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ABSTRACT. Our main result is that the subpower membership problem SMP(K)
is in P if IC is a finite set of finite algebras with a cube term in a residually small
variety. We also prove that for any finite set of finite algebras K in a variety with
a cube term, the following three problems are polynomial time equivalent, and lie
in NP: SMP(K), SMP(HSK), and finding compact representations for subpowers
in IC.

1. INTRODUCTION

Throughout the introduction we will only consider (classes of) algebras in a finite
language.

The subpower membership problem for a finite algebra A is the following com-
binatorial decision problem: given finitely many elements aq,...,a; and b in A",
determine whether b lies in the subalgebra B of A" generated by {aj,...,ar}. A
naive algorithm for solving this problem is to generate all elements of B, and then
check whether b is in B. Since the size of the input ay,...,ax,b is (k + 1)n, while
the best upper bound for the size of B is |A]", the time complexity of the naive
algorithm is exponential. In fact, it turns out that without further restrictions on
A, one cannot do better than the naive algorithm; in fact, it follows from the main
result of M. Kozik [11] that there exists a finite algebra A such that the subpower
membership problem for A is EXPTIME-complete.

In contrast, for finite algebras A in many familiar classes, the subpower mem-
bership problem is in P, that is, there is a polynomial time algorithm for solving
the problem. For example, if A is a group, then a variant of Sims’ algorithm (cf.
[7]) solves the problem in polynomial time. Other simple algorithms work if A is
a finite lattice or a finite lattice with additional operations (use the Baker—Pixley
Theorem [1]) or if A is a finite semilattice. A recent result of A. Bulatov, P. Mayr,
and M. Steindl [3] extends this observation on semilattices to any finite commutative
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semigroup A by showing that if A embeds into a direct product of a Clifford semi-
group and a nilpotent semigroup, then the subpower membership problem for A is
in P, and for all other finite commutative semigroups A the problem is NP-complete.

Extending the result on groups mentioned earlier R. Willard [13] proved that the
subpower membership problem is in P for every finite algebra A that is an expansion
of a group by multilinear operations. In particular, this is the case for every finite
ring, finite module, and finite K-algebra. It is not known whether this statement
remains true if the word ‘multilinear’ is omitted.

A well-studied class of algebras that includes expanded groups and expanded lat-
tices is the class of algebras which have cube terms.

Question 1. [9] Is the subpower membership problem for A in P if A is a finite
algebra with a cube term?

The answer to this question is not only of theoretical interest, it features prominently
in other problems in computer science; for example, constraint satisfaction problems
and problems on learnability (see, e.g., [5, 9]).

Question 1 will remain unresolved in this paper, but we will prove (see Theorem 6.4)
is that the answer to Question 1 is YES, provided A belongs to a residually small
variety. The proof relies on a structure theorem proved in [10] for the subalgebras of
finite powers of an algebra A with a cube term (or equivalently, parallelogram term).
The application of this structure theorem leads us to considering subalgebras of finite
products S; X --- X S,, where the factors Sq,...,S,, come from the finite collection
HSA of homomorphic images of subalgebras of A. As a consequence, it is natural
for us to expand the scope of the subpower membership problem, and define it for any
finite set IC of finite algebras as follows:

SMP(K):
e INPUT: al,...,ak,bEAl X oo XAn WlthAl,,AHEK
e QUESTION: Is b in the subalgebra of Aj x---x A, generated by {ay, ..., ax}?

There is a more important issue, which is raised by our passage from SMP(A)
to SMP(HSA): Does the subpower membership problem get harder when A is
replaced by SA or HA? It is easy to see that for any finite algebra A, SMP(A)
and SMP(SA) are essentially the same problem. However, this is not the case for
homomorphic images. A surprising result of M. Steindl [12] shows that there exists
a 10-element semigroup S with a 9-element quotient semigroup S such that SMP(S)
is in P while SMP(S) is NP-complete. This shows that the problem SMP(HSA)
may be harder that SMP(A) (provided P # NP), and therefore poses the following

question for us:

Question 2. Are the problems SMP(K) and SMP(HSK) polynomial time equiva-
lent if K is a finite set of finite algebras in a variety with a cube term?
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We will prove (see Theorem 4.8) that the answer to Question 2 is YES. The proof
uses the techniques of compact representations developed in [2]. We will also show
that, given a finite set of finite algebras K in a variety with a cube term, the problem
of finding compact representations for subalgebras of products of algebras in K is
polynomial time equivalent to the subpower membership problem SMP () (Theo-
rem 4.6), and both problems are in NP (Theorem 4.5 and Corollary 4.7).

2. PRELIMINARIES

For every natural number m, we will use the notation [m] for the set {1,2,... ,m}.
The collection of all k-element subsets of a set S will be denoted by (}3)

Algebras will be denoted by boldface letters, their universes by the same letters in
italics. For arbitrary algebras A and B, we will write B < A to indicate that B is
a subalgebra of A. For any algebra A, Con(A) will denote the congruence lattice of
A, and the top and bottom elements of Con(A) are denoted 1 and 0, respectively.
We will use the notation Irr(A) for the set of all meet irreducible congruences of A,
excluding 1. Thus, the subdirectly irreducible quotients of A are exactly the algebras
AJo, o € Irr(A).

Let ¥ be a congruence of an algebra A. The 9¥-class of an element a € A is
usually denoted by a/¥, and we will often write a =y b instead of (a,b) € 9. If Bis a
subalgebra of A, we will say that B is saturated with respect to 9, or B is a ¥-saturated
subalgebra of A, if b € B and b =y a imply a € B for all a € A. In other words, B
is ¥-saturated if and only if its universe is a union of ¥-classes of A. For arbitrary
subalgebra B of A there exists a smallest ¥-saturated subalgebra of A that contains
B, which we denote by B[)]; the universe of B[¢J] is B[V)] := (J,c5 b/¥. Denoting the
restrictions of ¥ to B and B[] by ¥g and gy, respectively, we get from the second
isomorphism theorem that the map B/d¥g — B[¥]/Ug), b/ — b/Ugp (= b/V) is
an isomorphism.

For a product A; x --- x A,, of algebras and for any set I C [n], the projection
homomorphism

Ay x--xA,= H A — HAi, (ai)iem) + (@)ier
i€[n] iel
will be denoted by proj;. For a subalgebra B or for an element b of Hie[n] A;, we will
write B|; or b|; for proj;(B) or proj;(b), respectively. If I = {j1,...,Jx}, then the

..........

2.1. Cube Terms and Parallelogram Terms. Let K be a class of algebras in the
same language. For any n-ary term ¢, if M is an m X n matrix of variables and v is
an m x 1 matrix of variables,

(2.1) K= t(M) =7
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will denote that the m identities represented by the rows in (2.1) are true in K. For
example,

22 cee(n ) =)

expresses that ¢ is a Maltsev term for /.

Now let us fix an integer d (> 1). A d-cube term for K is a term ¢ satisfying a set
of identities of the form (2.1) in two variables x, y, where M is a matrix with d rows
such that every column of M contains at least one x, and ¢ consists of y’s only. As
(2.2) shows, a Mal’tsev term is a 2-cube term.

Cube terms were introduced in [2] to show that a finite algebra A has few subpowers
— i.e., A the property that, for some polynomial p, the number of subalgebras of A"
is bounded above by 27(®) — if and only if A has a cube term. More manageable terms
that are equivalent to cube terms (e.g., edge terms, star terms) were also found in
[2]. In this paper we will use another family of equivalent terms, called parallelogram
terms, which were introduced in [10].

Let m and n be positive integers and let d = m +n. An (m, n)-parallelogram term
for K is a (d + 3)-ary term P, ,, such that

rxr yl|z Yy Yy vy Y

r r Y|y =z vy vy Y

(2.3) K= P, r r y\yy 2y vy 'y 1 _1Y
' y x 21y Yy Yy =z vy Y

y x x1Yy y vy Y Y

y x x|y y - yy Yz Y

Here the rightmost block of variables is a d x d array, the upper left block is m x 3
and the lower left block is n x 3.

It is easy to see from these definitions that an (m,n)-parallelogram term that is
independent of its last d variables is a Maltsev term, and an (m,n)-parallelogram
term that is independent of its first 3 variables is a d-ary near unanimity term.

The theorem below summarizes the facts we will need later on about cube terms
and parallelogram terms.

Theorem 2.1 (See [2],[10]). Let V be a variety, and let d (> 1) be an integer.

(1) The following conditions are equivalent:

(a) V has a d-cube term,
(b) V has an (m,n)-parallelogram term for all m,n > 1 with m +n =d,
(¢) V has an (m,n)-parallelogram term for some m,n > 1 with m +n = d.
(2) If V has a cube term, then V is congruence modular.
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The equivalence of conditions (a)—(c) in statement (1) follows by combining results
from [2, Theorem 4.4] and [10, Theorem 3.5]. Proofs for statement (2) can be found
in [2, Theorem 2.7] and [4, Theorem 3.2].

In view of the the equivalence of conditions (a) and (c) in Theorem 2.1, when
we consider classes of algebras with a d-cube term, we will work with a (1,d — 1)-

parallelogram term P = P 4_1, and we will also use the following terms derived from
P:

(24) S(.Z'l,...,{]?d) = P(Z’l,l’g,.ﬁﬂg,l'l,...,l'd),
plx,u,y) = Pz, u,y,2,9,...,y).

For any class K of algebras with a (1,d — 1)-parallelogram term P one can easily
deduce from the (1,d — 1)-parallelogram identities that

K E y=pzvy),
p(z,y,y) =s(x,y,y,....9),
(25) S(y7x7y7"'7y) =Y,

(Y, 9,9, T) = y.
To simplify notation, we also define

o= p(x,y,y) (= s(@,y,...,9)),
and
s'(x1, ... xq) = s(s" (w1, y ..., 2q), T, ..., xg) forall £ >1,
0._

where s x1. So, s' = s and s’ is the (-th iterate of s in the first variable.

2.2. Congruence Modular Varieties: the Commutator and Residual Small-
ness. Let V be an arbitrary congruence modular variety. For the definition and basic
properties of the commutator operation [ , | on congruence lattices of algebras in
V the reader is referred to [6]. A congruence a € Con(A) of an algebra A € V is
called abelian if [, o] = 0, and the centralizer of a congruence o € Con(A), denoted
(0 : @), is the largest congruence v € Con(A) such that [«,~] = 0.

Recall that V has a difference term (see [6, Theorem 5.5]), which we will denote
by d. In the last two sections of this paper we will need some properties of abelian
congruences, which can be summarized informally as follows: the difference term
d induces abelian groups on the blocks of all abelian congruences « of all algebras
A € V; moreover, the term operations of A are ‘linear between the blocks’ of o with
respect to these abelian groups. The theorem below gives a more precise formulation
of these facts.

Theorem 2.2 (From [6, Section 9]). Let V be a congruence modular variety with a
difference term d, let A €V, and let o be an abelian congruence of A.
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(1) For every o € A, the a-class containing o is an abelian group (o/a;+,, —o,0)
with zero element o for the operations +, and —, defined by

T4,y :=d(x,0%y) and —,x:=d(0% x,0°) foralxycola.

(2) For every term g(z1,...,x) in the language of V, for arbitrary elements
01,...,0,0 € A such that g(o1,...,0r) =4 0, and for any tuple (a,...,ax) €
(01/ar) X -+ x (o),

g(a17a27 s 7ak) = g(&17027 s >Ok> +o g<017a27037 s 70k) +o- -

+o g(01,. ., 01, ax) —o (k — 1)g(01,02,. .., 0p).

We will refer to the abelian groups described in statement (1) as the induced abelian
groups on the a-classes of A.

In any congruence modular variety V, an equivalence relation, called similarity, is
defined on the class of subdirectly irreducible algebras in V. The definition may be
found in [6, Definition 10.7], but for our purposes here it will be more convenient to use
the following characterization given in [6, Theorem 10.8]: two subdirectly irreducible
algebras B, C € V are similar if and only if there exists an algebra E € V (which
can be taken to be a subdirect subalgebra of B x C) and there exist congruences
B,7,0,e € Con(E) such that E/f = B, E/vy = C and there is a projectivity 5*/5 \
e/d /7 v*/y in Con(E), where 8* and ~v* are the unique upper covers of § and ~
respectively.

For a cardinal ¢, a variety V is called residually less than c if every subdirectly
irreducible algebra in V has cardinality < c¢; V is called residually small if it is
residually less than some cardinal.

