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Preface

Vector calculus is the fundamental language of mathematical physics. It pro-
vides a way to describe physical quantities in three-dimensional space and the
way in which these quantities vary. Many topics in the physical sciences can
be analysed mathematically using the techniques of vector calculus. These top-
ics include fluid dynamics, solid mechanics and electromagnetism, all of which
involve a description of vector and scalar quantities in three dimensions.

This book assumes no previous knowledge of vectors. However, it is assumed
that the reader has a knowledge of basic calculus, including differentiation,
integration and partial differentiation. Some knowledge of linear algebra is also
required, particularly the concepts of matrices and determinants.

The book is designed to be self-contained, so that it is suitable for a pro-
gramme of individual study. Each of the eight chapters introduces a new topic,
and to facilitate understanding of the material, frequent reference is made to
physical applications. The physical nature of the subject is clarified with over
sixty diagrams, which provide an important aid to the comprehension of the
new concepts. Following the introduction of each new topic, worked examples
are provided. It is essential that these are studied carefully, so that a full un-
derstanding is developed before moving ahead. Like much of mathematics, each
section of the book is built on the foundations laid in the earlier sections and
chapters. In addition to the worked examples, a section of exercises is included
at the middle and at the end of each chapter. Solutions to all the exercises are
given at the back of the book, but the student is encouraged to attempt all
of the exercises before looking up the answers! At the end of each chapter, a
one-page summary is given, listing the most essential points of the chapter.
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The first chapter covers the basic concepts of vectors and scalars, the ways
in which vectors can be multiplied together and some of the applications of
vectors to physics and geometry.

Chapter 2 defines the ways in which vector and scalar quantities can be
integrated, covering line integrals, surface integrals and volume integrals. Again,
these are illustrated with physical applications.

Techniques for differentiating vectors and scalars are given in Chapter 3,
which forms the essential core of the subject of vector calculus. The key concepts
of gradient, divergence and curl are defined, which provide the basis for the
following chapters.

Chapter 4 introduces a new and powerful notation, suffix notation, for ma-
nipulating complicated vector expressions. Quantities that run to several lines
using conventional vector notation can be written extremely compactly using
suffix notation. One of the main reasons for writing this book is that there
are very few other books that make full use of suffix notation, although it is
commonly used in undergraduate mathematics courses.

Two important theorems, the divergence theorem and Stokes’s theorem, are
covered in Chapter 5. These help to tie the subject together, by providing links
between the different forms of integrals from Chapter 2 and the derivatives of
vectors from Chapter 3.

Chapter 6 covers the general theory of orthogonal curvilinear coordinate
systems and describes the two most important examples, cylindrical polar co-
ordinates and spherical polar coordinates.

Chapter 7 introduces a more rigorous, mathematical definition of vectors
and scalars, which is based on the way in which they transform when the
coordinate system is rotated. This definition is extended to a more general
class of objects known as tensors. Some physical examples of tensors are given
to aid the understanding of what can be a difficult concept to grasp.

The final chapter gives a brief overview of some of the applications of the
subject, including the flow of heat within a body, the mechanics of solids and
fluids and electromagnetism.
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Vector Algebra

1.1 Vectors and scalars

This book is concerned with the mathematical description of physical quanti-
ties. These physical quantities include vectors and scalars, which are defined
below.

1.1.1 Definition of a vector and a scalar

A wector is a physical quantity which has both magnitude and direction. There
are many examples of such quantities, including velocity, force and electric field.
A scalar is a physical quantity which has magnitude only. Examples of scalars
include mass, temperature and pressure.

In this book, vectors will be written in bold italic type (for example, u is a
vector) while scalar quantities will be written in plain italic type (for example,
a is a scalar). There are two other commonly used ways of denoting vectors
which are more convenient when writing by hand: an arrow over the symbol
(@) or a line under the symbol (u).

Vectors can be represented diagrammatically by a line with an arrow at the
end, as shown in Figure 1.1. The length of the line shows the magnitude of the
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2 Vector Calculus

vector and the arrow indicates its direction. If the vector has magnitude one,
it is said to be a wunit vector. Two vectors are said to be equal if they have the
same magnitude and the same direction.

Fig. 1.1. Representation of a vector.

Example 1.1

Classify the following quantities according to whether they are vectors or
scalars: energy, electric charge, electric current.

Energy and electric charge are scalars since there is no direction associated
with them. Electric current is a vector because it flows in a particular direction.

1.1.2 Addition of vectors

Two vector quantities can be added together by the ‘triangle rule’ as shown
in Figure 1.2. The vector a + b is obtained by drawing the vector a and then
drawing the vector b starting from the arrow at the end of a.

Fig. 1.2. Addition of vectors.

The vector ~a is defined as the vector with magnitude equal to that of @
but pointing in the opposite direction.
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By adding @ and —a we obtain the zero vector, 0. This has magnitude zero
and so does not have a direction; nevertheless it is sensible to regard 0 as a
vector.

1.1.3 Components of a vector

Vectors are often written using a Cartesian coordinate system with axes z, y, 2.
Such a system is usually assumed to be right-handed, which means that a screw
rotated from the z-axis to the y-axis would move in the direction of the z-axis.
Alternatively, if the thumb of the right hand points in the z direction and the
first finger in the y direction, then the second finger points in the z direction.

Suppose that a vector a is drawn in a Cartesian coordinate system and
extends from the point (z;, y1, z1) to the point (z2, y2, 22), as shown in
Figure 1.3. Then the components of the vector are defined to be the three
numbers a; = £y — 1, a2 = y» — y1 and a3 = 23 — z;. The vector can then be
written in the form a = (a1, a2, a3).

/’/7:2, z,)

(X, 9,2

Fig. 1.3. The components of the vector a are (z2 — z1,y2 — y1, 22 — 21).

By introducing three unit vectors e;, e; and es, which point along the
coordinate axes z, y and z respectively, the vector can also be written in the
form a = aje; + aze; + azes. Using this form, the sum of the two vectors a
and bis a+b = aje; +aze; +azez + bje; +byes + bzes = (a1 +b1)e; + (az +
ba)es + (a3 + bs)es. It follows that vectors can be added simply by adding their
components, so that the vector equation ¢ = a + b is equivalent to the three
equations ¢; = a3 + by, ¢ = az + bs, c3 = a3z + b3.
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The magnitude of the vector is written |a|. It can be deduced from Pythago-
ras’s theorem that the magnitude of the vector can be written in terms of its
components as |a| = v/a? + a3 + a2.

The position of a point in space (z,y, z) defines a vector which points from
the origin of the coordinate system to the point (z,y,z). This vector is called
the position vector of the point, and is usually denoted by the symbol r, with
components given by r = (z,y, 2).

Example 1.2

The vectors a and b are defined by a = (1,1,1), b = (1,2, 2). Find the magni-
tudes of a and b, and find the vectors @ + b and a — b.

The magnitude of the vector a is |a| = v/12 + 12 + 12 = /3. The magnitude
of bis |b| = V12 + 22 + 22 = 3. The vector a+ b is (1,1,1)+(1,2,2) = (2,3,3)
anda-b=(0,-1,-1).

1.2 Dot product

The dot product or scalar product of two vectors is a scalar quantity. It is written
a - b and is defined as the product of the magnitudes of the two vectors and
the cosine of the angle between them:

a-b=|alb|cosb. (1.1)
A number of properties of the dot product follow from this definition:

e The dot product is commutative, i.e. a-b=1>b-a.

o If the two vectors @ and b are perpendicular (orthogonal) then a - b = 0.

¢ Conversely, if a-b = 0 then either the two vectors a and b are perpendicular
or one of the vectors is the zero vector.

® a-a=lal’.

o Since the quantity |b| cos# represents the component of the vector b in the
direction of the vector a, the scalar a - b can be thought of as the magnitude
of a multiplied by the component of b in the direction of a (see Figure 1.4).

o The dot product is distributive over addition, i.e.a-(b+c)=a-b+a-c.
This follows geometrically from the fact that the component of b + ¢ in the
direction of @ is the same as the component of b in the direction of a plus
the component of ¢ in the direction of a (see Figure 1.5).
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0

<—— |blcos @ —> a

Y

Fig. 1.4. The component of b in the direction of a is |b cos 6.

b+c

.

Y

a

Fig. 1.5. Geometrical demonstration that the dot product is distributive over addi-
tion.
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A formula for the dot product a - b in terms of the components of the two
vectors @ and b can be derived from the above properties. Considering first
the unit vectors e, e2 and e, it follows from the fact that these vectors have
magnitude 1 and are orthogonal to each other that

e1reg=1,e-ea=1,e3-e3=1,€e;-e2=0, ez-e3=0, e3-e; =0.
The dot product of @ and b is therefore

a-b = (a161 + ag€e9 + a363) . (b161 + boes + b363)
= aibe;-e; +azbses-e2+ asbses - e3
a1by + azbs + aszbs. (12)

Example 1.3

Find the dot product of the vectors (1,1,2) and (2, 3,2).
(1,1,2)-(2,3,2) =1x2+1x3+2x2=9.

Example 1.4

For what value of ¢ are the vectors (c,1,1) and (—1,2,0) perpendicular?
They are perpendicular when their dot product is zero. The dot product is

—c + 2 + 0 so the vectors are perpendicular if ¢ = 2.

Example 1.5

Show that a triangle inscribed in a circle is right-angled if one of the sides of
the triangle is a diameter of the circle.

D>

o

F o

a a

Fig. 1.6. Geometrical construction to show that « is a right angle.

Introduce two vectors @ and b as shown in Figure 1.6. Since these two
vectors are both along radii of the circle they are of equal magnitude. The two
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sides ¢ and d of the triangle are then given by ¢ = a+b and d = a—b. The dot
product of these two vectorsis ¢-d = (a+b)-(a—b) = |a|>—a-b+b-a—|b]> = 0.
Since the dot product is zero the vectors are perpendicular, so the angle a is a
right angle. This is just one of many geometrical results that can be obtained
using vector methods.

1.2.1 Applications of the dot product

Work done against a force

Suppose that a constant force F acts on a body and that the body is moved a
distance d. Then the work done against the force is given by the magnitude of
the force times the distance moved in the direction opposite to the force; this
is simply —F - d (Figure 1.7).

Y

d

Fig. 1.7. The work done against a force F' when an object is moved a distance d is
—F-d

Equation of a plane

Consider a two-dimensional plane in three-dimensional space (Figure 1.8). Let
r be the position vector of any point in the plane, and let a be a vector
perpendicular to the plane. The condition for a point with position vector = to
lie in the plane is that the component of = in the direction of a is equal to the
perpendicular distance p from the origin to the plane. The general form of the
equation of a plane is therefore

r - a = constant.

An alternative way to write this is in terms of components. Writing r = (z, y, 2)
and a = (a1, a2,a3), the equation of a plane becomes

a1 + a2y + azz = constant. (1.3)
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0

Fig. 1.8. The equation of a plane is r - @ = constant.

EXERCISES

1.1 Classify the following quantities according to whether they are vec-
tors or scalars: density, magnetic field strength, power, momentum,
angular momentum, acceleration.

1.2 Ifa=(2,0,3) and b= (1,0,-1), find |a|, |b],a+b,a—~band a-b.
What is the angle between the vectors @ and b?

1.3 If u = (1,2,2) and v = (—6,2,3), find the component of u in the
direction of v and the component of » in the direction of w.

1.4 Find the equation of the plane that is perpendicular to the vector
(1,1,-1) and passes through the point r =1,y =2, 2= 1.

1.5 Use vector methods to show that the diagonals of a rhombus are
perpendicular.

1.6 What is the angle between any two diagonals of a cube?

1.7 Use vectors to show that for any triangle, the three lines drawn from
each vertex to the midpoint of the opposite side all pass through the
same point.
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1.3 Cross product

The cross product or vector product of two vectors is a vector quantity, written
a x b. Since it is a vector, its definition must specify both its magnitude and
direction. The magnitude of @ x b is |a||b| sin §, where 6 is the angle between the
two vectors @ and b. The direction of @ x b is perpendicular to both @ and b in a
right-handed sense, i.e. a right-handed screw rotated from a towards b moves in
the direction of @ x b (Figure 1.9). We may therefore write a x b = |a||b|sin 8 u,
where u is a unit vector perpendicular to @ and b in a right-handed sense.

aXxb

Y

a

Fig. 1.9. The cross product of @ and b is perpendicular to a and b, in a right-handed
sense.

The cross product has the following properties:

¢ The cross product is not commutative. Because of the right-hand rule, a x b
and b x a point in opposite directions, so a x b = —b x a.

o If the two vectors a and b are parallel then @ x b = 0.

eaxa=0.

¢ The magnitude of the cross product of a and b is the area of the parallelogram
made by the two vectors @ and b (Figure 1.10). Similarly the area of the
triangle made by a and b is |a x b|/2.

e The cross product of a and b only depends on the component of b perpen-
dicular to a. This is apparent from Figure 1.10 since the component of b
perpendicular to a is |b|sin§.

o The cross product is distributive over addition, i.e. ax (b+¢) = axb+a xc.
This is demonstrated geometrically in Figure 1.11, where the vector a points
into the page. The vectors b, ¢ and b + ¢ do not necessarily lie in the page,
but from the previous point the cross products of these vectors with a only
depend on their projections onto the page. The effect of taking the cross
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Iblsin 6

0 n

\

a

Fig. 1.10. The area of the parallelogram is the length of its base, |a|, multiplied by
its height, |b|sin6.

product with a on any vector is to project it onto the page, rotate through
7 /2 clockwise and then multiply by |a|. Thus the triangle made by the vectors
b, ¢ and b + ¢ becomes rotated and scaled as in Figure 1.11 but remains a
triangle.

b+c
axb
axc

aXb+c)

Fig. 1.11. Geometrical demonstration that the cross product is distributive over
addition. The vector a points into the page.

A formula for the cross product a x b in terms of the components of the two
vectors @ and b can be derived in a similar manner to that carried out for the
dot product. Consider first e; x e,. Since these two vectors have magnitude
1 and are perpendicular, sinf = 1 and the magnitude of e; x e; is 1. The
direction of e; x e is perpendicular to both e; and e; in a right-handed sense,
SO e; X e3 = e3.

It follows that the unit vectors e;, e; and e3 obey

e} xXe; =0, €y X ey =0, €3 Xe3 20, € Xey = e3, €3 Xe3 = €1, €3 Xe; = ey.

The cross product of a and b is therefore
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axb = ((1161 + azes + ageg) X (b161 + boes + b3€3)
= aibye; X ey +aibse; X es +azby ez X €1
+asbzes X e3 + azb, ez X e; + azby ez x e,

= (02b3 - a3b2)61 + (a3b1 - albg)ez + (a1b2 - azbl)eg. (14)

This can also be written as the determinant of a 3 X 3 matrix as follows:

€ € e3
axb= ay az as
by b2 b3

Example 1.6

Find the cross product of the vectors (1, 3,0) and (2, -1,1).
(1,3,0) x (2,-1,1) =(3-0,0—-1,-1-6) = (3, -1, -7).

Example 1.7

Find a unit vector which is perpendicular to both (1,0, 1) and (0,1, 1).

A perpendicular vector is (1,0,1) x (0,1,1) = (-1, -1,1). To make this a
unit vector we must divide by its magnitude, which is v/3, so the unit vector
perpendicular to (1,0,1) and (0,1,1) is (=1, -1,1)/+/3.

Example 1.8

What is the area of the triangle which has its vertices at the points P = (1,1, 1),
Q=(23,3)and R = (4,1,2)?

First construct two vectors that make up two sides of the triangle. The
vector from P to @ is a = (1,2, 2) and the vector from P to Ris b= (3,0,1).
The cross product of these vectorsis a x b = (2,5, —6). The area of the triangle
is then |a x b|/2 = v/65/2 ~ 4.03.

1.3.1 Applications of the cross product

Solid body rotation

Suppose that a solid body is rotating steadily about an axis. What is the
velocity vector of a point within the body?

Consider a body rotating with angular velocity 2 (this means that in a
time ¢ the body rotates through an angle 2¢ radians). Since there is a rotation
axis, a vector §2 can be defined, with magnitude |2| = 2 and directed along
the rotation axis. Since this vector could point in either direction, the following
form of the right-hand rule is used to define the direction of §2: a screw rotating
in the same direction as the body moves in the direction of §2. Alternatively, if
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the fingers of the right hand point in the direction of the rotation, the thumb of
the right hand points in the direction of £2. This means that for a body which
is rotating to the right, {2 points upwards (Figure 1.12).

Fig. 1.12. Motion of a rotating body.

Now consider the motion of a point at a position vector r, which makes
an angle @ with the rotation axis. The speed at which this point moves is f2d,
where d is the perpendicular distance from the point to the rotation axis. Since
d = |r|sin 8 (Figure 1.12), the speed of motion is v = 2|r|sin 8. Note that this
is equal to |2 x r|. Now consider the direction of the motion. In Figure 1.12,
where both §2 and r lie in the plane of the page, the direction of motion is
into the page, perpendicular to both §2 and = and so in the direction of 2 x r.
Therefore the velocity vector of the point at r is

v=Nxr, (1.5)

since this vector has both the correct magnitude and the correct direction.

