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How to win a game?

Game: G = (P, M, T)

@ P is the set of positions
@ M C P x P is the set of moves
o T={pcP|fqgec P:(p q) € M} is the set of terminal positions
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How to win a game?

Game: G = (P, M, T)

@ P is the set of positions

@ M C P x P is the set of moves
o T={pcP|fqgec P:(p q) € M} is the set of terminal positions

Normal play: the last player to move is the winner.

Partition P into good and bad positions such that

good 7 bad and bad —> good.

Winning strategy: always move to a good position!

good 7, bad bad 2. good



The Sprague-Grundy function

There is a unique function y: P — INg such that for all p € P

v (p) =mex{y(q) | p— g} =min(No\{7(q) [ p—q}).
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The Sprague-Grundy function

There is a unique function y: P — INg such that for all p € P

v (p) =mex{y(q) | p— g} =min(No\{7(q) [ p—q}).

The good positions are exactly the zeros of this function:

pis good <= v (p) =0.

good 7 bad bad =, good
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Playing several games simultaneously

There are many ways to play games G, ..., G, simultaneously:

e G1+---+ G, (sum, disjunctive compound): move in one of them
@ Gi A--- NG, (product, conjunctive compound): move in all of them

@ G1V---V G, (join, selective compound): move in some of them

The game of nim

@ position: k heaps of beans

@ move: take away some beans from one heap

This is a sum of k one-heap nim games:

Nie=N 4+ M.

good 7, bad bad 2. good



The SG function of the sum

The exists a binary operation & on INg such that

Y6146, (P1. P2) = g, (P1) © g, (P2) -
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The SG function of the sum

The exists a binary operation & on INg such that

Y6146, (P1. P2) = g, (P1) © g, (P2) -

YN (oo om) = ya (M) @ - - D yay (k) =m @ --- @ ni

good 7, bad bad =, good
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The Kalmar-Steinhaus function

There is a unique function »: P — INg such that for all p € P

o if there is an even number in {5¢(q) | p — g}, then

7 (p) =14+min({5¢(q) | p— g} N2Np), (least even)

good 7 bad bad =, good



The Kalmar-Steinhaus function

There is a unique function »: P — INg such that for all p € P

o if there is an even number in {5¢(q) | p — g}, then
x(p)=1+min({>(q) | p— g} N2Np), (least even)
o if all numbers in {5¢(q) | p — g} are odd, then

x(p)=1+max{s(q) | p— q}. (greatest odd)

good 7, bad bad =, good



The Kalmar-Steinhaus function

There is a unique function »: P — INg such that for all p € P

o if there is an even number in {5¢(q) | p — g}, then
x(p)=1+min({>(q) | p— g} N2Np), (least even)
o if all numbers in {5¢(q) | p — g} are odd, then

x(p)=1+max{s(q) | p— q}. (greatest odd)

good 7, bad bad =, good
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7 (p) =14+min({5¢(q) | p— g} N2Np), (least even)
o if all numbers in {5¢(q) | p — g} are odd, then
x(p)=1+max{x(q)|p— q}. (greatest odd)

In short,
»#(p) =1+lego{>(q) | p— q}.

good 7, bad bad =, good



The Kalmar-Steinhaus function

There is a unique function »: P — INg such that for all p € P

o if there is an even number in {5¢(q) | p — g}, then
x(p)=1+min({>(q) | p— g} N2Np), (least even)
o if all numbers in {5¢(q) | p — g} are odd, then

x(p)=1+max{s(q) | p— q}. (greatest odd)

In short,
»#(p) =1+lego{>(q) | p— q}.

The good positions are easily determined from this function:

pis good <= s (p) is even.

good 7, bad bad =, good



The KS function of the conjunctive/selective compound

G, 1G, (P1, p2) = min (3¢g, (p1) , g, (P2)) = 5g, (P1) A g, (P2) -
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The KS function of the conjunctive/selective compound

G, 1G, (P1, p2) = min (3¢g, (p1) , g, (P2)) = 5g, (P1) A g, (P2) -

There exists a binary operation B on INg such that

»#G,vg, (P, p2) = g, (p1) B g, (p2) -

good 7, bad bad 2. good
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Grundy nim, disjunctive version

7(10) = mex (y(1) & 7(9) , v(2) ®¥(8),7(3) (7)., 7(4) ® 7(6))
=mex(061,062,160,051)
=mex(1,2,1,1) =0

good 7, bad bad 2. good



Grundy nim, disjunctive version

7(10) = mex (y(1) & 7(9) , v(2) ®¥(8),7(3) (7)., 7(4) ® 7(6))
=mex(061,062,160,051)
=mex(1,2,1,1) =0

nis good <= ?7?

