8]},
where R(pe) € R(OB, py,0) denotes the general rotation which maps the (oriented) direction #(s) to the

(also oriented) direction 4'(s). A curve given by the graph of a fired point p = P is called the roulette of
P.




Second Euler- Savary equation

Theorem 3 (Second Euler-Savary equation). If the wnit circle of the Minkowski plane is two times
continuously differentiable, then the following equality holds:
1 1 o(Tk) 1

12 = Xyt = — — = : :
(12) Xy~ Xy ry Ty 02(tg) ak

Here v+ s the curvature radius of the fized polode at its point K = ., v+ is the curvature radius of the
mowving polode at its point K = ~., and ak is the length of the common velocity vector of the fired and
moving polodes at the moment s and at the instantaneous pole K = ~(s) = +/'(s).



First Euler-Savary equation

Theorem 4. The instantaneous center K and the curvature center Op of the roulette at its point P # K
satisfy the equality

- 2
(15) 105D = '|'*j:_ﬁ ”” :

where the second intersection point of the path normal line at P with the inflection curve is the point Ip.

By the law of sine introduced earlier, OpP and IpP are always marked off in the same orientation
along the line K P. Thus, when Ip has been established, the orientation of I p P gives the orientation of
OpP. Hence equality (15) has an equivalent form for directed segments (with Minkowski lengths):

1 1 1

16 — — _
(16) KP KOp Klp
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