Equation of a straight line

The equation of a straight line can be written in terms of the cross product
as follows. Suppose that a is the position vector of a particular fixed point on
the line, and that u is a vector pointing along the line (Figure 1.13). Then any
point r on the line can be reached from the origin by travelling first along the
vector @ onto the line and then some multiple of the vector u along the line:

r=a+\u, (1.6)
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where ) is a parameter. This is referred to as the parametric form of the equa-
tion of a line.

0

Fig. 1.13. The equation of a line is r = a + Au.

To obtain a form of (1.6) that does not involve the parameter A, the term
involving the vector v must be eliminated. This can be done by taking the
cross product of (1.6) with u. This gives 7 x © = a x u. Since the vector a x u
is a constant, it can be relabelled b, giving the second form for the equation of

a straight line:
rxu=hb. 1.7)

Physical applications of the cross product

There are many physical quantities that are defined in terms of the cross prod-
uct. These include the following:

o A particle of mass m has position vector r and is moving with velocity v. Its
angular momentum about the origin is h = mr x v.

¢ A particle of mass m moves with velocity u in a frame which is rotating with
angular velocity §2. Due to the rotation, the particle experiences a sideways
force called the Coriolis force, F = 2mu x §2. Since the Earth is rotating,
this force influences motion on the surface of the Earth. The effect deflects
particles to the right in the northern hemisphere and is strongest for motions
on large scales such as ocean currents and weather systems.

o A particle with electric charge ¢ moves with velocity v in the presence of a
magnetic field B. This results in a force, called the Lorentz force, equal to
gqv x B. This is the force which is responsible for the operation of an electric
motor.



14 Vector Calculus

1.4 Scalar triple product

The scalar triple product of three vectors a, b and c is defined to be a - (b x ¢).
In fact the brackets here are unnecessary: (a - b) x ¢ is meaningless since (a - b)
is a scalar and so cannot be crossed with the vector ¢. Therefore the expression
a - b x c is well defined.

The formula for the scalar triple product in terms of the components of
the three vectors a, b and ¢ can be obtained using the formula for the cross
product (1.4):

a-bxc=abycs —ajbzcy + azbscy — azbics + azbica — asbac. (18)

The scalar triple product has a number of properties, listed below. The first
four follow directly from (1.8).

e The dot and the cross can be interchanged:
a-bxc=axb-c

The vectors a, b and ¢ can be permuted cyclically:

a-bxe=b-exa=c-axbh.

The scalar triple product can be written in the form of a determinant:

ay a2 ag
a-bxe= by by b3
Ci C C3

If any two of the vectors are equal, the scalar triple product is zero.
Geometrically, the magnitude of the scalar triple product is the volume of
the three-dimensional object known as a parallelepiped formed by the three
vectors a, b and ¢ (Figure 1.14). This can be shown as follows. The area of the
parallelogram forming the base is |bx ¢|. The height is the vertical component
of a, which is the magnitude of the component of a in the direction of b x c.
This is |a - b x €| /|b x ¢|, so the volume is the area of the base multiplied by
the height, which is |a - b x ¢|. Similarly, the volume of the tetrahedron made
by the vectors @, b and cis |a - b x ¢|/6.

The scalar triple product of @, b and ¢ is often written [a, b, ¢]. This notation
highlights the fact that the dot and the cross can be interchanged.
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/' / /

b

Fig. 1.14. The volume of the object formed by the three vectors a, b and ¢ is |a-bxc|.

Example 1.9
Find the scalar triple product of the vectors (1,2,1), (0,1,1) and (2,1,0).

First find the vector (0,1,1) x (2,1,0) = (—1,2,~2). Now dot this with
(1,2,1), giving the answer 1.

Example 1.10

Show that if three vectors lie in a plane, then their scalar triple product is zero.

If a, b and c lie in a plane, then the vector b x ¢ is perpendicular to the
plane and hence perpendicular to a. Since the dot product of perpendicular
vectors is always zero, it follows that a - b x ¢ = 0.

Example 1.11
A particle with mass m and electric charge ¢ moves in a uniform magnetic
field B. Given that the force F on the particle is F = qv x B, where v is the
velocity of the particle, show that the particle moves at constant speed.

The equation of motion of the particle is written using Newton’s second
law, force equals mass times acceleration. The acceleration of the particle is
the rate of change of the velocity, written ®, so the equation of motion is

guvx B=mdv.

Now taking the dot product of both sides of this equation with v, the scalar
triple product on the left-hand side gives zero since two of the vectors are equal.
Hence

- . — d — d 2
O=md-v= mﬁ(v-v)ﬂ =m= (lvl?) /2,

so the speed of the particle, |v|, does not change with time.
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1.5 Vector triple product

The vector triple product of three vectors is @ x (b x ¢). The brackets are
important here, since a x (b x ¢) # (a x b) x c. Since only cross products are
involved, the result is a vector. An alternative expression for @ x (b x ¢) can
be obtained by writing out the components. Since

b x ¢ = (bacz — bzc2)er + (bzcy — bicz)er + (bica — baci)es,
the first component of @ x (b x ¢) is

[@ax (bxe) az(byca — baer) — az(bzer — bics)

= b ((1262 + a3C3) —-C1 (a2b2 + a3b3).
By adding and subtracting the quantity a,b,c1, this can be written
[a X (b X c)]1 = b (alcl + axcy + 0363) - cl(albl + asby + a3b3)
= bla-c—cla-b.

Similar equations hold for the second and third components, so the vector triple
product can be expanded as

ax(bxc)=(a- -c)b-(a-b)c. (1.9)
From this result it also follows that

(axb)xe=-ex(axb)=-(c-b)a+(c-a)b. (1.10)

Example 1.12

Under what conditions are a x (b x ¢) and (a x b) x ¢ equal?
By comparing (1.9) with (1.10), the two are equal if —(a - b)e = —(c - b)a.
This can alternatively be written b x (a x ¢) = 0.

Example 1.13

Find an alternative expression for {(a x b) - (¢ x d).
Since the dot and cross can be interchanged in a scalar triple product,

(axb)-(exd) = a-(bx(ecxd))
a ((b-d)c-(b-c)d)
(@a-c)(b-d)—(a-d)(b-c).
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1.6 Scalar fields and vector fields

A scalar or vector quantity is said be a field if it is a function of position.
An example of a scalar field is the temperature inside a room; in general the
temperature has a different value at different points in space, so the temperature
T is a function of position. This is indicated by writing T'(r), where 7 is the
position vector of a point in space, r = (z,y, z). Other examples of scalar fields
include pressure and density. An example of a vector field is the velocity of the
air within a room.

In general, a scalar field T is three-dimensional, i.e. it depends on all three
coordinates, T = T(z,y,z). Such fields are difficult to visualise. However, if
the scalar field only depends on two coordinates, T = T(z,y), then it can be
visualised by sketching a contour plot. To do this, the line T(z,y) = constant
is plotted for different values of the constant. For example, consider the scalar
field T(z,y) = 22 + y*. The contour lines are the lines z*> + y* = constant,
which are concentric circles centred at the origin, as shown in Figure 1.15(a).

(@) (b)

N,

\4—/

A
I

N7

Fig. 1.15. (a) Contours of the scalar field T(z,y) = z° + y°. (b) The vector field
u(z,y) = (y,2).

Vector fields in two dimensions can also be visualised by a sketch. In this
case the simplest procedure is to evaluate the vector field at a sequence of points
and draw vectors indicating the magnitude and direction of the vector field at
each point. An example of this procedure is the drawing of wind speeds and
directions on weather maps. For example, consider the vector field u(z,y) =
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(y, ). At the point (1,0), u = (0,1), so at this point a vector of magnitude 1
pointing in the y direction is drawn. Similarly, at (0, 1), w = (1,0) and at (1, 1),
u = (1,1). By considering a few additional points, a sketch of the vector field
can be built up (Figure 1.15(b)).

Summary of Chapter 1

A wvector is a physical quantity with magnitude and direction.

A scalar is a physical quantity with magnitude only.

o In Cartesian coordinates a vector can be written in terms of its components
as either @ = (a1,a2,a3) or @ = a,e; +aye; +azes, where e, e; and e are
unit vectors along the z-, y- and z-axes respectively.

e The magnitude of the vector a is |a| = \/a? + a} + a2.
o The dot product or scalar product of @ and b is a scalar,

a-b=|a||blcost = a1b; + axb; + azbs.

This can also be thought of as |a| multiplied by the component of b in the
direction of a. Applications of the dot product include the work done when
moving an object acted on by a force and the equation of a plane.

o The cross product or vector product of @ and b is a vector, a x b, with
magnitude |a||b|sin @, perpendicular to a and b in a right-handed sense. In
component form,

a x b= (azb3 — asby)e; + (azh; — arbs)es + (arhy — azby)es.

The magnitude of @ x b is |a| multiplied by the component of b perpendicular
to a, which is the area of the parallelogram made by a and b. Applications
of the cross product include the equation of a straight line and the rotation
of a rigid body.

o The scalar triple productisa-bxc=axb-c=b ¢ xa.

e The vector triple productis a x (b x ¢) = (a-¢)b - (a-b)c.

¢ A scalar or vector quantity is a field if it is a function of position.
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EXERCISES

1.8 Find the equation of the straight line which passes through the points
(1,1,1) and (2,3,5), (a) in parametric form; (b) in cross product
form.

1.9 Using vector methods, prove the sine rule,

sind sinB _ sinC
a b T ¢

(1.11)
and the cosine rule,
c* =a® +b* - 2abcosC (1.12)

for the triangle with angles A, B, C and sides a, b, ¢ in the figure
below.

1.10 (a) Show that the set of vectors and the operation of vector addition
form a group. (The set of objects a, b, c, ... and the operation x form
a group if the following four conditions are satisfied: (i) for any two
elements a and b, a x b is in the set; (ii) (@ xb) xc = a * (b *¢); (iii)
there is an element I obeying a x I = I xa = a; (iv) each element a
has an inverse a™! such that axa™! =a"'xa=1)

(b) Do the set of vectors and the dot product form a group?

(c) Do the set of vectors and the cross product form a group?
1.11 Simplify the following expressions:

(a) la x b2 + (a - b)%;

(b) @ x (b x {(a x b));

(c) (@a=b)-(b—c) x(c—a);

(d) (@ xb)-(bxc)x(cxa).

1.12 The vector & obeys the two equations x-a = 1 and £ x a = b, where
a and b are constant vectors. Solve these equations to find an ex-
pression for x in terms of a and b. Give a geometrical interpretation
of this question.
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1.13 Find the equation of the line on which the two planes r - @ = 1 and
7 -b =1 meet.

1.14 (a) Express the vector @ x b in the form aa + 8b + e, assuming
that the vectors a, b and ¢ are not coplanar.

(b) Hence find an expression for (a x b - ¢)? that does not involve
any cross products.

(c) Hence find the volume of a tetrahedron made from four equilat-
eral triangles with sides of length 1.

1.15 A particle of mass m at position r and moving with velocity v is
subject to a force F directed towards the origin, F = — f(r)r. Show
that the angular momentum vector h = mr X v is constant.

1.16 Sketch the scalar field T'(z,y) = 22 — y.

1.17 Sketch the vector field u(z,y) = (z + y, —z).
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Line, Surface and Volume Integrals

2.1 Applications and methods of integration

This chapter is concerned with extending the concept of integration to vector
quantities and to three dimensions. Before embarking on these more compli-
cated types of integration, however, it is useful to review the concept of inte-
gration and some standard techniques for evaluating integrals. It is important
that the reader is familiar with these methods, since this will be assumed in
the following sections.

2.1.1 Examples of the use of integration

Example 2.1

A rod of length a has a mass per unit length p(x) that varies along the length
of the rod according to the formula p(z) = 1+ z. What is the total mass of the
rod?

Consider dividing the rod into N small sections, each of length dz;. The
mass of each section is p(z;)dz;. The total mass M of the rod is the sum of the
masses of all these sections,

P. C. Matthews, Vector Caleulus
© Springer-Verlag London Limited 1998
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N
M= Zp(zi) dz;.

i=1

The integral of p(z) is defined to be the limit of this sum as N — oo:

a N
/0 pla)do = Jim 3 pla)da
The total mass M is therefore

A4=/1+$m:ﬂx+ﬁﬂﬁ=a+fﬂ.
0

Example 2.2

A vehicle starts from rest and accelerates uniformly up to a speed of 10 m/s
over a time of 20 s. What is the total distance travelled during this time?

The vehicle starts from rest and reaches a speed of 10 m/s after 20 s, so
its speed at a time ¢ is v(¢) = ¢/2 m/s. In a small time interval dt the distance
travelled is v(t) dt = t/2dt. The total distance S travelled in the total time of
20 s is therefore

20 .
5=/tnm=wm?=me
0

2.1.2 Integration by substitution

In this method for the evaluation of integrals, a complicated integral is trans-
formed to a simpler one by a substitution or change of variable. In some cases
the choice of the change of variable is easy to find, but in others it can be
difficult to spot the most sensible substitution. Often, there is more than one
possible substitution. Three examples of the application of this method are
given below.

Example 2.3

Evaluate [z/v1 -z dz.

Here, the difficulty is caused by the /1 — z in the denominator. This sug-
gests that the appropriate substitution is 4 = 1 — 2z, so £ = 1 — u and
dr = —du. The integral becomes [ —(1 — u)/vudu = [-1/yu+ udu =
~2u'/2 +2u3/2 /3 + ¢, where c is an arbitrary constant of integration. The result
can be expressed in terms of the original variable z as —2v/1 -z (2+1z)/3+c.



2. Line, Surface and Volume Integrals 23

Example 2.4
Evaluate [ V1 — z2 dz.

For integrals involving the quantity v/1 — z2, the appropriate substitution is
z = sin 6 (or z = cos , which would do equally well). With this choice, /1 — z2
becomes cos@ and dz = cos@df. The integral then simplifies to [ cos® 8dd.
Integrals of this type, which occur very frequently, are evaluated using the
trigonometric formula cos? 6 = (1 + cos26)/2, so the value of the integral is
(20 + sin 28)/4 + c. In terms of z this result can be written

/\/1—2:2 dr = (sin_1x+z\/1—z2)/2+c.

Example 2.5
Evaluate fol z2V/1 - 22 dz.

Again the substitution z = sin# is used. Since the limits of integration are
given, these can also be expressed in terms of the new variable 8. When = = 0,
0 = 0 and when z = 1, 8 = 7/2, so the integral becomes fow/z sin® @ cos® 8 df.

This can be simplified to 0"/2 1/4 sin%26df = 0"/2 1/8 (1 — cos46) df = = /16.

2.1.3 Integration by parts

Integration by parts is an important and useful technique, used when an integral
involves a product of two terms. The integration by parts formula is derived
from the product rule for differentiation. Given two functions of z, u(z) and
v(z), the rule for the derivative of their product is

duv) _dv  du

& 'm @ @1
Integrating this expression and rearranging the terms gives the integration by
parts formula:
d d
/uﬁdz:uv—/vggdz. (2.2)

As with the case of integration by substitution, some experience is helpful in
determining whether this formula will be useful in evaluating an integral, and
exactly how to split the integral into the two parts. In general, it is best to
choose u to be a function which becomes simpler when differentiated. The
following two examples illustrate the use of the method of integration by parts.
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Example 2.6

Evaluate [ zsinzdz.
In this example we choose u = z, dv/dx = sinz, so v = —cosz. Applying
the formula (2.2) gives

/msinxdm: -zcos:z:+/coszdx= —zcosT +sinz + c.

Note that it is essential to make the right choice for u and v. If we had chosen
u = sinz, dv/dz = z then the resulting integral would have involved z2 cos z
which is more complicated than the integral we started with.

Example 2.7

Evaluate [ expaz coszdz.
For this case two applications of (2.2) are necessary. Choosing u = exp az,
dv/dz = cos,
/expazcoszdz = expazsinz — /aexpa:csin:vdx +c
Now apply (2.2) to the integral on the r.h.s. with u = aexpaz, dv/dz = sinz:

/expaxcos:cdx=expa:csin:c+aexpaxcos:c——/azexpaxcoszdz:+c.

At this stage it may appear that no progress has been made, since the original
integral has reappeared on the right-hand side. However, by rearranging the
terms,

(1+a?) /expaz coszdr = expazrsinz + aexpazcosz + ¢
and so the value of the original integral is
/expax coszdr = (expazsinz + aexpazcosz + ¢)/(1 + a?).
In this case the choice of u and v does not matter: the result can also be obtained
by choosing u = cosz, dv/dz = exp az, provided that a similar choice, with u

chosen to be the trigonometric term and dv/dz chosen to be the exponential
term, is made for the second application of (2.2).
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2.2 Line integrals

2.2.1 Introductory example: work done against a force

As an introductory example of a line integral, consider a particle moving along
a curved path C through space. The particle is acted on by a force F(r), which
is a vector field. What is the total amount of work done as the particle moves
along the curve C7

To answer this question, first divide the curve C into a large number of small
pieces. Consider the work done when the particle moves from the position r
to r + dr (Figure 2.1). On this small section of the curve C, the work done is
—F - dr. The total amount of work done W as the particle moves along C is
therefore the sum of the contributions from all the small segments of the curve,

N
W=Y -F; dr. (2.3)
i=1
The line integral of F along the curve C is defined by

N

F.dr = lim Y Fi-dr:. (2.4)

¢ i=1

The vector dr is often referred to as a line element.
Note that the direction of the integral along the curve C must be specified.

