
Két érdekes polinom

Φ(t) := t3(10− 15t + 6t2)

Θ(t) := t2(4− 3t)

Szkennelt pontok → sima felület
KEVÉS SZÁMÍTÁSSAL
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Baricentrikus koordináták

Emlékeztető: Ha p1,p2,p3 ∈ R2

egy nem-deg. T háromszöget alkotnak,
λi(x) (i=1, 2, 3) az x ∈ R2 pont súlyai
p1,p2,p3 szerint (baricentrikus koord.):∑3

i=1 λi(x) = 1, x =
∑3

i=1 λi(x)pi

xt1,t2,t3 =
3∑

k=1

tkpk → λk
(
xt1,t2,t3

)
= tk

f : T→ R grafikonja:

f =
{[
x, y, f (x, y)

]
: [x, y] ∈ T

}
=

=
{[

x, f (x)
]

: x ∈ T
}

=

=
{[

xt1,t2,t3,f (xt1,t2,t3)
]
:Σktk=1, tk≥0

}
=

=

{[
x1−s1,s1(1−s2),s1s2

f (x1−s1,s1(1−s2),s1s2)

]
:

0≤s1≤1,
0≤s2≤1

}
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Illesztő alapfgv. Φ,Θ szerint

f1, f2, f3 ∈ R, A1, A2, A3 : R2 → R lin.
Ai

(
[x, y]

)
= αix + βiy

F0(x) : =

3∑
i=1

Φ
(
λi(x)

)
fi+

+

3∑
i=1

Θ
(
λi(x)

)
Ai(x− pi)

F0(pi) = fi, F ′0(pi) = Ai

F ′(p) : R2 3 u 7→ d
dt

∣∣
t=0
F (p + tu)
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FŐ TÉTEL

Tfh. u1,u2,u3∈R2, uk 6‖ [pi,pj].
Ekkor ∃ ζ1, ζ2, ζ3 ∈ R , amelyekkel az

F (x) := F0(x) +ζ1λ1(x)λ2(x)2λ3(x)2+

+ζ2λ2(x)λ3(x)2λ1(x)2+

+ζ3λ3(x)λ1(x)2λ2(x)2

polinom F (x) értékei ill. F ′(x)uk irány
szerinti deriváltjai a [pi,pj] oldalon
függetlenek a pk csúcs helyétől.
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A módośıtó együtthatók

ζk = − 1

Gkuk

[
30
(
[Giuk]fi+[Gjuk]fj

)
+

+ 12
(

[Giuk]Ai+[Gjuk]Aj

)
(pi−pj

]
ahol (i, j, k) ∈ S3 =

{
1, 2, 3 perm.

}
Gi := λ′i : R2 → R lin.

Giu := λ′i(x)u = d
dt

∣∣∣
t=0
λi(x + tu) =

= λi(pi + u)− 1 x-től fgtl. jól-def;

xt = tpi + (1− t)pj ⇒
F ′(xt)uk = Θ(t)Aiuk + Θ(1− t)Ajuk
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C1-szplájn 5-ödfokú polinomokkal

2-dim háromszög-hálón
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Pólya György

MI IS TÖRTÉNT ITT

VOLTAKÉPPEN?

Az általános módszer

Φ,Θ helyett általánosabb fgv-ek

Ψ0,Ψ1 ∈ C1
(
[0, 1]

)
Könnyű: F0 ”jól működjön” →
Ψ0(0)=Ψ1(0)=0, Ψ′0(0)=Ψ′1(0) = 0,
Ψ0(1)=Ψ1(1)=1, Ψ′0(1)=0, Ψ′1(1)=∗.

F0 =

3∑
k=1

[
Ψ0

(
λk
)
fk+Ψ1

(
λk
)
Ak(x−pk)

]
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Módośıtás
(
ζkλ

2
iλ

2
jλk → ?

)
F := F0 + H

H :=
∑

{`,m,n}∈S3

{
f`
G`un
Gnun

χ0(λ`, λm, λn) +

+ A`(pm−p`)
G`un
Gnun

χ1(λ`, λm, λn)

}
SOKFÉLE χ0, χ1 ∈ C10(R3

+):

∆3 = {[t1, t2, t3]∈R3
+ :

t1 + t2 + t3 = 1}

(1) χm(∆3 élein) = 0,
(2) D3χ0(t, 1− t, 0) = Ψ′0(t),
(3) D3χ1(t, 1− t, 0) = Ψ′1(t) · (1− t),
a ∆3,k=

{
(t1, t2, t3)∈∆3 : tk=0

}
éleken

(4) χ′r(t) = 0
(
t ∈ ∆3,1 ∪∆3,2

)
,

(5) Dmχr(t) = 0
(
t ∈ ∆3,3, m = 1, 2

)
.

