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1. INTRODUCTION AND PRELIMINARIES

Let A be a finite set of cardinality > 3. Stupecki’s clone on A is the clone
consisting of all operations that are either essentialy unary or nonsurjective. We
will denote Stupecki’s clone by S. The subclone of S that consists of all projections
and all nonsurjective operations will be denoted by S~. Thus, every operation in
S\ 87 is an essentially unary operations that is a nonidentity permutation of A.
It follows that the interval J = [S~,S] in the lattice of clones on A is isomorphic
to the lattice of subgroups of the symmetric group on A. Hence the interval J is
finite. Moreover, it is not hard to see that every clone in J is finitely generated.

It is well known (see, e.g., []) that for every finitely generated clone C on A the
lattice of all subclones of C is dually atomic with finitely many dual atoms; that is,
there exists a finite set M of proper clones of C such that every proper subclone
of C is contained in some member of M. Therefore

My = ( U smc) \J
ced
is a finite family of clones on A such that the following two conditions hold for
M = 93?3:
(1) every clone in 9 is a subclone of Stupecki’s clone S, but is outside the
interval J, and
(2) every subclone of S that is outside the interval J is contained in some
member of M.
Our goal in this paper is to explicitly describe a manageable (finite) set 9 of
subclones of Stupecki’s clone S such that 9t satisfies conditions (1)—(2). This yields
a test for checking whether a clone C on A belongs to the interval J; namely:

Ced <« CgZMforall M e M.

Optimality?

Maximal subclones of Stupecki’s clone; other submaximal clones
Notation: T~, S, (r = 0 ess. unary, r = 1 Burle, r = 2,...,k range < r),
ST(T) (’I” =0,....,k— 1); s0 S = Sk_1, 5 = Sk_l(Ti).

1 (on set A), ¢, (if A clear from context) (3 < r < |A|)

define ¢1 :=10
trivial relations

This material is based upon work supported by the Hungarian National Foundation for Scien-
tific Research (OTKA) grant no. K77409.
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2. THE MAIN THEOREM

We will assume throughout that A is a finite set with & = |A| elements, and

k> 3.

Theorem 2.1. Let A be a k-element set (k > 3). The following conditions on a
clone C on A are equivalent
(a) 7 ZC;
(b) C C {p}" for one of the relations p on A listed below (m is the arity of p):
1) a bounded partial order;
) a prime permutation;
) a prime affine relation;
) a nontrivial equivalence relation;
) a central relation (1 <m <k —1);
) an m-regular relation (3 <m <k —1);
) an almost central relation (2 <m < k —2);
) an almost m-regular relation (3 <m <k —1);
) Burle’s relation (8 if k = 3.

3. PrROOF

Lemma 3.1. Let A be a k-element set (k > 3), and let p be an arbitrary relation
on A. We have S~ € {p}L whenever one of the following conditions holds for p:
(1) p is an n-ary relation (n < k) such that p is not totally reflexive, but
contains an n-tuple whose coordinates are pairwise distinct;
(2) p is a nontrivial totally reflexive relation of arity n < k;
(3) p is Burle’s relation [3;
(4) p is the ternary relation p = Aqg3 U Aq3|a.

Proof. In case (3), when p = 3, then {8}" is Burle’s clone (see [PK]), a proper
subclone of Sy = {Lg}L, which fails to contain some operations with range of size 2
from S,. This implies that S~ Z {8} = {p}".

In case (4), when p = Ajg3 U Ayg)p, then {p}l is the clone of all essentially
unary operations (see [|; or: it is in the Stupecki-Burle chain, but does not contain
Burle’s clone), therefore again S~ Z {p}*.

To prove S~ Z {p}™ in cases (1)—(2) the following claim will be useful.

Claim 3.2. Let p be an n-ary relation such that T~ C {p}J‘ and p contains an
n-tuple whose coordinates are pairwise distinct. Then

e p=A" ifn<k, and
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e p is totally reflexive, if n = k.

For the proof of the claim, let (a1, ...,a,) be an n-tuple in p whose coordinates
are pairwise distinct, and assume that T~ C {p}L. Then n < k, and (ay,...,a,) €
p implies that (f(al), e f(an)) € p for all nonsurjective unary operations f. Thus
the conclusions stated in the claim follow. o

Claim 3.2 immediately implies that if (1) holds for p, then T~ C {,0}L must fail.
Hence S— Z {p}*.

Now assume that (2) holds for p. If p contains an n-tuple whose coordinates are
pairwise distinct, then the assumptions that n < k and p is nontrivial, combined
with Claim 3.2 show that T~ € {p}". As before, it follows that S~ € {p}*. If,
in turn, such a tuple does not exist in p, then p C ¢,. The reverse inclusion also
holds, since p is totally reflexive. Thus p = ¢,,. Since p is nontrivial, we must have
n >3, hence 3 < n < k. It is well known (see e.g. [PK]) that for 3 <n <k, {1}
is the clone S,,_1 Therefore, in view of n < k, S~ € {t,}" = {p}*. O

Corollary 3.3. For every relation p in ... [Main Theorem] we have that S~ ¢
{n}".

Proposition 3.4. Let A be a k-element set (k > 3). For a clone C on A we have
S~ Z C if and only if there exists a relation p on A such that C C {p}J‘ and one of
the following conditions is satisfied:
(1) p is a k-ary relation such that p is not totally reflexive, but contains a
k-tuple whose coordinates are pairwise distinct;
(2) k>4 and p=tj_1;
(3) k=3 and p is Burle’s relation 3.

Proof. Sufficiency. Assume that C C {p}" and that one of conditions (1)—(3) holds.
Then, by Lemma 3.1, we get that S~ ¢ {p}l, and hence S~ Z C.

Necessity. Let C be a clone such that S~ ¢ C. Let C) denote the set of unary
operations in C. Since CM) is a set of functions A — A and |A| = k, CV) is a
k-ary relation on A. It is well known and easy to check that C C {C(l)}L, and that
the clone {C(l)}L contains the same unary operations as C. If 7= ¢ C™), then
the k-ary relation C(Y) is not totally reflexive, but contains a tuple with pairwise
distinct coordinates, namely the identity function A — A. Thus p := C(!) satisfies
condition (1) and C C {p}™, finishing the proof in this case.

Now assume that 77— C C). By a result of Szabé [], if C is such a clone
and C is not the clone of all operations, then there exist an integer r < k and
a transformation monoid M D T~ such that C = S,(M). In particular, S~ =
Sk—1(T7). Therefore the assumption S~ Z C is equivalent to Sx_1(T~) € S, (M),
and hence implies that » < k — 1. Thus C = S.(M) C Sk_2. As was mentioned
in the proof of Lemma 3.1, if £ > 4, then Sp_o = {Lk,l}J‘, while if £k = 3, then
Sp_o = {ﬁ}l. Thus C C {p}l' holds for p = 1,1 or p = (3, respectively, and p
satisfies condition (2) or (3).

The proof of the proposition is complete. (Il

Let Ry := (Si)J'.

prop-nec-rels
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Corollary 3.5. Let A be a k-element set (k > 3), and let R be a relational clone
on A such that R € Rg. Then R contains a relation p satisfying one of conditions
(1)=(3) in Proposition 3.4. Moreover, p & Ro holds for all such relations p.

Proof. This is a restatement of ... O

Theorem 3.6. Let A be a k-element set (k > 3), and let R be a relational clone on
A such that R € Ro. If R does not contain any nontrivial totally reflexive, totally
symmetric relations of arity < k, and for |A] = 3, R does not contain Burle’s
relation [ either, then R contains one of the following relations:

(1) a prime permutation,

(2) a bounded partial order,

(3) a prime affine relation.

Proof. Throughout the proof m will denote the smallest positive integer such that
R contains a nontrivial m-ary relation. We start with some auxiliary claims.