Theorem 2.3 (From [6]). Let A be a finite algebra that generates a congruence
modular variety V(A). Then the following conditions are equivalent:
(a) V(A) is residually small,
(b) V(A) is residually < q for some natural number gq,
(c) the congruence identity [x Ny, y| = x A [y, y] holds in the congruence lattice of
every subalgebra of A,
(d) the implication x < [y,y] — x = [x,y] holds in the congruence lattice of every
subalgebra of A,
(e) for every subdirectly irreducible algebra S € HS(A) with abelian monolith u,
the centralizer (0 : ) of p is an abelian congruence of S.

The equivalence of conditions (a), (b), and (d) is proved in [6, Theorem 10.15]. The
equivalence of (c¢) and (d) is established in [6, Theorem 8.1]. To show that condition
(e) is also equivalent to (c), one can apply the congruence identity in (c¢) (and basic
properties of the commutator) directly to deduce (¢) = (e). Finally, to prove that if
(c) fails, then so does (e), one can use the specific failure of (c¢) produced in the first
paragraph of the proof of [6, Theorem 10.14].
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Now let K = {Ay,...,A,} be a finite set of finite algebras, and let V(K) be
the variety generated by KC; then V(K) is generated by the finite algebra A’ :=
Ay x - - x Ay, so Theorem 2.3 applies to V(K) = V(A’). Let H denote the subclass
of V(K) consisting of all algebras A € V(K) satisfying condition (c). It follows
from [6, Theorem 8.1] that #H is closed under the formation of quotient algebras,
subalgebras, and finite direct products. Therefore, condition (c¢) from Theorem 2.3
holds for the generator A’ = A; x --- x A,, of V(K) if and only if it holds for each
one of Aq,..., A,. Thus, we get the following.

Corollary 2.4. Let K be a finite set of finite algebras in a congruence modular
variety. The variety generated by K is residually small if and only if

(e) for every subdirectly irreducible algebra S € HS(IKC) with abelian monolith ,
the centralizer (0 : ) of u is an abelian congruence of S.

3. COMPACT REPRESENTATIONS

Throughout this section V will be a variety with a d-cube term (d > 1). If L C V' is
a finite set of finite algebras, ax will denote the maximum of the sizes of the algebras
in /C.

Recall from Theorem 2.1 that if a variety has a d-cube term, it also has a (1,d—1)-
parallelogramm term P. Terms in the language of ¥V which can be expressed using P
only, will be referred to as P-terms. For example, the terms s(x1,...,zq), p(z,u,y),
and x¥ constructed earlier, which satisfy (2.5), are P-terms. By a P-subalgebra of an
algebra A € ¥V we mean a subalgebra of the reduct of A to the language {P}. We
will say that an algebra B € V is P-generated by R C B if R is a generating set for
the reduct of B to the language { P}; or equivalently, if every element of B is of the
form t(ry,...,r,) for some m > 0, some elements rq,....r,, € R, and some m-ary
P-term t. The P-subalgebra of an algebra B € V generated by a set S (C B) will be
denoted by (S)p.

Now we will introduce a variant of the concept of ‘compact representation’ from
[2]. One difference is that we will use a less restrictive notion of ‘fork’ than ‘minority
fork’, because we want to avoid assuming finiteness of the algebras considered unless
finiteness is necessary for the conclusions. Another difference is that we will consider
subalgebras of products of algebras, rather than subalgebras of powers of a single
algebra. Let Ay,...,A, € V,and let BC A; x --- x A,. Fori € [n] and v, € A?
we will say that (v, ) is a fork in the i-th coordinate of B if there exists b,/ € B
such that

(31) b|[171} = b/|[i,1] and b|1 =, b,|l =0.

The set of all forks in the i-th coordinate of B will be denoted by FORK;(B). Tuples
b, € B satisfying (3.1) will be referred to as witnesses for the fork (v, ) € FORK;(B).
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For each i and B as above and for every positive integer e, we define
FORKE(B) i= {(7,07) : (7,0) € FoRK:(B)}.

The elements of FORKS(B) will be called e-derived forks in the i-th coordinate of B.
In the case when e = 1 we will use the notation FORK/(B) instead of FORK; (B), and
will call the elements of FORK/(B) derived forks in the i-th coordinate of B. The next
lemma shows that derived forks are indeed forks, and they are ‘transferable’, which
does not hold for forks in general.

Lemma 3.1. Let Aq,..., A, be algebras in a variety V with a d-cube term, and let
B be a P-subalgebra of Ay x --- x A,,. Then
(1) FORK;(B) 2 FORK,(B) 2 --- O FORK{(B) 2 FORKS™(B) D ... for all

i € [n] and e > 1; moreover,

(2) for every (v,0) € FORK,(B) and for every b € B with b|; = -y, there is an
element ' € B such that (3.1) holds, that is, b and V' witness that (y,9) €
FORK;(B).

Proof. Let (7,0) € FORK,(B). Then there exists (v, 5) € FORK;(B) such that § = 37.
Let ¢,c € B be witnesses for (7, 3) € FORK;(B); thus, c|;_1 = ¢|—y and c|; = 7,
d|; = 5. It follows from the identities in (2.5) that for the element b’ := p(c,c,b) € B
we have

b/|[i—1] = p(0’|[i—1]7 C|[¢—1], b|[i—1]> = b|[i—1]>
and

bl = p(c'li, cli, bli) = p(B,7,7) = BT = 0.
This proves (2), and also the inclusion FORK;(B) 2 FORK,(B) in (1). The inclusion
FORKS(B) 2 FORKS™ (B) for any e > 1 follows by the same argument, using § =
B = (B7°) and 87 in place of § = 87 and B. O

Definition 3.2. For two sets B,R C A; x --- x A,, we will say that R is a (d, e)-
representation for B if the following three conditions are met:
(i) R C B;
(ii) R|; = B|; for all I C [n] with |I| < d;
(iii) FORK;(R) 2 FORKS(B) for all i € [n].
If e = 1 and the parameter d of the cube term of V is clear from the context, then
reference to (d, e) will be omitted.

If the algebras Aj,..., A, all belong to a fixed finite set IC of finite algebras in V,
then it is easy to see that every set B C Ay x --- x A, has a (d, e)-representation R
of size

IR < > |Bli|+ ) Fork{(B) < (d ﬁ 1) ay ! + 2nay..

IC[n], | 1)<k i€ln]
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A (d,e)-representation R for B of size |R| < (dfl) al! + 2na? is called a compact
(d, e)-representation for B.

It was proved in [2] that for any subalgebra B of a finite power of a finite algebra
A €V, a compact representation (with minority forks) generates B. The theorem
below is essentially the same result, with one significant difference: we organize the
proof so that we can get a useful upper bound on the length of computations needed
to generate elements of B from elements of a compact representation for B.

Theorem 3.3. Let V be a variety with a d-cube term, let P be a (1,d—1)-parallelogram
term for V, and let e be a positive integer. If B is a subalgebra of a product
Ay x -+ x A, of finitely many algebras A4,..., A, € V, then B is P-generated
by every (d, e)-representation R C B for B. In fact, every element of B can be ob-
tained from elements of R by at most 3(211) applications of P, p, or s (to elements
of R or to elements obtained earlier in the process).

First we will prove the following lemma.

Lemma 3.4. Let V be a variety with a d-cube term, let P be a (1,d—1)-parallelogram
term forV, and let e be a positive integer. For every positive integer n > d there exists
a P-term t, = t, (x,y,z,w_]) with Wy = (w[>le(d[n]1) such that t,, has the following
properties. .
(i) For every subset R of a product Ay x -+ x A, with Ay,..., A, €V, and for
every tuple b= (by,...,bp_1,7) in Ay X -+ X A, if
(a) for each I € (d[ﬁ]l) the set R contains a tuple b' satisfying b'|; = b|r, and
(b) for some element b’ = (by,...,b,_1, ) of the P-subalgebra R* of Ay x---x A,
generated by R, the set R contains tuples v = (uy, ..., up_1,7%) and u =
(U1, ..., un_1,37°) which are witnesses for the fork (v, 37") € FORK,(R),
then
(3.2) b=t,(V,q, u,y) where bl = (bI)Ie(d[f]l)7
and therefore b is in R*.
(ii) The right hand side of (3.2) can be computed from the input tuples b’ € R* and
u,u, bl € R (I € (d[f]l)) in at most 3(3) steps, where one step is a single application

of P, p, or st to input tuples or tuples computed earlier.

Proof. We start the proof by constructing a family of terms ¢y (V' C [n]) which
‘approximate’ t,, in the sense that for ¢y in place of ¢,, the equality (3.2) holds in all
coordinates in V' (but may fail in other coordinates).

Claim 3.5. For { =n,n—1,...,d — 1 and for every set V.= V' U ([n] \ [{]) with
‘;L’ € (d[f}l) there exists a P-term ty = ty(x,y, z,w;" ) with w;" = (wI)IE(dyl) such
that



10 ANDREI BULATOV, PETER MAYR, AND AGNES SZENDREI

(i) ty is independent of the choice of Aq,..., A,, R*, and also of the choice of
the elements b, b’ (I € (d[ﬁ]l)), b, u, u;

(i) for the element bV =ty (b’,ﬂ, u,ﬁv), where BT = (bI)]e(dv ) we have that

by = bly.

Proof of Claim 3.5. We proceed by induction on n —¢. For n = ¢ we have V &€ ( d[f]l),
so we can choose ty = wy, and our claims (i)-(ii) are trivial.
Assume now that ¢ < n and that our claims are true for +1. Let V = V'U([n]\[¢])

with V' = {ir, ... ig1} € (), i1 < -+ <idq_1. Let
Vi=V\{y} ={t, ... 01,000, dam, 01U (0] \ [€+1]) (j=1,...,d=1).
We will prove that the term
ty =tv(z,y,2,w7")
- P(S“’“(w, (tv; (@, 9, 2,01')) jera—11), (Y, 25 twa (2,9, 2, 01")),
tvi (2, y, 2,07 ), @, (ty; (2,9, Zv$7w_f‘/j)>je[d—1]>

has the desired properties. It is clear that (i) holds for ¢,. To establish (ii), notice
that by the induction hypothesis, the elements bYi := ty, (b’ ,ﬂ,u,ﬁvj) satisfy the
condition b7 |y, = b|y, for all j € [d — 1]; that is, b7 |y has the form

bvj‘v = (bil, Ce 7b7;j717<;7'7b'l'j+17 Ce 7bid_17b6+17 Ce ,bn_l,’y)
SR— v
for some element (; € A;, in the j-th coordinate. To compute b” |y = ty (b, @, u, b’ )|y,

let’s start with evaluating the first two arguments of P on the right hand side. Using
the identities for s in (2.5) we get that

/ /o~ Vi / /o~ 77Vi
s (U (b (0, 80,0770 ) |y = s(@lvs (8 (0 8w ) ) gy y)

bi, (1 bi, ... by bi,
biz biz CQ cee big bi2
b b b (o b
— s(bv. by, Vet — td—1  Yid—1  Yid—1 d—1 | _ id—1
8( |V7 |V7 ) |V) S b£+1 b£+1 bZ—}—l o b£+1 b£+1 )
bnfl bnfl bnfl oo bnfl bnfl

I A A B
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so by repeating the same computation e more times so that every time the tuple just

obtained is placed in the first argument of s in the next computation, we obtain that
(3.3)

~ TV e bi,_
S G GG ) P | P (LA VO A IO s

The identities for p in (2.5) yield that

~ ~ V1 ~ ~ TV
(34) p(u7u7tV1(b/7u7u7bI ))’V:p(u’V7U|V7tV1<b,7u7u7bI )|V)

ulg uiz big bi2
_ (D i _ Uig_y  Wig_y bid—l _ bid—l
= p(alv,ulv,0"|v) = p ' b =1y
Ugr1  Ugr1  Op41 0+1
Up—1 Un—1 bnfl bn—l
e e+1
sy s

Combining these results with the definition of ¢y, and using the (1, d—1)-parallelogram
identities, we obtain that

(35) bV|V = tV(blaa’uvﬁV)lv
bi, Ci G by G by o by bi,

big big bi2 big biQ CQ biQ biQ
_p bid,l bidfl bidfl bid—l bid71 bidfl T Cd*l = bid—l = b|V
bes1 beyr beyr beyr beyr bepr oo beg bt '
bn—l bn—l Up—1 bn—l bn—l bn—l s bn—l bnfl
e+1 e+1
P oy 8y oy gl

This completes the proof of (ii), and thereby the proof of Claim 3.5. o
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The term ¢, := t},) constructed in Claim 3.5 for

V=[n]={1,....d =1} U([n] \ [d —1])
clearly has the property claimed in statement (i) of Lemma 3.4.
To prove statement (ii), we will follow the calculations done in the proof of Claim 3.5.

