TYPICAL FACES OF BEST APPROXIMATING
POLYTOPES WITH A RESTRICTED NUMBER OF
EDGES

VIKTOR VIGH

ABSTRACT. Let K be a convex body in E3 with a C? smooth
boundary. In this article, we investigate polytopes with at most
n edges circumscribed about K or inscribed in K, which approxi-
mate K best in the Hausdorfl metric. The asymptotic behaviour of
the distance, as a function of n, of such best approximating poly-
topes and K is known, see [3] for an asymptotic formula. In this
article, we prove that the typical faces of the best approximating
circumscribed or inscribed polytopes in the Hausdorff metric with
at most n edges are asymptotically squares with respect to the
second fundamental form of 9K.

1. NOTATION AND CONVENTIONS

We shall work in d-dimensional Euclidean space E¢, with origin o,
and scalar product (-, -), and induced norm |-|. We shall not distinguish
between the Euclidean space and the underlying vector space, and we
will use the words point and vector interchangeably, as we need them.
Points of E? are denoted by small-case letters of the roman alphabet,
and sets by capitals. For reals we use either Greek letters or small-case
letters. For a compact convex set K, we write aff K for its affine hull,
and relint K for its relative interior. A compact convex set K with
nonempty interior is called a convex body. If the dimension of K is
two, then we call it a convex disc. For the sake of brevity, we shall use
the term wunit disc for the unit radius circular disc. B¢ stands for the
unit ball in E? centred at the origin. Volume in E? is denoted by V(-),
and two-dimensional Hausdorff measure is denoted by A(+). If A, B are
subsets of E¢, then the conver hull of A and B is denoted by [A, B].

There are numerous ways to define metrics on the space of convex
bodies K¢, of which the Hausdorff metric is one of the most natural
and applicable ones. For K, L € K the Hausdorff distance is defined
by

Sp(K,L)=min{\>0| K C L +AB% L C K+ A\B%.
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Then d is a metric on K¢, called the Hausdorff metric. For further
details on convex sets and related measures consult the monographs of
R. Schneider [14] and P.M. Gruber [10].

Let K be a convex body in E?, and let 9K denote its boundary.
We always integrate on 0K with respect to the (d — 1)-dimensional
Hausdorff measure. We say that K has C? boundary if for any z € 0K,
a neighbourhood of z in 0K is the graph of a convex C? function f
that is defined in the orthogonal projection of that neighbourhood into
the tangent plane T, at z. For z € 0K we write (), to denote the
second fundamental form at x that is, the quadratic form representing
the second derivative of f at z. Because of the convexity of K, @,
is positive semi-definite. Its eigenvalues are the principal curvatures,
and its determinant x(x) is the Gauss-Kronecker curvature of 0K at
x. Clearly, k(z) > 0 for all x € 0K. If, in addition, x(z) > 0 for all
z € OK, then we say that the boundary of K is C2.

Throughout the paper we shall use the customary notation for the
magnitude of functions. Let f and g be functions of positive integers.
We write f(n) = O(g(n)) if there exists a constant ¢ depending on
the given convex body K such that |f(n)] < c¢-g(n) for all n > 1,
and f(n) = o(g(n)) if lim, . f(n)/g(n) = 0. Furthermore, we write

f(n) ~ g(n) if limy o f(n)/g(n) = 1.

2. HISTORY

The starting point of polytopal approximation was the work of L.
Fejes Téth. He investigated some basic questions in the plane and
in the 3-dimensional space. The first results on this topic in higher
dimensions are due to R. Schneider [13].

Let K be a convex body in the d-dimensional Euclidean space with
a sufficiently smooth boundary, and let 0 < k < d — 1 be an integer.
We define the set P, := {P|P is a polytope with at most n k-faces}.
Then there exists a (not necessarily unique) polytope P, € P, such that
(K, P,) = inf{d(P, K)|P € P,}, where J stands for any metric defined
on the space of convex bodies. Note that it is customery to make further
restrictions on P, for example we can consider polytopes which contain
K (circumscribed) or which are contained in K (inscribed). We are
usually interested in describing various properties of P, which we do
by formulating asymptotic results as n — oo.