Claim 3.7. 2 < m < k. Moreover,

(1) R contains no nontrivial totally reflexive relation of arity n with 2 < n < k,
but

(2) if2 <m <k, then R contains a nontrivial m-ary relation that is not totally
reflexive.

We will start by proving statement (1), which is independent of m. Let o be
a totally reflexive relation of arity n (2 < n < k) in R. Then the relation o’
obtained by intersecting all relations arising from ¢ by permuting coordinates is
both totally reflexive and totally symmetric. Furthermore, ¢’ € R. Since n < k,
our assumptions on R force ¢’ to be a trivial relation. Since ¢’ is totally reflexive
of arity n > 2, it follows that ¢/ = A™. Hence 0 = A™ and o is a trivial relation,
proving (1).

Towards the proof of 2 < m < k notice first that unary relations are totally
reflexive and totally symmetric, therefore our assumptions on R imply that m > 2.
By Corollary 3.5, R contains a relation p satisfying one of conditions (1)—(3) in
Proposition 3.4. However, our current assumptions on R (i.e., the assumptions of
Theorem 3.6) exclude cases (2) and (3), therefore R contains a relation p satisfying
condition (1) in Proposition 3.4. Since p is a relation of arity k in R \ Ry, it is
nontrivial, and therefore implies that m < k.

By condition (1) in Proposition 3.4, this relation p is not totally reflexive, there-
fore if m = k, then this proves the existence in R of a nontrivial m-ary relation that
is not totally reflexive, and proves statement (2). If 2 < m < k, then let § be any
nontrivial m-ary relation in R. It follows from statement (1) that J is not totally
reflexive. This proves statement (2) for the case when m < k, and completes the
proof of Claim 3.7. o

Claim 3.8. For every nontrivial m-ary relation § € R and (m — 1)-element subset
I of {1,...,m} we have that pr;(5) = A™~L.

To prove the claim let § be a nontrivial relation in R, and let I be an (m — 1)-
element subset of {1,...,m}. By the minimality of m, pr;(d) is a trivial relation.
Clearly, pr;(8) # 0, as § # 0. Since ) and A are the only trivial unary relations,
if m = 2, then we must have pr;(6) = A = A™~!. From now on let m > 3, and
assume that out claim fails and pr;(§) # A™~!. Then there exist i < j in I such
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that pr; ; (pr;(6)) = A. The left hand side is equal to pr; ;(), therefore we get that
pr; ;(6) = A. Again by the minimality of m, pry, (;;(0) is a trivial relation, and
therefore by pr; ;(§) = A so is 4. This contradiction proves that pr;(§) = A™~1. o

Claim 3.9. Let 6 be a nontrivial m-ary relation in R, and let 1 < 1 < j < m be
arbitrary integers.
(1) Either 6 N Ay =0, or 0 N Ay = Ac for some equivalence relation € of m
such that € D [ij].
(2) § Nty is a union of trivial relations (the union may be empty).
(3) If m > 3, then for each v € m\{i, j} there exists a two-element set {r,r'} C
m\ {i} such that 0 N Ay 2 Apjjvire-
(4) If m >3 and Apz) € 0, then 6 N Apj) = Apijjviue) for a two-element subset
{u,v} of m\ {i} such that m\ {i,5} C {u,v}.

Let § be a nontrivial relation of arity m in R, and let 1 < ¢ < 7 < m. Then
Pro (53 (0 N A1) is an (m — 1)-ary relation in R, so by the minimality of m it is a
trivial relation. This proves (1).

(2) follows immediately from (1), using the fact that tm = U;<;jcin Dpig)-

To prove (3) let us assume that m > 3, and consider the intersection § N Ap;).
For arbitrary 7 € m\ {i, j} we have pr,, (,; = A™ ! by Claim 3.8, therefore for each
(m — 1)-tuple (a1,...,ar-1,0r41,...,a,) € A™ with a; = a; there exists b € A
such that (ay,...,ar_1,b,arq1,...,a,) € 6. Hence [§NA;| > [A]™2. Combining
this with statement (1) we get that either 6 N Ap;) = Ay ), or there exists 7' # r
such that 0 N A1 2 Apjvir- Clearly, the latter inclusion will be true for some
' even if 6 N Af;) = Apy). Furthermore, since [ij] V [ri] = [i5] V [rj], we can choose
r’ so that 7’ # 4. This proves statement (3).

For (4), let us assume that Ap;; € §. Thus, by part (1), § N Ay = A for an
equivalence relation & on m such that ¢ 2 [ij]. However, by part (3), [0 N Apj] >
|A|™=2 therefore ¢ = [ij] V [uv] for some two-element subset {u,v} of m\ {i}, and
hence 6 N Af;j) = Aijjviue]- According to (3), for each r € m\ {i,j} there exists a
two-element set {r,7'} C m\ {i} such that

Afijivirr S 0N Apg) = Alijlviuo-
Hence m\ {i,5} C {u,v}. This completes the proof of statement (4). o
Claim 3.10. 2 < m < 4.

Recall that it was established in Claim 3.7 that m > 2, therefore we need only to
prove that m # 5. Assume that m > 5. We know from Claim 3.7 (2) that R contains
a nontrivial m-ary relation § such that ¢ is not totally reflexive. Therefore there
exist 1 <14 < j < m such that A[ij] ¢ §. Hence the conclusions of Claim 3.9 (4)
have to hold. However, if m > 5, then there is no two-element set {u, v} such that
m\ {i,7} € {w,v}. This shows that m > 5 is impossible, and thereby completes
the proof of Claim 3.10. o

Now we will look at the cases m = 2, 3,4 separately.

Claim 3.11. If m = 2, then for every nontrivial binary relation § € R,

(1) either § is areflexive or § is reflexive and antisymmetric,

(2) either 5~ o = A2 or § is (the graph of ) a permutation,

(3) if 67t o8 = A2, then there exists an element ¢ € A such that (c,a) € § for
alla € A.

clm-diag’s

clm-m-less-4

clm-binary-prep
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It follows from Claim 3.9 (1) that pry(6 N A) =0 or A, so J is either areflexive
or reflexive. In the latter case 6 N 6! is a reflexive, symmetric relation in R, so
it must be trivial. Since § # A2, it must be the case that 6 N6~ = A, i.e., J is
antisymmetric. This proves (1).

To establish (2) notice first that, by Claim 3.8, pr;(d) = pry(d) = A. Moreover,

6108 = {(a1,as) € A : there exists b € A such that (b, a;), (b,az) € 6}

is a symmetric binary relation in R, and by pry(d) = A it is also reflexive. Thus,
by our assumptions on R, 6~ o § must be a trivial reflexive, symmetric relation.
Hence either 6 10§ = A2 or §~' o6 = A. In the first case there is nothing more to
prove, so assume that 6 ~*od = A. This equality, together with pr,(§) = A, implies
that for each b € A there is exactly one a € A such that (b,a) € §. Thus § is the
graph of a function A — A. The equality pry(d) = A shows that this function is
onto, so by the finiteness of A, it is a permutation of A.

Finally, we prove (3). For each ¢t (2 < t < k — 1) we define a relation «; as
follows:

a; :={(a1,...,a;) € A" : there exists b € A such that
(bya;) € §for alli (1 <i<t)}.

It is clear from the definition that oy € R for all . Moreover, oy = 6! 0 §. Hence
the assumption 6! o § = A? yields that ap = A2.

Next we want to show that a;_1 = A*~!. Suppose not, and let ¢ be the smallest
integer such that oy # A'. Then 2 < ¢t < k — 1, and by the minimality of ¢t we
have that ay_; = A*~!. This implies that a; contains all t-tuples with fewer than
t distinct coordinates, so «; is totally reflexive. It is clear from its definition that
ay is also totally symmetric. Since our assumption on R is that R contains no
nontrivial totally reflexive, totally symmetric relations of arity < k, we get that oy
is trivial. The arity of oy is t > 2, therefore oy = A?, which contradicts the choice
of t. This proves that ay_1 = A*1.

