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The Modular Commutator

Algebras, Varieties

A, an algebra

Congruences of A
= kernels of homomorphisms A — A’
= equivalence relations on A that are subalgebras of A x A

@ Con(A) is a lattice

A. Szendrei Commutator Theory Tutorial, Part 1



The Modular Commutator

Algebras, Varieties

A, an algebra

Congruences of A
= kernels of homomorphisms A — A’
= equivalence relations on A that are subalgebras of A x A

@ Con(A) is a lattice

Variety: equationally definable class of algebras
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The Modular Commutator
Congruence Modular Varieties

Avariety V is
@ congruence modular (CM) if
Vicon a<y—(aVB)Ay=aV(BA7),
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Congruence Modular Varieties

Avariety V is
@ congruence modular (CM) if
Vicon a<y—(aVB)Ay=aV(BA7),
@ congruence distributive (CD) if
Vicon (@VB)Ay=(aAy)V(BAY)
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The Modular Commutator
Congruence Modular Varieties

Avariety V is
@ congruence modular (CM) if
Vicon a<y—(aVB)Ay=aV(BA7),
@ congruence distributive (CD) if
Vicon (@VB)Ay=(aAy)V(BAY)
@ congruence permutable (CP) if
V Econ a0 =foa.
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Congruence Modular Varieties

Avariety V is
@ congruence modular (CM) if
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The Modular Commutator
Congruence Modular Varieties

Avariety V is
@ congruence modular (CM) if
VEcon a<y—(aVB)Ay=aV(BAY);
@ congruence distributive (CD) if
Vicon (@VB)Ay=(aAy)V(BAY)
@ congruence permutable (CP) if
V Econ a0 =foa.
CD=—CM, CP=CM

Examples of CM varieties: varieties of
@ lattices, algebras with lattice reducts;
@ implication algebras;
@ groups, algebras with group reducts (rings, modules);
@ quasigroups.
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The Modular Commutator

The HSP Theorem and Skew Congruences

Birkhoff's HSP Theorem. Vs a variety <= HSP(V) =V

Corollary. The variety generated by a class K of algebras is
V(K) = HSP(K).
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The Modular Commutator

The HSP Theorem and Skew Congruences

Birkhoff's HSP Theorem. Vs a variety <= HSP(V) =V

Corollary. The variety generated by a class K of algebras is
V(K) = HSP(K).

V(K)>A/0 « A <sq[]i A, Ai=pr(A)<Biek
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The Modular Commutator

The HSP Theorem and Skew Congruences

Birkhoff's HSP Theorem. Vs a variety <= HSP(V) =V

Corollary. The variety generated by a class K of algebras is
V(K) = HSP(K).

V(K)>A/0 « A <sq[]i A, Ai=pr(A)<Biek

Congruences of A:

@ product congruences: 0 = [[; 6, 6; € Con(A)
A0 =TIAi/6

@ skew congruences: all others
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The Modular Commutator

The HSP Theorem and Skew Congruences

Birkhoff's HSP Theorem. Vs a variety <= HSP(V) =V

Corollary. The variety generated by a class K of algebras is
V(K) = HSP(K).

V(K)>A/0 « A <sq[]i A, Ai=pr(A)<Biek

Congruences of A:

@ product congruences: 0 = [[; 6, 6; € Con(A)
A0 =TIAi/6

@ skew congruences: all others

Commutator theory is a tool for understanding skew
congruences in CM varieties.
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The Modular Commutator

Examples

Two Examples:

Fo x Fj: F2 I:I Gy x Ga: G I:I
FZ Gz
Con(F2 x Fp): 1 ConG; x Gy): 1
Ui 2 m 2
0 0
No skew congruence A is a skew congruence
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The Modular Commutator
Diagonal Congruences

a, € ConA); AB) =B (<A XA

A, = least A € ConA(p)) s.t.
A (a,a) A (b,b) forallaab
/

.

A. Szendrei

Commutator Theory Tutorial, Part 1



The Modular Commutator
Diagonal Congruences

a, € ConA); AB) =B (<A XA
A, = least A € ConA(p)) s.t.