If the direction of the curve is reversed, all the line elements dr are reversed
and so the value of the integral is multiplied by —1.

dr

r+dr

C (0]

Fig. 2.1. A small section of the curve C is represented by the line element dr.
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2.2.2 Evaluation of line integrals

Line integrals are evaluated by using a parameter, t for example, together with
a formula giving the value of the position vector  in terms of ¢. This can be
regarded as an example of integration by substitution, since

dr
dr = 8T 2.
/CF dr /F dtdt (2.5)

For example, suppose that the curve C is given in terms of ¢ by
T =t, y=t, z =212, (2.6)

and ¢ lies in the range 0 < t < 1. Then as t varies between 0 and 1, the position
vector r = (z,y,z) moves along a curve C in space connecting the points
(0,0,0) and (1,1,2). Suppose that the vector field F is given by F = (y, z, z).
To evaluate the line integral, both F and dr/dt must be written in terms of ¢.
Substituting (2.6) into the expression for F gives F = (t,t,2t%), and

dr (dz dy dz

'd—t, EE, (_iZ) = (1, 1,4t)

—d?:

The line integral can now be evaluated:

1 1
/F-dr:/ (t,t,2t2)~(1,1,4t)dt=/ 2t + 8t3dt = 3.
C 0 0

In this first example, the parametric form of the curve C' was given. If the
curve C is given in a different form, then a parametric form must be constructed
so that the line integral can be evaluated. For example, suppose now that
F = (y,z,z) as before, but C' is the straight line connecting the origin to the
point (1,2,3). The way in which the curve C is parametrised is not unique, so
we can make the arbitrary choice z = t. Since z varies between 0 and 1 along
the line, this is also the range for t. The end point of C is (1,2,3), so y and
z must be given by y = 2t, z = 3¢, and so dr = (1,2, 3) dt. The value of the
integral is therefore

1 1
/ F.dr = / (2t,t,3t)-(1,2,3)dt = / 13tdt = 6.5.

c 0 0
Line integrals sometimes occur over curves that are closed, i.e. when the
starting point and end point of the curve are equal. In this case the integral is
written using the symbol §, which indicates that the integral is along a closed
curve. For example, consider the integral of F = (y,z, z) around the closed
curve given by £ = cosf, y = sin8, z = 0, where 0 < 6 < 27. Here, as 6 varies,
the curve C describes a circle in the z, y plane. The line element dr is expressed
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in terms of the parameter 8 as dr = (dz,dy,dz) = (—sinf, cos8,0) df, so the
value of the line integral is

27
7{F-dr = / (sin#,cosf,0) - (—sinf, cosf,0) dd
c 0
27 )
= / —sin® 0 + cos® 6 do
0

2r )
= / cos20df = [1/2 sin20];7r = 0.
0

The line integral of a vector field F' around a closed curve C is often called the
circulation of F around C.

Example 2.8

Evaluate the line integral of the vector field u = (zy, z?,z) along the curve
givenbyz =1+t y=02=#,0<t<3.

First write u and dr in terms of ¢: u = (0,*,1 + t), dr = (1,0,2t) dt. The
value of the integral is therefore

3 3
/F-dr:/ (0,t4,1+t)-(1,0,2t)dt=/ 2t+2t2dt=[t2+2t3/3]g:27,
C 0 0
Example 2.9

Find the line integral of F = (y, —z,0) along the curve consisting of the two
straight line segments (a) y =1,0<z <1, (b)z=1,1<y <2

Here, the contributions from the two line segments must be taken separately.
On section (a), using z as the parameter, we have

/1(1, -z,0) - (dz,0,0) = 1.
0

Similarly on section (b) we have

2
/ (ya _1a0) : (O’dyao) = -1
1
Therefore the total value of the integral is 0.

Example 2.10

Find the circulation of the vector F' = (y, —z,0) around the unit circle, 2 +
y? =1, z =0, taken in an anticlockwise direction.

The circle is written in terms of a parameter § as = cosf, y = sin6, z = 0,
0 < 8 < 27. The value of the integral is

2
0

2 27
f F-dr=/ (sin0,~cosf),0)-(—sin0,cos€,0)d9=/ ~1d6 = ~2n.
c 0
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2.2.3 Conservative vector fields

A vector field F is said to be conservative if it has the property that the line
integral of F around any closed curve C is zero:

7{ F.dr=0. (2.7)
JC

An equivalent definition is that F is conservative if the line integral of F
along a curve only depends on the endpoints of the curve, not on the path
taken by the curve, )

F-dr = F-dr (2.8)
e Cs
where C; and C are any two curves that have the same endpoints but different
paths (Figure 2.2).

A

Fig. 2.2. A vector field is conservative if the line integrals along two different curves
C: and C; from A to B are equal.

The equivalence of these two definitions can be demonstrated as follows.
Consider two curves € and C, that start from the point A and end at the
point B (Figure 2.2). Let C be the closed curve that starts from the point A,
follows the curve C; to the point B and then follows the curve C, in the reverse
direction to return to A. Then

%F-dr: F.dr - F.dr (2.9)
c ¢} Cs

since the effect of the reversed direction of the integral along C; is to change
the sign of the integral. From this equation it follows that if the integral around
C is zero, then the integrals along C; and C; are equal, and similarly, if the
integrals along C) and C, are equal, then the integral around C is zero.
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Conservative vector fields are of great importance, since many physical ex-
amples of vector fields are conservative. Consider for example the Earth’s grav-
itational field, g. A particle of mass m experiences a force mg, so the work
done in moving the particle along a path C from point A to point B is just
minus the line integral of mg along C. However, we know physically that the
work done only depends on the position of the points A and B - in fact the
work done is simply the difference in the potential energy of the particle at A
and B. Equivalently, if the particle is moved around but returns to its starting
point, the total work done is zero. Therefore, the Earth’s gravitational field is
an example of a conservative vector field.

Example 2.11

By considering the line integral of F = (y,z% — z,0) around the square in the
z, y plane connecting the four points (0,0), (1,0), (1,1) and (0,1), show that
F cannot be a conservative vector field.

This line integral consists of four parts (Figure 2.3). On the first section

Cs

G x

Fig. 2.3. The line integral around the square is split into four straight sections.

Ch, from (0,0) to (1,0), dr = (dz,0,0) and y = 0 so F = (0,z® — z,0) and
F .dr = 0. On the second section C,, dr = (0,dy,0) and z = 1so F = (y,0,0)
and again F - dr = 0. On the third section C3, dr = (dz,0,0) and y = 1 so
F = (1,z% — z,0) and the contribution to the line integral is

0
/ ldz = -1.
1

Finally, on the fourth section Cy of the square F - dr = 0 again, so the total
value of the integral is —1. Since the integral around the closed circuit is non-
zero, F cannot be conservative.
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2.2.4 Other forms of line integrals

The line integral |, ¢ F - dr is the most important type of line integral, but there
are two other forms of the line integral which can occur. These are

/¢dr and /der
c c

where ¢ is a scalar field and F is a vector field. Note that in each of these cases
the result of the integral is a vector quantity. These integrals can be evaluated
using a parameter, as in the following examples.

Example 2.12
Evaluate the line integral

/ r + y*dr,
c
where C is the parabola y = z? in the plane z = 0 connecting the points (0, 0,0)
and (1,1,0).

The curve can be written in terms of a parametert asz =t, y = t2, z =0,
0 <t <1,sodr =(1,2t,0)dt. The value of the integral is therefore

/z+y2dr
c

1

/l(t +t4)(1,2t,0) dt
0

1 1
e (/ t+t4dt> + e, (/ 2t2+2t5dt) =0.7e; + es.
(1] 0
Example 2.13

Evaluate the line integral

F x dr,
c

where F is the vector field (y,z,0) and C is the curve y = sinz, z = 0, between
z=0and z =7.

The curve can be written as x = ¢, y = sint, 2z = 0, 0 < ¢t < w. Then
F = (sint,t,0) and dr = (1,cost,0) dt, so F x dr = (0,0,sintcost — t) dt and
the integral is

n
/FXd'I‘=€3/ sintcost —tdt = 1/2 [sinzt—tz];egz—w2/2e3.
c 0
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EXERCISES
2.1 Evaluate the line integral
/ F -dr where F = (52%,2z,z + 2y) (2.10)
c

and the curve C'is given by x =t y=t? 2 =1, 0<t < 1.

2.2 Evaluate the line integral of the same vector field F' given in (2.10)
along the straight line joining the points (0,0,0) and (1,1,1). Is F
a conservative vector field?

2.3 Find the line integral of the vector field u = (y?, z, z) along the curve
givenby z=y=¢€* fromz=0toz=1.

2.4 Find the line integral fcr x dr where the curve C is the ellipse
z?/a® 4+ y? /b = 1 taken in an anticlockwise direction. What do you
notice about the magnitude of the answer?

2.3 Surface integrals

2.3.1 Introductory example: flow through a pipe

Suppose that fluid flows with velocity u through a pipe. What is the total
volume of fluid passing through the pipe per unit time (Figure 2.4)? This

—_—  ———

—_——  — 3

Fig. 2.4. Fluid flows with velocity u along a pipe. The rate at which it crosses the
surface S at the end of the pipe is an example of a surface integral.

volume flow rate is often called the fluz of fluid through the pipe, or the flux
of fluid across the surface S that forms the end of the pipe. We will consider
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this question in several different cases, beginning with the simplest case and
progressing to more complicated examples.

Suppose first that the pipe has cross-sectional area A and that the velocity
u, which in general can be a function of space and time, is a constant and is
directed parallel to the walls of the pipe, with speed |u| = Up . In this case,
the fluid moves along the pipe as if it were a solid block. In a time ¢, the fluid
moves a distance Upt, so a ‘block’ of fluid of volume UptA emerges from the
end of the pipe. The flow rate @, or flux, of fluid through the pipe is therefore
this volume divided by the time £, giving Q@ = UpA.

Fig. 2.5. Enlargement of a small surface element dS forming part of the surface S.

Now suppose that the flow is again directed parallel to the walls of the
pipe but that the speed of the flow depends on the position within the pipe, so
ju| = Up(z,y), and that the pipe has a square cross-section with the walls at
z =0,1 and y = 0,1. Now consider a small surface element with area dS on
the surface S, which is a small rectangle with sides of length dz and dy located
at the point (z,y) on the surface S, so that dS = dz dy (Figure 2.5). Following
the argument of the previous paragraph, the flux d@ of fluid across this surface
element dS is dQ) = Up(z,y) dS = Up(z,y) dz dy. To calculate the total flux Q
across the surface S, we need to add up the contributions from all the small
surface elements dS. This sum of contributions becomes an integral, but since
the surface is two-dimensional the resulting integral is a surface integral or
double integral, representing integration in both the z and y directions:

Q=//SUo(x,y)dS=//SUo(a:,y)dzdy. (2.11)

In the above example, the fluid flow direction is perpendicular to the surface
S. Consider now the case where the vector field u and the surface S are both
arbitrary. In general, S may represent a curved surface. Again we consider a
small surface element dS (Figure 2.6) and compute the flux of u across dS. Now
if u is perpendicular to dS, this flux is just |u|dS, but if u is not perpendicular
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dy

dx

N

Fig. 2.6. The unit normal vector n is perpendicular to the surface element dS.

to dS, only the component of u perpendicular to dS contributes to the flux
across dS. To extract this component it is necessary to introduce a normal
vector n to the surface dS, with the properties that n is perpendicular to dS
and that m is a unit vector, |n| = 1. The component of u perpendicular to
dS is then the component of u in the direction of n, which is just u - n (see
Section 1.2), so the flux across the surface element dS is u - ndS. The total
flux across the surface S is given by the surface integral

Q=//Su’nd5://su~ndzdy.

Note that the direction of the normal vector n has not been uniquely spec-
ified: the vector n could have been chosen to point in the opposite direction
in Figure 2.6, and this would change the sign of the answer. Therefore the
direction of n must be specified when a surface integral is written down.

Surface integrals often occur over surfaces which are closed. In this case, the
normal to the surface which points outward is used (Figure 2.7). To indicate
that the surface is closed, a circle is sometimes drawn through the integral, in
a similar manner to the notation used for line integrals around closed curves:

#u-nds.
J s

2.3.2 Evaluation of surface integrals

Surface integrals can be evaluated by carrying out two successive integrations.
Consider first the evaluation of (2.11) where S is the square surface given by
0 <z <1,0<y<1 The surface integral is then

Q://SUo(x,y)dS=/O.I/O.IUO(:E,y)dzdy.
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Fig. 2.7. For a closed surface, the convention is that the normal points outward.

There is some potential ambiguity here, since it is not immediately clear which
of the integral signs refers to the z integration and which to the y integration.
The convention adopted is that the integrals are ‘nested’, so that the first
integral sign represents the y integral and the second one represents the z
integral. The double integral is then interpreted as

Q= /01 (/01 Uo(:c,y)da:) dy.

It is also assumed that the inner integral, the r integral in the above equation,
is to be evaluated first. For example, suppose that Up(z,y) = (z — z%)(y — ¥?).
The inner, z, integral is evaluated first, and within this inner integral y is
regarded as a constant. Carrying out the first integral gives

1 1
Q = /O/O(w—xz)(y—yz)dzdy
1
= /0[z2/2—w3/3]é(y—y2)dy

1
= / 1/6 (y — y*) dy.
0

The double integral has now been reduced to a single integral which can be
evaluated in the usual way:

Q= [ 1/6l-v)dy =1/6 [y"/2-4*/3], = 1/36.

Consider now the case where the surface is circular. In the original example
of pipe flow, this corresponds to a cylindrical pipe. If the surface is circular, it
is best to use polar coordinates to evaluate the integral. Polar coordinates (r,§)
are related to Cartesian coordinates (z,y) by z = r cosf, y = rsin 6. The angle
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# is measured in radians and ranges from 0 to 27. The area element dS can be
computed by considering a small angle df and a small change in radius dr as
shown in Figure 2.8. If dr and df are both small then the corresponding area

<] rdo

dr

Fig. 2.8. The area element dS in polar coordinates.

element dS is almost rectangular, with length dr in the r direction and r df in
the @ direction, so dS = r df dr. Suppose now that the radius of the surface S
is 1 and that Uy = 1 — r%. The value of the surface integral is then

Q://SUOdS:/Ol /Oh(l—rz)rdﬁdr.

The inner, 6, integral is carried out first, with r temporarily regarded as a
constant. Since there is no dependence on 6 in the integral, this inner integral
just gives a factor of 27, so

Q= /01 2r(1 - r)rdr = 2 [r?/2 —1"4/4](1) =7/2.

Finally, consider the case where the surface S is curved. The surface can
be written in terms of two parameters, v and w, so that a position vector r
lying in the surface is written r = (v, w). Now consider a small change in the
value of v, to v + dv. The vector r(v + dv, w) also lies on the surface, so the
difference between these two vectors, 7 (v + dv, w) — r(v,w) = (dr/dv) dv must
be a vector lying in, or tangent to, the surface, and similarly for the vector
(8r /0w) dw. To evaluate the surface integral we need an expressions for n dS,
but we know from Section 1.3 that this is simply the cross product of the two
vectors, since the cross product of two vectors gives a vector perpendicular to
both and with a magnitude equal to the area of the parallelogram created by
the two vectors. Therefore the surface integral can be written as

JLuwnds=[[ u O O v

For example, consider the integral of the vector field u = (z, z, —y) over the
curved surface of the cylinder z% + y? = 1 lying between z = 0 and z = 1. The
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B
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Fig. 2.9. A point on the cylindrical surface > + 3> = 1 can be denoted by the

parameters z and 6.

two parameters describing the surface are the height z and the angle 8 around
the cylinder (Figure 2.9). In terms of these parameters the position vector is
r = (z,y,2) = (cosf,sinb, z), so

or or

56 = (—sin#,cos 8, 0), Fyle (0,0,1)
or Or .
and % <5~ (cosé,sin b, 0).

The value of the integral is therefore

//u-ndS = / / (cosb,z,—sin@) - (cosb,sinf,0) df dz
s

// cos® 8 + zsin 8 df dz

= / wdz = 7.
0
Example 2.14

Evaluate the surface integral of u = (y, 2%, z?), over the surface S, where S is
the triangular surface on z = 0 with y > 0, 2 > 0, y + z < 1, with the normal
n directed in the positive z direction.