~

To evaluate t,, (', @, u, bT), we need to compute each tuple b” = ty (¥, 1, u,yv) (with
V as in Claim 3.5) only once. No computation is needed for |[V|=d — 1. If |V| > d,
then V = V'U([n]\[{]) for some set V' € (,* 4 ,) and for some £ € {n—1,n—2,...,d—1}.

Hence, the number of V’s — that is, the number of (new) tuples bV computed —is

Y (del) = (3}). To compute each b (|V| > d) from ¥/, U, u, and either from b’s

(I € (["} )) (if [V] =d) or from bV’s with V C V computed earlier (if [V| > d), w
need one application of each of s, p, and P, and two auxiliary tuples are computed
in the process. Thus, altogether, at most 3(3) tuples in R* need to be computed to
evaluate ¢, (0, u, u,ﬁ), each one requiring one application of P, p, or s¢! to tuples

given or computed earlier. O

Now let n > d, and let ¢, = t,(x,y, z,w;) be the P-term constructed in the proof of

Lemma 3.4, where w7 is a tuple of variables (wy) re()) indexed by all (d —1)-element

subsets of [n]. The analogous P-terms for d < m < n are t,, = t,,(z,y, z, wr™) with
w7 = (wr) re(lmy- We will use these terms to define new P-terms
d—1

T (2@, 200 m) 2(m) im])

for each m = d —1,d,...,n by recursion as follows: Ty_;(wg_1]) := wg—1), and for
all m with d < m <n,
T (29,30 50m) 20m) grlm)
= b (T (219,59, =) 5m=) glm=1]) ()

In particular, for m = n, the term is T},(2@, 2@ ... 2" 20 7)), because wr™ =
wr.

Lemma 3.6. Let V be a variety with a d-cube term, let P be a (1,d—1)-parallelogram
term for V, and let e be a positive integer.

(i) For every element b and every subset R of a product Ay X --- X A, with
A ... A, EV(n>d) if
(a) for each I € ( ) the set R contains a tuple b! satisfying bI|I = bl;, and
(b) for every m with d < m < n the set R contains tuples ul ),Am which
are witnesses for the fork (v, 37") € FORK,,(R) where

[m—1]

(3.6) Yy =blm and B=Tn_(uP a®, . oY g pl Vs
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then the following equalities hold:

(3.7)  blpmy = T (u@, a9 a3 bI[ ])|[m] forallm=d—-1,d,...,n;
mn particular,

(3.8) b="T,(u?, a9, . u™ g™ bl

(i) The right hand side of (3.8) can be computed from the input tuples u'®, 7,
Su™ am™ and b (I € (d[fll)) in R in at most S(Zj:) steps, where one
step is a single application of P, p, or s to input tuples or tuples computed

earlier.

Proof. Let R* denote the P-subalgebra of A; x ---x A,, generated by R, and assume
that conditions (a)—(b) hold for b and R. For m =d — 1,d,...,n let

b = T (@, 3@ ) G FI).

Y )

We will proceed by induction to prove that (3.7) holds, that is, b|p, = b(m)|[m] for all
m=d—1,d,...,n. Then, for the case when m = n, (3.7) yields the equality (3.8).

To start the induction, let m = d — 1. Since Ty_1(w—1)) := W—1), we have that
b= = pld=1l 50 bljg_y) = b4V |4_y; is clearly true by assumption (a).

Now assume that m > d and that the equality b|,,—1 = b(m_l)][m_l] holds. Then
the tuples b, € Ay x---x A, and b V|,; € R*|) have the form (by, ..., bpn_1,7)
and (by,...,by,_1,0), respectively, where v and [ are defined by (3.6). Assump-
tion (b) implies that R contains tuples u™ 4™ € R which are witnesses for the
fork (7 ﬂ”c) € FORKS,(R). Then u(™ |, and ™|, are in R|,, and they have the
form u( |[ 1= (u1,...,Um-1,7) and ﬂ(m)hm] = (U1,...,Upn_1,B"") for some u; € A;
(¢ € [m —1]). The fact that R satisfies assumption (a) also implies that the elements
b |(m) € R|pm) have the property (b7 |pm)|r = (blpny)|r for all I € ([m])

This shows that the assumptions of statement (i) in Lemma 3.4 hold for

o the subset R|j, and element b|p,,) = (b1, ..., bm—1,7) of Ay X -+ x Ay,

o the element o™ |, = (b1, ..., bn_1,5) in R | , and

o the elements u™ () = (u1, ..., Upn-1,7), U |[ 1= (w,. ., up_1,07), and
V) (1€ (7)) in Rlpa
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Thus, Lemma 3.4 (i) — combined with the definitions of b~V T, and ™ —
implies that

bl = (b | A<m>r[m},u<m>r[m},m[m}>
— £ (D, GO ) BTy
:tm(Tm ) @ ’u<m71)ﬁ(m71)’bﬂm ”),A(m m))bﬂ })\w
— Ty (u® L ut™, g 5y
Zb(m)l[ I

This completes the proof of statement (i).
To prove statement (ii), we follow the steps of the induction in the preceding

paragraphs. At the start, getting b4~ requires no computation. By Lemma 3.4 (ii),
for each m (d < m < m) the tuple t,,(b m_1)|[ J,at )|[ ],u(m)hm],m[m]) can be
computed from the input tuples b~ 1)|[ I, )\[m] )\[m], b |y (I € (OETD) in
at most 3( d) steps where one step is a smgle application of P, p, or s**! to input
tuples or tuples computed earlier in the process. The same computation applied to
the full tuples b=, @™, u(™ and b’ (I € (O[IT]l)) yields b(™) . Therefore it takes
at most 3(’:) steps to compute b™ from ™1 and the elements @™, u(™) and b’

(I e ([m] )) of R. Hence the right hand side of (3.8) can be computed from the input
tuples u@ 2@ . . u™ 7™ and b (I € (d[f]l)) in R in at most

steps. This proves statement (ii). O

Proof of Theorem 3.3. Let R be a (d, e)-representation for B, and let R* denote the
P-subalgebra of A; x---x A,, generated by R. Since R C B, we have that R* is a P-
subalgebra of B. Let b € B. The desired conclusions that b belongs to R* and b can
be obtained from elements of R in at most 3("“) steps will follow from Lemma 3.6
if we show that conditions (a)—(b) hold for b and R. Condition (a) clearly follows
from our assumptions that b € B and R is a (d, e)-representation for B. To verify
condition (b) we proceed by induction on m to show that for every m (d < m < n)

(b),n R contains tuples u(™ 4™ witnessing the fork (v, 37") € FORK,,(R) where
v and ( are defined by (3.6).

Let d < m < n, and assume that condition (b); holds for i« = d,...,m — 1; note
that this assumption is vacuously true for the base case m = d. Our goal is to show
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that (b),, also holds. Let

—fm—1]

pim=1) . (u(d), o, D) glm=h pl ),

m—1

and let v and 3 be defined by (3.6); that is, v = b|,, and 8 = b™=Y]|,,. Since
b"=Y involves only the elements b (I € ([7:__11])) and u@. @ .y gim=1) of
R, and since our induction hypothesis ensures that these elements satisfy conditions
(a)-(b) in Lemma 3.6, we get from Lemma 3.6 that b|j,,—y = b~ V|y,_y). Here
b e B and ™Y € R* C B, therefore b and b are witnesses in B for the fork
(v, B) € FORK,,(B). Hence, by Lemma 3.1, (v, 37°) € FORKS,(B). So, the fact that R
is a (d, e)-representation for B implies that (v, 87°) € FORKS,(R). Thus, (b),, holds,
as we wanted to show. This proves that R satisfies condition (b), which completes
the proof of Theorem 3.3. O

Lemma 3.7. Let V be a variety with a d-cube term, let P be a (1,d—1)-parallelogram
term for V, and let p be the ternary P-term defined in (2.4). Furthermore, let R* be
a P-subalgebra of Ay x -+ x A, with Ay,...,A, € V. If (v,0) and (B,0) are forks
in FORK,,(R*) witnessed by the pairs (v,v") and (u,u’) in R*, respectively, then the
pair

(3.9) (p(p(v,v’,u'),p(v,v',v'),v), p(u,v,v))
in R* is a witness for the fork (v, 57) € FORK,,(R").

Proof. The choice of w, ’, v, v implies that w|p, 1 = |13, Vlpm_1] = V'|pn_1], and
U|m = 67 U/|m =0 = Ul|m, U|m =. Hence,

p(p(v, v, "), p(v, v', "), v) 1]
= p(p(v|pm=1], V'[jm=17> U |jm=11), P(0|m-1], V'] pr=1], V' pm-1)> V| jm—1])
= p(u|[m—1], U|[m—1]: U|[m—1]) = p(u,v, U)|[m—1]

and

p(p(v, v, '), p(v,v',v"),v)[m = p(p(7,0,0), p(7,8,8),%)|m =7,
p(u,v,v)|m = p(,ﬁ,'%')/) = ﬁ’y'

Clearly, u,u',v,v" € R* implies that the pair (3.9) also lies in R*, so the proof of the
lemma is complete. 4

We close this section by discussing the following question: given a generating set
for a subdirect subalgebra B of a product By x - - - x B, (in a variety with a cube term)
and a product congruence 6 of By x --- x B,,, how can one construct a generating
set for the #-saturation B[] of B? (For the definition f-saturation, see Section 2.)
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Theorem 3.8. Let V be a variety with a d-cube term, and let B be a subalgebra of
B; x -+ xB, withBy,...,B, €V andn >d. Let 0; € Con(B;) for all i € [n], let
0:=0; x---x0,€Con(By x---xB,), and let Og be the restriction of 6 to B.

(1) For any element b € By x - -+ x B,, we have that
b/0 isin B/Og (< B1/0; x---xB,/0,) <= bisinB[f].

(2) If G is a generating set for B, then for any sets L, F' C B[] satisfying con-
ditions (L) and (F) below, GU LU F is a generating set for B[f)].
(L) For every_] € (d[f]l) and for every d € B[0]|r there exist ro[I,d) € LN B[]
and ri[I,b] € B such that

ro[l,d)|; =d, r[I,b)|; =0, and ry[I,d] =g ri[l,0]

(F) For every i € [n] and (5,7v) € 0; with § € Bl;, F contains elements
hli, B,~] € B and fafi, 8,~] € B[0] such that

fl[ivﬁv’y”i:/gﬂ fQ[Zvﬁv’Y”Z:’yv and fl[laﬁvf}/]l[n}\{z}:f2[l>ﬁaf}/]|[n}\{z}

Proof. Statement (1) is an immediate consequence of the fact that B[6] is the full
inverse image of B/fg under the natural homomorphism

Bl><"'XBn—»(BlX"'XBn)/ggBl/le"'XBn/Qn'

To prove statement (2) let L, F' C B[f)] satisfy conditions (L) and (F). Let C denote
the subalgebra of By x -+ x B,, generated by GU L U F. Clearly, B < C < BJf)].
To show that C = BJf)], choose an arbitrary element d = (dy,...,d,) in B[f]. Then
there exists b = (by,...,b,) in B such that b =4 d. Using that L satisfies condition
(L), choose and fix elements b’ € B and d’ € L N B[f] such that

bI|I = bly, dl\l =d|;, and bl =pd' foreach Ie (d[ﬁll).
We will use the P-terms in Lemma 3.6 with e = 2 to show that
(3.10) d =T, (0@, 5@ .. o™ 50 g7

holds for appropriately chosen elements v(@, 5@, ... v™ % in C. Since all d are
in L (C C), this will show that d € C, and hence will complete the proof of (2).

By the definition of the term Ty_; := w4 and by the choice of bl4=1 and dl4-!
we have that

Blig—1) = 0 gy, dlg—y = d* gy,
and
Ty a(01) = 041 =, @1 = 7y (a7,
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Now we proceed by induction to show that for every m = d, ..., n there exist tuples
w @ g@ w50 in B and tuples o, 9@ 0™ 50" in C such that

(3.11) By = T (u®, 2@ 0™, a(m)ﬁ[m])“m]’

(312) d|[m] = Tm<v(d)7a(d)7 e 7U(m)7ﬁ(m)7m[m})‘[m]7

and

(3.13) ud =g 00 gl =, 5V forall j =d,...,m,

hence also

(3.14) (B 3) Ton(u®, 0@, .. ulm 5om 7™

=y T (0@, 5@, . ot 50m Gy (e o,

Then, equality (3.12) for m = n yields the desired equality (3.10).