A (a,a) A (b,b) forallaab
L/ M(a, 3) := subalg. of A* generated by
d {E ng g]:aab,cﬁd}
A
/8} | |
al T T 1
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The Modular Commutator
Diagonal Congruences

a, € ConA); AB) =B (<A XA

A, = least A € ConA(p)) s.t.
A (a,a) A (b,b) forallaab

L/ M(a, 3) := subalg. of A* generated by

£ {o 8 [ 4] aab cna}
@ rows € A(f)

@ M(a, ) is a reflexive, symmetric
compatible binary relation on A(3)
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The Modular Commutator
Diagonal Congruences

a, € ConA); AB) =B (<A XA

A, = least A € ConA(p)) s.t.
A (a,a) A (b,b) forallaab

L/ M(a, 3) := subalg. of A* generated by

£ {o 8 [ 4] aab cna}
@ rows € A(f)

@ M(a, ) is a reflexive, symmetric
compatible binary relation on A(3)

Hence: A, 3 = transitive cl. of M(«, 3)
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The Modular Commutator
Definition of the Modular Commutator

N1, M2, A i= Aq g € CONA(B)); mAm2=0
Sublattice they generate is a homomorphic image of:
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The Modular Commutator
Definition of the Modular Commutator

N1, M2, A i= Aq g € CONA(B)); mAm2=0
Sublattice they generate is a homomorphic image of:

1

A skew
= A< (AVn)A(AVR)
=&
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The Modular Commutator
Definition of the Modular Commutator

N1, M2, A i= Aq g € CONA(B)); mAm2=0
Sublattice they generate is a homomorphic image of:

1
: A skew
— A< (AVn)A(AVR)
=&
= e <Py
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The Modular Commutator
Definition of the Modular Commutator

N1, M2, A i= Aq g € CONA(B)); mAm2=0
Sublattice they generate is a homomorphic image of:

A(B)

A skew

= A < (AVn)A(AVRR)
=&

=K a1 A\

A. Szendrei Commutator Theory Tutorial, Part 1



The Modular Commutator
Definition of the Modular Commutator

N1, M2, A i= Aq g € CONA(B)); mAm2=0
Sublattice they generate is a homomorphic image of:

A(B)

A skew

= A < (AVn)A(AVRR)
=&

=K a1 A\
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The Modular Commutator
Definition of the Modular Commutator

N1, M2, A i= Aq g € CONA(B)); mAm2=0
Sublattice they generate is a homomorphic image of:

A(B)

A skew
= A < (AVn)A(AVRR)
=&

=K a1 A\
= [a,f] < ang
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The Modular Commutator

Alternative Definition of the Modular Commutator

a,3,0,... € Con(A)
Definition. « centralizes 3 modulo 6, C(«, 3;9), if

e for all [t U}EM(a,ﬁ), tdu <= viw
vVow
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The Modular Commutator

Alternative Definition of the Modular Commutator

a,3,0,... € Con(A)
Definition. « centralizes 3 modulo 6, C(«, 3;9), if

e for all [t U}EM(a,ﬁ), tdu <= viw
vV ow
It follows:

® C(a, 8:0i) (i €l) = C(a, 5 \ig 9)
@ there is a least ¢ such that C(«, 53; 0)
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The Modular Commutator

Alternative Definition of the Modular Commutator

a,3,0,... € Con(A)
Definition. « centralizes 3 modulo 6, C(«, 3;9), if

e for all [t U}EM(a,ﬁ), tdu <= viw
vV ow
It follows:

® C(a, 8:0i) (i €l) = C(a, 5 \ig 9)
@ there is a least ¢ such that C(«, 53; 0)

Theorem. [a, (] is the least § such that C(«, 3;9).
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The Modular Commutator
Interpretation of the Modular Commutator

Groups: [M,N] = [M,N] (actually: [0u,On] = OpmN)
Rings: [I,LJ]=1-3J+4+J -1

Lie algebras: [I,J] = [I,J]

Modules: [U,V]=0

Lattices: [o, 8] =aAp

A. Szendrei Commutator Theory Tutorial, Part 1



The Modular Commutator
Properties of the Modular Commutator

Order theoretical properties:
@ monotonicity: o/ < o, ' < = [/, ] < [o, 5]
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The Modular Commutator
Properties of the Modular Commutator

Order theoretical properties:
@ monotonicity: o/ < o, ' < = [/, ] < [o, 5]
° [a,f]<anp
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The Modular Commutator
Properties of the Modular Commutator

Order theoretical properties:
@ monotonicity: o/ < o, ' < = [/, ] < [o, 5]
o [a,f]<anp
@ commutativity: [«, 5] = [3, o]
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The Modular Commutator
Properties of the Modular Commutator

Order theoretical properties:
@ monotonicity: o/ < o, ' < = [/, ] < [o, 5]
o [a,f]<anp
@ commutativity: [«, 5] = [3, o]
@ additivity: [\ o, 8] = V[, 5]
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The Modular Commutator
Properties of the Modular Commutator

Order theoretical properties:
@ monotonicity: o/ < o, ' < = [/, ] < [o, 5]
o [a,f]<anp
@ commutativity: [«, 5] = [3, o]
@ additivity: [\ o, 8] = V[, 5]