In this example n = (1,0,0) and so u - n = y. When the surface is not
rectangular, care must be taken when setting the limits of the integration. If
we choose to do the z integral first, then for any given value of y, the range

It
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AN

0

0 1 y

Fig. 2.10. For each value of y, z runs from the line z = 0 up to the line y + z = 1.

of values for z is 0 < 2 < 1 — y (Figure 2.10). The outer y integral then has
limits of 0 and 1. This corresponds to covering the triangular area with vertical
strips. The value of the integral is

1 pl-y 1 Iy 1 .
/ / ydzdy=/ [yz]o dy:/ y—-y’dy =1/6.
0o Jo 0 0

The integral could also have been evaluated by doing the y integral first, in
which case the limits for y are 0 < y < 1 — z and the limits for z are 0 < z < 1.
This ordering corresponds to covering the region of integration in Figure 2.10
with horizontal strips. The value of the integral is the same:

/01 /Ol—zydy dz = /01 [y2/2](1]—z dy = /01(1 —2)?/2dz = 1/6.

Example 2.15

Find the surface integral of u = r over the part of the paraboloid z = 1—z2—y2
with z > 0, with the normal pointing upwards.

Since the surface is curved, a description of the surface in terms of two
parameters is needed. Using simply z and y, a point on the surface is (z,y,1 -
z? —y?) and the two tangent vectors in the surface, obtained by differentiating
with respect to z and y, are (1,0, —2z) and (0, 1, ~2y). Taking the cross product
of these two vectors, the quantity ndS is (2z,2y,1) dr dy. Note that this has
a positive z component, so is directed upwards as required. Taking the dot
product with u gives u - ndS = 22?2 + 2y + zdzdy = 1 + 2% + y*dz dy. The
limits on the integral are determined in a similar manner to Example 2.14. The
edge of the surface is given as z = 0, which is the circle 2 + y? = 1. Choosing
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N

~_1

Fig. 2.11. For any value of z, y ranges from the lower half of the circle z2 + %> =1
to the upper half of the circle.

to do the y integral first, the y integration is carried out with = fixed, so the
range of values for y is —v1 — 22 < y < V1 — z2 (Figure 2.11). The range of
values for z is —1 < o < 1. The value of the integral is

Y =) ) 1 , 5 VI
1+2° +y’dydz = / + 2%y +y°/3 dr
[—1 /—\/1—:5§ ! v ayer -1 [y Ty y / ]—\/1—:5E

/1 (8/3 +4/32%)\/1 ~ x2dx

= 4n/3+ 76 =37/2,

where the final integral has been evaluated using the results of Section 2.1.2.

2.3.3 Other forms of surface integrals

The surface integral of u - n is the most important type of surface integral.
However, as in the case of line integrals, other types of surface integrals can be
defined, for example

//Sde, //andS and //vandS,

where f is a scalar field and v is a vector field. These integrals are evaluated
using the methods of the previous section.
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Example 2.16

If S is the entire z, y plane, evaluate the integral

I=// e~ v’ s,
S

by transforming the integral into polar coordinates.
In polar coordinates (r,8), z> + y> = r? and dS = rdf dr. The ranges of
the variables to cover the whole plane are 0 <r < oo and 0 < 8 < 27, so

oo 2w [e e} 0o
I= / / e~ rdfdr = / ore " rdr =7 [—-e‘rz] = T.
o Jo 0 0

This answer can be used to show that ffooo e’ dr = /7, aresult which cannot
be obtained by standard methods of integration.

2.4 Volume integrals

2.4.1 Introductory example: mass of an object with
variable density

Suppose that an object of volume V has a density p. If p is a constant, the
mass M of the object is simply M = pV. Now suppose that the object has a
density which is a function of position, p = p(r). What is the total mass of the
object?

The argument proceeds in a similar manner to the examples of line and
surface integrals. The volume V is divided into N small pieces with volumes
8V, i=1,..., N, which are called volume elements. Within each of the volume
elements the density is approximately constant (assuming that p is a continuous
function of position) and so the mass M; of the volume element at position r;
is M; = p(r;) 6V;. The total mass of the object is the sum of the masses of all
the volume elements,

N
M=) p(ri)dV;.
i=1

The volume integral of p over the volume V is defined to be the limit of this

sum as N — oo: N
dV = lim ri)dVi. 2.12
[l » Jim 3 ry (2.12)
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Volume integrals can also be used to compute the volumes of objects, in which
case p = 1 in the above example. Note that volume integrals usually occur as
integrals of scalar quantities. However, the volume integral of a vector field u,

/e

can be defined in a similar way.

2.4.2 Evaluation of volume integrals

Volume integrals are evaluated by carrying out three successive integrals. The
same rule for the evaluation of the triple integral applies as for double integrals:
the inner integral is evaluated first. The main difficulty in this process is in
determining the correct limits for the integrals when the shape of the object is
complicated. It is often helpful to sketch the region of integration in order to
find the limits on the integrals. Also useful is the rule that in general, the limits
on an integral can depend only on the variables of integrals that lie outside that
integral. For example, if the integrals are evaluated in the order z, y, z then
the limits on the y integral may depend on z but not on z.

Example 2.17

A cube 0 < z,y, 2, < 1 has a variable density given by p = 1+ z + y + 2. What
is the total mass of the cube?

The total mass is
[l pav
1%
1 1 1
///1+z+y+zdxdydz
o Jo Jo

1 p
/ / [m+m2/2+xy+zz]:) dydz
o Jo

/0l /01(3/2+y+z)dydz

1
/0 [3y/2 +y2/2+ yz](l) dz

= /1(2+z)dz
0

22 + 22/2], = 5/2.

M

Il

I

Note that in this example the integrals were carried out in the order z,y, z, but
any other choice of ordering is equally valid.
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Example 2.18

Find the volume of the tetrahedron with vertices at (0,0,0), (a,0,0), (0,b,0)
and (0,0, c).

a X

Fig. 2.12. For any given values of z and y, z ranges from the plane z = 0 up to the
plane z/a + y/b+ z/c = 1. This is indicated by the vertical column.

A sketch of the tetrahedron is shown in Figure 2.12. The faces of the tetra-
hedron are the planes z = 0, y = 0, z = 0 and the plane which passes through
the three points (a,0,0), (0,5,0) and (0,0,c¢). The equation of this plane is
z/a+y/b+ z/c =1, which can be deduced from the general formula for the
equation of a plane (1.3). Suppose that we choose to do the z integral first.
This integral is carried out for fixed values of z and y, so the range of z is
from the plane z = 0 to the plane z = ¢(1 — z/a — y/b). Choosing to do the
y integral next, y ranges from 0 to the line that passes through (a,0,0) and
(0,b,0), which is y = b(1 — z/a). Finally the range of z is from 0 to a. The
volume V is therefore

a pb(l—z/a) pc(l—z/a—y/b)
V = / / / dz dy dz
0 0 0

a pb{l—z/a)
= / / c(l—z/a—y/b)dydz
0o Jo

= c/ [y(1 - z/a) —y2/2b]g(l—z/a) dz
0

ch [° abe
= — 1-z/a)’ds = —.
3 |, (4 -afoyde =%
Note that this result is consistent with the formula for the volume of a tetra-
hedron given in terms of the scalar triple product in Section 1.4.
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Summary of Chapter 2

e There are several different types of integral, but each one should be inter-
preted as the limit of a sum.
/ F -dr,
c

o A line integral, written
represents the sum of the elements F - dr along the curve C. Applications
include the total amount of work done when a particle moves in the presence
of a force that is a function of position.

e Line integrals are evaluated by writing the vector F and the curve C in terms
of a parameter, ¢.

e If the line integral of F around any closed curve is zero, F is said to be

conservative.
/ / u-ndsS,
S

e The surface integral,
represents the flux of v across the surface S; this can be thought of as the
volume of fluid flowing with velocity u across the surface S per unit time.
The normal vector n is a unit vector that is perpendicular to the surface S.
o Surface integrals are evaluated by carrying out two successive integrations.

[ ] llle Uolu:'”le i”:teg’ al,
///V ’

represents the sum of pdV over all the volume elements dV contained within
V. If p is the density, the volume integral gives the total mass of the object
with volume V.

¢ Volume integrals are evaluated by carrying out three successive integrations.
Care must be taken over setting the limits of the integrals and over the order
in which the three integrals are evaluated.

¢ In both surface and volume integrals, the inner integral is evaluated first.

e There are other forms of line, surface and volume integrals, but the forms
displayed above are the most commonly occurring.
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EXERCISES

2.5

2.6

2.7

2.8

2.9

2.10

2.11

Evaluate the surface integral of u = (zy,z,z + y) over the surface
S defined by z = 0 with 0 < £ < 1, 0 < y < 2, with the normal n
directed in the positive z direction.

Find the surface integral of u = r over the surface of the unit cube
0 < z,y,z < 1, with n pointing outward.

The surface S is defined to be that part of the plane z = 0 lying
between the curves y = z? and z = y?. Find the surface integral of
u - n over S where u = (2z,zy,z?) and n = (0,0, 1).

Find the surface integral of u - n over S where S is the part of the
surface z = z + y? with 2 < 0 and z > -1, u is the vector field
u = (2y + z,—1,0) and n has a negative z component.

Find the volume integral of the scalar field ¢ = 2 +y2 + 22 over the
region V specified by 0 <2 <1,1<y<2,0<2<3.

Find the volume of the section of the cylinder z2 + y? = 1 that lies
between the planes z =z + 1 and z = —z - 1.

A circular pond with radius 1 m and a maximum depth of 1 m has
the shape of a paraboloid, so that its depth z is z = 1 — 22 — y2.
What is the total volume of the pond? How does this compare with
the case where the pond has the same radius and depth but has the
shape of a hemisphere?
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Gradient, Divergence and Curl

3.1 Partial differentiation and Taylor series

This chapter introduces important concepts concerning the differentiation of
scalar and vector quantities in three dimensions. These concepts form the core
of the subject of vector calculus. In this preliminary section, the methods of
partial differentiation and Taylor series are reviewed.

3.1.1 Partial differentiation

Consider a scalar quantity f which is a function of three variables, so f =
f(z,y, z). Then the partial derivative of f with respect to z is defined to be the
derivative of f with respect to z, regarding y and z as constants. To indicate
that f is a function of more than one variable, the partial derivative is written
using a curly d, 8. More formally, the definition of the partial derivative is

af = lim f(:v+61‘,y,z)—f(z,y,z)‘ (31)

Bz~ 6z—0 oT

Second derivatives, such as 8% f/8z? and mixed derivatives, such as 8% f /0y0x
can also be defined: the mixed derivative means that f is differentiated with

P. C. Matthews, Vector Caleulus
© Springer-Verlag London Limited 1998
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respect to T regarding y as a constant, and then differentiated with respect to
y regarding T as a constant. An important property of this mixed derivative,
or cross-derivative, is that the order of the two derivatives does not matter, i.e.

?f o f
dzdy ~ dydz’
provided that these second partial derivatives exist and are continuous.
The main applications of partial differentiation are in the following sections.
One additional application is in finding the maximum or minimum of a function
of more than one variable: when a function is at a maximum or a minimum,
all of its partial derivatives are zero.

(3.2)

Example 3.1
The function f(z,y,z2) is defined by f = z? + zysinz — yz. Find the partial
derivatives of f with respect to z, y and z and verify the result (3.2) that the
order of partial differentiation does not matter.

Differentiating f with respect to z, y and z in turn gives the three partial
derivatives

of . .
= =2z +ysinz, — =zsinz — z, — =IYycosz —y.

Oz dy 0z
Differentiating 0 f/Jy with respect to x gives
9 _ 0 (95 _ g4
dz0y Gz \oy) %
and similarly, differentiating §f/0x with respect to y gives
07 _ 9 (9 g
dydx ~ Ay \dz ) e

In the same way it can be confirmed that the ordering of the cross-derivatives
in x and z or in ¥y and z does not matter.

Example 3.2

A rectangular box has height a, length b and breadth ¢, and is open at the top.
If the volume of the box is fixed, deduce how a, b and ¢ should be related to
minimise the surface area of the box.

Let the fixed volume of the box be V', so abc = V. Two sides of the box have
area ab, two have area ac and the base has area bc, so the total surface area is
A = 2ab+ 2ac + bc. Using the constraint abc = V, a can be eliminated so that
A =2V/c+2V/b+bc. At a maximum or a minimum, the partial derivatives of
A with respect to b and ¢ must both be zero. This gives the two simultaneous
equations
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—2V/B2 +c=0, =2V/c2+b=0

From the first equation, ¢ = 2V/b? and substituting this into the second equa-
tion gives the solution for b, b = 2V or b = (2V))'/3, and similarly ¢ = (2V)!/3.
The condition abc = V gives a = V/((2V)*/?) = (2V)'/3/2. Therefore in the
arrangement that minimises the surface area, b = ¢ and a = b/2, so the height
of the box is half its length.

Note that we have not shown that this is a minimum and not a maximum.
However, common sense suggests that since the area would be very large if the
box were tall and thin, the solution found probably does represent a minimum:.

3.1.2 Taylor series in more than one variable

The Taylor series for an infinitely differentiable function f(z) of a single variable
is

d _ 4)2 d'l
f@) = fla)+(a- a)-’i(a) + @T")—d—;(a) +o.
_ (z —a)*d"f
- ;:_o n! d:c"( a)- (3:3)
This can also be written as
_ o df (0z)2 &2 f

where 6z = (z — a) is a small perturbation and §f = f(x) — f(a) is the
corresponding perturbation in the value of the function.

Taylor series can also be constructed for functions of more than one variable.
For a function f(z,y) of two independent variables, the analogous formula is

5f = 2L 1 5,00 QOGP 5 OF

Oz ay 2! 8z2 ' 2! oy? Yozay Ay (3.5)

In the following sections we will make use of the Taylor series for a function
f(z,y,z) of three variables, but in all cases only the linear terms, that is, only
those that only involve a single power of dz, dy or éz, will be needed:

§f = 6z —i+<s f af+ (3.6)

Taylor series can be useful for approximating functions, as in the following
example.



48 Vector Calculus

Example 3.3

Find an approximate value for the function f(z,y,2) = 2z + (1+y)sinz at the
point  =0.1, y = 0.2, z = 0.3.

The function f takes the value 0 at the point (0,0,0). Near to this point,
the function can be approximated by its Taylor series expansion. To do this,
the three partial derivatives of f evaluated at (0,0,0) are required. These are

of _, 0f __ of

3 = (—,ﬁzsmz:O, b—z—:(l+y)cosz=1.

Hence the Taylor expansion (3.6) is
6f =20z +d8z2+...,

which at the point (0.1,0.2,0.3) gives the approximate value f ~ 0.5 (the
correct value to four decimal places is 0.5546).

3.2 Gradient of a scalar field

In Section 1.6 the concept of a scalar field was introduced as a scalar quantity
which is a function of position in space. A scalar field f can be visualised in
terms of the level surfaces or isosurfaces on which f is constant. The gradient
of the scalar field f is a vector field, with a direction that is perpendicular to
the level surfaces, pointing in the direction of increasing f, with a magnitude
equal to the rate of change of f in this direction (Figure 3.1).

The gradient of a scalar field f can be written as grad f, but the gradient is
so important that a special symbol for grad, V, is used, so grad f = V f. This
symbol is sometimes referred to as ‘del’ or ‘nabla’.

The gradient of f can also be defined in a Cartesian coordinate system in
terms of the partial derivatives of f:

Vf = g'—;‘el + g'—;;ez + %:‘83. (37)
We will now show that these two definitions are equivalent, by showing that the
vector V f defined in (3.7) satisfies the two conditions of being perpendicular
to the level surfaces and with magnitude equal to the rate of change of f in
this direction.
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f = constant Vf

Fig. 3.1. The gradient of f is a vector perpendicular to the surface f = constant.

Consider an infinitesimal change in position in space from 7 to r + dr. This
results in a small change in the value of the scalar field f from f to f + df,
where, from (3.6),

= Of 4 0y O
df = 6zdz+ aydy+ 6zdz
_ (2505 o7
- (81;7 6y, az) (dm’dy7dz)
= Vf-dr. (3.8)

Now suppose that dr lies in the surface f = constant (Figure 3.2). In this
case the change in the value of f must be zero, so we have df = Vf-dr = 0.
Now in general V f # 0 and dr # 0, so the two vectors V f and dr must be
perpendicular. Since dr is in the level surface f = constant, the vector V f
must be perpendicular to the level surface.

So the vector V f defined by (3.7) has the correct direction; it remains to be
shown that it has the correct magnitude. This is achieved by using (3.8) with
dr = nds, where n is the unit normal to the level surface and s is a distance
measured along the normal. In this case, df = Vf-nds = |V f|ds, since Vf
and n are parallel and |n| = 1. Hence the magnitude of V f is

d,
wi=2, (3.9)

which is the rate of change of f with position along the normal.