good 7, bad bad 2. good
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Grundy nim, conjunctive version

2(10) = 1+ lego (5¢(1) A 2(9), 22(2) A 5¢(8) , 5¢(3) A 2(7), 2(4) N 5(6))
=1+1lego(0OAN1,0AN1,1A1,1A1)
=1+1lego(0,0,1,1)=1+0=1

good 7, bad bad 2. good



Grundy nim, conjunctive version

2(10) = 1+ lego (5¢(1) A 2(9), 22(2) A 5¢(8) , 5¢(3) A 2(7), 2(4) N 5(6))
=1+1lego(0OAN1,0AN1,1A1,1A1)
=1+1lego(0,0,1,1)=1+0=1

nisgood <— n=1,2

good 7, bad bad 2. good



(1|23 [4|5]6|7|8[9[10 |11 |12 |13 |14 |15 |16 |17 [18 |

»x(n)[0]0]1]2]3[3]4]5|5]6 |7 |7 |8 |9 ]9 |10 11 |11

n

c
.9
0
b
(]
>
()
2
)
O
Q
(D)
(V7]
£
c
>
e
c
=
—
O



Grundy nim, selective version

2(10) = 1+ lego (22(1) B 2(9) , 2(2) B 5(8) , 2(3) B 5(7), »(4) B »(6))
=1+lego(0H5, 085 1H4,2H3)
—1+1ego (5,555 =1+5=6

good 7, bad bad =, good



Grundy nim, selective version

2(10) = 1+ lego (22(1) B 2(9) , 2(2) B 5(8) , 2(3) B 5(7), »(4) B »(6))
=1+lego(0H5, 085 1H4,2H3)
—1+1ego (5,555 =1+5=6

nisgood <= n=120rn=1 (mod3)

good 7, bad bad =, good



© Play with LEGO!
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Side moves Middle moves

good L bad bad 4, good



Playing LEGO(s/m,h < o) selectively
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Playing LEGO(s/m,h < o) selectively
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(a, b) is good
)
logy a| = |log, b)
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LEGO(s,h < o0), selective version

13| 23| 29| 39| 45| 55| 62
13| 20| 27| 34| 41| 48| 55
10| 17| 21| 29| 34| 41| 45
14| 19| 24| 29| 34| 39
11| 14| 19| 21| 27| 29
11| 14| 17| 20| 23

= N W s~ 01O N

oI W™ O|O | N
N | =[N O| O
W I[N | o1 oo

X

good 7, bad bad =, good



LEGO(s,h < o0), selective version

13| 23| 29| 39| 45| 55| 62
13| 20| 27| 34| 41| 48] 55
10| 17| 21| 29| 34| 41| 45
14| 19| 24| 29| 34| 39 .

(a, b) is good
11| 14| 19| 21| 27| 29 1}
11| 14| 17| 20| 23 ?(a) =2 (b)

= N W s~ 01O N

oI W™ O|O | N
N | =[N O| O
W I[N | o1 oo

X

good 7, bad bad =, good
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LEGO(s,h < o)

For a € IN let ||a]| = n if the binary representation of a has the following
form: .
—~
a= 10---0.

good 7 bad bad =, good



LEGO(s,h < o)

For a € IN let ||a]| = n if the binary representation of a has the following
form: .
—~
a= 10---0.

Key properties of the norm

For all a € IN we have
Q Far,a: ||al|=||a1||=]|az]| and a = a1 + a,

Q@ Vn < |a|| Ja1,a : n=|a1||=]a2| and a = a1 + a».

good 7, bad bad =, good



The good positions

An a X b rectangle is good iff ||a|| = ||b||; a position is good iff all its

pieces are good.

good 7, bad bad =, good



The good positions

Theorem

An a X b rectangle is good iff ||a|| = ||b
pieces are good.

, a position is good iff all its

| \

Proof.
good—bad: if ||| = |[a|, then
O Fai,a: IIbll=1la1]|=|az]| and a = a1 + a».
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The good positions

Theorem

An a X b rectangle is good iff ||a|| = ||b
pieces are good.