Consequence: TFAE for a CM variety V:
(1) visCD
(2) S <sdA xB (A,B € V) = S has no skew congruences

(€)% ):Con [0475] =aANf
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The Modular Commutator
Properties of the Modular Commutator

HSP properties:

5
o if A% Bisanonto homomorphism >\) (TV”
with kernel ¢, then /) Con®)
5[ 0) = [0~ (), 60N v ST
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The Modular Commutator
Properties of the Modular Commutator

HSP properties:

5
o if A% Bisanonto homomorphism >\) (TV”
with kernel ¢, then /) Con®)
5[ 0) = [0~ (), 60N v ST

0
@ [ofg,Blg] <[ Blls if B <A, a,8 e ConA)
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The Modular Commutator
Properties of the Modular Commutator

HSP properties:

5
o if A% Bisanonto homomorphism >\) (TV”
with kernel ¢, then /) Con®)
5[ 0) = [0~ (), 60N v ST

0
@ [ofg,Blg] <[ Blls if B <A, a,8 e ConA)

@ [axd,fxf]=]apf] x[d,F]

for product congruences of S <¢gA x A’

A. Szendrei Commutator Theory Tutorial, Part 1



The Modular Commutator
Properties of the Modular Commutator

HSP properties:

5
o if A% Bisanonto homomorphism >\) (TV”
with kernel ¢, then /) Con®)
5[ 0) = [0~ (), 60N v ST

0
@ [ofg,Blg] <[ Blls if B <A, a,8 e ConA)

° [axa,3xf]=][af]x[,7]

for product congruences of S <¢gA x A’

Abelian algebras and congruences:
«a is abelian if [o, o] = 0; Ais abelianif [1,1] =0
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The Modular Commutator
Properties of the Modular Commutator

HSP properties:

5
o if A% Bisanonto homomorphism >\) (TV”
with kernel ¢, then /) Con®)
5[ 0) = [0~ (), 60N v ST

0
@ [ofg,Blg] <[ Blls if B <A, a,8 e ConA)

° [axa,3xf]=][af]x[,7]

for product congruences of S <¢gA x A’

Abelian algebras and congruences:
«a is abelian if [o, o] = 0; Ais abelianif [1,1] =0

@ Abelian algebras (blocks of abelian congruences)
are essentially modules
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Application 1 A Jonsson-type Theorem

Subdirectly Irreducible Algebras

A is subdirectly irreducible (SI) if
AT B =  someprois1-1
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Application 1 A Jonsson-type Theorem

Subdirectly Irreducible Algebras

A is subdirectly irreducible (SI) if

A<STBi = somepr ocis 1-1 1
Con(A)
A S| <= Con(A) is monolithic, i.e., of the form

o=
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Application 1 A Jonsson-type Theorem

Subdirectly Irreducible Algebras

A is subdirectly irreducible (SI) if
AT B =  someprois1-1
Con(A)
A S| <= Con(A) is monolithic, i.e., of the form

Birkhoff’s SI Theorem.
Every algebra is a subdirect product of Sl algebras.
Hence V = Pgy(Vs)) for every variety V.
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Application 1 A Jonsson-type Theorem

Subdirectly Irreducible Algebras

A is subdirectly irreducible (SI) if
AT B =  someprois1-1
Con(A)
A S| <= Con(A) is monolithic, i.e., of the form

Birkhoff’s SI Theorem.
Every algebra is a subdirect product of Sl algebras.
Hence V = Pgy(Vs)) for every variety V.

Vis
@ residually small if 3 cardinality bound on the Sisin V
@ residually large otherwise
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Application 1 A Jonsson-type Theorem

A Jbénsson-type Theorem

Jonsson’s Theorem. For a CD variety V = V(K),
@ AcVs = A € HSPyK).
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Application 1 A Jonsson-type Theorem

A Jbénsson-type Theorem

Jonsson’s Theorem. For a CD variety V = V(K),
@ AcVs = A € HSPyK).
Note: HSP(K) = HS(K) if K is a finite set of finite algebras.
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Application 1 A Jonsson-type Theorem

A Jbénsson-type Theorem

Jonsson’s Theorem. For a CD variety V = V(K),
@ AcVs = A € HSPyK).
Note: HSP(K) = HS(K) if K is a finite set of finite algebras.

The centralizer, of, of « is the largest v such that [y, a] = 0.
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Application 1 A Jonsson-type Theorem

A Jbénsson-type Theorem

Jonsson’s Theorem. For a CD variety V = V(K),
@ AcVs = A € HSPyK).
Note: HSP(K) = HS(K) if K is a finite set of finite algebras.

