Clones of algebras with parallelogram terms

A. Szendrei

Department of Mathematics
University of Colorado at Boulder

Joint work with K. Kearnes

Conference on Order, Algebra, and Logics
Nashville, June 12-16, 2007

A. Szendrei Clones of algebras with parallelogram terms



Parallelogram Property and Parallelogram Terms

Algebraic Relations

A, an algebra

An (-ary relation R C A’ is an algebraic relation of A

LLR=(R;..) <A
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Parallelogram Property and Parallelogram Terms

Algebraic Relations

A, an algebra

An (-ary relation R C A’ is an algebraic relation of A

LLR=(R;..) <A

Central in
@ clone theory and
@ duality theory,
due to

Fact. f is locally in Clo(A) <= f preserves all alg. rel's of A
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Parallelogram Property and Parallelogram Terms

Critical Relations

R, an /-ary algebraic relation of A

R or the corresponding subalgebra R < A’ is

o critical 2L completely (-irreducible in Sub(A?)
& directly indecomposable: R # pry (R) x pry (R)
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Critical Relations

R, an /-ary algebraic relation of A

R or the corresponding subalgebra R < A’ is

o critical 2L completely (-irreducible in Sub(A?)
& directly indecomposable: R # pry (R) x pry (R)

Examples. Critical relations of a
@ primal algebra: equality relation
@ 1-dim. vector space: solution set of 3/, cix; = 0, ¢; # 0
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Fact. f is locally in Clo(A) <= f preserves all critical rel's of A

A. Szendrei Clones of algebras with parallelogram terms



Parallelogram Property and Parallelogram Terms
NU Algebras

Theorem. For a variety V and k > 1:

VAeV W >k — V has a
there is no critical R < A’ k-NU term U:
y X y y
VEU]|. , 1 =1.
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Parallelogram Property and Parallelogram Terms
NU Algebras

Theorem. For a variety V and k > 1:

VAeV W >k — V has a
there is no critical R < A’ k-NU term U:
y X y y
VEU|". =

—1(R) x A

Baker—Pixley Theorem:
R=NCi(R) if >k
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Parallelogram Property and Parallelogram Terms

Maltsev Algebras and the Parallelogram Property

(m,n)-// in A% m mm |’<fl:r|n=Tr ‘I?EE
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Parallelogram Property and Parallelogram Terms

Maltsev Algebras and the Parallelogram Property

(m,n)-/7 in A% [i‘] [2] la| = |b| = m
AR
3 4

R < Af has the
@ (m,n)-// property Lel <[a] , [(ﬂ , {3] ER= [E] € R>

c

e / / property Lel (m,n)-/_/ property Ym+n =1/
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Parallelogram Property and Parallelogram Terms

Maltsev Algebras and the Parallelogram Property

(m,n)-/7 in A% [i‘] [2] la| = |b| = m
AR
3 4

R < Af has the
Def a a b b
@ (m,n)-// property < <[C] , [d} , {d] ER= [c] € R>
e / / property Lel (m,n)-/_/ property Ym+n =1/

Theorem. VAeY W VY has a

. all critical R < A? have the /_/ property = Maltsev term M:

ol E)- ()
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Parallelogram Property and Parallelogram Terms

A Common Generalization

For a variety V and k > 1:

- VAeVY VI >k — V has a
there is no critical R < Af k-NU term
VAeV W VY has a

all critical R < A? have the /_/ property = Maltsev term
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A Common Generalization

For a variety V and k > 1:

VAecV W>Kk VY has a

u there is no critical R < Af = K-NU term

- VAV W/ — VY has a
all critical R < A? have the /_/ property Maltsev term

- VAeV W >k
all critical R < A? have the /_/ property
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Parallelogram Property and Parallelogram Terms

A Common Generalization

For a variety V and k > 1:

VAecV W>Kk VY has a

u there is no critical R < Af = K-NU term

- VAV W/ — VY has a
all critical R < A? have the /_/ property Maltsev term

- VAeV W >k PN V has a
all critical R < A? have the /_/ property ??7? term
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Parallelogram Property and Parallelogram Terms