, a position is good iff all its

| \

Proof.
good—bad: if ||| = |[a|, then
O Fai,a: IIbll=1la1]|=|az]| and a = a1 + a».

bad—good: if ||b|| < ||a|, then

Q dai, a : ||b||=]la1]|=]a2] and a = a1 + a». O

good 7, bad bad =, good



LEGO(s,h < o0), selective version

13| 23| 29| 39| 45| 55| 62
13| 20| 27| 34| 41| 48| 55
10| 17| 21| 29| 34| 41| 45
14| 19| 24| 29| 34| 39
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LEGO(s,h < o0), selective version

13| 23| 29| 39| 45| 55| 62
13| 20| 27| 34| 41| 48| 55

7 (a, b) =
e ab—1,if ||a|| =0or ||b|| =0
e ab—2, if ||a|| = ||b]| > 1

@ ab — 3, otherwise

14| 19| 24| 29| 34| 39
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RlolR[IVW|[dMO|O | N
N = ND oo | o
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good 7, bad bad 2. good
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The norm

LEGO(m,h < oo)

If ais even, then let ||a|| = n if the ternary representation of a has one of
the following two forms:

n

Pt
a=--- 20...6,
a=---104,...0,10...0.

If ais odd, then let ||a|| = n if the ternary representation of a has the
following form:

n

N
a = - 1 0/2...0/2

good 7, bad bad =, good



The norm LEGO(m,h < o)

If ais even, then let ||a|| = n if the ternary representation of a has one of
the following two forms:

n

Pt
a=--- 206,
a=---104,...0,10...0.
If ais odd, then let ||a|| = n if the ternary representation of a has the
following form: n
N
a = - 1 0/2...0/2

Key properties of the norm

For all a € IN we have
Q 72, 3, a3 llal|=||a1]| =||a2||=||a3|| and a = a1 + a» + a3,
@ Vn < |a|| Ja1, a2, a3: n=||ai]|=||a2||=]|as|| and a = a1 + a2 + as.

good 7, bad bad =, good
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The norm LEGO(s/m,h < c0)

For a € IN let ||a]| = n if the ternary representation of a has one of the
following two forms:

—
a = - - 10...0’

n

a=---01%...120...0.

good 7 bad bad =, good



The norm LEGO(s/m,h < c0)

For a € IN let ||a]| = n if the ternary representation of a has one of the
following two forms:

—
a = - - 100’

n

a=---01---1520--.0.

Key properties of the norm

For all a € IN we have
Q Far,a a5 : ||a||=||a1]| = ||a2| and a = a; + a :
@ Vn < |a|| Ja1, a2 a3 : n=||a1]|=||az| and a=a; + a

good 7, bad bad =, good



)

>

=

in
"t

w
2

< oo

u
-

u

-

w

u
u
wecEECEECEECERCERCERCE

\:H:\
i

\:H:\
i
'l
:H: | [}

i

hll
S
~~
N>
@)
O
LLl
|

\:H:\

..
bt
wecEECEECEECERCERCERCEE
eeCEECEECEECEECERCERCEE
=

HIH l.“ll“

i
'l
i

i

a8
S
o
f £
e
Eas




LEGO(s/m,h < o)

(2a—1,2b), (2a,2b — 1),
(2a—1,2b—1), (2a,2b) are (a, b) is good in
good in LEGO(m,h < o) A LEGO(s/m,h < o)




Playing LEGO(s,h < 2) selectively

v 3
good — bad bad — good
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Playing LEGO(s,h < 2) selectively
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Playing LEGO(s,h < 2) selectively
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Playing LEGO(s,h < 2) selectively

good L bad bad =, good



Playing LEGO(s,h < 2) selectively

good L bad bad 4, good



The good positions
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For a € IN let ||a]| = [log, (a+1)].




For a € IN let ||a]| = [log, (a+1)].

Key properties of the norm

For all a € IN we have
Q Jar,a: ||al|=|a1]|=]|az]| and a > a1 + a,
@ Vn < |a|| Ja1,a : n=||a1||=]a2| and a > a1 + a».

good 7, bad bad =, good



Hyper-LEGO

In the d-dimensional version of any of the previously mentioned games

(a1,...,aq) isgood <= |lai||®-- & | aq| =0.
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Hyper-LEGO

In the d-dimensional version of any of the previously mentioned games

(a1,...,aq) isgood <= |lai||®-- & | aq| =0.

Play “poker nim" with the norms. O

good 7, bad bad 2. good



Playing LEGO(s,h < 3) selectively
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Playing LEGO(s,h < 3) selectively
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The good positions

An a X b rectangle in the second layer is good iff a = b.

good 7, bad bad =, good



The good positions

An a X b rectangle in the second layer is good iff a = b.

An a X b rectangle in the first layer is good iff the sum of the partial
quotients of the continued fraction representation of 7 is odd.

good 7, bad bad =, good
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