Let ® denote the set of (k — 1)-element subsets of A, and for each D € © let
A\ D = {dp}. The equality a1 = A*~! means that for each D € D there exists
c¢p € A such that (¢p,a) € § for all a € D. If (¢p,dp) € § also holds for some
D € D, in particular, if ¢ps = ¢p for some D' # D in D, then (¢p,a) € § for all
a € A, and we are done. Otherwise, we have that (cp,dp) ¢ J for all D € ©, and
the elements cp are distinct for all D € ©. Since the elements dp (D € D) are also
distinct and A is finite, we get that {cp : D € @} = A = {dp : D € D} and the
assignment A — A, ¢p — dp (D € D) defines a permutation 7 of A. Moreover, we
have that for each a € A and D € ©, (¢p,a) € 4 if and only if a # dp. Therefore
§ =A%\ 7.

To complete the proof we have to show that this case cannot occur. Suppose first
that 6 = A%\ 7 is areflexive. Then 7 = A, so 4 is the relation #. It is well known
(see e.g. [PK]) that {7é}L is the essentially unary clone where the unary operations
are all permutations. Hence {#}J‘ C & C Sk—a. Therefore 11 € (#) C R if
k>4, and f € (#) C R if Kk = 3. Each of these conclusions contradicts our
assumptions on R, and hence proves that ¢ is not areflexive.

By part (1), it must be the case that § = A% \ 7 is reflexive and antisymmetric.
Thus §Nd~t=A. But §Nd~t = A2\ (rUn~1), therefore |[§ N5~ > k? — 2k >
k = |A|, unless k = 3. Hence k = 3, and since § = A2\ 7 is reflexive, 7 has no fixed
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points. We may assume without loss of generality that A = {0,1,2} and 7 is the
3-cycle (0 1 2). Thus

6= {(070)3 (13 1)7 (27 2)3 (Oﬂ 2)7 (170)v (2a 1)}
It is straightforward to check that the constants and the powers of 7 are in the
clone {6}, We want to show that these are the only unary operations in {6}".
Let f € {6}". Replacing f(z) by 73/ (f(z)) we may assume that f(0) = 0.
Since f preserves 4, (1,0) € § forces that (f(1),0) = (f(1), f(0)) € 4, therefore
f(1) € {0,1}. We get similarly that f(2) € {0,2}. Two of these possible operations
f are the constant 0 and 7°. The other two do not preserve &; indeed, if f(1) =
0, f(2) = 2, then (2,1) € 6 but (f(2),f(1)) = (2,0) ¢ §, while if f(1) = 1,
F(2) = 0, then (2,1) € & but (f(2),f(1)) = (0,1) ¢ 6. Thus C := {6} is a
clone on a 3-element set A whose unary part C!) contains all constants and the
nonconstant operations in C(!) are all permutations. By Pélfy’s theorem [| such a
clone is either essentially unary or is the clone of polynomial operations of a vector
space. For our clone C the latter condition fails, because a 3-element vector space
has 6 permutations among its polynomial operations. Therefore C = {5}J‘ is an
essentially unary clone. Hence {(5}L C &) C S;_2, and we get a contradiction the
same way as in the preceding paragraph.
This completes the proof of Claim 3.11.

Claim 3.12. If m = 2, then R contains either
(1) a prime permutation, or
(2) a bounded partial order.

To prove the claim assume first that R contains a nontrivial binary relation 7
which is a permutation. Since 7 is nontrivial, it is not the identity permutation.
Hence some power 0 of m is of prime order (and therefore still not the identity
permutation). Thus 0 is not reflexive, which implies by Claim 3.11 (1) that ¢ is
areflexive. Consequently, § has no fixed points, and so ¢ is a prime permutation in
R.

Now assume that R contains a nontrivial binary relation ¢ which is not a permu-
tation. Thus Claim 3.11 (2) implies that 6! 0§ = A2, and hence by Claim 3.11 (3)

(3.1) there exists an element ¢ € A such that (¢,a) € 6 for all a € A.

Since 6! is not a permutation either, we can apply the same argument to 6! in
place of § to conclude that

(3.2) there exists an element u € A such that (a,u) € d for all a € A.

In particular, (u,u) € §, hence ¢ is not areflexive. It follows from Claim 3.11 (1)
that

(3.3) 0 is reflexive and antisymmetric.

We may assume without loss of generality that § is maximal, with respect to inclu-
sion, among the nontrivial binary relations in R that satisfy conditions (3.1)—(3.3).

Now consider §od € R. First we will show §oé # A2 by arguing that (u,a) € §od
holds only if @ = u. Indeed, if (u,a) € § 04, then (u,a’) € 6 and (a’, a) € § for some
a’ € A. By (3.3) and (3.2), 0 is antisymmetric and (a’,u) € J, therefore a’ = u,
and hence (u,a) = (a’,a) € . Repeating the same argument yields that a = u,

clm-binary
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eq-greatest-el
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as claimed. Thus 6 o § # A?. Now observe that since ¢ is reflexive, we have that
0 C d od. This implies that (3.1)—(3.2) hold for § o § in place of §. The inclusion
d C 606, combined with §od # A2, also shows that § o is nontrivial and reflexive.
Thus, by Claim 3.11 (1), 6 o § is reflexive and antisymmetric. By the maximality
of § we get that § o § = §, that is, J is transitive. This, together with properties
(3.1)—(3.3) implies that ¢ is a bounded partial order, completing the proof of the
claim. o

Claim 3.13. If m = 3, then R contains a ternary relation § satisfying one of the
following conditions:
(I) (5 N L3 = A123,
(II) (5 N L3 = A12‘3,
(III) 6N L3 = A12\3 U A13|2,

Moreover, we have 6 ¢ Ry for each such nontrivial 6.

Let m = 3. By Claim 3.7 (2), R contains a nontrivial ternary relation ¢ such
that ¢ is not totally reflexive. Thus Ap;; € d for some 1 < i < j <3 = m.
Let {i,j,s} = {1,2,3}. Hence, by Claim 3.9 (4), there exists a two-element set
{u,v} C {j,s} such that 6 NAp;) = Apjjviue)- Thus {u, v} = {7, s} and Apjvpue =
A123, 50 § N Apj) = Aies. Furthermore, by Claim 3.9 (2), § N3 is a union of
trivial relations. Therefore it follows that, up to a permutaion of coordinates, one
of conditions (I)—(III) holds for 4.

For the last statement of the claim assume that § is a nontrivial ternary relation
satisfying one of conditions (I)—(III). Thus, § is not totally reflexive. Moreover,
since § is nontrivial, either § contains a triple with distinct coordinates, or § =
Aq213UA 3. Accordingly, 0 ¢ Ry follows from Lemma 3.1 (1) and (4), respectively.
S

We will look at the cases (I)—(III) separately.
Claim 3.14. There is no nontrivial ternary relation of type (II) in R.

To prove the claim assume that 6 € R is a nontrivial ternary relation which
satisfies condition (II). For 2 <t < k we define a t-ary relation as follows:

vt = {(ai,...,a;) € A" : there exist b,c € A such that
(a;,b,c) € 6 for all 1 <14 < t}.