Our induction hypothesis is that the statement in the preceding paragraph is true
for m — 1, that is, there exist tuples w@, @, ... w1 g™ in B and tuples
@ @ pm=D 50m=1 in C such that (3.11)-(3.14) hold for m — 1 in place of m.
To simplify notation, let

B = T (@, 5@ D a(m—nﬁ[m—”

),

A =T, (0D 5 ,U(m—l)yij\(m—l)’ﬁ[m—l}).

Then we have that ™=V, 1) = blj,_q and d™ V|, 1) = d|jm_y). Let v = b, =
blm, B :=b" V| 7 :=d, = d|m, and 0 := d™V|,,. If we can show the existence
of a pair of witnesses u(™, 4™ in B for the fork (v, 37") € FORK,,(B) and a pair of
witnesses v(™), 50" in C for the fork (7,07") € FORK,,(C') such that u™ =, v(™ and
1™ =, 5™ then (3.13)-(3.14) will follow for m, and by Lemma 3.6, (3.11)-(3.12)
will also hold for m.

To prove the existence of such u(™, 4™ and v(™ 5™ notice first that our in-
duction hypothesis that (3.14) holds for m — 1 in place of m has the effect that
(B 2) b =4 4"V (¢ ), so in particular, (Bl,, 3) 8 =y, 0. By our choice
of b and d, we also have that (B|,, 3) v = by =¢,, d, = 7. Thus, by assumption,
F contains witnesses bg := fi[m,,0] € B and ¢, := fa[m,3,0] € C for the fork
(B,0) € FORK,,(C) such that

(3.15) bglm =B, Colm =0, and bl imy = Colpp\my;

F also contains witnesses b, := fi[m,v,7| € B and ¢, := fa[m,~, 7] € C for the fork
(v, T) € FORK,,(C) such that

(3.16) bylm =7, Clm=7, and  by|ppimy = Crln\fmy-
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Let bgy := p(bg, by, by), cgr := p(bg, cr,¢;), and c,- := p(cy, 7, c;). Clearly, bgy € B
and cgr, ¢, € C. Furthermore, the equalities in (3.15)-(3.16) imply that

(317) bﬁ7|m - ﬁﬁ“ CB'r|m - BTu CUT|m = UT7
and  bgr|[)\fm} = 87 [\ {m} = Co|[n]\m}-

It follows that cg- and c¢,- are witnesses in C for the fork (57,07) € FORK,,(C). In
addition, we get from (3.15)—(3.17) that

(3.18) bg =g Coy by =pc;, and by =g csr =g Cor.

Since b and b~V are witnesses in B for the fork (v, 3) € FORK,,(B) C FORK,,(C),
we can apply Lemma 3.7 first to (7,7) and (8, 7) to obtain witnesses

Z = p<p(c7'7 b"/7 b),p(cT, b'ya b"/)7 CT) (6 C)
2 =p™ Y e e) (€ 0)

for the fork (7, 37) € FORK,,(C). The analogous construction for the forks (,~) and
(B8,7) yields witnesses

p(p(by, by, b), p(by; by, by), by) = p(b, by, by) (€ B)
w' = p(b(m_1)7b%b7) (€ B)

w

for the fork (v, 87) € FORK,,(B). Since w,w’ are obtained from z, z’ by replacing ¢,
with b,, the relation b, = ¢, in (3.18) implies that z =y w and 2’ = w'. Applying
Lemma 3.7 again, now to the forks (7, 57) and (¢7, 57), we obtain witnesses

™ = (p(z, 2", c57), (2,2, 2"), 2) (€ C)

p
2™ = p(cyr, 2, 2) (€ C)

for the fork (7,07") = (7, (07)7) € FORK,,(C). Similarly, for the corresponding forks
(v, 87) and (87, 57), we get witnesses

(™)

: p<p(w7w,7bﬁ"’)ap(wvwl7w,)7w) (e B)
a'™ = p(bgr,w,w) (€ B)

for the fork (7, 57°) = (v, (87)") € FORK,,(B). Since u™ and @™ are obtained from
v™ and 9™ by replacing z with w, 2’ with w', and c,r,cg- with bg,, the relations
z =g w, 2’ =p w' proved earlier, and the relations bg- =y cgr =y ¢, in (3.18) imply
that v(™ =y u(™ and 5™ =, u(™. This completes the proof of Theorem 3.8. O
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4. ALGORITHMS INVOLVING COMPACT REPRESENTATIONS

Let V be a variety in a finite language with a d-cube term, and let IC be a finite
set of finite algebras in V.

Our aim in this section is to use the results of Section 3 to show that the prob-
lems SMP(K) and SMP(HSK) are polynomial time equivalent (Theorem 4.8), and
SMP(K) is also polynomial time equivalent to the problem of finding compact repre-
sentations for algebras in SPg,/C given by their generators (Theorem 4.6). The latter
problem can be described in more detail as follows:

CoMPACTREP(K):
e INPUT: ay,...,a 6A1 X XAn with Al,...,An eK.
e OUTPUT: A compact representation for the subalgebra of A; x --- x A,
generated by {ai,...,ax}.

In addition, we will present a nondeterministic, polynomial time algorithm for solving
CoMPACTREP(K) (Theorem 4.5), which will show that both COMPACTREP(K) and
SMP(K) are in NP.

To set up some terminology and notation, let B be a subalgebra of Ay x -+ x A,
with Aq,..., A, € K, and let R be a representation for B (with e = 1, see Defi-
nition 3.2). Condition (ii) in the definition makes sure that for every I C [n] with
|I| = min{n,d — 1} and for every tuple b € B|; there exists an element r[I,b] in R
such that r[I,b]|; = b. Similarly, condition (iii) makes sure that for every derived
fork (v,0) € FORK,(B) there exists a pair (u[i, ", d],v[i, v, d]) of elements in R which
witness that (v,d) € FORK;(R). For some of the algorithms we are going to discuss,
it will be convenient to fix these choices for witnesses in R. Therefore we introduce
the following definition.

Definition 4.1. Under the same assumptions as in Definition 3.2 with e = 1, we
will call a representation R for B a standardized representation if the following two
conditions are satisfied.

(ii)’ For every I C [n] with |I| = min{n,d — 1} and for every tuple b € B|;, an
element r[I,b] of R is fixed so that 7[I,b]|; = b; this element will be referred
to as the designated witness in R for b € R|;.

(iii)” For every i € [n] there is a set F; with FORK,(B) C F; C FORK;(R) such that
for every (v,d) € F; a pair (u[i,,d],v[i,v,d]) in R? is fixed which witnesses
that (7,9) € FORK;(R); this element will be referred to as the designated
witness in R for (,0) € FORK;(R).

(iv) Every element of R has at least one designation.

Remark 4.2. It is clear that if the algebras Aq,..., A, all belong to our fixed
finite set IC of finite algebras in V, then a standardized representation for any B C
Ay X -+ x A, is compact. Moreover, it follows from the proof of Theorem 3.3 that if
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R is a standardized representation for B, then the equality (3.8) in Lemma 3.6 (with
e = 1) holds provided

e bl is an enumeration of the elements b’ of R designated to witness b'|; = b|;
for all I € (["); and

e for every d < m < n, the pair (u™,%(™) is the designated witness in R for
the fork (v, 57) € FORK,,(R) where v and § are determined by (3.6).

When we construct standardized representations, the following concepts will be
useful.

Definitions 4.3. Let A{,...,A, € K withn >d, andlet R C A; x--- x A,, and
be Ay x--- x A,.

1. We will call R a partial standardized representation if every element of R is
designated to witness either b € R|; for some I € ( d[f]l) or a fork in FORK,,(R) for
some m.

2. For a partial standardized representation R, we will say that b is representable
by R if the following conditions are met:

(i) for each I € ( d[f]l), R contains elements b’ designated to witness b’|; = bl;,
and

(ii) for every d < m < n, R contains designated witnesses u(™,u(™ for the fork
(v, 87) where 3,7 are as defined in (3.6) (with e = 1).

It is clear from Lemma 3.6 that if b is representable by R, then the equality (3.8)
(with e = 1) holds for b.

The proof of Lemma 3.6 can easily be turned into a polynomial time algorithm for
solving the following problem:

ISREPRESENTABLE(K):

e INPUT: b€ A; x --- x A, and a partial standardized representation
R C Ay x---xA, (A,...,A, € K) such that R contains elements b!
designated to witness b!|; = b|; for each I € (d[f]l).

e OUTPUT: (YES, 0, S) or (NO, S, S) where S’, S (C (RU{b})p) are lists of
designated witnesses (missing from R) for the derived forks and for the forks
that are not derived forks, respectively, so that b becomes representable by
the partial standardized representation R U S".

Note that the designated witnesses (for forks that are note derived forks) collected
in the set S do not play a role in determining whether or not b is representable, but
they will be useful in other algorithms that call ISREPRESENTABLE(K).

Lemma 4.4. Let V be a variety in a finite language with a d-cube term. For any
finite set IC of finite algebras in V, Algorithm 1 solves ISREPRESENTABLE(K) in
polynomial time.
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Algorithm 1: For ISREPRESENTABLE(K)

Input: b € A; x---x A, and a partial standardized representation R C A x---x A,
(Ay,..., A, € K) such that R contains elements b’ designated to witness b’|; = b|;
for each I € ( d@l).

Output: (YES, 0, S) or (NO, S’, S) where S’, S (C (RU{b})p) are lists of designated
witnesses (missing from R) for the derived forks and for the forks that are not de-
rived forks, respectively, so that b becomes representable by the partial standardized
representation R U S’.

L.S=0,58 =09,
9. pld-1) — pld—1]
3. form=d,...,ndo

3.1. B=b""V] 5 = blm, ¢ = p(b™ Y, b, b)

3.2. if R has no designated witnesses for (v, 37) € FORK,,(R) then
add b, c to " as designated witnesses for (v, 87) € FORK,,(R)
end if

3.3. if RU S’ has no designated witness for (v, ) € FORK,,(R) then
add b,b™ to S as designated witnesses for (v, ) € FORK,,(R)
end if

3.4. let u,u € RU S’ be the designated witnesses for (7, 37) € FORK,,(R)

3.5. b = ¢, (b= G, o1

end for

4. if ' = () then
return (YES, S’ S) else
return (NO, 5’, S)

TABLE 1

Proof. First we prove that Algorithm 1 is correct. In Step 2, b4~ € R is the

designated witness for b[d*”hd,” = bl—1. Step 3 follows the induction step in
the proof of Lemma 3.6 (with e = 1). For each m = d,...,n, if b has been
constructed such that 6™~ € (R)p and b Y|,y = b|j_1), then to construct

b = ¢, (b1, u,y[m]) we need designated witnesses u, u for the fork (v, 57) €
FORK,,(R) where 7 = b|,, and 8 = b Y|,.. If such designated witnesses exist in
R, then b™ € (R)p is computed, and the loop starts over, except when m = n.
Therefore, if R contains designated witnesses for the appropriate forks for every m,
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then b is representable, and the algorithm stops in step 4 with the correct output:
(YES, 0, S).

If, for some m, R fails to contain designated witnesses for the fork (v, 57) in the
m-th coordinate, then it is clear that b is not representable by R. Furthermore, in
this case b, '™ witness the fork (v, 3) € FORK,,((RU {b})p). It follows that b and
¢ = p(b™=Y b, b) witness derived fork (v, 37) € FORK,, ((RU{b})p), because c|j,_1) =
p(b(m_l)“m—l]?b‘[m—lbb’[m—l] = p(b‘[m—l]vb’[m—lb b|[m—1]> = b|[m—1] and b‘m =7 C’m -
p(b V] b, blm) = p(B,7,7) = B7. Thus, after performing the designations in
Steps 3.2 and 3.3 the algorithm can continue as before until it finishes, in step 4,
with the correct output, (NO, S’, S), where S’ is a list of designated derived forks
such that b is representable by the partial standardized representation R U S’. This
proves the correctness of Algorithm 1.

To estimate the time complexity of Algorithm 1, notice that step 1 requires con-
stant time, while steps 2 and 4 can be done in time O(n|R|) and O(n|S| + n|S’|),
respectively, where |R| + |S| + |S’| < O(n?!). Finally, by Lemma 3.6 (with e = 1),
if b is representable by R, the computations in the loop in step 3 require at most
4(23) applications of P so step 3 (including the search for witnesses for forks in R)
can be done in O(n%t?) time. If b is not representable by R, essentially the same
computation is performed, so the bound O(n%*2?) applies in this case as well. This
proves that Algorithm 1 runs in time O(n?+?). O

Theorem 4.5. Let V be a variety in a finite language with a d-cube term. For any
finite set IC of finite algebras in 'V, there is a nondeterministic algorithm which solves
CoMPACTREP(K) in polynomial time.

