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The n x n positive definite complex matrices IP,, form an open subset of the space H,,
of all n x n Hermitian matrices, hence it naturally has a smooth Riemannian manifold
structure so that the tangent space at any foot point can be identified. A Riemannian
metric Kp(H, K) is a family of inner products on H,, depending smoothly on the foot
point D. Let ¢: (0,00) x (0,00) — (0,00) be a kernel function. If D has the spectral
decomposition Zle A P;, then a Riemannian metric can be defined as
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where Tr is the usual trace functional on matrices. Suppose that v : [0,1] — P, is a
differential curve, then the length of v with respect to the metric K% is given by

L0 i= [ K00 0 2)

The geodesic distance §(A, B) between A, B € P, is defined as the infimum of the
length taken over all continuous, piecewise continuously differentiable path from A to
B. A geodesic joining A to B is a curve v from A to B such that L(y) = §(A, B) and
it will be denoted by 'yi 5(1).

In [1, 2] F. Hiai and D. Petz have determined geodesics on several classes of Rie-
mannian manifolds defined by different classes of kernel functions. The aim of this talk
is to present some structural results concerning geodesics appearing in [1] and [2]. Let
p > 1 be fixed and ¢ be a proper kernel function. We are going to describe the struc-
ture of all bijective transformations ¢: P,, — P, that preserve the Schatten p-norm of
all geodesics with respect to the Riemannian metric K¥, i.e. which satisfy that

”’Yﬁ,B(lf)Hp = H”YZ(A),qs(B) @)l

for all t € [0,1] and A, B € P,,.

Moreover, we present the structure of all bijective transformations ¢ on P, that
preserve geodesics with respect to the Riemannian metric induced by 1, i.e. which
satisty

(b(VZ,B(t)) = 7$(A),¢>(B) (t)
for all t € [0,1] and A, B € P,,.
Finally, for the kernel function ¢ (z,y) = xy we determine bijective transformations
that preserve the length of differentiable path in (P,, K?).
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