Awvailable online at www.sciencedirect.com
- LINEAR ALGEBRA

*.” ScienceDirect AND ITS
APPLICATIONS

o

ELSEVIE Linear Algebra and its Applications 424 (2007) 177-183

www.elsevier.com/locate/laa

Rank one operators and norm of elementary operators

Ameur Seddik

Department of Mathematics, Faculty of Science, King Abdulaziz University, P.O. Box 80203,
Jeddah 21589, Saudi Arabia

Received 7 April 2006; accepted 5 October 2006
Available online 22 November 2006
Submitted by F. Kittaneh

Dedicated to Roger Horn on the occasion of his 65th birthday

Abstract

Let .o/ be a standard operator algebra acting on a (real or complex) normed space E. For two n-tuples
A= (A,...,Ap) and B = (By, ..., By) of elements in .o/, we define the elementary operator R4 g on
o/ by the relation Ry p(X) = Z?:l A; X B; for all X in .o/. For a single operator A € .o/, we define the
two particular elementary operators L 4 and R4 on .7 by L 4(X) = AX and R4 (X) = XA, for every X in
o/ . We denote by d(R 4 g) the supremum of the norm of R4 g(X) over all unit rank one operators on E.
In this note, we shall characterize: (i) the supremun d(R 4 g), (ii) the relation d (R4 g) = Z?:l A I B;
(iii) the relation d(L 4 — Rg) = ||A|| + || B, (iv) the relation d(L 4 Rp + LgR4) = 2||A|||| B||. Moreover,
we shall show the lower estimate d(L 4 — Rp) > max{supkev(g) A = ALl supycya) 1B — M ||} (where
V (X) is the algebraic numerical range of X in .7).
© 2006 Elsevier Inc. All rights reserved.

1. Introduction

Let E be a normed space (not necessarily a Banach space) over [ (R or C), let B(E) be the
normed algebra of all bounded linear operators acting on E and let .o/ denote a standard operator
algebra of B(E) (it is a subalgebra of B(E) that contains all finite rank operators on E).

For two n-tuples A = (Ay, ..., A,) and B = (B, ..., B,) of elements in <7, we define the
elementary operator R4 g on .« by R4 p(X) = Z?:l A; X B; (if one of the operators A;, B; is
equal to the identity 7, .o/ contains I).

For a single operator A € .o/, we define the following two particular elementary operators
Ls and Rq on o/ by Lao(X) = AX and Ra(X) = XA for every X in o/ (are called the left
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multiplication and right multiplication by A, respectively); and also we define the other particular
elementary operators: (i) the generalized derivation 64 p = L4 — Rp, (ii) the inner derivation
84 = 04,4, (iii) the multiplication operator M4 p = Lo Rp, (iv) the operator 44 = L + R4,
(v) the operator Uq p = M p + Mp, 4, (vi) the operator V4o p = Ma p — Mp a.

Let F be any (real or complex) normed space. In this note we adopt the following notations
and definitions:

(i) We denote by F’ the topological dual space of F and by (F); the unit sphere of F.

(i) If F is an inner product space and x,y € F, the relation x L y holds if and only if
inf,ci ||y + Ax|| = ||y]| (or equivalentely to ||y + Ax|| = |||, for every A in [K). This last
condition makes sense in any normed space and therefore may be taken as a definition of
the relation of the orthogonality in this general situation. In this general case, it is clear by
using Hahn—-Banach Theorem, that the relation x L y holds if and only if there exists a unit
element f in F’ such that f(x) = 0 and f(y) = ||y|| (this relation is not symmetric in a
general situation of a normed space).

(iii) If F is an inner product space and x, y € F, then the relation x || y (that means x, y are
linearly dependent) holds if and only if ||x + Ly|| = ||x|| + ||y|| for some unit scalar L. The
two conditions make sense on a normed space and the first condition implies the second but
the converse is false in general. So we may adopt as definition of the parallelism relation in
normed space as follows x || y if and only if || x + Ay|| = ||x|| + |||l for some unit scalar A.

Let 2 be any (real or complex) normed algebra with unit / and let A € 2. We define the algebraic
numerical range of Aby V(A) = {f(A) : f € 2(Q)}, where Z(Q) = {f € Q' : f(I) = | f] =
1} (the elements of (L) are called states), and the numerical radius of A by w(A) = sup{|A]| :
A € V(A)}. Itis known that V (A) is non-empty, closed and convex (for more details see [3]). We
put W(A) = V(%) for a non-zero element A in € (the normalized algebraic numerical range
of A). A is called normaloid if w(A) = ||A||. If @ = B(E) and E is a complex Hilbert space, then
A is normaloid if and only if 7 (A) = ||A|| (where r(A) is the spectral radius of A, see [7]).