From (3.8) it follows that V f can be used to find the rate of change of f in
any direction. To find the rate of change of f in the direction of the unit vector
u, set dr = uds where ds is the distance along u. Then df = V f - uds and so
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f = constant vV

Fig. 3.2. Grad f is perpendicular to any vector dr lying in the surface f = constant.

daf

i
This is the rate of change of f in the direction of the unit vector u, and is
called the directional derivative of f. This can also be written as

4 = |V f| cos¥, (3.11)
ds
where 8 is the angle between V f and the unit vector u. Since —1 < cosf < 1,
it follows that the magnitude of V f is equal to the maximum rate of change
of f with position.

The symbol V can be interpreted as a vector differential operator,

6 0 0
V={—,=—,%1, 3.12
(69: Oy az) (312)
where the term operator means that V only has a meaning when it acts on
some other quantity.
The gradient has many important applications. These include finding nor-

mals to surfaces and obtaining the rates of change of functions in any direction,
as in the following examples.

Viou. (3.10)

Example 3.4

Find the unit normal n to the surface 2 + y% — z = 0 at the point (1,1,2).

Define f(z,y,2z) = 2% + y? — z = 0, so the surface is f = 0. Then Vf =
(2z,2y, —1). At the point (1,1,2), Vf = (2,2,-1). This is a vector normal to
the surface. To find the unit normal we need to divide by the magnitude, which
is (22 +224+1%)Y2 = 3son = Vf/|Vf| = (2/3,2/3,-1/3). Note that the
unit normal is not uniquely defined: the vector —n = (-2/3,-2/3,1/3) is also
a unit normal to the surface.
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Example 3.5

Find the directional derivative of the scalar field f = 2z+y+ 22 in the direction
of the vector (1,1,1), and evaluate this at the origin.

The gradient of f is Vf = (2,1,22). To find the directional derivative, we
must take the dot product with the unit vector in the direction of (1,1, 1) which
is uw = (1,1,1)/4/3. The directional derivative is then Vf -u = (3 + 2z)//3.
At the origin, £ = y = z = 0, the directional derivative takes the value v/3.

3.2.1 Gradients, conservative fields and potentials

There is a very important link between the gradient of a scalar field and the
concept of a conservative vector field defined in Section 2.2.3. Recall that a
conservative vector field is one in which the line integral along a curve connect-
ing two points does not depend on the path taken. The connection between
gradients and conservative fields is given by the following theorem.

Theorem 3.1

Suppose that a vector field F is related to a scalar field ¢ by F = V¢ and
V¢ exists everywhere in some region D. Then F is conservative within D.

Conversely, if F is conservative, then F can be written as the gradient of a
scalar field, F = V¢.

Proof

Suppose that F' = V¢. Then the line integral of F along a curve C connecting
two points A and B is

/CF-drz-/CV¢-dr.

Using (3.8) this can be written as

/F-dr:/ dp = [¢)5 = ¢(B) - #(A),
C C

where the line integral has been evaluated simply using ¢ as the parameter.
Since this result only depends on the end points of C, F is conservative.

Conversely, suppose that F is conservative. Then a scalar field @(r) can be
defined as the line integral of F from the origin to the point r:

r
¢(r) = /0 F.dr. (3.13)

Since F is conservative, the value of ¢ does not depend on the path taken from
0 to 7, so ¢ is well defined. From the definition of an integral it then follows
that an infinitesimal change in ¢ is given by
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d¢ = F -dr.

Comparing this with (3.8) shows that F - dr = V¢ - dr. This must be true for
any choice of dr and so F = V¢. O

If a vector field F is conservative, the corresponding scalar field ¢ which
obeys F = V¢ is called the potential for F. Note that the potential is not
unique, since an arbitrary constant can be added to ¢ without affecting V¢.
This arbitrary constant corresponds to the arbitrary choice of the origin for the
lower limit in the integral in the definition (3.13).

Example 3.6

Show that the vector field F = (2z + y, z,2z) is conservative.
F' is conservative if it can be written as the gradient of a scalar field ¢. This
gives the three equations
9¢ 9¢ _ 9 _

— =2 +y, a—y...x, 5 =

3z 2z.

Integrating the first of these equations with respect to = gives ¢ = z% + Ty +
h(y, z) where h is an arbitrary function of y and 2, analogous to a constant of
integration. The second equation forces the partial derivative of h with respect
to y to be zero, so that h only depends on z. The third equation yields dh/dz =
2z, 50 h(z) = 22 + ¢, where c is any constant. Therefore all three equations are
satisfied by the potential function

¢=1z°+ay+2°

and F is a conservative vector field.

3.2.2 Physical applications of the gradient

The gradient of a scalar field appears in many physical contexts. Two examples
are given below.

o Let p denote the pressure within a gas. Then there is a force F acting on any
volume element 6V due to the pressure gradient, given by F = —VpdV.

e A material has a constant thermal conductivity K and a variable temperature
T(r). Because of the temperature variation, heat flows from the hot regions
to the cold regions. The heat flux q is a vector quantity, ¢ = —~KVT.
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EXERCISES

3.1 Find the gradient of the scalar field f = zyz, and evaluate it at the
point (1,2,3). Hence find the directional derivative of f at this point
in the direction of the vector (1, 1,0).

3.2 Find the unit normal to the surface y = z + 23 at the point (1,2,1).

3.3 Show that the gradient of the scalar field ¢ = r = |r| is 7/r and
interpret this result geometrically.

3.4 Find the angle between the surfaces of the sphere z2 + y? + 22 = 2
and the cylinder z? + y? = 1 at a point where they intersect.

3.5 Find the gradient of the scalar field f = yz? + y® — y and hence find
the minima and maxima of f. Sketch the contours f = constant and
the vector field V f.

3.6 If a is a constant vector, find the gradient of f = @ - and interpret
this result geometrically.

3.7 Determine whether or not the vector field F = (siny, z, 0) is conser-
vative.

3.8 Consider the vector field F = (y/(z? + y?), —z/(z? + y?),0). Show
that F can be written as the gradient of a potential ¢. Show also
that the line integral of F around the unit circle z2 + y? = 1 is
non-zero. Explain why this result does not contradict Theorem 3.1.

3.3 Divergence of a vector field

This section introduces the first of two ways of differentiating a vector field, the
divergence. The second way of differentiating a vector field, the curl, is defined
in Section 3.4. Each of these quantities is defined in terms of an integral.

The divergence of a vector field u is a scalar field. Its value at a point P is
defined by

. . 1
divu = 5{3130 W dsu ‘ndS, (3.14)

where §V is a small volume enclosing P with surface S and n is the outward
pointing normal to 4S. Physically, this corresponds to the amount of flux of
the vector field u out of V divided by the volume 8V (Figure 3.3).

As in the case of the gradient, this physical definition leads to an equiva-
lent definition in terms of the components of u = (u;,u3,u3) in a Cartesian
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oS

Fig. 3.3. Definition of the divergence. The small volume 4V has surface 65 and
outward normal n.

coordinate system. To derive this alternative form, take the volume 4V to be a
small rectangular box with sides of length éz, dy and 6z and centred on a point
(z,v,z) (Figure 3.4). It is assumed that the components of u have continuous
partial derivatives.

S, S, |9z ¢
*(x,y2) y
-1 —
n n
X
dy
ox

Fig. 3.4. Rectangular box used to obtain an expression for div u in Cartesian coor-
dinates.

Since the rectangular box has six faces, there are six different contributions
to the surface integral in (3.14). Consider first the contribution from the face
labelled S; in Figure 3.4. This face is perpendicular to the z-axis, so the unit
outward normal is (1,0,0) and hence u-n = u;. The centre of face S} is at the
point (z + 6z/2,y,2) and the area of the face is dy dz, so the contribution to
the surface integral from this face is

// u-ndS = u(z+8zx/2,y,2) 8y bz,
S

where we have used the fact that since the surface is small, the surface integral
can be approximated as the value of v - nn multiplied by the area of the surface.
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A similar argument can be used to approximate the contribution to the
surface integral from S5, which is located at (z — dz/2,y, z). The unit outward
normal for S is (—1,0,0) so u - n = —u; and the contribution to the surface
integral is

// u-ndS ~ —u(x —8zx/2,y,2)dydz.
Sa

Adding the contributions from these two surfaces and making use of the defi-
nition of the partial derivative (3.1), the combined contribution to the surface
integral is

// u-ndS (ul(x+§£,y,z)—ul(w—@,y,z)) dydz
S1+S2 2 2

3u1
8_:1: ox (Sy 6z

6U1

Hence the contribution to divu defined in (3.14) from surfaces S; and S, is
Ou, /0z. Note that this is now exact since the divergence is defined by taking
the limit 6V — 0. Similarly, the contribution to divu from the two surfaces
perpendicular to the y-axis is du; /9y and that from the surfaces perpendicular
to the z-axis is Qus/dz. These are found simply by permuting the z-, y- and 2-
axes. Finally, adding all six contributions together gives the definition of divu
in terms of the Cartesian components of u:

8u1 6U2 8u3
oz T oy Tz

Q

Q

Q

divu = (3.15)

The divergence of u can also be written in terms of the differential operator
V defined in (3.12), since

diyy=2w 0w Ous (0 0 0

T 9z Oy 0z  \Ozx Oy 9z
The form V - u will be used to indicate the divergence of u in. the remainder
of this book.

) “(uy,u2,u3) = V-u.  (3.16)

Example 3.7

Find the divergence of the vector field u = r.
The components of u = r are u = (z,y, z). The divergence of u is therefore

divu=é€+ay 0z _

9z % + a—z =3. (3.17)
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3.3.1 Physical interpretation of divergence

The physical definition of the divergence (3.14) gives an intuitive meaning in
terms of the flux of the vector field out of a small closed surface. This can
also be interpreted as the rate of ‘expansion’ or ‘stretching’ of the vector field.
Consider for example the simple vector field v = (z,0,0). This vector field
only has a component in the z direction and it is sketched in Figure 3.5(a). It
is useful to think of vector fields as representing the motion of a gas. Figure
3.5(a) then represents a gas which is expanding, and the divergence of u, from
(3.15), is 1 everywhere. The vector field v = —u = (—z,0,0) is shown in Figure
3.5(b). This vector field is contracting, and its divergence is V-v = —1. Finally
consider the vector field w = (0, z,0), sketched in Figure 3.5(c). This vector
field is neither expanding nor contracting, and its divergence is zero. A vector
field w for which V - w = 0 everywhere is said to be solenoidal.

3.3.2 Laplacian of a scalar field

Suppose that a scalar field ¢ is twice differentiable. Then the gradient of ¢ is a
differentiable vector field V¢, so we can take the divergence of V¢ and obtain
another scalar field. This scalar field, V - V¢ is called the Laplacian of ¢ and
has its own symbol, V2¢, so

V. -V¢ =V

The Laplacian of ¢ is often referred to as ‘del squared ¢’. The formula for VZ¢
can be found by combining the formulae for div (3.15) and grad (3.7),

2, _ 0 (0¢ 0 (d¢ 0 (¢
o = 5 (a)rm(5) (%)
¢ %9 3%

Thus the Laplacian of ¢ is just the sum of the second partial derivatives of ¢.
The Laplacian can also act on a vector quantity, in which case the result is a
vector whose components are the Laplacians of the components of the original

vector:

(3.18)

Viu = (V2uy, Vuz, Vu3) . (3.19)

The Laplacian is a very important quantity, occurring in many physical

applications including heat transfer and wave motion. These applications will

be considered in Chapter 8. The equation V2¢ = 0 is known as Laplace’s
equation.
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(a) y
- -— —_——
- —— —  ——
X
—~————— g —T— ——
(b) y
—_— - -
— —— ~— —~——————
X
——— e o —— -
—T— b —— ——————
(©) A
y

Fig. 3.5. The three vector fields (a) u = (z,0,0), (b) v = (-z,0,0), (c) w = (0, z,0).
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3.4 Curl of a vector field

The curl of a vector field u is a vector field. Its component in the direction of
the unit vector n is

. 1
n - curlu = 5151130 35 }ic u-dr, (3.20)

where 45 is a small surface element perpendicular to n, 6C is the closed curve
forming the boundary of 45 and §C and n are oriented in a right-handed sense,
as shown in Figure 3.6. Note that this has a similar form to the definition of
divergence (3.14), but with a line integral instead of a surface integral.

&S

6C

Fig. 3.6. Definition of the curl of a vector field. The small surface S is enclosed by
the curve §C and has unit normal vector n.

To obtain an expression for curlu in terms of the components (u;,us,us)
of u, choose nn = eg, the unit vector in the z direction, to determine the 2
component of curlu. The surface §S then lies in the z, y plane and can be
chosen to be a small rectangle with sides of length éz, dy centred on the point
(z,y, 2), with area 65 = éz dy. The right-hand rule means that the line integral
in (3.20) must be taken in the anticlockwise direction. The line integral then
has four sections, as shown in Figure 3.7. It is assumed that the vector field u
is differentiable with continuous partial derivatives.

Consider first the section C) of the line integral, which has its centre at
the point (z,y — dy/2, z). Here, the line integral is directed in the positive
direction, so u - dr = u; dz. Since the length éz is small, the contribution to
the line integral is approximately

/ u-dr = u(z,y — 0y/2,z)dz.
Cy

Similarly, on Cj, centred at (z,y + dy/2,z), the integral is directed in the
negative z direction, so
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&

c,Ydy o(x.y.2) AC,

Y

X

Fig. 3.7. A rectangle of four line segments is used to find an expression for curlu in
Cartesian coordinates.

/ u-dr = —uy(z,y + 0y/2,z) dz.
Cs
Adding these two contributions together gives

/ u-dr = (u(zr,y—908y/2,2)-ui(z,y+0y/2,2)) oz
Ci1+C3

Bul
r ——dydr.
Oy y
Proceeding in a similar way with the line integrals along C., located at
(z +6x/2,y, z) with dr directed in the positive y direction, and Cy, located at
(x — 6z/2,y, z) with dr directed in the negative y direction, we obtain

/ u-dr (ua(z + 02/2,y,2) — uz(x — d2/2,y, 2)) dy
C2+Cy

6u-2

Adding together all four contributions, dividing by 6S and taking the limit
8S — 0 gives the z component of curl u:
6’“2 Bul

e;-curlu = —= —

dr By

Q

] (3.21)

The other components can be found by permuting z, y and z cyclically (z —
Yz =T, U Uy = Uz — uy), giving
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(3.22)

(8u3 611.2 6u1 6u3 611.2 6’&1)
curlu = .

Notice that there is a similarity between this formula and that for the cross
product of two vectors (1.4). Curl u can also be written in terms of a determi-
nant,

-2 o2 9
curlu = ox 8y 9z

provided that the determinant is expanded so that the partial derivatives act
on the components of u. This can also be written as the cross product of the
differential operator V and the vector u, so

curlu =V x u.
The notation V x u will be used henceforth.

Example 3.8
The vector field u is defined by u = (zy, z + z,y). Calculate V x u and find

the points where V x u = 0.
The components of V x u are found using (3.22):

(Qg _O(z+z) O(zy) Oy O(z+=z) 6(zy))
By 8z ' 0Oz 0x’ Oz Sy
= (1-1,0-0,1-1z)=(0,0,1-1z).

V xu

Hence V x u = 0 on the plane r = 1.

3.4.1 Physical interpretation of curl

From the physical definition of V x u given in (3.20) and Figure 3.6 it is clear
that V x u is related to the rotation or twisting of the vector field u.
Consider the three simple vector fields shown in Figure 3.5. For the first
of these, u = (z,0,0), the vector field is expanding but there is no sense of
rotation, and computing the curl gives V x u = 0. A vector field u for which
V x u = 0 everywhere is said to be irrotational. Similarly, the second example,
v = (-z,0,0), is also irrotational. For the third example, w = (0, z, 0), Figure
3.5(c), V xw = (0,0, 1), so there is a component of V X w in the z direction,
out of the page. The vector field w has a rotation associated with it in the
following sense. Think of w as the velocity of a fluid. Then a small particle
placed in this fluid will rotate in an anticlockwise sense as it moves with the
fluid, since at any point the velocity component in the y direction to the right
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of the particle is greater than that on the left. This rotation is about an axis
in the z direction, which is in the direction of V x w. The vector V x w can
therefore be related to the rotation of a small particle placed in the velocity
field w: the rate of rotation depends on the magnitude of V x w, and the axis
of rotation is in the direction of V x w. In the context of the motion of a fluid,
the curl of the velocity field is often referred to as the vorticity of the fluid. This
relationship between rotation and curl is made more precise in the following
section.

3.4.2 Relation between curl and rotation

Consider a rigid body rotating with angular velocity 2. Then, as discussed in
Section 1.3.1, the velocity v at any point can be written as v = §2 x r, where
the vector §2 is directed along the axis of rotation (Figure 1.12).

Choosing the z-axis in the direction of §2 gives 2 = (0,0, £2) and hence
v = (0,0,02) x (z,y,2) = (— 2y, Nz,0). Computing the curl of this velocity
field gives

_0(z)  O0(2y) O(N2x) + a(2y)

82 ' 0z ' Oz dy
Hence V x v = 242, i.e. the curl of the velocity field is equal to twice the
rotation rate.

va=( ):(o,o,zn).