The centralizer, of, of « is the largest v such that [y, a] = 0.

If 11 is the monolith of an S,
W#0 <— u*>p < [u,pu]=0 <= pabelian
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Application 1 A Jonsson-type Theorem

A Jbénsson-type Theorem

Jonsson’s Theorem. For a CD variety V = V(K),
@ AcVs = A € HSPyK).
Note: HSP(K) = HS(K) if K is a finite set of finite algebras.

The centralizer, of, of « is the largest v such that [y, a] = 0.

If 11 is the monolith of an S,
W#0 <— u*>p < [u,pu]=0 <= pabelian

Theorem. For a CM variety V = V(K),
@ A € Vg with monolith p = A/u® € HSPy(K).
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Application 1 A Jonsson-type Theorem

A Special Case

Recall: V(K)3>A/0 « A <[[[Ai, Ai=pr(A)<Biek
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Application 1 A Jonsson-type Theorem

A Special Case

Recall: V(K)3>A/0 « A <[[[Ai, Ai=pr(A)<Biek
Special Case of Theorem. For a CM variety V = V(K),

o A’ =A/6 € Vg with monolith u, A <¢4B xC (B,C € K)
— (i) A’ € H(B,C) or
(i) [u,p] =0, A’/u® € H(B,C).
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A Jénsson-type Theorem

Application 1

A Special Case

Recall: V(K)3>A/0 « A <[[[Ai, Ai=pr(A)<Biek
Special Case of Theorem. For a CM variety V = V(K),

@ A’ =A/6 € Vs with monolith u, A <¢4B xC (B,C € K)
— (i) A’ € H(B,C) or
(i) [u,p] =0, A’/ut € H(B,C).

Con(A) Con(A’)
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A Jénsson-type Theorem

Application 1

A Special Case

Recall: V(K)3>A/0 « A <[[[Ai, Ai=pr(A)<Biek
Special Case of Theorem. For a CM variety V = V(K),

@ A’ =A/6 € Vs with monolith u, A <¢4B xC (B,C € K)
— (i) A’ € H(B,C) or
(i) [u,p] =0, A’/ut € H(B,C).

Con(A) ConA’) B m<forn<6 = (i)
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Application 1 A Jonsson-type Theorem

A Special Case

Recall: V(K)3>A/0 « A <[[[Ai, Ai=pr(A)<Biek
Special Case of Theorem. For a CM variety V = V(K),

@ A’ =A/6 € Vs with monolith u, A <¢4B xC (B,C € K)
— (i) A’ € H(B,C) or
(i) [u,p] =0, A’/ut € H(B,C).

Con(A) ConA’) B m<forn<6 = (i)
W L2 = nVve=6"
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Application 1 A Jonsson-type Theorem

A Special Case

Recall: V(K)3>A/0 « A <[[[Ai, Ai=pr(A)<Biek
Special Case of Theorem. For a CM variety V = V(K),
@ A’ =A/6 € Vs with monolith u, A <¢4B xC (B,C € K)
— (i) A’ € H(B,C) or
(i) [u,p] =0, A’/ut € H(B,C).

Con(A) ConA’) B m<forn<6 = (i)
By L0,npLd = npVve>0*
[1V0,60"] < [m V8, n2VH]
<(mAm)Vve=20
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Application 1 A Jonsson-type Theorem

A Special Case

Recall: V(K)3>A/0 « A <[[[Ai, Ai=pr(A)<Biek
Special Case of Theorem. For a CM variety V = V(K),

@ A’ =A/6 € Vs with monolith u, A <¢4B xC (B,C € K)
— (i) A’ € H(B,C) or
(i) [u,p] =0, A’/ut € H(B,C).

Con(A) ConA’) B m<forn<6 = (i)
By L0,npLd = npVve>0*
[1V0,60"] < [m V8, n2VH]
<(mAm)Vve=20
= (mVve)/o<puc
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Application 1 A Jonsson-type Theorem

A Special Case

Recall: V(K)3>A/0 « A <[[[Ai, Ai=pr(A)<Biek
Special Case of Theorem. For a CM variety V = V(K),

@ A’ =A/6 € Vs with monolith u, A <¢4B xC (B,C € K)
— (i) A’ € H(B,C) or
(i) [u,p] =0, A’/ut € H(B,C).

Con(A) ConA") M ny<forn<6 = (i)
B L0mnpgd = nvo=>0"
[mVO,0%] < [mVve,n2Vvo]
S(mAn)Vve=20
= (mVv)/0<u
= A/ uf« A/(mVE) «B
= (i)
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