Parallelogram Terms
To prevent failure of (m, n)-ﬂ property

R < Ak critical, k =m +n
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Parallelogram Property and Parallelogram Terms

Parallelogram Terms
To prevent failure of (m, n)-ﬂ property

R < Ak critical, k =m +n

Prevented by (m,n)-// term:

Xxyzyyy y

X X Y|y zy y y
VP —
':m’”yxxy y z y y
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Parallelogram Property and Parallelogram Terms

Parallelogram Terms

Characterization Theorem

Theorem. TFAE for V and k > 1:
(i) V has an (m,n)-//term forsome m+n =k (m,n > 1).
(i) v has (m,n)-//termsforallm+n >k (m,n>1).

k-/ /term =any (m,n)-//term with m +n =k

A. Szendrei Clones of algebras with parallelogram terms



Parallelogram Property and Parallelogram Terms

Parallelogram Terms

Characterization Theorem

Theorem. TFAE for V and k > 1:
(i) V has an (m,n)-//term forsome m+n =k (m,n > 1).
(i) v has (m,n)-//termsforallm+n >k (m,n>1).

k-/ /term =any (m,n)-//term with m +n =k

Theorem. For a variety V and k > 1:

- VAeV W >k PN VY has a
all critical R < A? have the // property k-/ / term
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Parallelogram Property and Parallelogram Terms

Edge Terms

Berman, Idziak, Markovi¢, McKenzie, Valeriote, Willard (2006)

Theorem. (BIMMVW) For finite A

(1) log, [SURA™)| < p(n) for some polynomial p(x)
<= A has a k-edge-term for some k
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Edge Terms

Berman, Idziak, Markovi¢, McKenzie, Valeriote, Willard (2006)

Theorem. (BIMMVW) For finite A

(1) log, [SURA™)| < p(n) for some polynomial p(x)
<= A has a k-edge-term for some k

For arbitrary V

(2) V has a k-edge term < V has a k-cube term
<=V has a k-star term
= VisCM
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Parallelogram Property and Parallelogram Terms
Edge Terms

Berman, Idziak, Markovi¢, McKenzie, Valeriote, Willard (2006)

Theorem. (BIMMVW) For finite A

(1) log, [SURA™)| < p(n) for some polynomial p(x)
<= A has a k-edge-term for some k

For arbitrary V

(2) V has a k-edge term < V has a k-cube term
<=V has a k-star term
= VisCM

Theorem. V has ak-/ /term <= V has a k-edge term
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Structure of Critical Relations

Structure Theorem

Theorem.
Assume

@ AcV,Vhasak-//term, and
@ R < Alis critical, ¢ > k.
Let
@ R<sgR1 x -+ xRy (Rj < A),
@ 0 =10, x---x 0y (0 € Con(R))) largest with R #-saturated.
Then
(1) the algebras R;/6; are Sl;
(2) they have abelian monoliths if £ > 3;
(3) R/0 is a joint similarity between them.
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Structure of Critical Relations

Applications

Corollary. (BIMMVW, MM) ForV andk > 3

Y CD and has a k-edge(/ /) term = V has a k-NU term
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Structure of Critical Relations

Applications

Corollary. (BIMMVW, MM) ForV andk > 3

Y CD and has a k-edge(/ /) term = V has a k-NU term

U« U Structure Thm ﬂ

no abelian for critical R < A, A eV T
congr. ¢ >k = R;/6; has abelian congr. ' charact. Thm

i3 X2 f

VA e)V W/>k thereisnocritical R <A?
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Structure of Critical Relations

Applications

Theorem. For a finite set A and fixed k > 2
there are only finitely many clones C on A such that

@ C contains a k-/_/ operation, and
@ (A;C) generates a residually small variety.
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Structure of Critical Relations

Applications

Theorem. For a finite set A and fixed k > 2
there are only finitely many clones C on A such that

@ C contains a k-/_/ operation, and
@ (A;C) generates a residually small variety.

Corollary. Forafixedk > 2
there are only finitely many clones C on 3 = {0, 1, 2} such that
C contains a k-/_/ operation.
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