For (x, f) € E x E’, we define the operator x ® f on E by (x ® f)y = f(y)x. We denote
by 1 the set of all unit rank one operators acting on E (it is clear that 71 = {x ® f : ||x| =
|l fll =1}),and by d(R) = SUPxez, IR(X)||, for every R € B(</).

The norm problem for elementary operators consists in finding a formula which describes
the norm of an elementary operator in terms of its coefficients. It is easy to see that the upper
estimate ||R4 gl < Zl'-’zl IlA; |ll| B;i || is valid for any elementary operator, so the norm of any
elementary operator is between 0 and D(R4,p) (minimal and maximal value), where D(R4 )
denotes the second member of this last estimation. Itis clearthatd (R4 p) < ||Ra.B|| < D(RA B).
The lower estimate for the particular elementary operator Uy p is studied by several authors
in several algebras (see [1,4,5,8—10]). Recently, the best lower estimate of this operator acting
on a Hilbert space is given in the two papers [2,14], that is ||[Ua, gl = ||Alll|B]|. On the other
hand in Hilbert space case Stampfli [13] has characterized the norm of §4 5 by the relation
164 Bl =inf{||A —AI| + ||B — AI|| : » € C}, and he has proved that ||§4 g|| = D(64,p) if and
only if WN(A) N WN(—B) # @ (where Wy denotes the normalized maximal numerical range and
A and B are non-zero).

In this note, in Section 2, we shall characterize the supremum d (R 4, p) when it gets the maximal
value D(R4 ). It is clear that the condition d(Ra,g) = D(R4,p) implies ||Ra gl = D(Ra.B)
(we shall show that the converse is not true in general). We shall deduce for every non-zero
elements A and B in .o/ that d(84.5) = D(84,p) if and only if VN(A) N VN(=B) N (K); # G,
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d(Ua ) = D(Ua p)ifandonlyif A | B,d(44) = D(4,4) if and only if A || 1, and if and only
if A is normaloid (this gives a characterization of normaloid operators in .o7).

In Section 3, we shall characterize when the norm of R4 p gets its minimal value 0.

In Section 4, we are interested to give some lower estimate for d(64 p) and for d(Ux p). Itis
clear that every lower estimate for d(R) is also a lower estimate for || R||, for every R in B(</).
We shall show the lower estimate d (84, 5) = max{sup,cy gy |A — AL, sup,cy a)llB — 21|} for
every A, B in .7, and some other consequences.

2. Characterization of the relation d(R4,p) = D(R4,B)

Theorem 2.1. Let A = (A4, ..., Ay) and B = (By, ..., By) be two n-tuples of elements in </ .
The following equalities hold:

n
d(Rap)= sup |y f(ADg(B)),
fige( M | =1
n
= sup | Y f(B)A
fe(@ || =1
n
= sup D f(A)B
fe( @ | =1

Proof. We denote by ki, kp and k3 the above supremum cited in Theorem 2.1 in the same
order. Letx y € (E)1,h € (E") andf g€ (,;z{’)l Sinced(Ra,p) > | Y/—1 Ai(x ® )Biy| =
(> lh(B,y)A) ! h(Biy)A;|.Sothatd(Ra ) > | Y1, f(Ai) x
h(Bly)‘ = (X}, f(A )B,y) —Banach Theorem it follows that d(R_ g) >
U( ' f(ADB;)y|.Thusd(Ra,B) > | Y/_; f(A)Bi| andsod(Ru p) > (Z?zl f(A) x
B))| = |Z, 1f(A )g(B;)|. Therefore d(R 4 p) = ki. Itlsclearthatk1 [ £(>0, g(BHA)|.
then k1 > || D7, §(Bi)A; > k. Slncekz/”f( > 1g(B)A)||—|g(Zl | X
f(A)B; )g it follows that k> I8, f(A; )B; | Therefore k> > k3. Since k3 > |h( X/ x
f(A)B;y i1 (A )h(Bzw! = [ (i h(BiyA;i) . then ks > || o7y h(B;iy) A | >
| > h(Biy)Aix| = ||(X7—; Ai(x ® h)B;)y|. Therefore k3 > d(Ra,p), this completes the
proof. [

Lemma 2.1. Let F be a normed space and x1, ..., x, € F. Then | Y7 xi|| = YX/_; Ixill if
and only if there exists f € (F')y such that f(x;) = ||xi|| fori=1,...,n

Proof. This follows immediately form Hahn—-Banach Theorem. [

Theorem 2.2. LetA = (Ay, ..., Ay)and B = (By, ..., By) betwo n-tuples of non-zero elements
in /. The following properties are equivalent:

(1) d(Ra,B) = D(Ra,B),

(ii) there exist two unit elements f, g in o/’ and n unit scalars Ay, ..., A, such that f(A;) =
AillAi|l and g(B; ) —?» I Bill fori =1,
(iii) || YA || =>7 lAilland ||Zl 1)* B || = > 7, | Bill for some unit scalars Ay, .. .,

An.
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Proof. The equivalence (ii) <= (iii) follows immediately from Lemma 2.1.