Proof. We claim that nondeterministic Algorithm 2 runs in polynomial time and
solves COMPACTREP(K).

To prove the correctness of Algorithm 2, let ay,...,ar € A;x---xA, (Aq,..., A, €
K) be an arbitrary input for COMPACTREP(K), and let B denote the subalgebra of
A, x---x A, generated by ay,...,ar. We have to show that the set R returned by
Algorithm 2 is a standardized representation for B.

The set R = Ry produced in steps 1-3 clearly satisfies Ry C B, and contains one
designated witness r[I,b] for each b € B|; and every I € ( d[f]l).

In step 4, by applying ISREPRESENTABLE(K) k times, finitely many new pairs of
elements from (R U {ay,...,ax})p (C B) are added to R to be designated witnesses
for forks in (RU{ay,...,ar})p (C B) so that aq,...,a; become representable by R.
At this point it is clear that R is a partial standardized representation for B; however,
R may not contain designated witnesses for all derived forks in B. Notice also that
R will remain a partial standardized represenration for B as long as the elements
added to R later on in the algorithm all come from B, and only designated elements

are added to R.
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Algorithm 2: For COMPACTREP(K) (nondeterministic)

Input: a1,...,a; € Ay x -+ x A, with Aq,...;A, € K (n>d).
Output: Standardized representation R for the subalgebra B of A; x --- x A,, generated
by ai,...,ak.
1. Roy=10
2. for I € (d[f]l) do
2.1. generate B|; by ai|r,...,ax|r, and simultaneously,

2.2. for each new b € B|;, add to Ry an element 7[I,b] € B that is designated to
witness r[1,b]|; = b.
end for
R =Ry
4. for b € {ay,...,a;} do
4.1. run Algorithm 1 for ISREPRESENTABLE(K) with input b, R to get output
(YES, &', S) or (NO, 5, S)
42. R=RUSUS
end for
5. closed := false
6. while not closed do
6.1. closed := true
6.2. for (nondeterministically chosen) basic operation symbol f (say, t-ary) do

6.2.1. for (nondeterministically chosen) tuples b/ € Ry (i € [t], I € (d[f]l))
and ugd), ﬂgd), . ,uz(.n), i e R \ Rp such that each pair u(m), agm) is a

designated witness for a fork in FORK/,(R) do '
6.2.1.1. b = T,(u!®, @Y. ™ 4™ o]y (i € [1])
6.2.1.2. b= f(by,....b)
6.2.1.3. run Algorithm 1 for ISREPRESENTABLE(K) with input b, R, to get
output (YES, §’, S) or (NO, 5, S)
6.2.1.4. if SUS" # () then
closed := false; R=RUSUJYS’
end if
end for
end for
end while
7. form=d,...,n do
7.1. for all (v,9),(B,d) € FORK,,(R) which have designated witnesses in R do
7.1.1. if R has no designated pair of witnesses for (v, 57) then
7.1.1.1. find the pairs of designated witnesses (v,v’), (u,u") for the forks
(7,0),(B,6) € FORK, (R)
7.1.1.2. add the pair (p(p(v,v’,v),p(v,v',v"),v), p(u,v,v)) to R, and des-
ignate it to witness the fork (v, 37) € FORK,,(R).
end if
end for
end for
8. return R

b

TABLE 2
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Therefore, we will be done if we show that the rest of the algorithm, namely steps 6—
7, add to R a pair of designated witnesses from B for every derived fork in B which
has not been witnessed yet. First, the loop in step 6 is run as many times as necessary
to make sure — by adding new elements to R, using ISREPRESENTABLE(K) — that

(%) the set R of all elements representable by R is a subuniverse of A; X --- X A,,.
All pairs of designated witnesses for forks that are added to R in step 6 belong to

(RU{b})p C B (with the current b € B and R), therefore R C B throughout step 6.
So, (*) 1rnphes that R is a subuniverse of B. On the other hand, by step 4, the
generators aq, ..., a, of B are all in R therefore B is contained in R. T hus, B = R

and every element of B is representable by R.

By Lemma 3.7, the designated witnesses for forks added to R in step 7 all belong
to the P-subalgebra generated by the preceding version of R, and hence all belong
to B. Moreover, they are witnesses for derived forks in B.

It remains to prove that by the end of step 7, R contains designated witnesses for
all derived forks of B in coordinates > d. Let m > d, and let (v,0) € FORK], (B).
Then there exists (7, 8) € FORK,,(B) such that ¢ = 7. Hence, there exist b, € B
such that b|p,—1) = V'|jm—1) and b|,, = B, V'], = 7. By step 6, both b and b’ are
representable by R. Since b|p,—1] = b'|jm—1), the standardized representations of b and
b’ agree up to step m — 1; in particular,

b)) = T (0@, G D) gm0 GT Ty gy,

Let 6 := b™=V|,,. Since b and V' are representable by R, R contains designated
witnesses (u,u’) and (v,v’) for the forks (5,0),(v,d) € FORK,,(R). Step 7 makes
sure that in this situation, a designated pair of witnesses for the fork (v, 87) = (v, 0)
gets into R (if it was not there before). This proves that by the end of step 7, the
set R returned by Algorithm 2 is a standardized representation for B. Hence R is a
compact representation for B.

To bound the time complexity of Algorithm 2 we have to look at the run times of
steps 2, 4, 6, and 7. In step 2, the subalgebras B|; can be generated in a constant
number of steps that depeneds on K only (and is independent of the size of the input),
therefore the time complexity is determined by the number ( dfl) of iterations of the
loop in step 2 and the time needed for computing the designated witnesses that are
added to R in each loop, which is bounded above by O(n). Thus, step 2 runs in
O(n9) time.

The time required by Step 4 is dominated by the k calls of Algorithm 1 for
ISREPRESENTABLE(K), which is O(kn*?).

The nondeterministic loop in step 6 is repeated as long as a nonempty list of pairs
of witnesses for forks needs to be added to R. Since there are at most O(n) forks to
be witnessed, the loop will be repeated at most O(n) times. In each loop, computing

every b; requires at most 3(2:[%) applications of P (by Lemma 3.6, ¢ = 1), b can
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Algorithm 3: Reduction of COMPACTREP(K) to SMP(K)

Input: a4,...,a, € Ay x--- x A, with A{,..., A, € K.
Output: Standardized representation R for the subalgebra B of A; x --- x A,
generated by aq, ..., a.
1. Rp=10
2. for I € (d[fll) do
2.1. generate B|; by aq|, ..., ag|;, and simultaneously,
2.2. for each new b € B|;, add to Ry an element [/, b] € B that is designated
to witness r[I,b]|; = b.
end for
. R = RO
4. fori=d,...,n and v € B|; do
4.1. find b € R, with b|; =~
4.2. for § € BJ; do
4.2.1. let c € Ay x --- x A; be such that c|;_1) = b|—1) and c|; = 87
4.2.2. run SMP(K) with input a;|p), ..., axlp,c € Ay X --- X A;
4.2.3. if answer is YES then
for j=i+1,...,ndo
4.2.3.1. find ¢; € A; such that SMP(K) with input

w

aily), - - axly), (6, ¢5) € Ay x -+ x A answers YES
4.2.3.2. c=(c,¢))

end for
end if

4.2.4. add the pair (b, ¢) to R and designate it to witness the fork (v, 57) €
FORK;(R).

end for

end for
5. return R
TABLE 3

be obtained in O(n) time, and then Algorithm 1 for ISREPRESENTABLE(K) runs in
O(n9*2) time. Thus, the time required by step 6 is O(nd*3).

Finally, in step 7 the loop is repeated O(n) times, and each loop requires no more
than O(n) time (including the search for designated witnesses for forks).

Thus, the overall run time for Algorithm 2 is O(knd*3). O
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Algorithm 4: Reduction of SMP(K) to COMPACTREP(K)

Input: ay,...,a;,b€ Ay x--- x A, with Ay,..., A, € K.
Question: Is b in the subalgebra B of A; x --- x A,, generated by aq, ..., a;?
1. Run CoMPACTREP(K) with input aq,...,ax, and let R be its output (a
standardized representation for B)
2. for I € (d[fll) do
2.1. if R contains no designated witness for b|; then
return NO
end if
end for
3. Run Algorithm 1 for ISREPRESENTABLE(K) with input b, R, to get output
(A, 5", S) with A=YES or A=NO
4. return A

TABLE 4

Theorem 4.6. Let V be a variety in a finite language with a d-cube term. For any
finite set KC of finite algebras in V), the decision problem SMP(K) and the computa-
tional problem COMPACTREP(K) are polynomial time reducible to one another.

Proof. First we will prove that Algorithm 3 solves COMPACTREP(K) by repeated
calls of SMP(K) in polynomial time.

For the correctness notice that steps 1-3 of Algorithm 3 are the same as those of
Algorithm 2, so by the end of step 3, R = R, contains a designated witness r[I,b] € B
for r[I,b]|; = b for each b € B|; and for all I € ( d[f]l). Elements without designations
are not added to R during this process or later in step 4, therefore we will be done if
we show that step 4 adds to R a pair of designated witnesses (from B) for all derived
forks of B in coordinates > d.

Lines 4, 4.1-4.2, and 4.2.1-4.2.2 show that step 4 examines each pair (v,3) €
B|;xB|; foreveryi =d,...,n, findsb = (by,....b,) € Ry (C R C B) such that b; = =,
and checks — using SMP(K) — whether or not the tuple ¢ = (by,...,b;_1, ") is in

the subalgebra B generated by the elements ai|p, ..., ax|j. If the answer is YES,
then B contains a tuple of the form (c,¢it1,...,¢,) = (b1,...,bi—1,87, Civ1, -, Cn)
for some ¢; € A; (j =i+ 1,...,n), which will be found, coordinate-by-coordinate,

by repeated applications of SMP(K) in 4.2.3. Moreover, in this case it is clear that
(b, ¢) witnesses that (v, 37) is a derived fork in B, so this witness is correctly added
to R. If the instance of SMP(K) run in 4.2.2 gives the answer NO, then we have that
the tuple ¢ = (by,...,b;—1,47) is not in B|j;;. An application of Lemma 3.1(2) with
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d := (7 shows that in this case (7, 3?) is not a derived fork in the i-th coordinate
of B. Hence step 4 correctly adds no witnesses for (v, 37) to R in this case. This
completes the proof of correctness of Algorithm 3.

As we saw in the proof of Theorem 4.5 the run time of steps 1-3 is O(n?). Step 4
requires running SMP(K) O(n?) times on inputs not larger than the input for Algo-
rithm 3, and adding one pair of witnesses to R no more than O(n) times. This show
that Algorithm 3 reduces COMPACTREP(K) to SMP(K) in polynomial time.

For the reverse direction we will argue that Algorithm 4 reduces SMP(K) to
CoMPACTREP(K) in polynomial time. The algorithm starts with computing a stan-
dardized representation R for the algebra B generated by the input tuples aq, ..., ax
— using COMPACTREP(K). A necessary condition for the input tuple b to be in B
is that b|; € Bl forall I € ( d[f]l). Since R contains designated witnesses [/, ] for all

beBljand I € ( d[ﬁ]l), b will satisfy this necessary condition if and only if R contains

designated witnesses for all projections b|; (I € ( d[f]l)) of b. This is being checked in
step 2 of Algorithm 4; if the condition fails for some I € ( d[ﬁ}l)’ the algorithm returns
the correct answer NO, meaning, b ¢ B.

If the algorithm passes step 2 without returning NO, then b, R is a correct input for
ISREPRESENTABLE K, which checks in step 3 whether b is representable by R. Since
every tuple representable by R must be in B, and conversely, by Remark 4.2, every
element of B is representable by R, we get that the YES/NO answer provided by
ISREPRESENTABLE(K) is the correct answer to SMP(K) for the given input. This
shows the correctness of Algorithm 4.

Step 2 of Algorithm 4 runs in O(n?!) time, while ISREPRESENTABLE(K) in step 3
requires O(n%*?) time. Thus, Algorithm 4 reduces SMP(K) to COMPACTREP(K) in
O(n9+2) time. O

The following statement is now an immediate consequence of Theorems 4.5-4.6.

Corollary 4.7. IfV is a variety in a finite language with a d-cube term, and IC is a
finite set of finite algebras in V, then SMP(K) € NP.

