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Let K be the Kronecker quiver, k a �nite �eld (or the �eld of complex numbers), kK the path algebra of
K over k (called the Kronecker algebra) and mod-kK the category of �nitely generated right modules over
the Kronecker algebra. We identify the category mod-kK with the category rep-kK of the �nite dimensional
k-representations of the Kronecker quiver. The indecomposables in mod-kK are divided into three families: the
preprojectives, the regulars and the preinjectives. The preprojective (respectively) preinjective indecomposable
modules are up to isomorphism uniquely determined by their dimension vectors. For n ∈ N we will denote
by Pn (respectively by In) the indecomposable preprojective module of dimension (n + 1, n) (respectively the
indecomposable preinjective module of dimension (n, n + 1). So P0, P1 are the projective indecomposable
modules and I0, I1 are the injective indecomposable modules. Pn and In are isomorphic as representations with

Pn : kn+1
( 0

En
)

⇔
(En

0 )
kn and In : kn

(0 En)

⇔
(En 0)

kn+1 ,

where En is the identity matrix.
By the Krull-Schmidt theorem, every module M ∈ mod-kK has the following decomposition up to isomor-

phism (for a partition λ = (λ1, . . . , λs) we are using the notation Rp(λ) = Rp(λ1)⊕ · · · ⊕Rp(λs)):

M ∼= (Pc1 ⊕ · · · ⊕ Pcn)⊕ (⊕p∈P1
k
Rp(λp))⊕ (Id1 ⊕ · · · ⊕ Idm),

where

(1) (c1, . . . , cn) is a �nite increasing sequence of non-negative integers

(2) λp is a partition for every p ∈ P1
k (the projective line over k)

(3) (d1, . . . , dm) is a �nite decreasing sequence of non-negative integers

The sequences from (1), (2) and (3) are called theKronecker invariants of the moduleM . They determineM
up to isomorphism and correspond to the classical Kronecker invariants in the following manner: the minimal
indices for rows correspond to the integers from sequence (1) parameterizing the preprojective part, the minimal
indices for columns correspond to integers from (3) parameterizing the preinjective part and the �nite (and
in�nite) elementary divisors correspond to the partitions in (2) � a partition λp describes the dimensions of the
Jordan blocks corresponding to p.

When k = C, we identify a (linear) matrix pencil A + λB ∈ Mm,n(k[λ]) with the pair of matrices (A,B)

and further with the representation of the Kronecker module MA,B : km kn

B
oo

Aoo
. The strict equivalence

A + λB ∼ A′ + λB′ means isomorphism of modules MA,B
∼= MA′,B′ and a pencil A′ + λB′ is a subpencil of

A+λB i� the module MA′,B′ is a subfactor of MA,B (i.e. there is a module N such that MA′,B′ � N ↪→MA,B

or equivalently there is a module L such that MA,B � L←↩ MA′,B′ . We recall that a pencil A′ + λB′ is called
a subpencil of A+ λB if there are pencils A12 + λB12, A21 + λB21 and A22 + λB22 such that

A+ λB ∼
(

A′ + λB′ A12 + λB12

A21 + λB21 A22 + λB22

)
.

The matrix subpencil problem (i.e. if A + λB and A′ + λB′ are linear matrix pencils, �nd necessary and
su�cient conditions in terms of their classical Kronecker invariants for A′ + λB′ to be subpencil of A + λB)
is an important open problem with numerous interdisciplinary applications. Our work represents some steps
towards solving this challenge, using the Hall algebra approach.

We denote by [M ] the isomorphism class of M ∈ mod-kK. The Hall algebra H(kK,Q) associated to the
Kronecker algebra kK is the free Q-space having as basis the isomorphism classes in mod-kK together with a
multiplication de�ned by [N1][N2] =

∑
[M ] F

M
N1N2

[M ], where the structure constants FM
N1N2

= |{M ⊇ U |U ∼=
N2,M/U ∼= N1}| are called the Hall numbers. Using associativity we have [N1] . . . [Nt] =

∑
[M ] F

M
N1...Nt

[M ],
where FM

N1...Nt
= |{M = M0 ⊇M1 ⊇ · · · ⊇Mt = 0|Mi−1/Mi

∼= Ni, i = 1, t}| (the Hall product).
The ground and motivation for our work is the following result: for M,M ′ ∈ mod-kK, M ′ is a subfactor

of M ⇐⇒ FM
XM ′Y 6= 0 for some X,Y ∈ mod-kK ⇐⇒ [M ] ∈ {[X][M ′][Y ]} for some X,Y ∈ mod-kK ⇐⇒

[M ] ∈ {[X1] . . . [Xn][M ′][Y1] . . . [Ym]} for some m,n ∈ N∗ and X1, . . . Xn, Y1, . . . Ym ∈ mod-kK.
We study combinatorial aspects of the Hall products (having multiple terms) of preprojective and preinjective

modules in mod-kK. We describe the Hall product of these classes of modules and some methods, algorithms
to compute them.
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