(i) => (i)isalsotrivial since Y7, [|A; [ Bill = | >0, f(ADg(B)| < d(Ra,p) < Y1y %
I|A; |ll| Bi ||, for f and g given in the condition (ii).

(i) => (i) The map f — | X!, f(A;)B;| is w*-continuous on .2/’ and (/') is w*-com-
pact, so it follows that d(R4,5) = | Y7—, f(A;)B;|, for some element f in (.«’);. The Hahn—
Banach Theorem guaranties also the existence of an element g in (.2/"); such that ) ;| [|A;|l
IBill = d(Ra,B) = Y_;—; f(Ai)g(B;).Since A;, B; arenon-zeroand | f (A;)| < [|A; |, 1g(Bi)| <
I Bill, fori =1, ..., nthen | f(A)| = [|A;ll, 1g(B)] = [ Bill and f(A;)g(Bi) = | A;llllBill for
i=1,...,n.Thus f(A;) = A;i||A;] and g(B;) = X;|| B;|| for some unit scalars A1, ..., A,. O

Corollary 2.1. Let A = (A1, ..., Ay) and B = (B1, ..., By) be two n-tuples of non-zero ele-
ments in o/ (withn > 2) such that A, = By = I and d(R4,p) = D(Ra ). Then all operators
A; and B; are normaloid in </ .

Proof. Using Theorem 2.2, there exist two unit elements f and g in JZf_/ and n unit scalars
A1, ..., Ay such that f(A1) = A1 A1, g(1) = A1, f(I) = A2, g(B2) = A2||Bz|| and if n > 3,
tlﬁn f(A) = )»,-||_A,~ I, g(@ = Ai||Bi|| for i =3,..., n._So it follows immediately that
A2 /)(AD) = )ALl A2 HU) = 1, (A18)(B2) = (MA2) || Bz2ll, (A1g)(1) = 1,andifn > 3,
it follows also that (A2 f)(A;) = (AX)||Aill, (A18)(Bi) = (MA)|Bi|| for i =3, ..., n. This
completes the proof. [J

Corollary 2.2. Let A, B be two non-zero elements in o/ . The following properties are equivalent:

() d(a,B) = Al + IIBI,
(i) Ww(A) N Vn(=B) N (K); # ¥,
(i) [[I + AAl =1+ ||All and ||I — AB|| = 1 + || B|| for some unit scalar ).

Proof. It is clear that D(84 ) = || All + || Bl
(i) = (ii) This implication follows from the proof of the above Corollary for n = 2.
(i) = (iii) This implication is trivial.
(iii) = (i) This implication follows immediately from Theorem 2.2. [

Remark 2.1. In [13, Corollary 1], Stampfli has proved (in Hilbert space case) that |54 5| =
Al + || B]l,if ||All = 1, Wo(A) = {||z]| < 1} and B is arbitrary in B(E), so that in this situation
d(84.B) < ||64, sl for any non-normaloid operator B in B(E).

Corollary 2.3. Let A, B be two normaloid in </ . Then the following properties hold:

(1) d(6a.8) = Al + | Bll, for some unit scalar X,
(i) if V(A) = {Iz| < ||All} then d(8a,8) = Al + || BI.

Proof. (i) The result (i) is trivial if A = 0 or B = 0. If A and B are non-zero then there exist two
unit scalars o and § in VN(A) and VN (B), respectively. So the result (i) follows immediately from
the above corollary if we take A = —<.

(i1) The result (ii) is trivial if B = 0. If B # 0 then there exists a unit scalar A in VN (B), since
B is normaloid. Thus —XA € VN(A) N Vn(—B) N ()4, since VN(A) = {|z| < 1}. Therefore the

result follows immediately from the above corollary. [
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Corollary 2.4. Let A € o/. The following properties are equivalent:

(1) d(6a) = 2| All,

(ii) Al|A|| and —A||A|| belong to V (A) for some unit scalar A,
(iii) diam V (A) = 2||A|| (the diameter of V (A)),
@v) [ + AAl = I — LA| = 1 + ||A|| for some unit scalar ).