Now we prove that for a finite set IC of finite algebras in a variety (in a finite
language) with a cube term, the problems SMP(K) and SMP(HSK) are polynomial
time equivalent.

Theorem 4.8. Let V be a variety in a finite language with a d-cube term. For any
finite set K of finite algebras in V), the decision problems SMP(K) and SMP (HSK)

are polynomial time equivalent.

Proof. SMP(K) is a subproblem of SMP(HSK), so SMP(K) is clearly polynomial
time reducible to SMP(HSK). For the converse we will show that Algorithm 5
reduces SMP(HSK) to SMP(K) in polynomial time.
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Algorithm 5: Reduction of SMP(HSK) to SMP(K)

Input: ¢1,..., ¢, 1 € Cy x--- x G, with Cq,...,C,, € HSK.
Question: Is ¢ in the subalgebra D of C; x --- x C,, generated by c¢y,...,¢;”
1. for j=1,...,ndo
find A; € K, B; < A, and 6, € Con(B;) such that C; = B; /6,
end for
2.G=0,F=0,L=10
3. fori=1,...k+1do
32 forj=1,...,ndo
find Ay € Bj with aij/ej = Cilj
a; = (a;, a;;)

end for
3.3. if i <k then G = GU {a;} end if
end for
4. for j=1,...,ndo
4.1. generate B|; by a1;,. .., ax;, and simultaneously,

4.2. for each new § in B|; do
4.2.1. find an element fi[j,5,*] generated by ai,...,a; satisfying
fl[j767*]|j - ﬁ
4.2.2. for all v =, B (v € B;) do
add to F' the tuple f5]j,5,7] satisfying fo[7,5,7]l; = 7 and
Fold, B, Mgy = f1lds B, # | y
end for
end for
end for
5. for I € ([") do
5.1. generate B|; by (G U F)|;, and simultaneously,
5.2. for each new b € B|; do
5.2.1. find an element r,[I,b] € B such that r[I,b]|; = b
5.2.2. for all d such that d|; =, b|; for all j € I do
add to L the tuple ro[I, d] satisfying r3[1, d]|; = d and
rol L, d) s = 711, B | s
end for
end for
end for
6. run SMP(K) with the input GULUF C A;x---xA,, and ary1 € A x---XA,
(Ai,..., A, € K), to get an answer A = YES or A = NO
7. return A

TABLE 5
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In step 1 Algorithm 5 finds the algebras A; € I, their subalgebras B; and their
congruences #; such that the algebras C; in the input are C; = B;/0; (i € [n]).
Step 2 initializes the computation of three sets G, F', and L, which will be completed
in steps 3, 4, and 5, respectively.

In step 3 tuples aq,...,a511 € By x -+ x B, (< A; x--- x A,)) are found such
that for the product congruence 6 = 0 x - - - x 6, we have ¢; = a;/60 for all j € [k+1].
Thus, the set G = {ay, ..., a;} obtained at the end of step 3 is a generating set for a
subalgebra B of By x ...B,, such that B/f|g = D.

By Theorem 3.8(1),

(4.1) 1 €D <= a1 € B[O].

Therefore, Algorithm 5 gives the correct answer in steps 67, provided the set GULUF
produced earlier in the process is a generating set for B[f]. By Theorem 3.8(2) it
suffices to check that the set L constructed in step 5 satisfies condition (L), while
the set F' constructed in step 4 satisfies condition (F) in Theorem 3.8. For L this is
straightforward to check. For F' note that, given j € [n| and 8 € B|; as in step 4.2,
the tuple f1[j, 8, %] obtained in step 4.2.1 belongs to B. Hence, when the ‘for’ loop in
step 4.2.2 is performed for v = 3, we get the tuple fy[7, 58, 5] = filJ, 5, *] € B, which
is added to F. This tuple can serve as the tuple denoted fi[j, 3,7] in condition (F)
for every f5[j, 8,7] added to F in step 4.2.2. This shows that the set F' constructed
in step 4 satisfies condition (F) in Theorem 3.8, and hence finishes the proof of the
correctness of Algorithm 5.

Steps 1-3 run in O(kn) time, step 4 in O(n?) time, while steps 5 in O(n?) time.
So, the reduction of SMP(HSK) to SMP(K) takes O(kn) time. For an input of size
O(kn) of SMP(HSK) we get an input of size O(kn?) for SMP(K). O

5. STRUCTURE THEORY AND THE SUBPOWER MEMBERSHIP PROBLEM

The main result of [10] is a structure theorem for the critical subalgebras of finite
powers of algebras with cube (or parallelogram) terms. In this section we adapt the
structure theorem from [10] to find a new representation (different from compact
representations) for subalgebras of products of algebras in a variety V with a cube
term. In the next section, this representation will be used to prove the main result
of the paper.

To restate the result from [10] that we need here, we introduce some terminol-
ogy and notation. Let V be a variety with a d-cube term (or equivalently, a d-
parallelogram term, see Theorem 2.1), and let R be a subalgebra of a product
AWM x ... x AM of some algebras AW, ... A™ ¢ V. Let A; := RJ; for each
i € [n], and let C := Ay X --- X A,,. So, R is a subdirect product of the subalgebras
A; of A® (i € [n]), and R is a subalgebra of C.

We say that R is a critical subalgebra of AM x ... x A™ if
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e R is completely N-irreducible in the lattice of subalgebras of AM x ... x A,
and

e R is directly indecomposable in the following sense: [n| cannot be partitioned
into two nonempty sets I and J such that R and R|; x R|; differ only by a
permutation of coordinates.

Now let us assume that R is a critical subalgebra of A x ... x A Choose and
fix §; € Con(A;) (i € [n]) such that § := 07 X+ - - x §, is the largest product congruence
of C with the property that R is a §-saturated subalgebra of C. (Such a congruence
exists, because the join of product congruences is a product congruence, and if R
is saturated with respect to a family of congruences of C, then it is saturated with
respect to their join.) With this notation, let R := R/(d[g), and let A; := A;/§;
(i € [n]); we call R the reduced representation of R.

Theorems 2.5 and 4.1 of [10] yield a structure theorem for the critical subalgebras
of finite powers A™ of an arbitrary algebra A € V. The relevant proofs in [10],
namely the proofs of Theorem 2.5 (and its preparatory Lemmas 2.1, 2.3, 2.4) and
Theorem 3.6 (part (3), implication =), carry over without any essential changes to
the more general situation when instead of subalgebras of powers A" with A € V we
consider subalgebras of products AM x ... x A with AM .. A™ ¢ V. Thus, we
get the theorem below, where we state only those parts of the structure theorem that
we need later on, retaining the numbering from [10, Theorem 2.5], but replacing ‘d-
parallelogram term’ by ‘d-cube term’. The superscript ” in (6)° indicates that instead
of the original condition (6) we state a weaker condition which is sufficient for our
purposes.

Theorem 5.1 (Cf. [10]). Let V be a variety with a d-cube term, let A ... A €V,
and let R be the reduced representation of a critical subalgebra R of AM x - .. x A,
If n > d, then the following hold.
(1) R < IL, A; is a representation of R as a subdirect product of subdirectly
irreducible algebras A,;.
(6)> A; and A; are similar for any i,j € [n].
(7) If n > 2, then each A; has abelian monolith p; (i € [n]).
(8) For the centralizers py == (0 : pp) of the monoliths i, (¢ € [n]), the image of
the composite map
RS A, x A; - Aj/pi x Aj/p;.
is the graph of an isomorphism A;/p; — A;/p; for any i, j € [n].

Note that the homomorphism in part (8) is the same as in [10, Theorem 2.5 (8)];
the slightly different description presented here will be more convenient later on.

Now we are ready to discuss our representation theorem. Let By,..., B, be non-
trivial algebras in V), and let B be a subdirect subalgebra of By x --- x B,,.
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First, we replace each B, (j € [n]) by its image under the embedding

(51) Bj — H E}J'/O'7 Z; — (ZL’j/O’)UeIrr(Bj);

oelrr(By)
thus, each B is replaced by a subdirect product of all of its subdirectly irreducible
quotients B;/o. To set up a more convenient notation, let

W :={(j,o):j€n],oc € rr(B;)},
and for each j € [n], let W; := {j} x Irr(B;); thus, W = W U --UW,,. Furthermore,
for each w = (j,0) € W let B,, := Bj/o, and for every element z; € B, let
Ty = x;/o. Then the product of the embeddings (5.1) for all j € [n] yields an
embedding

H B, — H B T = (2))jem) = T = (Tw)wew-

j€n] weW

We will denote the image of B under this embedding ~ by B By construction, Bisa
subdlrect product of the subdirectly irreducible algebras B (w e W); equ1valent1y,
B = B|w for all w € W. For each w € W let u,, denote the monolith of B and py,
its centralizer (0 : fi,).

Next we define a relation ~ on W as follows: we require ~ to be reflexive, and for
distinct v, w € W we define v ~ w to hold if and only if

e the subdirectly irreducible algebras Bv and Bw are similar with abelian mono-
liths p,, and fu,,, and
e the image of B\vw under the natural map B, x B, — (B,/p,) x (Bw/pw) is
the graph of an isomorphism B o/ Po —+ B, / Pro-
It is easy to see that ~ is an equivalence relation on W.

Our representation theorem describes the algebra B in terms of its image B,
namely, it shows that B is determined by its projections onto small sets of coor-
dinates (i.e., small subsets of W) and by its projections onto the blocks of ~. A
block of ~ may be large, but the image of B under a projection onto a block of ~
has a special structure.

Theorem 5.2. Let V be a variety with a d-cube term, let By, ..., B, be nontrivial
algebms mV, cmd let B be a subdirect subalgebra of By x---xB,,. Furthermore, let W,
, B., (we W), B and ~ be as defined above. Then, for any tuple c € By x---xB,,
the following condmons are equivalent:
(a) c € B.
(b) ¢ satisfies c|; € Bl; for all I C [n] such that |I| < max{d,3}, and
the image € € [[,ew B., of ¢ under the map  satisfies v € B|U for all
blocks U (C W) of ~ of size |U| > max{d, 3}.
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(c) the image © € ], cw B, of ¢ under the map  satisfies ¢y € Bly for all
U CW such that
e |U| < max{md, 3} where m = max{|Irr(B;)| : j € [n]}, or
e U is a block of ~ of size |U| > max{md, 3}.

Remark 5.3. The equivalence of conditions (a) and (c¢) in Theorem 5.2 can be
restated as follows: B is the intersection of the subalgebras

~

projy' (projy(B)) = projy' (Blo)
of [Tew B,, as U runs over the subsets of W listed in (c).

Proof of Theorem 5.2. Since  and | (U C W) are homomorphisms, it is clear that
¢ € B implies ¢|y € By for all U C W. This proves (a) = (c).
For the implication (¢) = (b), assume that (c¢) holds. Then ¢|y € B|y for all blocks

U of ~, so the second statement in (b) holds. To establish the first statement, choose
I C [n] such that [I| < max{d,3}, and let W; := (J,;c; W;. Since the product of

the isomorphisms B; — ﬁ\wj, Tj — (Ty)wew, (induced by the embeddings in (5.1))
yields an isomorphism

[15 - [IBhw, (< TI B.). (s (wdueny (5 €B))

Jel jel weWr

which maps B|; onto By, , we get that ¢|; € B|; holds if and only if ¢|y, € Bly,. The
latter follows from assumption (c), because [W;| < > ., [W;| = > . [Trr(By)] <
m|I|. This completes the proof of (c) = (b).

The remaining implication (b) = (a) is the heart of Theorem 5.2, which we will
prove now. Assume that ¢ ¢ B, but ¢|; € B|; for all I C [n] with |I| < max{d,3}. We
have to show that @]y ¢ By for some block U (C W) of ~ of size |U| > max{d, 3}.

Using the assumption ¢ ¢ B, we first choose and fix a subalgebra M of By x- - - xB,,
containing B, which is maximal for the property that it fails to contain ¢. Then M is
completely N-irreducible in the lattice of subalgebras of By x---xB,,. Let {T1,...,T;}
be a partition of [n] such that M|z, is directly indecomposable for every i € [¢], and
M differs from M|z, x --- x M|z, by a permutation of variables only; we will denote
this fact by M ~ M|p, X --- x M|z,. We must have c|r ¢ M|r for at least one
block T := T;, because otherwise M ~ M|, X --- x M|z, would imply that ¢ € M,
contradicting the choice of M. Let us fix such a T for the rest of the proof. Note
that |T'| > 1, because M is a subdirect product of By,...,B,, (as B < M), so we
have c|; = ¢; € B; = M|; for every one-element set {j} C [n].
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It follows from M ~ M|, X - --x M|y, that M is the intersection of two subalgebras
of B; x --- x B,,, as shown below:

M~ (Mirx [T B;) 0 (T]B) * Mipr).