Most of earlier papers deal with the cases when k=0 or k =d — 1,
that is, the number of vertices or facets is restricted. There are asymp-
totic formulas on the distance between K and P, in every dimension
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for most well-known metrics, such as the volume of the symmetric dif-
ference, the Hausdorff metric, the Banach-Mazur metric, the L; metric
and the Schneider distance, although not all the constans are known.
These asymptotic formulas are due to R. Schneider, P. M. Gruber, S.
Glasauer, M. Ludwig and K. J. Boroczky.

In this paper, we determine the typical faces of a special class of
best approximating polytopes using a recent asymptotic formula of [3].
(The exact meaning of “typical faces” will be explained later.)

We shall investigate the case when d = 3 and £k = 1 and we shall
use Hausdorff metric to measure the distance between bodies. For
completeness, we repeat the definitions in this special case. Let PS(K)
denote the set of polytopes circumscribed about K and having at most
n edges. There exists a polytope P¢, not unique in general, such that

(K, P) =inf{dy(K,P): P € P.(K)}.
We may similarly define the polytope P! using inscribed polytopes
instead of circumscribed. The following theorem was the main result
of [3].

Theorem 1. [3] If K € K3 is a convex body with C* boundary, then

, 1 1
(1)  og(K,P)),éu(K,P) ~ —/ kY2(2)dz - = asn — oco.
2 OK n

3. MAIN RESULT

If C and D are two convex discs, then we say that C' is e-close to D
if there exist x € C and y € D such that

(1+e) - (C—z)cD-yc(l+e)-(C—a).

Let @ be a positive definite, non-degenerate quadratic form on the
Euclidean plane with the positive definite, symmetric matrix C. It
is well known that C' can be written in the form C = AT A, with a
non-singular matrix A (this representation is not unique). Denote ¢4
the linear transformation defined by A. A polygon P is called regular
with respect to @, if ¢ 4(P) is a regular polygon (in Euclidean sense).
Furthermore, if p4(P) is of area 1, then we say that P is a regular
unit polygon with respect to (). In particular, we will refer to a regular
quadrilateral with respect to ( as a () square. One can see that the
definition does not depend on the choice of A.

Now we are going to define what “typical faces with respect to a
density function” mean. We remark that the same definition was given
in [5]. Let p : 9K — R be a non-negative function such that if x(z) > 0
then p(z) > 0. Let R, be a sequence of polytopes and let f(n) denote
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the number of facets of R,. Suppose that o € int R, and f(n) — oo
if n — oo. Furthermore, suppose that there exists a positive zero-
sequence v(n) with the following property. For all but v(n) percent
of the facets F' of R, we have that F' is a k-gon, there is a unique
point zp € 0K such that u(xp) is an exterior normal also to F', Q. is
positive definite, and F' is v(n)-close to a k-gon which is regular with
respect to (), and is of area

Jor P(x)dx
fn)p(xr)
In this case we say that the typical facets of R, are asymptotically
regular k-gons with respect to the density function p. Note that the
density function p only determines the area of the facets approximately,
whereas their shape only depends on K.
Let PS(K) denote the set of polytopes circumscribed about K and
having at most n edges. There exists a polytope P¢, not unique in
general, such that

(K, PY) =inf{dy(K,P): P € P.(K)}.
We may similarly define the polytope P! using inscribed polytopes
instead of circumscribed.
The main result of this article is the following theorem.

Theorem. Let K C E* be a conver body with C* smooth boundary.
The typical facets of PS and P! are squares with respect to the density
function k'*(z) as n — oo.

Below, we briefly review what is known of the shape of typical faces
of best approximating polytopes. P. M. Gruber, in [8], investigated,
for sufficiently smooth convex bodies in three-dimensional Euclidean
space, the typical shapes of the facets of best approximating inscribed
polytopes with at most n vertices as n — oo, and of circumscribed
polytopes with at most n facets as n — oo. He considered best approx-
imating polytopes according to the Hausdorff distance, Banach-Mazur
distance and Schneider’s notion of distance. He proved for these three
metrics that in the inscribed case the typical shape of the facets are
asymptotically close to regular triangles in an appropriate sense, and
in the case of circumscribed polytopes they are asymptotically close to
regular hexagons in a suitable sense depending on the metric. In [9],
P. M. Gruber proved that for a convex body with C? boundary and
everywhere positive Gauss-Kronecker curvature, the typical faces of a
minimal volume circumscribed polytope with n facets are asymptoti-
cally close to regular hexagons in a suitable sense as n — oo. This
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work was continued by K. J. Boroczky, P. Tick and G. Wintsche in [5],
where they extended Gruber’s result for convex bodies with no restric-
tion on the Gauss-Kronecker curvature. They also showed that the
typical faces of maximal volume inscribed polytopes with at most n
vertices are asymptotically close to regular triangles in a suitable sense
as n — 00.