It is clear from the definition that v € R for all . Our goal is to prove that
Ve—1 = AR-L

First we will argue that v, = A2. Let (a1, az2) € A? be arbitrary. By Claim 3.8 we
have that (a1,a2) € pry 5(6), therefore there exists ¢ € A such that (ai,az,¢c) € 0.
The assumption Ajp3 C & of (II) implies that (as,as,c) € 0, which together with
(a1,as2,c) € § implies (a1,a2) € 72, establishing the equality 72 = A%. Assume
now that y,_; # A*~1, and let ¢ be the smallest integer such that v, # A‘. Then
2 <t < k—1, and by the minimality of ¢ we have that +;_; = A*~!. This implies
that ~; contains all t-tuples with fewer than ¢ distinct coordinates, so 7, is totally
reflexive. It is clear from its definition that ; is also totally symmetric. Since our
assumption on R is that R contains no nontrivial totally reflexive, totally symmetric
relations of arity < k, we get that 7, is trivial. The arity of v is ¢t > 2, therefore
v¢ = At, which contradicts the choice of ¢. This proves that v,_; = A1,
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As before, let D denote the set of all (k—1)-element subsets of A, and for D € ©
let D= A\ {dp}. The equality v,_; = A*~! implies that for each D € D there
exist bp,cp € A such that (a,bp,cp) € 6 for all a € D = A\ {dp}. It must
be the case that ¢cp = dp, because otherwise we would have c¢p # dp, cp € D,
and hence (cp,bp,cp) € 0. By the assumption § N Ay32 = Ajzs this would imply
that bp = ¢p, and hence (a,cp,cp) € § for all @ € D. Since |D| =k — 1 > 1, this
concusion contradicts the assumption 6NAy3); = Ajaz in (II), and hence proves that
¢p =dp. Thus (a,bp,dp) € § foralla € D = A\ {dp}. Since {dp : D € D} = A,
this yields a function ¢: A — A, dp — bp (D € D) such that

(3.4) (z,0(d),d) €6 forall z e A\ {d}.

To finish the proof of (2) we will look at the unary operations in the clone {5}*.
Let f be a unary operation on A that is not a permutation and preserves §. Since f
is not a permutation, there exist distinct elements a,d € A such that f(a) = f(d).
Applying (3.4) and the assumption that f preserves § we get that

(3-5) (f(@), fle(d)), f(d)) €6 for all z € A\ {d};

in particular, for = a, we have that (f(a), f(¢(d)), f(d)) € 4. Since f(a) = f(d)
and 0 N Ayzj2 = Aiaz by (II), we conclude that f(o(d)) = f(d). But then (3.5),
combined with the condition 6 N Agz); = Aqaz from (II), yields that f(z) = f(d)
for all z € A\ {d}. Thus f is constant. This shows that every unary operation that
is not a permutation but preserves ¢ is constant. Clearly, all constant operations
preserve 4, since ¢ is reflexive. Therefore the clone C := {5}J‘ has the property that
its unary part €™ contans all constant operations, and every nonconstant operation
in C) is a permutation. By Palfy’s theorem [] either C is essentially unary or C
is the clone of polynomial operations of a vector space on A. If C = {5}L is
an essentially unary clone, then C C §; C Si_2, and we get a contradiction the
same way as in the proof of Claim 3.11. Therefore C is the clone of polynomial
operations of a vector space on A, and hence C contains a Mal’tsev operation g¢.
Thus g preserves . Since ¢ is nontrivial and satisfies condition (II), there is a triple
(a,b,c) € ¢ such that a,b,c are distinct. The assumption Ajz3 C ¢ implies that
(b,b,c) € 6 and (b,b,b) € 6. Thus (a,b,b) = (g(a,b7 b), g(b,b,b),9(c,c, b)) € § where
a # b, which contradicts (II).

This contradiction completes the proof of Claim 3.14. o

Claim 3.15. If m =3 and 6 € R is a nontrivial ternary relation for which condi-
tion (I) holds, then ¢ is the graph of a quasigroup operation on A.

To prove the claim let 6 € R be a nontrivial ternary relation for which condition
(I) holds. We define a ternary relation n on A as follows:

n:={(b,c,c’) € A® : there exists a € A such that (a,b,c) € § and (a,b,c’) € §}.

Clearly, n € R. Since pry, 3,0 = A* holds by Claim 3.8, we get that (b,c,c) € n
for all b,c € A, ie., A3y € 1. Now we will show that N3 = Agsj;. Since 7 is
symmetric in its last two variables, it suffices to argue that 7 N Ajg3 = Aja3. The
inclusion 2 being obvious, let us assume that (c,c,¢’) €  for some ¢,/ € A. Then
there exists a € A such that (i) (a,c,¢) € § and (ii) (a,¢,c’) € 6. But Nz = Aqag,
therefore we get a = ¢ from (i), and then ¢ = ¢’ from (ii). The equality nNt3 = Agg);y
just proved shows that were n nontrivial, a relation obtained from it by permuting

eq-XXX

eq-yyy
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coordinates would be a nontrivial relation of type (II) in R, which is impossible by
Claim 3.14. Thus 7 is a trivial relation, and hence 7 = Ags);.

This equality shows that ¢ is the graph of a function prg; 536 — A. Since we
have pry; 530 = A? by Claim 3.8, § is in fact the graph of a binary operation * on
A; that is,

0 ={(a,b,axb):a,be A}
Every relation obtained from § by permuting coordinates is also a nontrivial relation
of type (I) in R, and is therefore the graph of a binary operation on A. In particular,
there exist binary operations / and \ on A such that

0 ={(a,a\c,¢) :a,c € A},and
0={(c/b,b,c):b,ce A}.
It is clear from these descriptions of *, /, and \ that a * (a\c) = ¢, (¢/b) xb = ¢,

and a\(a*b) = b, (a*b) /b= a hold for all a,b,c € A. Hence * is a quasigroup
operation with left and right divisions \ and /. o

Claim 3.16. If m = 3 and 0 € R is a nontrivial ternary relation for which con-
dition (III) holds, then k > 3 and R contains a quaternary relation A such that

pr;\ = A3 for all 3-element sets I C {1,2,3,4},
(3.6) A is totally symmetric, and
AN = 6.

To prove the claim let 6 € R be a nontrivial ternary relation for which condition
(IIT) holds, and let ¢’ be obtained from § by switching the first two coordinates,
Le., 0 :={(a,b,c) € A3: (b,a,c) € 6}. Then 6’ Nig = Ajg3UAggpy. Hence N0 is
a relation in R such that (6 Nd") Ntz = Aqg3. Were § N6 nontrivial, it would be a
nontrivial relation of type (II) in R, which is impossible by Claim 3.14. Therefore
d N ¢’ is trivial, namely d N ¢’ = Ajg)3. This equality means that

(a,b,¢), (bya,c) €0 = a=hb
for all a,b,c € A, that is, ¢ is antisymmetric in its first two coordinates.

Now let A be the intersection of all quaternary relations £ € R such that g C .
Clearly, 5 C X and A € R. Also, A is totally symmetric, because the family of
&’s intersected contains with each £ all relations obtained from £ by permuting

coordinates. Our next goal is to show that ANy = 6.
To this end, let ¢ be the quaternary relation on A defined as follows:

¢ :={(a,b,c,d) € A* : there exist u,v € A such that (a,b,u), (u,c,d) €6,
(b,a,v), (v,c,d) € d}.

First we want to show that 8 C (. For arbitrary elements a,b € A we have
(a,a,b,b) € ¢, because

and (a,b,a,b) € ¢, because
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Thus Ajg34 € ¢ and Ayz94 € (. Since ( is invariant under permuting its last two
coordinates, the latter inclusion also implies that A;493 C . Hence 8 C (.

Next we will show that ¢ N Ajzy) = Ajgz4. So, assume that (a,b,c,c) € ¢ for
some a,b,c € A. Thus there exist u,v € A such that

(i) (a,b,u)€d, (i) (u,c,c) €94,
(iii) (b,a,v) €4, (iv) (v,¢,c) € 0.

By assumption (III), 6 N Agg;; = Ajgs, therefore we get u = ¢ = v from (ii)
and (iv). Hence, by (i) and (iii), we have that (a,b,c), (b,a,c) € §. Since ¢ is
antisymmetric in its first two coordinates, we conclude that a = b. This proves
that ¢ N A[34] = A12‘34.

Since 0 C (, therefore ( is one of the relations intersected to obtain A, so A C (.
But then the equality ¢ N Azg = Ajgj34 established in the preceding paragraph
implies that AN Azy) € Ajgj34. Since A is totally symmetric, we get tha ANy C 3.
Because of A D (3 the reverse inclusion is clear, therefore the proof of the equality
ANy = B is complete.