3.4.3 Curl and conservative vector fields

Suppose that a vector field u is related to a scalar field ¢ by u = V¢. Recall
from Theorem 3.1 that this means that u is conservative. Now consider the
curl of u,

v = o (2(2)-2(2)) e (2(2)-2(2)
res(: (30) - (a2))

Since the ordering of the cross derivatives of ¢ does not matter (see Section
3.1.1), all of these terms cancel out, giving the result that

V x V¢ = 0. (3.23)

Thus any vector field that can be written as the gradient of a scalar field is
irrotational.
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The converse of this result is also true, so that any irrotational vector field
is conservative. This result will be proved in Section 5.2. In combination with
Theorem 3.1, this means that the following three statements are equivalent:

e u can be written as the gradient of a potential: u = V¢.
e vy is irrotational: V x u = 0.
e u is conservative: the line integral of u around any closed curve is zero.

(@) (b) (©)

vy \/u(

u’/_
VS ~ \
L

/

Fig. 3.8. Physical picture associated with (a) gradient, (b) divergence, (c) curl.

e \ ~
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Summary of Chapter 3

o The gradient of a scalar field f, written grad f or V f, is a vector field perpen-
dicular to the surfaces f = constant, pointing in the direction of increasing
f, with magnitude equal to the rate of change of f in this direction.

e The components of V f are the partial derivatives of f:

_ (91 9f of
Vf_(%’?y’(’)z)

o The directional derivative of f in the direction of the unit vector u is V f - u.

o A vector field F is conservative if and only if it can be written as the gradient
of a scalar field, F = V¢. The function ¢ is called the potential for F.

e The divergence of a vector field u, written divu or V - u, is a scalar field,

. 1 8u1 6u-2 8U3
cu= lim — . — U Oux  Ous
V-u V50 JV#(;SU ndS Ox * Jy + 0z

o The divergence of u corresponds to the amount of stretching or expansion
associated with u. If V - u = 0, u is said to be solenoidal.

e The Laplacian of a scalar field ¢, written V?¢, is defined as V3¢ = V - V.

e The curl of a vector field u is a vector field, curl u or V x . Its component
in the direction of a unit vector n perpendicular to the surface element 65 is

. 1
n~VXu-élSuE)10Ef;Cu-dr.

e In component form,

Voxu o (8u;; Ouy Ou; Ouz Ous 8u1>.

e Physically, V x u corresponds to the rotation or twist of u. If Vx u = 0, u
is said to be irrotational.

o If u = V¢, then u is irrotational.

e The physical pictures corresponding to grad, div and curl are sketched in
Figure 3.8.
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EXERCISES

3.9 Find the gradient V¢ and the Laplacian V2¢ for the scalar field
¢ = 2% + 7y + y22.
3.10 Find the gradient and Laplacian of

¢ = sin(kz) sin(ly) exp(v' k% + 122).

3.11 Find the unit normal to the surface zy? + 2yz = 4 at the point
(-2,2,3).

3.12 For ¢(z,y,2) = 2% +y*+ 2%+ xy— 3z, find V¢ and find the minimum
value of ¢.

3.13 Find the equation of the plane which is tangent to the surface z% +
y? — 223 = 0 at the point (1,1,1).

3.14 Find both the divergence and the curl of the vector fields
(a) u = (3, 2,2);

(b) v = (zyz,2%,z — y).

3.15 Show that both the divergence and the curl are linear operators, i.e.
V-(cu+dv) =cV-u+dV-vand V x (cu+dv) = ¢V xu+dV xv,
where u and v are vector fields and ¢ and d are constants.

3.16 For what values, if any, of the constants a and b is the vector field
u = (ycosz + azxz,bsinz + z, 1% + y) irrotational?

3.17 (a) Show that u = (y%z, —2z2%siny + 2ryz,2zcosy + y2z) is irrota-
tional.

(b) Find the corresponding potential function.
(c) Hence find the value of the line integral of u along the curve
rz=sinnt/2,y=t>*—t,z=1t4, 0<t<1.
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Suffix Notation and its Applications

4.1 Introduction to suffix notation

This chapter introduces a powerful, compact notation for manipulating vector
quantities. In the previous chapters, many of the vector expressions are awk-
ward and cumbersome. This applies particularly to those expressions involving
the cross product and the curl, such as the scalar triple product (1.8), the
derivation of the alternative expression for the vector triple product (1.9) and
the demonstration that V x V¢ = 0 (3.23). Through the use of a new nota-
tion, suffiz notation, such complicated expressions can be written much more
concisely and many results can be proved more easily.

In this section, some simple vector equations are written using suffix nota-
tion. Consider first the equation ¢ = a + b. This vector equation is equivalent
to the three equations for the components of ¢, ¢; = a; + b; for i = 1,2,3. In
suffix notation, the equation is simply written

ci=a; +b;

and it is understood that this equation holds for ¢ = 1, 2 and 3. The suffix i is
called a ‘free suffix’. The choice of this free suffix is arbitrary, so the equation
could equally well be written c; = a;+b; or ¢ = ax+bx. However, for simplicity
and clarity the suffix ¢ will be used for the free suffix in a vector equation in

P. C. Matthews, Vector Caleulus
© Springer-Verlag London Limited 1998
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this book. Note that the same free suffix must be used for each term in the
equation. This is an important rule which must be followed for an expression
in suffix notation to be meaningful: the free suffix must match in each term in
the expression.

Now consider the dot product of two vectors, a - b = a1b; + a2b2 + azbs.
This can be written more compactly as

3
a-b=) asb;.
i=1

In suffix notation, this is written simply as
a~b=a]-b,-, (41)

where the repeated suffix j implies that the term is to be summed from j =1
to 5 = 3. This is known as the summation convention: whenever a suffix is
repeated in a single term in an equation, summation from 1 to 3 is understood.
The repeated suffix is referred to as a ‘dummy suffix’, and must appear no more
than twice in any term in an equation. The choice of the dummy suffix does
not matter, so we can write @ -b = a;b; = aiby, since each of these expressions
is equivalent to ayb; + azb; + azbs.

Next, suppose that an expression involves two dot products multiplied to-
gether, (a - b)(e - d). In order to indicate which vector is dotted with which, a
different dummy suffix must be used for each of the dot products:

(a - b)(c . d) = ajbjckdk.

Here, both j and k are repeated, so the summation convention implies summa-
tion over both j and k. Again the choice of dummy suffix is arbitrary, so for
example we could have written (a-b)(c-d) = a;bjcndym. However, it is essential
that no suffix appears more than twice in any term, since this would lead to
ambiguity.

Note that it is the suffices that indicate which vector is dotted with which,
not the ordering of the components of the vectors. In fact, since the components
are just multiplied together, the ordering of terms is arbitrary, so the expression
crajdib; also means (a - b)(c - d).

Example 4.1

Write the suffix notation expression a;jb;c; in ordinary vector notation.
The suffix j is repeated and is therefore a dummy suffix to be summed over.

So a;b;c; means
3

Z a,-b,'cj = (a . C)bi,
Jj=1
which is the ¢ component of the vector (a - ¢)b.
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Example 4.2

Write the vector equation
u+ (a-b)v =|al*(b- v)a

in suffix notation.
First introduce a free suffix 4, which is understood to run from 1 to 3, to
write the equation in component form; also write |a|? as a dot product:

u; + (a - b)v; = (a - a)(b-v)a;.

Now introduce a dummy suffix, which is repeated and therefore summed from
1 to 3, for each of the dot products:

u; + ajij,- = ajajbkv,\.ai.

Note that two different dummy suffices are used on the right-hand side to avoid
ambiguity.

Example 4.3

Show that the product of two N x N matrices A and B, C = AB can be written
in suffix notation as C;; = A Bi;. Hence show that the trace of the matrix
AB (defined as the sum of the elements on the diagonal) is the same as the
trace of BA.

C}; is the element in the ith row and jth column of the matrix C. The rule
for matrix multiplication is that if C = AB then the element C;; is obtained
by taking the ith row of A and the jth column of B and multiplying these
together term by term, so

N
Cij = AilBlj + A,‘szj A AiNBNj = Z AikBkj = AikBkj,
k=1

where the repeated index k implies the sum from 1 to N.
The trace of the matrix C is the sum of the elements on the diagonal,

Tr(C)=Cu +Cy ...+ Cnn = Cjj.
The trace of AB is
Tr(AB) = Tr(AixBkj) = AjirBy;.

Similarly the trace of BA is



68 Vector Calculus

Tr(BA)

B Ay;

Ay;Bji  (since order of terms does not matter)
Ak Bi; (relabelling j + k)

= Tr(AB).

Note that this proof makes use of the fact that the choice of label used for a
dummy suffix is arbitrary, so the labels j and & can be interchanged.

4.2 The Kronecker delta §;;

The Kronecker delta is written ;; and is defined by

1 ifi=j,

% = {0 if i # . (4.2)
The suffices 7 and j can each take the values 1, 2 or 3, so 4;; has nine elements.
From the above definition it follows that three of these are equal to 1 (6;; =
d22 = 833 = 1) while the remaining six elements are equal to 0 (d1, = ;3 =
d21 = 823 = 031 = d3p = 0). §;; is an example of an object called a tensor.
Tensors are described in detail in Chapter 7, but for the time being it is simplest
to think of d;; as the 3 x 3 identity matrix,

100
sj=(0 10
00 1

From the definition it is clear that d;; is symmetric, i.e. §;; = §;;.
Consider now the expression d;;a;. Notice that the suffix j is repeated, so
by the summation convention, summation from j = 1 to 3 is understood. Hence

3
(51']'(11' = Zéijaj = ;101 + 8;2a2 + d;3a3,
j=1
and it is clear that the result depends on the value of i. If i = 1, then §;; = 1
while &;2 = d;3 = 0, so the right-hand side simplifies to a;. Similarly, if 1 = 2
the result is a; and if i = 3 the result is a3. In other words, the right-hand side
simplifies to a;, giving the important equation

(5,']'(1]' = a;. (43)
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From the symmetry of 4;; it follows that é;;a; = a;. Because of this property
of §;;, it is sometimes referred to as the ‘substitution tensor’, since its effect
when multiplied by a; is to replace the j with i.

There is a relationship between ¢;; and the dot product. The dot product of
a and b can be written a - b = §;;a;b;. In this expression, both the ¢ and the j
suffices are repeated, so by the summation convention, both are to be summed
from 1 to 3, giving a total of nine terms. However, because of the definition of
dij, only three of these terms (the ones with i = j) are non-zero, so

3 3
(5,’jaib]’ = ZZ(S,‘ja,'bj =aib; +axb; +azbs =a- b.

i=1 j=1

This result can also be demonstrated using (4.3), since d;;b; = b;, soa -b =
a,-bi = aiéijbj = 6,~ja,-bj.

Example 4.4

Evaluate (5]']'.
Since the suffix j is repeated, the summation convention implies that this
expression must be summed from j = 1 to 3, so

855 = Z 8jj = 611 + 022 + 833 = 3. (4.4)

j=1

Example 4.5
Simplify 6,~j6]-k .
Here the suffix j is repeated, and must therefore be summed over:

3
0ij0 1 = Z 030k = 05101k + 05202 + 8i303k.
i=1

The result depends on the values of i and k. If, for example, i = 1 and k = 2, we
have 1x04+0x14+0x0=0;butifi =land k=1, wehave 1 x14+0x04+0x0=1.
It is apparent that if ¢ and k are different the result is 0, but if 7 and k are equal
the result is 1. This result is therefore simply d;x, so the solution is &;;d,x = d:.
Notice that this result is consistent with the substitution rule described above:
the effect of 4;; on d,i is to replace the j with s.
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4.3 The alternating tensor €;;i

This section introduces the quantity which is used for writing cross products in
suffix notation. This will prove extremely useful for manipulating expressions
involving the cross product and the curl.

The alternating tensor is written €;jx and is defined by

0 if any of 4, j, k are equal,
€ijk = +1 if (i7j7 k) = (11273)7 (27311) or (371a2)a (45)
-1 if (i7ja k) = (17372)a (27113) or (3’2’1)

Since ;1 has three suffices, each of which can take any of the three values 1,

2 or 3, €;x has 27 elements. However, from the above definition, all but six
of these are zero. The six non-zero elements are €123 = €337 = €312 = 1 and
€132 = €213 = €391 = — L.

There are two important symmetry properties of €;;; which follow directly
from its definition:

® ¢;;; is unchanged if the suffices are reordered by moving them to the left and
putting the first suffix third (a cyclic permutation of the suffices), i.e.

€ijk = €jki = €kij- (4.6)
o The sign of €;;; changes if any two of the suffices are interchanged, e.g.
€ijk = —€jik- (4.7)
The relationship between €;;; and the cross product is as follows:
(@ x b); = €ijra;by. (4.8)

In this equation, both j and k are repeated, so they are dummy suffices and
must be summed over. To check that this agrees with the previous definition
of a x b, consider first the case ¢ = 1. The right-hand side is then

3 3
€1jkajbk = Z Z eljkajbk.

j=1k=1

Since €;j+ is only non-zero when all three of its suffices are different, only the
two terms j = 2, k = 3 and j = 3, k = 2 are non-zero in the double sum.
Hence the right-hand side reduces to €123a2bs + €132a3b2 = asbs — azby. This
agrees with the previous definition (1.4) for the first component of the cross
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product. It can be seen by cyclic permutation of indices that the second and
third components also agree.
There is also a relation between ¢;;; and the determinant of a 3 x 3 matrix.

This can be written
|M‘ = CijkM“szMgk. (49)

A related formula is
€pgr| M| = €ijx Mpi My; My (4.10)

An expression for the scalar triple product a - b x ¢ can be deduced in suffix
notation as follows:

a-bxec= a,-(b X C)i = aieijkbjck = eijka,-b]-ck. (4.11)

A comparison of this neat and elegant expression with the cumbersome formula
in terms of the components (1.8) shows the power of suffix notation. The prop-
erties of the scalar triple product can also be deduced using suffix notation, as
in the following examples.

Example 4.6

Use suffix notation to show that a-bxc=a xb-c.

a-bxe e,-jka,-bjck

= e,“-jaibjck (using €ijk = ek,‘]’)’
= (a, X b)kck

= axb-e

Example 4.7
Show that a-bxe=b ¢ x a.

The demonstration of this result is very similar:
a-bxec = eijkaibjck
e]-kiaibjck (using €ijk = Ejki)

bjejricka;  (just rearranging terms)

il

bj(C X a)j

= b-cxa.

Example 4.8

Evaluate ;.
Since €;;, = 0 if any of 1, j, k are equal, it follows that €;;;, = 0.



72 Vector Caiculus

Example 4.9
Evaluate €ijk€ijk-

In this expression all three suffices ¢, j and k are repeated, and must there-
fore be summed over, giving a total of 27 terms. Only six of these terms are
1ON-ZEI0, SO €;jk€ijk = €293 + €23y + €313 + €33, + €515 + €3, = 6.

4.4 Relation between ¢€;;; and 6;;

An important relationship between €;;x and J;; is the following equation:
€ijk€kim = 0i0jm — Oimdji. (4.12)

This equation has four free suffices (z, 7, [ and m) and therefore represents 81
different equations! The left-hand side is summed over k, because the suffix k
appears twice.

The result (4.12) can be demonstrated by the following argument: since the
three coordinate axes are equivalent, we need only consider the case i = 1.
Consider now the possible values for j:

1. If j = 1, €55 = €11x = 0 and so the Lhs. is zero; the r.h.s. is §1;61m — d1mdu
which is also zero since the two 4 terms cancel.

2. If j = 2, €ijx = €12k = 0 unless k = 3, so only the k = 3 term contributes
to the sum. When k = 3, the term €4, is zero unless ! and m are 1 and 2.
Therefore the Lh.s. takes the value +1ifl=1and m =2, -1ifl =2 and
m = 1, and zero otherwise. Now the r.h.s. is 61;02,m — d1m02;. This is also
equal to +1 when { = 1 and m = 2 (from the first term), —1 when ! = 2
and m = 1 (from the second term) and zero otherwise.

3. If j = 3, an equivalent argument to the case j = 2 applies; the details are
left to the reader.

Equation (4.12) is very useful for simplifying expressions involving two cross
products.

Example 4.10

Derive the formula (1.9) for the expansion of the vector triple product using
suffix notation.

(a, X (b X C))i = eijkaj(b X C)k

(writing the first cross product in suffix notation)
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= €ijkQj€pmbicm

(writing the second cross product in suffix notation)
= (0idjm — dimdji)ajbic, (using (4.12))

ambicm — ajbjc;  (using (4.3))
= (a-e¢)b; — (a-b)c,

so we have shown that
ax(bxe)=(a-c)b-(a-b)e. (4.13)

Notice one very important point in this analysis: in the second line, the k
component of the vector b x ¢ is required. When this is written down in suffix
notation it is essential that ‘new’ suffices are used (I and m above) to avoid
repeating the existing suffices ¢ and j — recall the essential rule of suffix notation
that no suffix may appear more than twice.