4. LEMMAS AND TOOLS

In this section we recall some results and notation from [3].
Let X and X’ be relatively open, Jordan-measurable subsets of 9K
with the following properties.

(2) cl X C relint X' C 0K,

(3)  Inp > 0: all principal curvatures at z € cl X’ are at least 7.

Let C' be a convex polygon tangent to K at x € relint C' such that
the orthogonal projection of int K into aff C' covers C'. For any function
f: C — R, we define its graph

I'(f) ={z=f(2)ulz): z € C}.
Let fo : C — R denote the convex C? function with T'(f¢) C OK.
We shall use pc : E3 — aff C' to denote the orthogonal projection onto
aff C, and Ilpg : C' — OK for the nearest point map onto 0K.
The following lemma is identical to Lemma 2 in [3].

Lemma 1. [3] For each ¢ > 0, there exists a §(K,e) = 6 > 0 such that
if C C x4 dB? is a convex polygon touching K at v € X N relintC,
then the following statements hold. We have T'(f¢) C X', and

(4) forally € C, (1+&*)7'Q, <q, < (1+*)Q.,
(5) for all z € T(feo), (u(2),u(r)) = (14+¢)~*
(6) pe(lox(C)) 2 (1 =) (C —z) + =

The following lemma will be one of the most important tools in the
proof the Theorem. Inequality (7) was proved in [3]. This extended
version establishes the stability of the original inequality.

Lemma 2. Let q(x) be a positive definite quadratic form on R* and

a < 0 a real number. Let G = [p1,p2,...,pr| be a k-gon with vertices
{pi}. Then

(7) max(g(e) — a) = 7 - A(G)y/detq
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Furthermore, if k # 4, then

(8) rgrcleaé{(q(a:) —a)>1.04- % - A(G)+/detq.
If
) max(e(r) — ) < (1+2) - 7 AG)y/ ety

then G is O({/e)-close to a q-square.

Proof. Inequality (7) was proved in [3].
Now, we are going to prove inequality (8). We may suppose that
q(z) = 2? and o = 0. Since z? is a convex function we have that

maxa:2 = Imax .132.

zeG xe{p;}
Without loss of generality, we may suppose that this maximum is at-
tained at p;. From this it follows that G is contained in a circle of
radius R centered at the origin, where R = d(o,p;). It is well-known
that the regular k-gon has the maximal area among k-gons inscribed
in a circle. This implies that

2 o 2w
AG) < R* - sin 7 k7
2

which proves inequality (7). Furthermore, if k # 4 then sin(27/k) <
0.96 and from this follows inequality (8).

Now, we turn to the proof of inequality (9). If o ¢ G then apply the
statement to G —p where p is the nearest point of GG to the origin. So we
may suppose that G is a quadrilateral and that o € G. We may further
suppose that py, ps, p3, p4 are in positive order and |p;| is maximal. Let
us denote the angles between p; and p;,1 with ¢; (ps = p1).

With these notation, we have that

max 22 = p,°.
ze€G

On the one hand,

S0 pil[pisa] sing; S sin ¢
A(Q) = &4 < p 2.1
( ) 9 =D 5 ,
from the assumptions of the lemma we obtain that

4 .
(1+€)_1 S 2184111901‘

This readily implies that [p; — /2] < O(y/€) holds for all .
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On the other hand,

4 . 4
A(G) = 2 1 |Pillpisa|sin o < 21 |pz'||pi+1|7
2 2
from which we have that

4
4pf < (1+¢) Z pillpisal,
1

and finally that

il = (1+2)7 pal.
From the above observations inequality (9) follows by elementary cal-
culations. U

We will apply the previous lemma to prove the circumscribed case.
We need a slight modification of it to obtain the inscribed case.