In view of Claim 3.9 we have that £k > m = 3. Assume that £k = 3. Then every
quaternary relation on A is contained in ¢4, hence in particular, A = ANy = G.
This is impossible, because by our assumptions on R, 8 ¢ R for k = 3. Therefore
it must be the case that & > 3. For every 3-element subset I of {1,2,3,4}, pr;A
is a ternary totally reflexive, totally symmetric relation in R. Since k > 3, our
assumptions on R imply that pr;A must be trivial. This forces that pr; A = A3,
and completes the proof of Claim 3.16.

Claim 3.17. If m = 4, then R contains a quaternary relation X\ which satisfies all
conditions in (3.6). For each such relation A\ we have A\ ¢ Ry.

Let m = 4. By Claim 3.7 (2), R contains a nontrivial quaternary relation §
such that ¢ is not totally reflexive. Thus Ap;; € 0 for some 1 <@ < j <4 =m.
Let {i,4,s,t} ={1,2,3,4}. Applying Claim 3.9 (4) we get that there exists a two-
element set {u,v} C {j,s,t} such that 6 N A = Apjjviue) and {s,t} € {u,v}.
Thus {u,v} = {s,t} and
This implies that A;j,,), € d, and therefore Ap;,; = Ajyj0 € . Since any two two-

element subsets of {1,2,3,4} can be connected by overlapping two-element sets, we
get that Ap; € § for all two-element subsets {7, j} of {1,2,3,4}, and

0N =4N U Apij) = Arg)34 U Azjo4 U Ayo3 = .
1<i< <4

Now let A be the relation obtained from § by intersecting all relations arising from
6 by permuting coordinates. Clearly, A € R, ANwy = 3, and A is totally symmetric.
Since m = 4, Claim 3.8 shows that pr;A = A3 holds for all three-element sets
I C{1,2,3,4}. Thus A satisfies all conditions in (3.6).

For the last statement of the claim assume that A\ satisfies all conditions in
(3.6). Then either A contains a quadruple with distinct coordinates, or A = f.
Accordingly, A ¢ Ry follows from Lemma 3.1 (1) and (3), respectively. S

We will use the following observation from [ASz]:

Lemma 3.18. Let M be a Mal’tsev operation on a set A. The following conditions
on M are equivalent:

clm-quaternary-prep
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(a) there exists an abelian group (A;+,—,0) such that
M(z,y,z)=x—y+2z foralxyzeA;
(b) M satisfies
(3.7) M(z,y,2) = M(z,y,z) forallz,y,z € A, and
(3.8) M(z,y,z) = M(M(z,y,u),u,z) forallz,y zuec A

Claim 3.19. Ifk > 4 and p is a quaternary relation in R such that

e 11 is the graph of a Mal’tsev operation M on A, and
e 1 is invariant under the cyclic permutation of its coordinates and under
switching its first and third coordinates,

then w is a prime affine relation.

Suppose that g and M satisfy the assumptions of the claim. Since p is invariant
under switching its first and third coordinates, M satisfies condition (3.7). Since p
is invariant under the cyclic permutation (1 2 3 4) of its coordinates as well as the
transposition (1 3) of its coordinates, it is invariant under all permutations of its
coordinates in the dihedral group on {1,2,3,4}. In particular, it is invariant under
the permutation (1 4)(2 3) of its coordinates, i.e.,

n= {(M(a,b,c),c,b,a) : G;,b,C € A}
Hence
(3.9) ]\4(M(0L,b7 c), ¢, b) =a for all a,b,c € A.

To prove that M also satisfies condition (3.8), we need to show that the relation &
defined below is equal to A%:

¢:={(a,b,c,d) € A*: M(M(a,b,d),d,c) = M(a,b,c)}.

Since the graph p of M belongs to R, it follows that £ € R. If a = b, b = d,
or ¢ = d, then (a,b,c,d) € £ follows from the Mal’tsev identities. If b = ¢, then
(a,b,c,d) € £ follows from (3.9). Thus

Aqg314 U Agyp1j3 U Azgprjz U Agzjrs C &

Hence for i = 3 and i = 4, pry 3 4(§ N Apyy)) is a totally reflexive ternary relation
in R. Since k > 4, therefore by Claim 3.7 (1), R contains no nontrivial totally
reflexive ternary relation, so pry 5 4(§ N Apy)) = A3. This yields that Apy) €€ for
i = 3,4. Combining this with the inclusion in last displayed formula, we get that
¢ is totally reflexive. Since k > 4, applying Claim 3.7 (1) again we get that R
contains no nontrivial totally reflexive quaternary relation, hence it must be the
case that £ = A*. This proves that condition (3.8) holds for M.

Hence, by Lemma 3.18, M is the Mal’tsev operation x — y + z of some abelian
group A = (4;4,—,0). It follows that the clone {,u}J‘ consists of all polynomial
operations of the module gnq(a)A,; i.e., A considered as a module over its endo-
morphism ring End(A). If A is not an elementary abelian p-group (p prime), then
the module g,q(a)A is not simple, so there is a nontrivial equivalence relation 6 in
({/A}L)L = (u). However, we have (i) C R, and by our assumptions on R, there
is no nontrivial equivalence relation in R. Therefore the module g,q(a)A must be
simple, and hence A must be elementary abelian.
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This completes the proof that p is a prime affine relation. o
Claim 3.20. If3 <m < 4, then R contains a prime affine relation.

Let m = 3 or m = 4. It follows from Claims 3.13-3.17 and Claim 3.7 that either

(f) k > 4 and R contains a quaternary relation A satisfying all conditions in
(3.6), or
(1) R contains a ternary relation § of type (I) which is the graph of a quasigroup
operation.
Suppose first that (1) holds. We will argue that X is the graph of ternary oper-
ation. To this end define a ternary relation n on A as follows:

n:={(c,d,d") € A : there exist a,b € A such that
(a,b,c,d) € X and (a,b,c,d’) € \}.

Clearly, n € R. As a consequence of the first condition in (3.6), prs 4A = A? holds
for A, therefore we get that (c,d,d) € n for all b,c,d € A, ie., Ay € 7. Now
we will show that 7 M3 = Asz);. Since 7 is symmetric in its last two variables,
it suffices to argue that n N Ajp3 = Aj23. The inclusion 2 being obvious, let us
assume that (d,d,d’) € n for some d,d’ € A. Then there exist a,b € A such that
(i) (a,b,d,d) € A and (ii) (a,b,d,d") € A. But the last condition in (3.6) forces that
AN Agypr)2 = Aqgjza = AN Aqg)3)4, therefore we get a = b from (i), and then d = d’
from (ii). The equality n M t3 = Aggy just proved shows that were 1 nontrivial, a
relation obtained from it by permuting coordinates would be a nontrivial relation
of type (IT) in R, which is impossible by Claim 3.14. Thus 7 is a trivial relation,
and hence n = Ag);.

The equality n = Agz); shows that A is the graph of a function pryy 5 53A — A.
Since we have pr{1,273})\ = A3 by (3.6), A is in fact the graph of a ternary operation
M on A; that is,

A= {(a,b,c,M(a,b,c)) ta,b,c € A}.
By (3.6), A is also totally symmetric. The equality ANy = (3 from (3.6) implies that
M(a,a,¢) = M(a,c,a) = M(c,a,a) = ¢ for all a,c € A. Hence M is a minority
(so a Mal’tsev) operation. Thus M and its graph A satisfy all assumptions on
Claim 3.19. So, if £ > 4, then Claim 3.19 yields that A is a prime affine relation,
and we are done.