EXERCISES

4.1 Write the vector equation a x b + (a - d)c = e in suffix notation.

4.2 Translate the suffix notation equation d;;¢; + exjiarb; = diemcibicm
into ordinary vector notation.

4.3 Use suffix notation to show that @ x b = —-b x a.

4.4 Simplify the suffix notation expressions
(a) bij€ijn;

(b) €ijk€itm;
(©) €ijk€ijm;
(d) €ije€ij-

4.5 Using suffix notation, find an alternative expression (involving no
cross products) fora x b- ¢ x d.

4.6 If A and B are two N x N matrices, show that (AB)T = BT AT,
where AT is the transpose of A defined by interchanging the rows
and columns of A.

4.7 Verify the formulae (4.9) and (4.10) for the determinant of a 3 x 3
matrix.

4.8 Use the formula (4.10) for the determinant of a 3 x 3 matrix M to
show that
(a) 61M| = epgreiji MpiMq; My ;

(b) IMT| = |M]|;
(c) IMN| = |M]|N|.
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4.5 Grad, div and curl in suffix notation

The differential operators grad, div and curl can be written using suffix nota-
tion. To do this, the Cartesian coordinates (z, y, z) will be relabelled (z1, 22, z3)-
As in the previous section, the use of suffix notation results in a much more
compact formulation and simplifies many of the computations.

Consider first the gradient of a scalar field, V f. This is defined by

sz(af of ﬂ).

8z, Bz’ Oz

The 7 component of V f is equal to the partial derivative of f with respect to
x;, so in suffix notation this can be written
of

VSl = 9z, (4.14)

Thus the vector differential operator V defined in (3.12) can be written in
suffix notation as s

V], = —.
[ ]l 623,’
The divergence of a vector field u is

(4.15)

_ Bul 8u2 BU3 _ 6_12

Vou=s — + 2422 =
T L T

(4.16)
where the summation convention implies the sum over j from 1 to 3. Note that
the same expression results from taking the dot product of V defined by (4.15)
with the vector v using the suffix notation formula (4.1) for the dot product
of two vectors.

The first component of V x u is, from (3.22),

_Ouz  Ouy Ouy,
[V X ’u,]1 = afl,'z — 8_x3 = eljkaxj’

where the repeated j and k imply a double sum, and so the suffix notation
expression for V x u is

Buk
v = €k - 4.17
[ X u]1 € Jk aIL‘]‘ ( )
This can also be obtained simply by taking the cross product of V with u using

(4.8).
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Example 4.11

Let r be the position vector r = (x;,z2,z3) and r = |r|. Use suffix notation to
evaluate 0z;/0z;. Hence find Vr, V-7 and V x r.

r = (z1,22,%3), so in suffix notation, r; = x;. The three coordinate axes
T1,Z2, 3 are independent. Thus the derivative of each of the z; with respect
to one of the others is zero, while the derivative with respect to itself is 1. Thus

dz; |0 ifi#j
= 6. (4.18)

To find Vr, first write r = |r| = (r - 7)1/ = (z;z,)'/?, so

0 !
[VT‘]i = axi(.’l:j.'lfj)l/z

1 —1/2 0

= (7525 l/zgz—i(wﬂj)
1 Oz;
.2_7‘.21:]6_:1:1’
1 T;
= ;.’Ej&'j—;.
So
Vr=r/r (4.19)

as was shown in Exercise 3.3 without the use of suffix notation. Similarly, the
divergence of r is

oz,
and the curl of r is
Oz
[V xr];= Ei]'k_az—j = €ijkdjk = 0,

using the result of Exercise 4.4(a).
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4.6 Combinations of grad, div and curl

The operators grad, div and curl can be combined together in several different
ways. Some of these combinations can be simplified or expanded into alternative
expressions. These combinations are considered below, making use of suffix
notation. All of these results can also be obtained without suffix notation, by
writing out all the components, but in most cases the suffix notation method
is much quicker.

e Div grad:

a o (of > f
V- (Vf)=—([Vfl.)= [ ZL) = 2L — w2y 4.2
( f) 6:::]- ([ f]]) 6:::]- <8z,-> szazj v f ( 0)
This is the Laplacian of f introduced in Section 3.3.2, the sum of the second
partial derivatives of f.
¢ Curl grad: this combination was shown to be zero in Section 3.4.3. This result
can be shown using suffix notation as follows:

0 of
Vx(VH), = ejus—7—
[ ( f)]z ijk 82:]' 6-’13];
_ o of .
= €ikj 9or Bz, (relabelling j & k)
_ 0 Of .
= —-ei,-kb—aa—zj (using €ixj = —€4jk)
= —¢ k—ia—f (as order of derivatives does not matter)
" 0z ; Oz
= O’
since the expression has been manipulated to give minus itself.
e Grad div: 5 /8 a2
uj u;
V(V . .= ) = J . .
(Vv -u), Oz, (ij> 0r;0z; (421)
This quantity cannot be simplified further.
e Div curl:
o] Ou
V. (V X 'u,) = %eijk-é;k‘-
i j
_ d Ouy o
= €jik 3z, B (relabelling 1 ¢ 7)

6 auk

—€iir
" oz, Oz;
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LT
€isk 63:1' sz
= 0, (4.22)

using exactly the same argument as for curl grad.

e Curl curl:

(Vx(Vxu), = fijkg%fklm?auﬁ
Pupy,
= fijkfklmm
2
= (B = B 5
_ Bzuj _ 62u,~
O0r;0z; Or;0z;
= [V(V-u)-V?d],. (4.23)

This result can be used to provide a physical definition for V? applied to
a vector. The previous definition (3.19) was only defined in terms of the
components of the vector in Cartesian coordinates. From the above result,
V2u can be defined by

Vu=V(V-u) -V x(V xu). (4.24)

These five combinations of grad, div and curl are the only ones that make
sense. For example, the combination grad curl has no meaning since curl is a
vector but grad can only act on a scalar. Combinations of three or more of the
operators grad, div and curl can be evaluated using the above results, as in the

following example.

Example 4.12
Show that

V x (Viu) = V¥(V x u). (4.25)

Using the result (4.24),

V x (VZu)

V x(V(V-u)-V x(V xu))

-V x (V x(V xu)) (since VxV =0)
-V(V-(V xu)) +V*(V xu) (using (4.23))
V3(V x u) (since V-V x u =0).

So the operators V2 and V x commute.
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4.7 Grad, div and curl applied to products of
functions

Another useful application of suffix notation is in computing the action of grad,
div and curl on products of vector and scalar fields. As in the previous section,
these results can also be obtained by writing out all the components, but the
suffix notation method is much more compact and elegant. Some of these results
are straightforward applications of the usual rule for the differentiation of a
product and can simply be written down without any calculation, but many of
them are not so obvious.

In the following, f and g are differentiable scalar fields and u and v are
differentiable vector fields.

VU= i) = I+ 42 = 19g 49911, 0

V(fg9)=fVg+gV/. (4.26)

0
V- (fu) = %i(fui)
of Oou;
5_1—‘1—-Ui+fazi
= Vf-u+fV- u. (4.27)

I

J

(V x(fu); = Eijkg(fuk)
€ijk %uk + fﬂjk%:%
J 2
= [Vfxu+ fV xu]. (4.28)

V-(uxv) = ——(€xu;Us)
Jk%jVk

327,'
Buj + ka
= €k —LUp + €iintl;—
¥ oz, Y o

_ 8’U,j ka
= 61“']'6—:“ Uk — fjik‘a_z‘i‘ uj

= (Vxu) v~ (Vxv)- u. (4.29)
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[Vx(uxv)i = e %(eklmulvm)

J

= (61'!51'711. - 5im6jl)

0
%(ulvm)
J
Ov; Oui Ovi Oy
u'c’)m,- J 6111‘ ]6:::]- lafL’j

= [Ww(V-v)+v-Vu-u -Vv-ov(V-u);, (4.30)

0 0
= a—z;("ivj) - a—z—(ug-vi)

where the operator u - V is defined by
0

=Ujz—
Oz 3§

and can act on either a scalar or a vector.
To find an expansion for the expression V(u - v), consider first the quantity

u-V (4.31)

Ovn,

[ux(Vxv); = fijkujfklma—zl‘
O
= (0ubjm — dim(sjl)uj_a};'

61)]- 6vi

’U.jg;; Uja—x-j—.
Similarly, interchanging u and v,

Ou; Ou;
[vx(V xu)); = vjb—;:ii —vja—z;.

Adding these two equations gives
0v; Ov; Ou;j Ou;
Uj = —Ujz— t V7= —Vj—
78z; '8z; 'Oz 0z

= [V(u-v)-u-Vv-v:Vu]. (4.32)

[ux (Vxv)+vx(Vxu);

This can be rearranged to give
Viu-v)=ux(Vxv)+vx(Vxu)+u-Vv+v-Vu. (4.33)

The effect of applying grad, div or curl to products of more than two scalar
or vector functions can be obtained either by the repeated use of the above
results, or directly by suffix notation, as in the following example.
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Example 4.13

Find an expansion for V - (fgu).

V(fg) - u+{(fg)V - -u (using (4.27))
(fVg+gVf)-u+t(fg)V-u
= fVg-u+gVf-u+ fgV - u.

V - (fgu)

Alternatively, using suffix notation,

6(?1:,- (fgui)

_ ou; dg A af '
B fg(')xi + f@zi it Oz; gu

fgV-u+ fVg-u+gVf- u.

V. (fgu)

I

I

Example 4.14

Show that u - Vu = V(ju?/2) — u x (V x u).
Apply (4.33) with v = u:

V(u-u) =2ux(V xu)+2u-Vu.
Rearranging this and dividing by 2 gives
u-Vu=V(ul*/2) —ux (V x u). (4.34)

Example 4.15

Use the results (4.30) and (4.33) to provide a definition of u - Vv that is not
given in terms of Cartesian components.
By subtracting (4.30) from (4.33), v - Vu is eliminated and we obtain

V(uv)-Vx(uxv) =ux(Vxv)+ox(Vxu)+2u-Vo—u(V-v)+v(V-u)

which can be rearranged to give

u-Vv = %(V(u-v)—Vx(uxv)—ux(va)—-vx(qu)

+u(V -v) — v(V - u)). (4.35)
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Summary of Chapter 4

Suffix notation

Suffix notation is a powerful tool for manipulating expressions involving vectors.
The rules of suffix notation are as follows:

Within any term in an equation, any suffix must appear either once or twice.
No suffix may appear more that twice.

A suffix that appears once in any term is called a ‘free’ suffix. A free suffix
takes the values 1, 2 and 3 and represents the components of a vector. For
example a + b = ¢ — d is written in suffix notation as a; + b; = ¢; — d;.

In a vector equation, the free suffix must be the same in each term. The
above equation may also be written a; + b; = ¢; — d;, or any other suffix
may be used, provided the same suffix appears in each term.

A suffix that appears twice in a term is called a ‘dummy’ suffix and is summed
from 1 to 3. This is known as the summation convention. So a;b; means
arby + azby + azbs = a - b.

A pair of dummy suffices can be changed. For example, a;b;, axbr and ambn,
are all equal to a - b.

e The order of terms in a suffix notation expression does not matter.
o The Kronecker delta is defined by é;; = 1 if ¢ = j, 0 if ¢ # j. Properties

include (5,']' = ‘5]'1'7 5,']'0.]' = a; and di]-aib]- =a-b.

The alternating tensor €, is defined by €;;x = 0 if any of 7, j, k are equal,
€123 = €231 = €312 = 1, €132 = €213 = €321 = —1. Properties include ¢;;; =
€jki = €kij, €ijk = —€jik-

The cross product of a and b can be written [a x b]; = €;jxa;bx.

® € and 0;; are related by €;jx€xim = 0itdjm — dimJji-

Grad, div and curl can be written in suffix notation as follows:

_ of _ Oy . QU
[Vf]l = axi, V.u= azj, [V X 'U,]l —E,]k—a-;.

2

Combinations of operators and derivatives of products

V- (V§) = V2.
V x (Vf) =0.
V- (V xu)=0.

V x(Vxu)=V(V-u)-Vu.
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V(fg) = fVg+gVf.

(fu)=Vf-u+ fV-u.

VXx(fu)=Vfxu+ fV xu.

V (uxv)=(Vxu)-v-(Vxv) u.
Vxuxv)=u(V-v)+v - Vu—-u-Vv—-v(V-u).
Viu-v)=ux(Vxv)+vx(Vxu)+u-Vo+v-  Vu.

EXERCISES

4.9 Write in suffix notation the vector equation a x b+ ¢ = (a-b)b—d.

4.10 Simplify the suffix notation expressions
(a) 6ij0;kOki;
(b) €ijk€ktmEmni.

4.11 Simplify the suffix notation expression d;;a;bickd;; and write the re-
sult in vector form.

4.12 (a) Show that V x (fVf)=0.
(b) Evaluate V - (fVf).

4.13 Show that the vector u = V f x Vg is solenoidal.

4.14 Verify the formula (4.34) for u - Vu by using (4.35).

4.15 Show that V . V2u = V2V - u,
(a) using suffix notation;
(b) using (4.24).

4.16 The vector fields v and w and the scalar field ¢ are related by the
equation

u+V xw=V¢+ Vi,

and wu is solenoidal. Show that ¢ obeys Laplace’s equation.

4.17 Show that V f(r) = f'(r)r/r, where 7 is the position vector r =
(z1,%2,23) and r = |r|.

4.18 The vector field u is defined by u = h(r)r, where h(r) is an arbitrary
differentiable function.
(a) Show that V x u = 0.
(b) If V- u =0, find the differential equation satisfied by k.
(c) Solve this differential equation.

4.19 A vector field u with the property that u = ¢V x u, where c is a
constant, is called a Beltrami field.
(a) Show that a Beltrami field is solenoidal.
(b) Show that the curl of a Beltrami field is a Beltrami field.
(c) A Beltrami field has the form u = (siny, f, g). Find the functions
f and g and the possible values of c if it is given that g does not
depend on z.
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Integral Theorems

This chapter describes two important theorems that link the material in Chap-
ter 2 on line, surface and volume integrals with the definitions of the divergence
and curl from Chapter 3. These theorems have great physical significance and
are widely used in deriving mathematical equations representing physical laws.

5.1 Divergence theorem

Let u be a continuously differentiable vector field, defined in a volume V. Let S
be the closed surface forming the boundary of V' and let n be the unit outward
normal to S. Then the divergence theorem states that

///VV-udV:ﬂSu-ndS. (5.1)
Proof

The volume V is divided into a large number of small subvolumes éV; with
surfaces §.5;, as shown in Figure 5.1. The proof of the divergence theorem then
follows naturally from the physical definition of the divergence in terms of a
surface integral (3.14). Within each of the subvolumes, V - u is defined by

P. C. Matthews, Vector Caleulus
© Springer-Verlag London Limited 1998
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Fig. 5.1. Division of a volume V into small subvolumes 4V for the proof of the
divergence theorem.

1
U — -nd 5.2
V-u 5‘/}#&5,-“ nds, (5.2)

where the approximation becomes exact in the limit §V; — 0. Now multiply
both sides of (5.2) by 6V; and add the contributions from all the subvolumes:

. x> -ndS. 3
;V udV, ;ﬂ;&u n (5.3)

Now take the limit §V; — 0. The Lh.s. becomes the volume integral of V-u over
the volume V; this is just the definition of the volume integral. To simplify the
r.h.s. consider two adjacent volume elements §V; and 6V, (Figure 5.2). Since

Ssl n2 L ot 5S2
oV, 3V,

Fig. 5.2. Enlargement of two adjacent volume elements.

the normal vector to each surface points outward, the normal vectors to the two
surfaces along their common surface point in opposite directions: n; = —n..
Therefore the values of u-n cancel along the common surface: u-n; +u-ny; = 0.
This means that all the contributions to the sum on the r.h.s. of (5.3) from the
interior of the region V' cancel out, leaving only the surface integral over the
exterior surface S. So in the limit 6V; — 0, (5.3) becomes
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// V-udeﬂu-ndS.
v S

The divergence theorem is sometimes referred to as Gauss’s theorem. It has
many important applications in physics, and it is important to develop a physi-
cal intuition for the meaning of the theorem. Roughly speaking, the divergence
theorem states that the total amount of expansion of u within the volume V
is equal to the flux of u out of the surface S. This is essentially a conservation
law, and the mathematical form of many physical conservation laws is derived
from the divergence theorem. An example is given in the following section.

0O

5.1.1 Conservation of mass for a fluid

As an example of the application of the divergence theorem, this section
presents the derivation of the law of conservation of mass for a fluid of variable
density.

Consider a fluid with density p(r,t) flowing with velocity u(r,t). Let V
be an arbitrary volume fixed in space, with surface S and outward normal n
(Figure 5.3). Then the total mass of the fluid contained in V is the volume

integral of p:
Mass of fluid in V = /// p dv. (5.4)
v

Now the rate at which mass enters V is equal to the surface integral of the flux
pu:

N

Fig. 5.3. Fluid flows with velocity % through a region V.
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Rate of mass flow into V = ——# pu-ndSs, (5.5)
S

where the minus sign appears because m points outward, so mass enters V if
u-n<o0.