Lemma 3. Let q(x) be a positive definite quadratic form on R%. Let
G = [p1,p2, - -, pk) be a k-gon with vertezes {p;} and o a real number
such that o > q(x) for all x € G. Then

max(a — q(z)) 2 % - A(G)+/det q.

zeG
Furthermore if k # 4 then

max(a — q(z)) > 1.04- % L A(G)+/det q.

rzeG
If
- A(G)y/det q,

max(a —g(z)) < (1 +¢)-

then G is O(3/e) close to a q-square.

o

Proof. The first part of the lemma was proved in Lemma 3. in the
fourth section in [3].

We would like to use Lemma 2. Suppose that o € G. Since g(0) = 0
we obtain that max,eq(o — ¢(x)) = o > max,eq ¢(x). We can apply
Lemma 2. and every statement of the lemma readily follows.

Now suppose that o ¢ G and ¢(z) = 2. Here we can repeat a part
of the proof from [3].

First suppose that k& = 4. Let p be the nearest point of G to the
origin, and d = |op|. Then the circle of radius Vo — d? centred at p
contains GG. Furthermore, there exists a line through p which separates
G from the origin. We conclude that

2 7 2
_ — _ J? > 1. C—_ . — — J? 2 . C— .
rileag(a q(z)) =a—d* >1.04 P (v —d°) 2 1.04 k A(G)
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The last case to be checked is when G is a triangle and o ¢ G. Using
the same notation as before, we obtain
2
maéc(& —q(z))=a—d*> A(G) > 1.04 - §A(G).
e

O

Lemma 4. Let a;,b; € Ry fori=1,2,...,m. If there exists a \ such
that a;/b; < X holds for all i =1,2,...,m then (3 ", a;)/ (D e, bi) <
A.

Proof. If we sum the inequalities a; £ Ab;, then we get that > a; <
> Ab;. Dividing both side with ) b; we obtain the statement of the
lemma.

[l

Now, we are going to introduce the notation and conventions which
will be used to state Lemma 5. We use 0 and X from Lemma 1. For
x € X, let C C x+ 6B be a convex polygon such that C' touches
K at x € relint C. Furthermore, let C’ be a convex polygon such
that C’ C relint C' and C' C po(K). We write f to denote the convex
function on C such that I'(f) € 0K. We shall use [, for the linear
form representing the first derivative of f at y € C, and, as usual, g,
to denote the quadratic form representing the second derivative of f at
y € C. Note that Q). = q,.

Next, let P be a polytope with C' C po(P), and let Fy, ..., F) be the
faces of P with the following properties. For ¢ = 1,...,k, the exterior
unit normal of F; encloses an acute angle with u(z) and pc(F;)NC" # ().
Furthermore, we assume that

pc(Fi)CO, 1=1,...,k,

and for any Fj, there exists an a; € C such that the exterior unit
normal to F; coincides with the exterior unit normal to the graph of f
at a; — f(a;)u(z). In particular, aff F; is the graph of the function

ei(y) = flai) + lo,(y — ai) + o
for some «; € R. Finally, we define II; = pc(F;).

Lemma 5 (Transfer lemma). [3] Let ¢ € (0,1/4). Using the notation
as above, we assume that ), is positive definite and for all z € C', we
have (14+¢)7'Q. < ¢. < (1 +¢)Q, and (u(x),u(w)) > (1 +¢)~* for
w =z — f(2)u(z). Then the following statements hold.

(i) If K C P then each a; <0, and

ou(P,K) = (1 —2e¢) [nax, max (2Qu(y — @) — ) .
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(ii) If P C K then each a; > 0. Letting of = (1 + €)oy for i =
1,....k, we have 1 Q.(y — a;) < of fory € II;, i = 1,...,k,
and

1
0n(P,K) 2 (1 - 4de) max max (a; — 5 Quly — @)
The next three statements contain simple information which will be
used throughout the article. Since their proofs are elementary we leave
them to the reader.

Proposition 1. If C, D and K are convex disks and 0 < e <1 is a
positive real number such that C is e-close to D and D 1is e-close to K
then C' is 3e-close to K.

Proposition 2. Let X and Xy be 2-dimensional planes in E3 such that
their angle is smaller than €, and suppose that D is a convex disc in
¥.1. Let p denote the rotation which takees Yo into 3. Then p(ps,(D))
is e-close to D, where py, denotes the orthogonal projection onto Y.

Proposition 3. Let q; and gs be two positive definite quadratic forms
on the Fuclidean plane such that

(1+e) " a(r) < o) < (1+)a(z).