JEMN\T JET

Since M is a completely N-irreducible subalgebra of By x --- x B,,, we get that
M ~ M|r X [[;cpprBj or M = [[;crBj x M|ppr. The latter is impossible,
because M|r < [[;cB; (as witnessed by c|r). Hence, for the subalgebra R :=
M| of H]GTB we get that M ~ R X [[;cjuprBj- Furthermore, R is both M-
irreducible (because M is) and directly indecomposable (by construction), therefore
R is a critical subalgebra of [] jer Bj. Our construction also implies that Blr <R
and c|r ¢ R. Hence, in particular, c|r ¢ B|7. Thus, our assumption that ¢|; € B|;
holds for all I C [n]| with |I| < max{d, 3} forces that |T'| > max{d, 3}.

Now we can apply Theorem 5.1 to the variety V, the algebras B; (¢t € T) in
V, and the critical subalgebra R of [],., B; where the number of factors in the
product is |T'| > max{d,3}. Since R is a subdirect product of the algebras B;
(t € T), the reduced representation R of R is the quotient algebra R/(§]g) where
0 = [ier 0t (6 € Con(By)) is the largest product congruence of [],., B, for which R
is §-saturated. Let B; := By /0, for every t € T'. So, the conclusions of Theorem 5.1
can be restated as follows:

(1) R < [,y Bt is a representation of R as a subdirect product of subdirectly
irreducible algebras B,;.

(6)° B, and B, are similar for any s,t € T.

(7) Each B; has abelian monolith i, (t € T).

(8) For the centralizers p, := (0 : py) of the monoliths p, (¢ € T'), the image of
the composite map

(5.2) R "™ B, x B, - B,/p, x B,/p;
is the graph of an isomorphism B,/p, — B;/p; for any s,t € T.

By conclusion (1), we have for each t € T that B, = B, /4, is subdirectly irreducible,
so 0; € Irr(Bt) and (t,6;) € W. Hence, the algebra B, = B,/d; is one of the subdirect
factors of B namely, B, = Bt /6 = B for w = (t,d;). This implies also that p, p;
are the congruences of B, = B that we denoted earlier by iy, pu-

Let T := {(t,6,) : t € T}. Next we want to show that any two elements of T
are related by ~. Let s,z € T, and let v := (s,0d5), w := (t,0;). As we noticed in
the preceding paragraph, we have that B, = Bv, fhs = [y, Ps = Po, and B, = Bw,
e = Hw, Pt = Ppw- If s = t, then v = w, and hence v ~ w holds because ~ is an
equivalence relation. So, assume from now on that s # t. Hence v # w. In this case,
checking whether v ~ w holds involves two conditions. One is that the subdirectly
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irreducible algebras ]§ and ]§w are similar with abelian monoliths pu, and p,,, which
follows from conclusions (6)°—(7). The other is that the image of ]§|W under the
natural map ¢: B, x B, — (A B,/py) X (Aw/pw) is the graph of an isomorphism
B v/ Pv = Bw /pw- We will establish this property by proving that va = (B|vw) is
equal to the image of R under the homomorphism in (5.2).

Let ¢ denote the natural homomorphism B. x B, -» B s/ps X Bt/pt, and let
Rst = p(R|y); thus, Rst is the image of R under the composite map in (5.2).
Slnce ]§ = B,, B = By, p, = Ps and p, = p,, we have that P = . Therefore
va = gp(B|vw) Moreover, since B|vw is a subdirect product of B and Bw, we get

that B, is a subdirect product of B v/ Py and B, /pw- By the construction of R, we
have that R > B|r, and > is preserved under the natural homomorphism

(5.3) I8~ [I[B./s. =] B.

re’l re’l weT

The images of R and B|r under this homomorphism are R and ]§|f7 respectively,
hence we conclude that R > ]§|f Projecting further onto the coordinates s,¢ in T,
and the corresponding coordinates v = (s,d5), w = (¢,6;) in T, we get that Ry >
ﬁ]vw Hence, it follows that Rst = o(Rly) > QO(B!W) = va By conclusion (8)
above, Rst is the graph of an 1sornorphlsrn B.,/ps — By/p:, or equivalently, the graph
of an 1somorphlsm BU /py — Bw Pu- Comblnmg this fact with the earlier observation
that va is a subdirect product of B /Py and Bw Pw, We obtain that Rst and Bw must
be equal. This proves that B,, is the graph of an isomorphism B o/ Py = B, / P
and hence finishes the proof of v ~ w.

Our arguments in the last two paragraphs show that T is contained in one of the
blocks U of ~. We have |U| = 17| = |T| > max{d,3}. It remains to verify that
clv ¢ Blu. R R

Assume, for a contradiction, that ¢|y € Bl|y. Then projecting further to 7" C U
yields that ¢|5 € ﬁ\f As we saw earlier, ﬁ]f < R, therefore we get that the tuple
¢lz = (¢;/d;)rer lies in R. Hence the tuple ¢|r = (¢;)er lies in the full inverse
image of R under the natural homomorphism (5.3). This inverse image is R, because
R =R/(d]g) with 0 =[], 0,, and R is -saturated in [], ., B,. Thus, we obtain
that ¢|7 € R, which is impossible, since R was chosen so that c¢|r ¢ R. This
contradiction proves that ¢|y ¢ ]§|U, and completes the proof of Theorem 5.2. O

6. ALGORITHMS BASED ON THEOREM 5.2

In this section we will assume that V is a fixed variety (in a finite language) with
a d-cube term, and X is a finite set of finite algebras in V.
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Definition 6.1. Let ay,...,a;,0€ Ay x--- X A, (Ay,...,A, € K) be an input for
SMP(K) where a, = (ap1,...,0m) (r € [k]) and b = (by,...,b,). We call this input
d-coherent if the following conditions are satisfied:
(i) n > max{d, 3};
(ii) A4,..., A, are similar subdirectly irreducible algebras, and each A, has
abelian monolith py;
(iii) b|7 is in the subalgebra of ], ; A; generated by {ai|z, ..., ax|r} for all I C [n],
|I| < max{d,3}; and
(iv) for the centralizers py := (0 : ) of the monoliths u,, the subalgebra of
A;/pix A;/p; generated by {(ai/pi,ai;/p;),-- -, (aki/pi, axj/p;)} is the graph
of an isomorphism A;/p; = A;/p; for any i,j € [n].
Definition 6.2. We define SMPy on(K) to be the restriction of SMP(K) to d-
coherent inputs.

It is clear from Definition 6.1 that d-coherence for inputs of SMP(KC) can be checked
in polynomial time.

Theorem 6.3. IfV is a variety in a finite language with a d-cube term, then the
decision problems SMP(K) and SMPy_.on(HSK) are polynomial time equivalent for
every finite family IC of finite algebras in V.

Proof. By Theorem 4.8, SMP(K) is polynomial time equivalent to SMP(HSK).
Clearly, SMPy_con(HSK) is polynomial time reducible to SMP(HSK), because it is a
subproblem of SMP(HSK). Therefore we will be done if we show that Algorithm 6
reduces SMP(HSK) to SMPy con(HSK) in polynomial time.

The correctness of Algorithm 6 is based on Theorem 5.2. Let B denote the sub-
algebra of Ay x --- x A, generated by by,...,by. In steps 1-2, the projections B|;
of B are computed for all I € (([jn,]) if n > d” := max(d — 1,2), and for I = [n] if
n < d~. Furthermore, it is checked whether by,1|; € B|; holds for all such I. If
ber1|r ¢ B|; for one of these I's, then clearly by, ¢ B, so in this case the algorithm
correctly returns the answer ‘NO’ in step 2.2. In steps 3-4 the algebras B; := B|;
are computed for every ¢ € [n], and every coordinate ¢ with |B;| = 1 is omitted from
the input tuples (but the earlier notation is kept for simplicity). Note that since
brt1 passed the tests in step 2.2, we had bgi1|; € B; for every deleted coordinate 1.
Therefore, deletion of the trivial coordinates does no affect whether or not bx; € B.
It follows that by the end of step 4 we have that

(1) B is a subdirect subalgebra of By x - -+ x B; where By, ..., B,, are nontrivial,
and

(2) bysa|r € Bl for all T € (1) if n > d~ := max(d — 1,2), and for [ = [n] if
n<d.

In the latter case B|; = B|j,) = B, so in step 5 the algorithm correctly returns the
answer ‘YES’. Thus, we may assume from now on that n > d~.
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Algorithm 6: Reduction of SMP(K) to SMPy_con(HSK)
Input: bl,...,bk,bk_H EAL x--- XA, (Al,...,An S IC)

Question: Is by in the subalgebra of A; x --- X A, generated by by,..., b7

1.
2.

w

S

N

10.

11

12.

13.

d™ = max(d — 1,2), d* = min(d—, n)
for I € ([d”*]) do
2.1. generate B|r by bi|r,...,bk|r
2.2, if bk+1‘[ §é B’] then
return NO
end if
end for
for i € [n] do
B; = (bilis -, bili)
end for
omit all coordinates ¢ from the input for which |B;| = 1 (but keep earlier notation)

. if n <d~ then

return YES

end if

W ={(j,o):j € [n],o €Irr(B,)}
fori=1,...,k+1do

E— = (giw)wew where for each w = (j,0), giw = bi|;/o
end for

for w = (j,0) € W do

]§w =B,/o, (u, = monolith of ﬁw, Pw = (0 )
end for

for distirlgt v, w € W do

Buw = ((biv/ pv; biw/ pw) : i € [K])

end for

compute the equivalence relation ~ on W determined by the following condition:
for distinct v, w € W,

N o < oy o < Puws EU and Ew are similar, and
vV~ ~ o~ o~
B, is the graph of an isomorphism B, /p, — By/pw

find the equivalence classes Ef1,..., E, of ~ of size > d~
if K > 0 then

12.1. for A=1,...,x do

12.1.1 run SMPy_con(HSK) with input by|gy, ..., bklEx, bk+1|EN € HweEA B,
to get answer A € {YES,NO}
12.1.2. if A = NO then
return NO
end if
end for
end if
return YES

TABLE 6
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(1) implies that the algebra B satisfies the assumptions of Theorem 5.2, and (2)
shows that the tuple ¢ := b1 € By X - - - x B,, satisfies the first part of condition (b)
in Theorem 5.2.

In steps 6-11, Algorithm 6 computes the data needed to check whether or not
¢ = by satisfies the second part of condition (b) as well. In more detail, the
algorithm computes the set W, the images /EZ of the input tuples b; (i € [k + 1])
under the homomorphism A, the subdirectly irreducible algebras B\w (w € W), their
congruences [, (the monolith) and p,, = (0 : p,,), and finally, the equivalence relation
~ on W, and its equivalence classes E1, ..., E, of size > d~. All computations follow
the definitions exactly, except step 10. We explain now why the conditions used in

step 10 to compute ~ are equivalent to the conditions in the definition of ~ (stated
right before Theorem 5.2):

e The inclusion p,, < p, (w € W) is equivalent to the condition that p, is
abelian, because the inclusion is true if p,, is abelian, and p,, = 0 (and hence
the inclusion fails) if j,, is nonabelian.

e As discussed in the proof of Theorem 5.2, va is the image of B | under the
natural map B, x B, — (B,/py) X (By/puw)-

Since ¢ = by satisfies the first part of condition (b) in Theorem 5.2, it follows
from the equivalence of conditions (a) and (b) in Theorem 5.2 that by, € B if and
only if ¢ = by, satisfies the second part of condition (b) as well, that is,

(3) brst|e, € Blg, for all A € [x].
This is clearly equivalent to the condition that

(3) gk+1|EA belongs to the subalgebra of [] B,, generated by the tuples

N N wEE)\
bl’E/\7 Ce 7bk|E>\ for all A € [Ii]
It follows from the construction that for each A € [x], BllE)n .. ,Z;C|EA,5;€+1|EA is a d-

coherent input for SMP (HSK), so condition (3) can be checked using SMP y_con (HSK).
This is exactly what Algorithm 6 does in steps 12-13, and returns the correct an-

swer: ‘YES’ if (3)" holds (including the case when x = 0), and ‘NO’ otherwise. This

completes the proof of the correctness of Algorithm 6.