8



PÉLDÁK

Ψ′0(t) = w01(t)w02(1− t),
Ψ′1(t)(1− t) = w11(t)w12(1− t),
wrk ∈ C10(R+), wrk(0) = w′rk(0) = 0.

(a) Eredetileg: Ψ0 := Φ, Ψ1 := Θ,
Φ′(t)=30t2(1−t)2, Θ′(t)=12t2(1−t);
χ0(t1,t2,t3)=30t21t

2
2t3, χ1(t1,t2,t3)=12t21t

2
2t3,

w01(t)=30t2, w11(t)=12t2, w02(t)=w12(t)=t
2.

(b) Ψ0 := Ψ1 := Φ,
χ0(t1,t2,t3)=χ1(t1,t2,t3)=30t21t

2
2t3,

w01(t)=w11(t)=30t2, w02(t)=t
2, w12(t)=t

3.

Megj. (a),(b)-nél az ≡ 1 fgv.-hez F ≡ 1[
f1 = f2 = f3 = 1, A1 = A2 = A3 ≡ 0

]
;

Megj. (b) 6-odfokú, de F ≡ x ill. F ≡ y
az x, y koord fgv-ek adataival.

AFFIN INVARIANCIA
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Az igazi kih́ıvás: 3D

T1,T2, . . . ,TN ⊂ R3 háromszögek
Tn = Conv

{
pin,1,pin,2,pin,3

}
FELÜLET =

N⋃
n=1

Sn,

Sn = fn(Tn), fn : Tn → R3

Sn=
{
fn

( 3∑
m=1

tmpik,m

)
: [t1, t2, t3]∈∆3

}
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Adatok

(1) p1,p2, . . . ,pM pontok,

(2)
[
ik,1, ik,2, ik,1

]
(k = 1, . . . , N),

(3) n1,n2, . . . ,nM egységvektorok

ni ≈
[
FELÜLET normálisa pi-nél

]
.

(4) gi,j ⊥ ni úgy hogy
pi,pj vmely Tk háromszög csúcsai,

gi,j ≈ d
dt

∣∣
t=0
f
(
pi + t(pj − pi)

)
.

(5) un,j ∈ Span{x − y : x,y ∈ Tn}
vektor 6‖ Tn pn,j-vel szembeni oldalával

S = Sn, T = Tn = Conv
{
pi,pj,pk

}
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Sn közeĺıtése az előző technikával

S ≈
{
F(x) : x ∈ T

}
, F = FT

0 +HT

F =
[
F
∣∣∣ λ1→λT

pi
, λ2→λT

pj
, λ3→λT

pk
,

f1 → pi, f2 → pj, f2 → pj,

A1(p2 − p1)→ gi,j, . . . ,

A1(x−p1)→λT
pj

(x)gi,j+λ
T
pk

(x)gi,k, . . . ,

u1 → un,1,u2 → un,2,u3 → un,3,

G1 →
[
λT

pi

]′
, G2 →

[
λT

pj

]′
, G3 →

[
λT

pk

]′]

Szomszédos darabok illeszkednek,
de esetleg nem simán
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Sima illesztés közös éleknél

T = Conv{pi,pj,pk},
T = Conv{pi,pj,pk}
szomszédos háromszögek,

F=FT : T→R3, F=FT : T→R3

Tétel. Ha F ,F bijekt́ıvek és 2-rangú de-
riválttal rendelkeznek T ill. T minden
pontjánál, akkor található olyan

U ∈ RacPol1216(R,R3),

max. 12-edfokú számlálóval ill. 16-odfokú
nevezővel, hogy

U :=
[
λT

pi
λT

pj

]2
U
(
λT

pk

)
,

U := −
[
λT

pi
λT

pj

]2
U
(
λT

pk

)
a range

(
F+U

)
ill. range

(
F+U

)
felületek

simán illeszkednek.
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BOLDOG
80. SZÜLETÉSNAPOT

KEDVES JÓSKA
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