If k£ = 4, then using again the equality ANty = § from (3.6) we get that for arbi-
trary distinct elements a,b,c € A we have that M (a,b,c) # a,b,c. This condition,
together with the fact that M is a minority operation, uniquely determines M, so
M is the operation & — y + z of any elementary abelian 2-group (4;+, —,0) on the
4-element set A. This finishes the proof of Claim 3.20 in the case when R satisfies
condition (7).

From now on we will assume that condition (f) fails for R. As we remarked at
the beginning of the proof, in this case (f) holds for R. Let * denote the quasigroup
operation whose graph is §. We saw in the proof of Claim 3.15 that the graphs of
the left and right divisions \, / of * are obtained from § by permuting coordinates,
so they are also members of R. It follows that any operation composed from x, \,
and / has its graph in R. In particular, the Mal’tsev operation

M(z,y,z) = (z/x)\ ((x /y) * 2)
has its graph p in R.

clm-ter-quater
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Since the graph § of x satisfies d N 13 = Ajo3, we get that x is idempotent, i.e.,
axa = a for all @ € A, and for distinct a,b € A we have that a xb # a,b. If
k = 3, then there is only one such quasigroup operation on the 3-element set A,
namely 2z 4 2y of any group (A;+, —,0) on A. Hence %, \, / all coincide with this
operation, and M is the Mal’tsev operation x — y + z of the 3-element cyclic group
(A;4+,—,0). Similarly, if k¥ = 4, then there are exactly two idempotent quasigroup
operations on a 4-element set: the term operations ax + (a+ 1)y and (a4 1)x + ay
of a one-dimensional vector space over the 4-element field GF(4) = {0,1,a,a + 1}
with a2 = a + 1. In both cases M is the Mal’tsev operation « — vy + 2 of the vertor
space, and hence of its underlying elementary abelian 2-group. This proves that if
k = 3,4, then p is a prime affine relation.

From now on we will assume that k& > 4. In view of Claim 3.19, it will follow
that p is a prime affine relation if we can show that p is invariant under the cyclic
permutation (1 2 3 4) of its coordinates, and under the transposition (1 3) of its
coordinates. Since M is a Mal’tsev operation, it contains all tuples of the form
(a, a, b, b) and (a, b, b, a) (a, be A), i.e,, A12|34 U A14|23 g M.

Let p' be the intersection of all relations in R which contain Aqz34 U Aqy)as.
Clearly, ' € R and p/ C p. Since the set Ajgjz4 U Aqyppz is invariant under the
cyclic permutation (1 2 3 4) of its coordinates, and under the transposition (1 3)
of its coordinates, so is y’. On the other hand, p’ C p implies that y’ is the
graph of a function pr{1,273}u’ — A, namely the graph of the restriction of M to
(50 = pr{1,2’3}u’. The inclusion A12|34UA14|23 Q ,U,/ 1mphes that A12\3 UA1|23 Q 50.
Suppose that dy is a nontrivial relation. It follows from Claim 3.9 (2) that either
do N t3 = 13, and hence dy is totally reflexive, or dg N t3 = Ayg)3 U Aqj23. The first
case is impossible by Claim clm-m-less-k (1), since k& > 4. Therefore the second
case holds for §g, that is, up to a permutation of coordinates, dy satisfies condition
(IIT). But then by Claim 3.16, R contains a quaternary relation A satisfying (3.6).
This contradicts our assumption that (1) fails. Hence dg is a trivial relation. Since
Aqgi3 U Ajjag C do, it follows that dp = A3, This proves that u = p/. Hence p
satisfies the assumptions of Claim 3.19, and therefore p is a prime affine relation.

This completes the proof of Claim 3.20. o

Theorem 3.6 now follows from Claims 3.10, 3.12, and 3.20. O

Theorem 3.21. Let A be a k-element set (k > 3), and let R be a relational clone
on A that contains a nontrivial totally reflexive, totally symmetric relations of arity
<k. Letm (1 <m < k—1) be the largest integer such that R contains a nontrivial
m-ary totally reflexive, totally symmetric relation p, and let p be mazimal among
the nontrivial m-ary totally reflexive, totally symmetric relations in R. Then one
of the following conditions holds:

(1) p is a central relation (1 <m <k —1),

(2) p is an almost central relation (2 < m < k — 2),
(3) p is a nontrivial equivalence relation (m = 2),

(4) p is an m-regular relation (3 <m <k —1),

(5) p is an almost m-regular relation (3 <m <k —1).

Proof. If m = 1, then p is a nontrivial unary relation, so p is a central relation, and
(1) holds. From now on we will assume that m > 2.
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Form <t<k—1let
o = {(a1,...,a;) € A" : there exists ¢ € A such that
(ail,...,aim_l,c) € ,DfOI' all 1 <y <+ <1 St}

Claim 3.22. Assume m > 2. For allt (m <t <k—1), o, is a totally symmetric
relation in R. Moreover, for t = m we have that either o, = p or o, = A™.

The first statement of the claim is clear from the definition of o;. To verify the
second statement we will first argue that p C o,,. Indeed, if (a1,...,a,) € p, then
the defining condition of ¢,, holds for this tuple with the choice of a = a;, because
p is totally reflexive and totally symmetric. The maximality of p therefore implies
that o, = p or o, = A™. This completes the proof of Claim 3.22. o

We will first consider the case when o, = A™.

Claim 3.23. If m > 2 and o,, = A™, then p is either a central relation or an
almost central relation.

Assume that o, = A™. First we will argue that o, = A*~!. Suppose not, and
let ¢ be the smallest integer such that m <t < k—1 and o, # A*. Then ¢t > m and
oi—1 = A1, The latter equality and the definition of o; immediately imply that
oy is totally reflexive. By Claim 3.22, oy is also totally symmetric. Furthermore,
by the choice of ¢t we have that t > m > 2 and oy # A, so o; is nontrivial. This
contradicts the choice of m and p, and therefore proves that oj,_; = A1

Let D = {dy,da,...,dx—1} be an arbitrary (k — 1)-element subset of A. Since
(di,ds,...,dy_1) € A¥~1 = o4_1, the definition of o_; yields the existence of
an element ¢p € A such that (d;,,...,d;, ,,cp) € pforall 1 < i3 < -+ <
im—1 < k — 1. Since p is totally reflexive and totally symmetric, this shows that
D™ x {cp} Cp.

If, for some D, c¢p can chosen to be the unique element of A outside D, then
by the total reflexivity of p, A1 x {ep} C p, so cp is a central element of p and
p( #£ A™) is a central relation. Otherwise p is not a central relation, but ¢p € D
and D™~ ! x {ep} C p hold for all (k — 1)-element subsets D of A. Hence each cp
is a central element for the relation p|p, which implies that p|p is either central or
equal to D™. It cannot be the case that p|p = D™ for all (k — 1)-element subsets
of A, because, in view of m < k — 1, that would imply p = A™, contradicting the
nontriviality of p. Thus in this case p is an almost central relation. o

Claim 3.23 shows that if m > 2, then either p satisfies one of conditions (1)—(2)
of the theorem, or o, = p. Hence it remains to prove that if o,,, = p, then p satisfies
one of conditions (3)—(5). Therefore we will assume from now on that o, = p.

We define a binary relation ¢ as follows:

e:={(a,b) € A*: (a1,...,am_2,a,b) € pforall ay,...,am_1 € A}.
Notice that for m = 2 we have € = p.

Claim 3.24. Assume that m > 2 and o, = p. Then

(1) € is an equivalence relation on A, and
(2) p is e-saturated, i.e., whenever (a1,...,an) € p and (a;,b;) € € for all ¢
(1 <i<m), then (b1,...,by) € p.

In particular, if m = 2 and o9 = p, then p is a nontrivial equivalence relation.

clm-trtsl
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Assume that m > 2 and o, = p. The relation ¢ is clearly reflexive and sym-
metric, since p is totally reflexive and totally symmetric. To see that e is tran-
sitive, let (a,c),(c,b) € e. Since € is symmetric, (a,c),(b,c) € €. This means
that for arbitrary tuple (ai,...,am_2) € A™~2, both (ai,...,am_2,a,c) € p and
(a1,...,am—2,b,¢) € p, and hence, by the definition of o,,, (a1,...,am—2,a,b) €
om = p. This proves that (a,b) € ¢, and concludes the argument for (1).