Then there exists a unit square of q1 which is e-close to a unit square
of qa.

5. PROOF OF THE THEOREM

We are going to prove the Theorem only for best approximating
circumscribed polytopes. The proof for inscribed polytopes is very
similar.

From (1) it follows that there exists a positive sequence b, with
lim b,, = 0 such that

(10) Su(K,PS) < (1+b,) - l/ kY2 (x)dx - 1
2 Jox n
Let € > 0 be fixed. We will divide 0K into two parts: the “flat”
part and the “curved” part in the following way. Let X, X' C 0K
be defined in such a way that they satisfy the conditions (2) and (3),
furthermore, that

(11) /X K2 (2)dr > (1 — 5)/ kY2 (x)d.

oK

X can naturally be called the “curved” part of 0K, and its complement
is the “flat” part.
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We are going to construct a ”large” auxiliary polytope M = M (e)
circumscribed about K. We require that M has the following property.
If C is a facet of M and HaIS\C C X', then diam C < 4, where 0 is the
same as in Lemma 1. Let C be the family of all facets C' of M such
that Ty C' N X # (). For all C € C, there is a unique x¢ € X' such
that u(z¢) is normal to C. Define

C={zc+(1-2e)(C—z¢) | C € C, ok (xo+(1-2¢)(C—xc))NX # 0}

The properties of X and Lemma 1 yield

Lemma 6.

Z kY2 (ze) - A(C) > (1 — 0(6))/ &Y () d.

cec oK

One can see that there exists an w = w(K,e) > 0 such that if F is
a face of PS and 3C € C with Mox (C) Ny (F) # O then diam F <
w//n. Now, if n > N, then for every facet F' of P¢ there is at most one
C' € C such that Hyx (F) NIk (C) # (). Let us denote by Ce the set of
those facets of P¢ which are "above” C'; namely, their projection into
aff C' intersects C', and whose exterior unit normal encloses an acute
angle with u(z¢). For any F € C¢, let lIp = po(F), let zp € 0K
satisfy that u(xp) is the exterior unit normal to F. Let kr denote the
number of sides of F. Now if n is large, then ar = po(zp) lies in C,
and let ar be defined by zp — apu(zc) € aff F', hence ap < 0. Let us
denote with F the set of facets of P¢, furthermore let F, :={F € F :
HaKFmX?é@} and Fo :F\f+

Our first goal is to show that there are only very few facets over the
flat part compared to the curved part of K. To obtain the following
sequence of inequalities, apply Lemma 5 and Lemma 2.

c _ 1 _ _
on(Fy, K) = (1 0@))%2?%%??&%?(2%0(” ar) — ar)

r2(z0) - A(TTg)
(12) > (1-0()) - max max -

> (1—0(5))-(max max "“1/2(%]3;4(“1")).

065 FeConFy
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Now, using Lemma 4 and Lemma 6 we get

1/2 - A(TI
max max w7 (xe) - Alllr) >
ceC FeCenFy kg

‘ > oced ZFechﬂ(“m(mC) - A(Ilr)) S

an? ZFeCCmﬂ ke N

>(1-00) [ sy g

oK 2n4

> (1-0())

where n, stands for number of edges in F,. From (10) it follows
that if b, < &, then ny > (1 — O(e))n.

We note that for all elements F' € F,, there is a unique point xp €
OK such that u(zp) is an exterior normal also to F', and Q). is positive
definite.

In the next step, we use the same inequalities in a different way.

K2 (zc) - Allp)
max max o >(1- O(e))/

ceC FeCcnFy K

> (1 — 1 _ _
(13) > (1 O(ff))téleagFergcagﬂ;gg(QQxc(y ap) — ar)

1
KV (x)de - — >
2n+

holds if n is large enough.
Next, we divide the facets in F, into two classes. Let F,q C Fy
contain those elements F' € F, for which

maX(% ch(y - aF) - ap) > (1 + \3/5) . é . A(Hp)lil/2(xc),

y€llp

and let Fy, = Fy \ Fnsq, the other class. Now, we continue the sequence
of inequalities in (13). In particular,