Proof. The equivalences (i) < (ii) < (iv) follows from Corollary 2.2 and the equivalence (ii) <
(iii) is trivial. [

Corollary 2.5. Let A, B € .o/. The following properties are equivalent:

(1) d(Ua,p) =2||AlllIBII,
(i) A B,
(iii) there exist a unit scalar A and a unit element f in o/’ such that f(A) = ||A|| and f(B) =
MBI

Proof. This follows immediately from Theorem 2.2. [J
Corollary 2.6. Let A € o/. The following properties are equivalent:

(1) A is normaloid,
i) A | 1,
(iil) d(44) = 2||AJl.

Proof. This follows from the fact that A4 = Uy ; and by using the above Corollary. [J

Remark 2.2. (i) Corollary 2.6 gives a characterization of the normaloid operators in .. It is clear
that ||44] = 2||A| forany A in .o/, sothatd(44) < || 44| for any non-normaloid operator A in ./

(i) Stacho—Zalar mentioned in their paper [12] that the condition ||U4 g|| = 2||A|||| Bl should
correspond to “being parallel”. That is not true because [|U4 1| = 2||A||||/ || for every A € o7 (A
is not necessarily parallel to /), but the condition d(Ua ) = 2||A||||B]| correspond exactely to
A |l B.

3. Characterization of the relation R4 g =0

Let A= (Ay,...,Ay) and B = (By, ..., B,;) be two n-tuples of elements in .oZ. We may
arrange the operators B; so that Bj, ..., B, form a maximal linearly independent subset of
Bi,...,B,.If m <n, we put By = Zlm:]cikB,', fork=m+1,...,n and some constants c;x
(A<i<m, m+1<k<n); in this case Ra,p = Rc,p, where C = (Cy,...,Cy), D=
(Bi,...,Bp)and C; = A; + Z?:m-',-lcijAj fori =1,...,m.

Theorem 3.1. The following properties are equivalent:

(@) d(Ra,B) =0,
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i) A;=---=A, =0whenm =n,and A; = —Z?ZmﬂcijAj,fori =1,...,mwhenm <
n,
(iii) R4, = 0.

Proof. (i) = (ii) Since d(R4,p) = 0, by Theorem 2.1, we obtain ) /_, f(A;)B; = 0 for every
fin(e/")ywhenm = nand) L, f(Ci)B; = Oforevery fin (/') whenm < n.Sofrom Hahn—
Banach Theorem it follows that Ay = --- = A, = O0whenm =nand A; = —Z?zch,-j A for
i=1,...,mwhenm < n.

(il) = (iii) and (iii)) = (i) are trivial. [

Remark 3.1. The above result is proved in [6] by another method but our proof follows immedi-
ately from our Theorem 2.1.

4. Lower estimate bound for d(64,p) and d(U4, )

Theorem 4.1. Let A, B € .o/. We have the following lower estimate:

d(@8a,p) 2 maxy sup [|A—All, sup [|B—Al]¢.
reV(B) reV(A)

Proof. Let A € V(A) and i € V(B). Then there exist two states f, g on .o such that f(A) = A
and g(B) = . So from Theorem 2.1, we obtaind(64,) = || f(A)I — f(I)B| = |B — Al| and
d6a ) = llgl)A —g(B)I|| = ||A — ul|. The result follows immediately. [l

Corollary 4.1. Let A € /. Then d(84) = sup,cyay |A — A1
Corollary 4.2. Let A, B € .o/. Then the following properties hold:
() d(éa,8) = Al if 0 € V(B),

(i) d(3a,p) = 1Bl if 0 € V(A),

(i) d(84) = 1Al if 0 € V(A).
Theorem 4.2. Let A, B € o/. Thend(Ua ) > 2(v2 = D A|IB.
Proof. The proof is given in [11] for ||U4, g|| but the proof is valid for d(U4 ). O
Theorem 4.3. Let A, B,C, D € o/ suchthatC L. Aor D L Bthen My p L Mc p.
Proof. Assume C L A. So there exists a unit element f in ./’ such that f(C) = 0 and f(A) =
|A|l. Thus by using Theorem 2.1, it follows that d(M 4, g + AMc p) = || f(A)B + Af(C)D| =
Al B|l = |Ma,g|| for all complex A. Therefore || M4 p +AMc pll = ||Ma,p|l for all complex
A.

The second implication follows also by the same argument. [

Corollary 4.3. Let A, B € .o/ such that AL B or B L A. Then d(Ua ) = |AllB| and
d(Va,B) = IAlIBI.
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