To prove (2) we will first establish the following special case:

(a1,...,m—1,0) € pand (a,b) € = (a1,...,am-1,b) € p.

Indeed, let (ai,...,am—1,a) € p and (a,b) € . Writing a,, for b, the latter
condition implies that (a,,,a) € €, and hence (a;,,...,a;,,_,,a) € pforall 1 <i; <
cor < dypeg < lpm—1 = m. Combining this with the assumption (a,...,am—1,a) € p
we obtain that (ai,...,am-1,b) = (a1,...,am-1,0m) € 0 = p. This proves the
displayed propery of p. Since p is totally symmetric, p has analogous properties in
all coordinates. Hence, appying these properties in each coordinate one-by-one, we
get the stronger property stated in (2).

Finally, as we observed after the definition of €, in the case when m = 2, ¢ is
equal to p. Hence in this case p is an equivalence relation, which is nontrivial by
assumption. o

The last statement of Claim 3.24 proves that if o, = p holds with m = 2, then
p satisfies condition (3) of the theorem. Therefore we are left with proving that if
m > 3 and o, = p, then p satisfies one of conditions (4)—(5) of the theorem. Hence
we will assume from now on that m > 3 and o,,, = p.

For m <t < k —1 let p; denote the set of all t-tuples b = (by,...,b;) € A"
such that pr;(b) € p for all t-element subsets I of {1,...,¢}. Furthermore, for
m<t<k-—1let

7 :={(ai,...,a;) € A : there exists (c1,...,c;) € p; such that
(ail,...,aimfl,cij) cp
forall 1 <i; < <ipo1 <t, 1 <j<m-—1}.
We start with an analog of Claim 3.22.

Claim 3.25. Assume m > 3. For allt (m <t < k—1), p; and 74 are totally
symmetric relations in R. Moreover, for t = m, either 7, = p or 7, = A™.

The first statement of the claim is clear from the definitions of p; and ;. To prove
the second statement we will first show that p C 7,,,. Let (a1,...,a,) € p. Clearly,
Pm = p, so we can choose (¢1,...,¢n) to be (a1,...,a,). With this choice the
condition for (aq,...,a.) to belong to 7, clearly holds, since p is totally reflexive.
This proves that p C 7,,. Now the maximality of p implies that 7,,, = p or 7,, = A™,
completing the proof of Claim 3.25. o

Definition 3.26. For m > 3 an m-ary relation § on A is called strongly homoge-
neous if for all (ai,...,a,,) € A™ and (¢, ..., ¢n) € § such that

(@1,...,8i-1,¢5,Qit15-..,0m) €0 whenever i # j (1 <i,j5 <m),
it is the case that (a1,...,a;,) € 4.

Using the assumption that p is totally symmetric, one can easily see that that
p is strongly homogeneous if and only if 7,,, C p. As we have seen in the proof of
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Claim 3.25, p C 7, also holds. Thus
Tm =p <= p is strongly homogeneous.
Claim 3.27. If m > 3 and o, = p, then p is strongly homogeneous.

Assume that m > 3 and o,,, = p. By the previous claim we have either 7,, = p
or 7,, = A™. In the first case we are done. To prove that the second case is
impossible, we assume for the rest of the proof that 7,,, = A™, and work towards a
contradiction.

First we will argue that 7,_; = A*¥~!. Suppose not, and let ¢ be the smallest
integer such that m <t < k—land 7, # A*. Thent > mand 7,_; = A*~!. We want
to show that 74 is totally reflexive. Since 7; is totally symmetric (see Claim 3.25),
it suffices to show that (a1,a1,az,...,a;—1) € 7 for all (ay,...,a;_1) € A*7L If
(ai,...,a;_1) € A*=1 then also (ay,...,a;_1) € T4_1, as 74_1 = A~L. Thus there
exists (c1,...,ct—1) € pi—1 such that (a;,,...,a;, ,,¢;) €pforall 1 <ip <--- <
im—1 <t—1land 1<j<m—1. But then (by,b1,b2,...,b;_1) € p; and this tuple
witnesses that (a1,a1,a2,...,a;,-1) € 7¢. Thus 7 is totally reflexive and totally
symmetric. Furthermore, by the choice of t we have that t > m > 2 and 7; # A%, so
7+ is nontrivial. This contradicts the choice of m and p, and therefore proves that
Th—1 = AF-1,

Now let D = {dy,ds,...,dr_1} be an arbitrary (k — 1)-element subset of A.

Since (dy,ds,...,dx_1) € A¥=' = 75,1, the definition of 7,_; yields the existence
of a (k — 1)-tuple (c1,...,cx—1) € A¥~1 such that
(i) (Ciyy--vrci,)Epforalll <iy < -+ <ip <k—1, and
(i) (diys-..ydip,_y,ci;) € pforall 1 <idyp <--- <y g <k—Tland 1 <5<
m — 1.

Our goal is to show that D™ C p. This will yield the desired contradiction, because
m < k —1, and therefore the inclusion D™ C p for all (k — 1)-element subsets D of
A implies that p = A™, which contradicts our assumption that p is nontrivial. To
show that D™ C p we will consider two cases.

Case 1: ¢1,...,c_1 € D.

Since p is totally reflexive, D™ C p will follow if we show that every m-tuple of
distinct elements of D belongs to p. Without loss of generality, it suffices to do the
proof for the m-tuple (di,...,d,). We will prove (di,...,d,) € p by showing that

() (dv,...,di,cr41,...,¢m) Epforalll=0,1,...,m.
We proceed by induction on . For I = 0 statement (x) is (¢1,...,¢m) € p,
which is true by (i). Now assume that (%) holds for I (> 0), and prove it for
[ + 1; that is, we assume that (di,...,d;,c41,C42...,¢m) € p, and want to
prove that (di,...,d;,di41,¢42...,¢m) € p. Since o, = p, it suffices to prove
that (di,...,d;,diy1,¢42...,¢m) € Om. By the definition of o, and the to-
tal symmetry of p, this will follow if we check that every m-tuple obtained from
(di,...,di,diy1,¢149 . . ., cm) by replacing one of the coordinated by ¢;11 belongs to
p. The m-tuple obtained by replacing d;11 by ¢;41 is (d1,...,d;, ci41,¢C142 -+, Cm)s
which belongs to p by assumption. The m-tuples obtained by replacing some c;
(I+1 < i < m) with hace two occurences of ¢;11, and hence will belong to p since
p is totelly reflexive. The remaining m-tuples, those obtained by replacing some d;
(1<i<l+1)by ¢y, will all contain both ¢;11 and d;11 among their coordinates,
and will have all unchanged coordinates d; (1 < j <I+1,j#1i),¢; (1+2<j<m)

clm-strhomog
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in D (by the assumption of Case 1). Therefore these m-tuples will belong to p by
condition (ii) and by the total symmetry of p, if the unchanged coordinates are
distinct, and by the total reflexivity of p otherwise. This completes the induction
and hence the proof of D™ C p in Case 1.

Case 2: Some ¢; ¢ D, so A= D U {¢;}.