1
ES — — >
Iélgé{ F G%l(?f%{f+ irellal}zf( 2 ch (y aF) aF)

1/2 . A(TI
> max(max max r 7 (we) - All) ,
ceC FeCaenFsq kp

kY2 (2c) - A(TR)
1 3e) -
s Fegcl%)}nsq( + Ve) kp

)
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Now, we apply Lemma 4 two times and we obtain that
1/2 . A(TI
max max r (xc) ( F) >
ceC FeCenFy kr
>ocee ZFECCQ}—W(EI/2($C) A1)
2065 ZFeccnfsq kp 7
ZCG@ ZFECCO}‘”SQ (’{1/2@0) : A(HF>))
7 (1-e) ZCeé ZFECCﬁfnsq kp
In order to reach a contradiction, assume that

Mypsq = Z Z kp > 2n,e.

ceC FeCcNFnsq

> (1 —0O(¢e)) max(

Using Lemma 4 again, it follows that

1/2 .
max max w7 (wo) - Alllr) >
ceC FeCenFy kp
ZCG(? EFECCOJ?+ (“1/2(150) - A(Ilg))
2Ny + (1 — V/€)2nnsq
> A(TI
> (14 Y3)(1 — Ofey) e rer Al
27'L+
This is clearly a contradiction, since (1 4+ /&)(1 — O(eg)) > 1 if ¢
is small enough. Thus, we have obtained, that n,s, < en,, which
implies that |Fs,| < e|F4|.
By the definition of F,, we know that for all F' € Fy,
1
max (; Que (y — ar) — ar) < (1+V/e) - — A(lp)s2 (2c).
F

y€llp

(1-0(e))

The conditions of statement (9) in Lemma 2 are satisfied, and so all
IIp for F' € Fy, are Y/e-close to a (Qz.-square. Furthermore, if € is
small enough, then from inequality (8) in Lemma 2 it follows that F,
contains only quadrilaterals, or equivalently, for all F' € F;, we have

Next we show that each F' € F, is close to a (), ,-square. To obtain
this, we recall (4) and (5) from Lemma 1 and Propositions 1, 2 and 3.
From these the claim readily follows.

Finally, we will consider the areas. We proved that almost every face
belongs to F,,. Now, we will decompose Fy, into two sets. To simplify
the notation, we introduce

T = YV2(x0) A(TTR).
e b, (vl AE)
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And now let
Fu={F € Foy: 6"*(xc)A(Tlp) > (1 — V)T, F € Co}

and Fy = Fy,\Fur. On the contrary, assume |Fy| > (1 — /)| Fyql-
On one hand observe that

ZCECAZFGCCﬂqu(Kl/Q(xC> - A(llp)) \Ful T+ |Fn|(1 = )T
Fdl B | Fdl
o |fN| 4
=T - WT\/E S (1-VeT.
sq

On the other hand

> oced ZFGCCOJ-‘W (k'2(zc) - A(ITE))

4| Fsql

_ D cec ZFGCCQ}‘_SQ<’€1/2($C) - A(Ilg))
D_cel 2areconFa, KF -
2 (1-0) [ w52

oK 2n

1/2 _ B
> (1-0fe)) max _may ) Allr) _ (3=06) 7
Ceé\ Feccn-/ﬁ_sq kF 4

This clearly leads to a contradiction if € small enough. From the esti-
mates above, we have that
T 1 1-0
—gu—ogn/fW%mm_—gi——Eﬁr
4 K 4

It follows from Lemma 1 that we may estimate x(zr) by k(z¢) and

A(F) by A(Ilg), and so if F' € Fy;, then
(4 0(7) . Hac DA o o ogwa)

nkl/2(zp)

In summary, we have showed the following: dey : VO < € < ¢
dN(g) > 0 such that if n > N(g) then for all but /¢ percent of the
F faces of P¢ we have that there exists a unique point zp € K such
that u(zp) is an outer normal also to F', ()., is positive definite, and
Fis Y/e-close to a square with respect to (),, which is of area

2 [y V2 (@)dx
nk'/2(xp)

2 [y 62 (@)dx

nkl2(zr)

This completes the proof of the theorem in the case of circumscribed
polytopes.
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In order to prove the theorem in the inscribed case, observe that ev-
ery step of the argument can be repeated, with only two minor changes.
One is that we have to apply the second part of Lemma 5 instead of
the first, second that we use Lemma 3 instead of Lemma 2.

Acknowledgement: [ am indebted to Karoly Boroczky Jr. and
Ferenc Fodor whose remarks considerably improved the paper.
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