Now we show that Algorithm 6 reduces SMP(K) to SMP y_con (HSK) in polynomial
time. Clearly, steps 1, 5, and 13 require constant time. Since each B; (i € [n]) is
a subalgebra of some member of K, we have |B;| < agx where the constant ag is
independent of the input. The parameter d is also independent of the input, and so
is s := max{| Irr(A)| : A € SK}. It follows that |IW| < ns and that each iteration of
the ‘for’ cycles in steps 2, 3, 8, and 9 require constant time. Hence, steps 2, 3, 4, 6, 8,
and 9 run in O(n®1), O(n), O(n), O(n), O(n), O(n?) time, respectively. In step 7
the ‘for’ cycle is iterated k + 1 times, and each iteration requires O(n) time, so the
total run time of step 7 is O(nk).
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In step 10, to determine whether v ~ w holds for a particular pair of elements
v,w € W requires constant time, because the condition only involves data on algebras
in HSK and on products of two such algebras. (In particular, recall from Section 2
that similarity of EU and Ew can be checked by looking at congruences of subalgebras
of B, X By,.) Thus, step 10 runs in O(n?) time. Step 11 requires no more that O(n?)
time. Since E4,..., E, are disjoint subsets of W and |W| < ns, we get that k < ns
and each F) has size |Ey| < ns. Thus, in step 12, SMP 4 con(HSK) has to be run at
most O(n) times, and the input size of each run is O(nk), approximately the same
as the size of the original input.

This proves that Algorithm 6 reduces SMP(K) to SMPy con(HSK) in polynomial
time. |

Theorem 6.4. IfV is a residually small variety in a finite language with a d-cube
term, then for every finite set K of finite algebras in 'V,

SMP(K) € P.

Proof. We will show that, under the assumption of the theorem, Algorithm 7 solves
SMP(K) in polynomial time.

First we discuss the correctess of Algorithm 7. Let ai,...,ai,b € Ay X ... A,
(Aq,..., A, € K) be a correct input for SMPy.con(K) (i-e., a d-coherent input for
SMP(K)). Then conditions (i)-(iv) in Definition 6.1 hold. By condition (ii), the
algebras A; (j € [n]) are subdirectly irreducible with abelian monoliths, so in step 1
of Algorithm 7 the monoliths p; and their centralizers p; will be found. Moreover,
since K is assumed to be in a residually small variety, we get from ... (CM) and ...
(char.of.RS) that

(t) pj is an abelian congruence of A; for every j € [n].

Let B denote the subalgebra of A; x --- x A, generated by the input tuples
ai,...,ag, and let p denote the product congruence p; X -+ X p, on Ay X -+ X A,,.
The restriction of p to B will be denoted by pg. Condition (iv) in Definition 6.1
implies that

(1) the map B/pg — A,/p;, (x1,...,2,)/pB — xj/p; is a bijection for every
j € [n].
Finally, conditions (i) and (iii) together imply that for the input tuple b we have b|; €
B|; for all sets I € ([Z]). Hence, we have b|; ;/(pi < p;) € B|;;/(pixp;) for all i, j € [n].
Since, by condition (iv), BJ; ;/(pi X p;) is the graph of an isomorphism A;/p; — A;/p;
for every pair i, 7 € [n], it follows that the tuple b/p = (b|1/p1, - .., b|n/pn) belongs to
B/ps. Hence,
(%) b is an element of the algebra B[p], the p-saturation of B.

Let’s return to the analysis of Algorithm 7. After appropriately reindexing aq, .. ., ag,

Steps 2—3 produce a subset O of B such that the first coordinates of the tuples in O
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Algorithm 7: For SMPy ., (HSK) if K is in a RS variety

Input: d-coherent ay,...,ax,b € Ay x--- X Ay, (Aq,..., A, € K) where a; = (a;1,- .-, ain)
for all ¢ € [k]
Question: Is b in the subalgebra of A; x --- x A, generated by a1, ...,a?
1. for j € [n] do
p; = monolith of A, p;j = (0: p; )
end for
2. reindex ay,...,ar such that aj1/p1,...,a,1/p1 are pairwise distinct and
{an/p1, .. sar/piy ={an/p1s .. ak1/p1}
let O ={ai,...,a,}
3. generate Aj/p1 by ai1/p1,--.,ar1/p1, and simultaneously,
3.1. for each new a/p; = t(a11/p1,...,ar1/p1) € A1/p1 do
3.1.1 0O=0U {t(ail, . 7ai,-)}
end for
4. find the equivalence relation = on [n] defined by

s=t & As;=A;ando|s=o|; foralloec O (s,t € [n])
let T be a transversal for the blocks of =, and let Ay =[], A;

5. compute the subalgebra P of A?T generated by the identity function Ap — Ar
and by the constant functions with value o|p (0 € Q) (so P is a set of functions
AT — AT)

6. find 0 € O such that b € o/p; let 0 = (01,...,0n)

H=10

8. for p e P do

8.1 forteT do
8.1.1 compute the function p;: Ay — Ay, = — p(&)|; where Z|; = x and
Z|s = o|s for all s € T\ {t}

=

end for
8.2 for c € {ay,...,a;} do
821 d= ()

8.2.2 for j € [n] do
8.2.2.1 findteT witht=j
let dj = pi(cl)
8.2.2.2 d=(d,d;)
end for
8.2.3 if d € o/p then H = H U {d}
end if
end for
end for
9. run Sims’ algorithm for SMP(G) with the input H U {b} C G; X --- x G,, where
G; is the group (0j/pj;+o,, —0;,05) for each j € [n] and G is the family of all
induced abelian groups on blocks of abelian congruences of algebras in IC; get
answer A € {YES,NO}
10. return A

TABLE 7
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form a transversal for the pi-classes of A;. Thus, it follows from () that the tuples
in O form a transversal for the pg-classes of B (and hence also for the p-classes of
B[p]). Let |O] = ¢. Since |O| = |O|1, we have £ < |A;/p1| < |A4].

Now let =, T, and Ar be as defined (and computed) in step 4. It is easy to see
that the set P of functions A7 — Ap computed in step 5 is

(6.1) P = {t*(z,0|7) : tis a (1 + {)-ary term}

where we assume that an ordering of O has been fixed to ensure that its elements are
always substituted into terms in that fixed order. Our observation (x) shows that in
step 6, Algorithm 7 will find an element o € O such that b € o/p.

To simplify notation on our discussion of steps 7-8 let A := A; x --- X A,,.

Claim 6.5. The set H obtained by Algorithm 7 after completing steps 7-8 is
(6.2) H = {t*(a;,0) €o/p:i € [k], t is a (14 £)-ary term}.

Proof of Claim 6.5. We will use the notation in step 8. Let p € Pand ¢ € {ay,...,ax},
say ¢ = (¢1,...,¢,). Then, by (6.1), p € P if and only if p is a unary polynomial
operation of A of the form tA7(z, O|r) for some (1 + ¢)-ary term t. Our goal is to
show that for such p and ¢ the tuple d computed in steps 8.1.1-8.1.2 is

(6.3) d =t*(c, 0).

This will prove that the tuples d computed in steps 8.1.1-8.1.2 are exactly the elements
of A of the form t*(c, O) where ¢ € {a1,...,a;} and t is a (1 + £)-ary term. Since
such a tuple d is added to H in step 8.1.3 if and only if d also satisfies d € o/p, the
equality (6.2) will follow.

To verify (6.3) let j € [n] and let ¢ € T be the unique transversal element such
that t = j. By the definition of = we have that and o'|, = ¢/|; for all o' € O. The
latter condition may be written as O, = O|; (with the fixed ordering of O in mind,
these are tuples of elements in Ay = A;). The function p,: A; — A; computed in
step 8.1 assigns to every z € A; the element

pe(z) = p(2)]: = tAT(fa Olr)|e = tAt(j|t, Oly) = tAt($’O|t)~

So, p; is the polynomial function tA¢(x, O|;) of A;. Thus, using the equalities A; = A
and O, = O|; we get that

d; = pi(c;) = t%(c;, Of1) =t (¢, O;) = t4(c, 0.
This holds for every j € [n], so the proof of (6.3), and hence the proof of Claim 6.5,

is complete. o

To establish the correctness of the last two steps of Algorithm 7 recall from ()
that p; is an abelian congruence of A; for every j € [n]. Therefore, p = p; X -+ X p,
is an abelian congruence of A = A; x --- x A,,. Hence, by ...(see prelim), there is
an induced abelian group G = (o/p; +9, —o, 0) on the p-class o/p. Moreover, since p
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is the product congruence p; X --- x p, of A, we get that G = G x --- x G,, where
G; is the group (0;/pj; +o;, —o;,05) for every j € [n]. Recall also that b € o/p, that
is, 0eG=G; x - x G,.

Claim 6.6. The following conditions on b are equivalent:

(a) b is in the subalgebra B of A = Ay x --- x A, generated by {ay,...,ar};
(b) b is in the subgroup of G = Gy X --- X G, generated by the set H.

Proof of Claim 6.6. To prove the implication (a) = (b) assume that b € B, that is,
b=gB(ai,...,a;) for some k-ary term g. For each i € [k], let 0 denote the unique
element of O in the pg-class of a;. Since gB(ay,...,a;) =b € o/p, it follows from ...
(term ops are linear) that

gB(al, Coap) = gB(al, 0® .. ,o(k)) +, gB(o(l), as, 0 ... ,o(k)) +, ...
o g0, oD ) —, (k — DgB(o, ., oD, o)

All +,-summands on the right hand side belong to H, therefore b is in the subgroup
of G =Gy x -+ x G, generated by H.

For the reverse implication (b) = (a) notice first that H C B, because the elements
of H are obtained from ay,...,a; € B by unary polynomials that are obtained
from term operations using parameters from O only, and O C B. Since the group
operations +,, —,, 0 of G are also polynomial operations of B obtained from term
operations using parameters from O only, we get that the subgroup of G generated
by H is contained in B. o

As in step 8 of Algorithm 7, let G denote the set of all induced abelian groups
on blocks of abelian congruences of algebras in . Then, clearly, Gq,..., G, €
G. Therefore, Claim 6.6 shows that SMP(K) run with the input as,...,ax,b in
Ay x---x A, (Ay,..., A, € K) has the same answer as SMP(G) run with the input
Hand bin Gy X --- x G, (Gq,...,G, € G). Hence, Algorithm 7 finds the correct
answer in steps 89, so the proof of the correctness of Algorithm 7 is complete.

To prove that Algorithm 7 runs in polynomial time, we will estimate the time
complexity of each steps separately. Recall that ax denotes the maximum size of an
algebra in K.

Each one of Steps 1-3 runs in O(n) time. In step 4, = and a transversal T for the
blocks of = can be found in O(n?) time, since £ = |O] is bounded above by a constant
(< |A;] — 1 < ak) which is independent of the size of the input. Since = is the kernel
of the map [n] — K x Uj;cp AL j = (A;,0];), the number |T| of the =-blocks is
at most |K|ak, which is a constant, independent of the input. Therefore, Ay can
be computed in constant time, so step 4 altogether requires O(n?) time. For the
same reason, |A§§T| is also bounded above by a constant, independent of the input,
therefore step 5 runs in constant time. Step 6 also runs in constant time, because, in
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view of (1), b € o/p is equivalent to b|; € o|;/p;. Clearly, step 7 also runs in constant
time.

Using the previous estimates on |P| (< [AZLT]) and |T| we see that the number of
iterations of the outer ‘for’ cycle (line 8) and the ‘for’ cycle on line 8.1 is bounded
above by a constant. Step 8.1.1 also needs constant time only, therefore step 8.1
runs in constant time. In step 8.2 the outer ‘for’ cycle is iterated k£ times; in each
iteration steps 8.2.1 and 8.2.3 require constant time, while in step 8.2.2 the ‘for’ cycle
is repeated n times, and each time the computation requires constant time. Thus,
step 8 runs in O(nk) time.

In step 8, at most one element is added to H for each choice of p € P and ¢ €
{ai,...,ar}. Since | P| is bounded above by a constant independent of the input, we
get that | H| has size O(k). Thus, in step 9, the size of the input H U {b} for SMP(G)
is O(nk). Moreover, the size of each group in G is < ax. Since Sims’ algorithm for
SMP(G) runs in O(n3k) time [check this!!!] on an input H U {b} C G; x -+ x G,
with |H| = O(k), we get that step 9 of Algorithm 7 requires O(n3k) time. Clearly,
step 10 runs in constant time.

Combining the time complexities of steps 1-10 we get that Algorithm 7 runs in
O(n3k) time. This competes the proof of Theorem 6.4. d
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