We will show that in this case (¢j,d;) € e, that is, (a1,...,am-2,¢j,d;) €
p for all ai,...,am—2. Since p is totally reflexive, (ai,...,am—2,¢;,d;) € p is
clear if the coordinates of this m-tuple are not pairwise distinct. Therefore as-
sume that the coordinates are distinct. Then {as,...,am—2,d;} = D, and hence
(@1,...,am—2,¢j,d;) € p follows from (ii) and the total symmetry of p. Thus
(¢j,d;) € €, as claimed. Now get from Claim 3.24 (2) that if we replace ¢; by d; in
(c1,...,cx—1) we get a new tuple (c},...,c)_,) which satisfies the same conditions
(1)—(ii) as (c1,...,ck—1), but also satisfies the assumption of Case 1. Therefore
D™ C p follows from Case 1. This finishes the proof of Claim 3.25. o

Definition 3.28. Let B be a finite set, let m > 3, and let U = {1,2,...,m}.

e An m-ary relation § on B is called universal if for some r > 1 there exists
a surjective function f: U" — B such that f[(:{)"] C 6.

e An me-ary relation d on B will be called almost universal if it is not universal,
but for every subset D of B of size |D| = |B| — 1 there exist » > 1 and a
surjective function f: U™ — D such that f[(:%,)"] C 6.

Claim 3.29. If m > 3, then p is either universal or almost universal.
Let U = {1,2,...,m}. We define relations x; for m <t < k as follows:
xt :={(a1,...,a;) € A" : {a1,...,a;} is contained in the range of
some f: U” — A such that f[(c}))"] C p}.

Clearly, p is universal if and only if y, = A*¥ and p is almost universal if and only
if xi # AF, but yp_1 = AF~1. Since x; = A* implies that yr_1 = A*~1, we will
be done if we prove that y,_; = A¥1.

Suppose xx_1 # A¥~1, and let ¢ be the smallest integer such that m <t < k—1
and x; # A!. It cannot be the case that t = m, because x,, = A™, as we will argue
now. Indeed, for arbitrary tuple (ai,...,am,) € A™ consider the unary function
f:U— Ayiva; (1<i<m). Itisclear that f[1U] C p, since p is totally reflexive.
Thus f witnesses that (ai,...,am,) € Xm, and hence proves that x,, = A™. Thus
t > m, and hence by the minimality of ¢, x;—1 = A'~!. This implies that every
m-~tuple with fewer than m distinct coordinates belongs to X.n, SO X, is totally
reflexive. It is clear from the definition that x,, is also totally symmetric.

Now we want to argue that x; € (p), and hence x; € R. To this end it suffices to
show that x; is preserved by all operations preserving p. So, let g be an arbitrary
operation preserving p, say g is n-ary, and let a(®) = (a&i), cee agi)) ext (1<i<n).
Then, there exist functions f;: U™ — A (1 < i < n) such that {a(ll), . .,ay)} is

contained in the range of f; and f;[(:¥)"] C p. Choose ugi) € U™ such that

ag-i) :fl-(u;i)) 1<i<n,1<j<t). Letr=r1+---r, and let f: U™ — A be the
function defined by

o~

flay,.o o xy) = g(fi(r, o @m)s fo(Tr a1y - ooy Tyt )s

e fn(xrl+...+Tn_1+17 et ?'T’I"))'
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Then fwitnesses that g(aV,...,a() € x,. Indeed, the j-th coordinate of the
t-tuple g(a, ... a) is

g(af?, ... af) = g(fi(ufY), o fu(@f™)) = Flaf, L uf),
which is in the range of f forall j (1< n). Moreover,
FIGE)T = g[ALE)™],. ..,an Yy Cglp,-...pl Cp,

as g preserves p. This shows that g preserves y;, and hence proves that x; € R.
Summarizing, x; # A’ is a nontrivial totally reflexive, totally symmetric relation
in R whose arity is ¢ > m. By our assumptions on p, such a relation does not
exist in R. This contradiction proves that yx_1; # A*~!, and concludes the proof
of Claim 3.29. o

To finish the proof of Theorem 3.21 we will use the lemma below, which is part
of the proof of Rosenberg’s Theorem (see, e.g., Rosenberg|[], Quackenbush[], Laul]).

Lemma 3.30. ([|,[],[]) Let B be a finite set, let m > 3, and let & be an m-ary
relation on B such that p £ B™. If § is totally reflexive, totally symmetric, strongly
homogeneous, and universal, then 0 is an m-reqular relation.

Claim 3.31. If m > 3 and o, = p, then p is either m-reqular or almost m-reqular.

By assumption, p # A™ and p is totally reflexive, totally symmetric. By
Claim 3.27, p is also strongly homogeneous. Finally, by Claim 3.29, p is either
universal or almost universal. If p is universal, then all assumptions of Lemma 3.30
hold for p, so we get that p is an m-regular relation on A.

For the rest of the proof of the claim let us assume that p is almost universal.
Let D be a (k — 1)-element subset of A, and let pp = p N D™ be the restric-
tion of p to D. Clearly, pp is totally reflexive and totally symmetric. Since p
is almost universal, there exist = > 1 and a function f: U" — A such that the
range of f contains D and f[(t¥)"] C p. As p is not universal, f is not onto.
Hence the range of f is D. So, the function fp obtained from f by changing its
codomain to D we get a surjective function fp: U” — D such that fp[(:J)"] C
pN D™ = pp. This proves that pp is universal. Finally, we want to show that pp
is strongly homogeneous. Let (ai,...,a,,) € D™ and (c1,...,¢y) € pp be such
that (a1,...,@i-1,¢j,Qi41,...,am) € pp whenever ¢ # j (1 < 4,5 < m). Then
(a1,...,am) € A™ and (c1,...,¢n) € p satisfy (a1,...,ai-1,¢5,0ip1,...,am) € p
whenever i # j (1 < 4,5 < m). Hence the strong homogeneity of p implies that
(a1,...,am,) € p. But also (ai,...,a,,) € D™, so (ai,...,an,) € pp, as required.
This shows that pp is a totally reflexive, totally symmetric, strongly homogeneous
and universal relation on D. It follows from Lemma 3.30 that either pp = D™ o
pp is m-regular. Since this conclusion holds for all (k — 1)-element subsets D of A7
and p is not m-regular, we conclude that p is almost m-regular. o

Claim 3.31 proves that if m > 3 and o,, = p, then p satisfies one of conditions
(4)—(5) of the theorem. This finishes the proof of Theorem 3.21. O

4. COMPLETENESS CRITERIA FOR & AND &™

Theorem 4.1. Let A be a k-element set (k > 3). The mazimal subclones of
Stupecki’s clone S are the following clones:

(1) S(T~ UG) where G is a maximal subgroup of the symmetric group on A;

Im-Ros
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(2) Sp—2 if k> 3;
(3) Burle’s clone B if k = 3.

Theorem 4.2. Let A be a k-element set (k > 3). Every maximal subclone of S~
is of the form S~ N {p}l for one of the relations p of types (1), (4)—(9) listed in
Theorem 2.1.

Proof. Let C be a proper subclone of S~. Then S~ ¢ C, therefore by Theorem 2.1,
C C {p}" holds for one of the relations p listed in Theorem 2.1 (1)—(9). Hence
also C C S~ N {p}* for one of these relations. If p is a prime permutation of
order p (p prime), and hence k = |A| = np for some integer n > 1, then every
operation preserving p has range that is a union of some of the p-element orbits of
p. Therefore every nonsurjective operation preserving p has range of size at most
r = k — p. In particular, if £ = p, this means that every operation in S~ N {p}J‘
has to be a projection. Similarly, if p is a prime affine relation associated to an
elementary abelian p-group A = (A;+,—,0), and hence k = p™ for some integer
n > 1, then every operation preserving p has range that is a coset of a subgroup of
A. Therefore every nonsurjective operation preserving p has range of size at most
r = k/p. In particular, if k& = p, this means that every operation in S~ N {p}l is
either a projection or constant. Thus, in both cases we have

oy C Sy = {u_1}" ifk>p,
S n{pytCTHYCS,={u}" ifk=p>3,
(T-)yCB={s}" if b =p=3.

Since ¢;—1 is one of the almost m-regular relations, this shows that C C S™ N {p}J‘
holds for one of the relations of types (1), (4)—(9) in Theorem 2.1. In particular,
every maximal subclone of S~ is equal to one of these clones S~ N {p}*. This
completes the proof. ([l
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