We can now apply the physical law that mass is conserved: the rate of change
of the mass in V must equal the rate at which mass enters V. Mathematically

[ - - .

The surface integral on the r.h.s. can now be written as a volume integral using
the divergence theorem. Also, the order of the derivative and the integral on
the L.h.s. can be interchanged:

Wz ==[ff,v-waa (57)

where the time derivative has become a partial derivative since p is a function
of space and time. These two integrals can now be combined into one:

///V%+V-(pu) dv =0. (5.8)

Now this result has been obtained without any restrictions on the volume V.
Thus it is true for any arbitrary volume V. The only way that this can be true
is if the integrand (the quantity inside the integral) is zero everywhere. If there
were some point where the integrand were non-zero, a small volume could be
drawn around that point, which would contradict (5.8).
Therefore the law for conservation of mass of a fluid is
op
—+V. =0. 5.
2+ V- (pu) (5.9)
This conservation law takes the following form: the rate of change of the density
plus the divergence of the flux is zero. Many other conservation laws can also
be written in this form, for example conservation of energy or conservation of
electric charge.
By expanding the divergence of pu, (5.9) can be written in the form
dp

E+u-Vp+pV-'u=0. (5.10)

If the density of the fluid is constant and uniform, i.e. independent of time and
space, then this equation simplifies to

V-u=0. (5.11)

A fluid obeying (5.11) is said to be incompressible.
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5.1.2 Applications of the divergence theorem

The divergence theorem has many important applications, in addition to the
derivation of the mathematical form of conservation laws shown in the previous
section. It can be used to simplify the evaluation of integrals, by converting a
complicated volume integral into a simpler surface integral or vice versa. It can
also be used to prove some important results, such as the uniqueness of the
solution to Laplace’s equation

Vi =0. (5.12)
Some of these applications are illustrated in the following examples.

Example 5.1

Show that for any closed surface S,

#(qu)-ndS:O.
s

Using the divergence theorem, the surface integral can be converted into a

volume integral:
# (Vxu) ndS = /// V - (V x u)dV.
s v

Since the combination div curl is always zero, this integral is zero.

Example 5.2

Find the relationship between the surface integral

ﬂr'nds
S

and the volume V contained within the closed surface S.
Applying the divergence theorem,

#S,..nds=///vv-rdvz///VMVz:W,

using the result (3.17) that V - r = 3. Thus the surface integral is three times
the volume V.

Example 5.3

The scalar field ¢ obeys Laplace’s equation (5.12) in the region V and obeys
¢ = 0 on the surface S that encloses V. Show that the only possible solution
for ¢ is ¢ = 0 everywhere within V.
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Vig=0 = ¢V¢=0 = V.(¢Ve¢)—Vé-Vep=0,

using (4.27). Now integrate over the volume V and use the divergence theorem
to convert the first term to a surface integral:

ﬂsaSVqS-nds - ///v-|v¢|2dv =0.

Since ¢ = 0 on S, the surface integral vanishes. The quantity |V¢|? is always
greater than or equal to zero, so its integral can only be zero if V¢ = 0
everywhere. This means that ¢ must be a constant, and since ¢ = 0 on S, this
constant must be zero, so ¢ = 0 everywhere within V.

Example 5.4

The scalar field ¢ obeys Laplace’s equation (5.12) in the region V' and the
value of ¢ is given on the surface S that encloses V. Show that the solution to
Laplace’s equation is unique.

To prove uniqueness, suppose that there are two different solutions, ¢; and
¢3, obeying V2¢; = 0 and V2¢, = 0 in V. Since the value of ¢ is specified on
S, ¢1 = ¢ on S. Now consider the function 1) = ¢, — ¢2. This function also
obeys Laplace’s equation, since V2(¢; — ¢2) = V3¢, — V3¢, = 0. Moreover,
¥ = 0 on S since ¢; = ¢, on S. Now we can apply the result of Example 5.3
to v the only solution to V23 = 0in V, ¢ = 0 on S is ¥ = 0 everywhere.
Therefore ¢; = ¢, everywhere, so the solution is unique.

5.1.3 Related theorems linking surface and volume
integrals

There are several other relationships between surface and volume integrals that
can be derived from the divergence theorem by making different choices for the
vector u.

e Choose u = af, where a is a constant vector and f is a scalar field. Then
V.u=fV-a+a-Vf=a Vfsince a is constant. Applying the divergence

theorem gives
/// a-Vde:#af-ndS.
1% s

Since a is constant, it can be taken out of the integrals:

a (///vw dV—ﬂandS) =o0.

Now since a is an arbitrary constant vector, this holds for any a. This can
only be true if the vector quantity within the large brackets is zero (for
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example, choosing @ = e;, e3, e3 in turn shows that each of the components
of the vector in large brackets is zero). The resulting integral theorem is then

///V vf dV:#andS. (5.13)

e Choose u = a x v, where a is a constant vector and v is a vector field. Then
V-u=(Vxa) v-(V xv)-a=—(V xv)-a. The divergence theorem

gives
/// —(va)-adV:ﬂaxv-nds=#a-vxndS,
\ 2 S S

using the rule that the dot and cross may be interchanged in a scalar triple
product. As in the previous example, the dot product with a can be taken
out of the integral sign and then cancelled, giving

// —vadV:# v X ndS. (5.14)
v s

e Choose u = fVg, where f and g are two scalar fields. Then V-u = Vf .
Vg + fV?2g, and the divergence theorem gives

//VVf.Vg+fvzg dv = #Sng-nds. (5.15)

This result is known as Green’s First Identity.
e Choose u = fVg—gV f. By interchanging f and g in (5.15) and subtracting,
we obtain

/J//VfV?g—gv?f deﬂS(ng——gi)-ndS, (5.16)

which is known as Green’s Second Identity.

Historical note

George Green (1793-1841) was a Nottingham miller who spent less than two
years at school and learnt his mathematics by studying library books. In 1828
he published privately his first and greatest work, ‘An essay on the application
of mathematical analysis to the theories of electricity and magnetism’, which
includes the two theorems above. As with many geniuses his work was not
appreciated until several years after his death. Green’s mill in Nottingham
has now been restored and is open to the public along with a Science Centre
illustrating some of the applications of his work.
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EXERCISES

5.1

5.2

5.3

5.4

5.5

5.6

5.7

Use the divergence theorem to evaluate the surface integral

#u-nds
s

where u = (zsiny,cos® z,y* — zsiny) and S is the surface of the
sphere 2 + y? + (2 — 2)? = 1.

Verify the divergence theorem, by calculating both the volume in-
tegral and the surface integral, for the vector field u = (y,z,z — z)
and the volume V given by the unit cube 0 < z,y,2,< 1.

An incompressible fluid is contained within a volume V with surface
S and u-n =0 on S. Using the divergence theorem, show that

JJ[ w-veav =o

for any differentiable scalar field ¢.
Two scalar fields f and g are related by Poisson’s equation, V2f = g.

Show that
///ng = #Vf-nds.

Use the divergence theorem to evaluate the surface integral

[[jo-nas

where v = (z + y,2%,z%) and S is the surface of the hemisphere
z? +y? + 22 = 1 with z > 0 and n is the upward-pointing normal.
Note that the surface S is not closed.

Following the argument of Section 5.1.1, obtain the equation for
conservation of electric charge relating the charge density q and the
electric current density j.

Use (5.13) to obtain a definition for V f as the limit of an integral,
similar to the definitions of div and curl.
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5.2 Stokes’s theorem

Stokes’s theorem gives an alternative expression for the surface integral of the
curl of a vector field. This is analogous to the divergence theorem, so Stokes’s
theorem could be referred to as the ‘curl theorem’. The proof of the theorem is
very similar to that for the divergence theorem, being based on the definition
of curl in terms of a line integral.

Let C be a closed curve which forms the boundary of a surface S. Then for
a continuously differentiable vector field u, Stokes’s theorem states that

//qu-ndS:)[u-dr, (5.17)
s c

where the direction of the line integral around C and the normal n are oriented
in a right-handed sense (Figure 5.4).

Fig. 5.4. Orientation of the curve C and the surface S for Stokes’s theorem.

Proof

To demonstrate the theorem we first divide the surface S into small pieces each
with area 4S; and bounding curves dC; (Figure 5.5). Within each piece of the
surface, the definition (3.20) of V x u is

1 .
v NN — .
Xu-n 35, aciu dr,

where the approximation is exact in the limit 4S; — 0. Multiplying by 4.5; and
adding the contributions from all the surface elements,
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Fig. 5.5. Division of the surface S into small elements 45 for the proof of Stokes’s
theorem.

Equ-nJS,-zZ}{ u-dr.
i i J6C:

Now consider the limit S; — 0. The Lh.s. gives the surface integral of V x
u - n over the surface S. On the r.h.s. the contributions to the line integrals
from neighbouring elements cancel out, because the line elements dr point in
opposite directions (Figure 5.6). Therefore only the curves that form part of C

8C 5C,
l 58S, 55,

Fig. 5.6. Line integrals along adjoining elements cancel out.

contribute to the sum, so the sum simplifies to the line integral around C:

//qu-ndS:fu-dr.
s I}
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5.2.1 Applications of Stokes’s theorem

Stokes’s theorem can be useful for evaluating integrals, by converting line in-
tegrals to surface integrals or vice versa. It can also be used to prove other
theorems, as in Example 5.5 below, or to formulate physical laws (Example
5.6).

Example 5.5

Show that any irrotational vector field is conservative.
Suppose that u is irrotational, so V x u = 0. Then for any closed curve C,

fu-dr=//qu-ndS=0,
c s

where S is any surface spanning C. Thus u is a conservative vector field. Note
that this result completes the demonstration of the statement in Section 3.4.3
of the equivalence of the three properties (i) u = V¢, (ii) V x w = 0, (iii) u is
conservative.

Example 5.6

Ampere’s law states that the total flux of electric current flowing through a
loop is proportional to the line integral of the magnetic field around the loop.
Use Stokes’s theorem to obtain an alternative form of this law that does not
involve any integrals.

Let B be the magnetic field strength and j be the current density. The
constant of proportionality is go in SI units. Then Ampeére’s law states that

fB-dr:uO//j-ndS
c s

for any surface S that spans the loop C. Using Stokes’s theorem to transform

the Lh.s. gives
//VxB-ndS:uo//j-ndS.
s 5

Now if this is true for any loop C, and so any surface S, it follows that
V xB= Ho ] .

Note the similarity between this argument and that used when applying the
divergence theorem to the conservation of mass of a fluid in Section 5.1.1.
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Example 5.7

Use Stokes’s theorem to show that for any closed surface S,

ﬂ(vXu)-ndS=o.
S

Consider the case where a small hole is made in the closed surface. Then
by Stokes’s theorem, the surface integral of (V x u) - n over the surface S is
equal to the line integral of u - dr around the perimeter of the small hole. As
the size of the hole shrinks to zero, so does the value of the line integral, giving
the required result. Note that this result was obtained using the divergence
theorem in Example 5.1.

Example 5.8

The surface S is defined by 22 + 4y%2 =1, —1 < z < 1. Use Stokes’s theorem to
evaluate the surface integral

// (x2%, —y2?%,0) - ndS.
S

Note that this surface is not simply connected, but Stokes’s theorem can still
be applied. By imagining a cut in the surface (Figure 5.7), the surface integral
is equal to the sum of two line integrals around the two elliptical curves C)
and C>5 that form the ends of the cylindrical surface. In order to apply Stokes’s
theorem, the vector field (2%, —y22,0) must be written as the curl of another
vector field u. Seeking a solution of the form u = (0,0, h(z,y, 2)), this can be

e

~
L/

Fig. 5.7. Stokes’s theorem can be used to transform the surface integral over the
curved surface of the cylinder into two line integrals around the ends of the cylinder,
by introducing a cut in the surface. The two line integrals along the cut cancel out.

i
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hieved if
achieved i . oh , oh
— z

oz

and these two equations are satisfied if h = zyz2. Now since the two curves C;
and C, lie in planes z = constant, so dr = (dz,dy,0), u-dr = 0 on C; and C
so the value of the integral is zero.

5.2.2 Related theorems linking line and surface integrals

As in the case of the divergence theorem, Stokes’s theorem can be used to derive
other theorems that relate line integrals to surface integrals by appropriate
choices of the vector field wu.

e Choose u = af, where a is a constant vector and f is a scalar field. Then
Vxu=Vfxa+ fV xa=Vf xa, so Stokes’s theorem gives

//Sfoa-nd.Sszaf-dr.

Using the rules for manipulating the scalar triple product and taking out the
constant vector a from the integrals gives

o ([ -orxnas)=a (f sar).

As in Section 5.1.3, the constant a can be cancelled, giving

//S—fond5=£fdr.

e Choose u = a x v, where a is a constant vector and v is a vector field. This
case is more complicated, but provides a good example for the use of suffix
notation. The line integral in Stokes’s theorem is

faxv-dr:a-]{vxdr,
c c

interchanging the dot and the cross and taking the constant a outside the
integral. Since V x (a x v) = a(V -v) — a - Vv, from formula (4.30), the

surface integral is
a’l)k Bv,-
Il ( e~ ) m 45

ka ‘ avk

I

/ (a(V-v)—a- -Vv) -ndS
s

il
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where j and k have been interchanged in the second term. Applying Stokes’s
theorem and cancelling the a; gives a relationship between a surface integral
and a line integral in suffix notation:

// ka i - %nkds [% 'vxdr] . (5.18)
a$k C j

To obtain the form of this equation in vector notation, consider the quantity
{(n x V) x v];. In suffix notation this is

Oy
€kl €kmnTlm mw = (6lm5jn - 5ln5jm)nm‘_
oz, O,
av, 61}1
Me— — Ny
azl,‘j J aIL‘[

This is now minus the quantity appearing in the surface integral (5.18), so
the vector form of (5.18) is

//S—(nxV)xvdSzfovxdr. (5.19)

Note that suffix notation is the only secure method for obtaining such results,
short of writing out all the components of the vector quantities longhand.
Attempts to expand using the rules for a vector triple product generally give
incorrect results.

Choose the surface S to be a flat surface lying in the z, y plane, so n =
(0,0,1) and choose u = (F(z,y),G(z,y),0). Then

oG OF )
dzr "8y

and u - dr = Fdz + G dy. Then Stokes’s theorem gives

// 9G aFd dy—dez+Gdy, (5.20)

a result known as Green’s theorem.

qu:(OO
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Summary of Chapter 5

The divergence theorem states that

//X/V-udV:ﬂstrndS,

where S is the surface enclosing the volume V' and n is the outward-pointing
unit normal vector.

Geometrically, the divergence theorem follows naturally from the physical
definition of the divergence.

The divergence theorem has many applications, including simplifying the
evaluation of surface or volume integrals, deriving physical conservation laws
and showing that Laplace’s equation has a unique solution.

Stokes’s theorem states that

//qu-ndS:ftrdr,
S c

where the curve C encloses the surface S and C and n are oriented in a
right-handed sense.

Stokes’s theorem follows from the definition of the curl in terms of a line
integral.

A number of other related theorems linking volume, surface and line integrals
can be derived from the divergence theorem and Stokes’s theorem.
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EXERCISES

5.8

5.9

5.10

5.11

5.12

5.13

Show that

f r-dr=20

c

for any closed curve C.

Verify Stokes’s theorem by evaluating both the line and surface in-
tegrals for the vector field u = (2z — y, —y?, —y*z) and the surface
S given by the disk 2 =0, %2 + y? < 1.

Use Stokes’s theorem to show that

f(-’ngwir:—f;gi-dr

for any closed curve C and differentiable scalar fields f and g.
If u is irrotational, express the surface integral

// uxVf-ndS
s
as a line integral.

The magnetic field B in an electrically conducting fluid moving with
velocity u obeys the magnetic induction equation

%Itz =V x (u x B).
Show that the total flux of magnetic field through a surface enclosed
by a streamline of the flow (a closed curve which is everywhere par-
allel to u) is independent of time.
Use (5.18) to show that the area A of a flat surface S enclosed by a
curve C is

A=1/2 ]{ r xdr
c
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Curvilinear Coordinates

6.1 Orthogonal curvilinear coordinates

So far in this book we have used rectangular Cartesian coordinates. In many
physical problems, however, these are not the most convenient coordinates to
use. Consider, for example, the problem of finding the electric field produced by
a charged sphere. In this chapter the general theory of non-Cartesian coordinate
systems is introduced. Formulae for grad, div and curl in these coordinate
systems are developed and the two most important examples, cylindrical and
spherical polar coordinates are described.

Suppose a transformation is carried out from a Cartesian coordinate system
(z1,T2,z3) to another coordinate system (uj,uy,us). This new system will
be called a curvilinear coordinate system. It will be assumed that there is a
one-to-one relationship between the z; and the u;, so that for example z;
can be written as a function of the w;, 1 = z1(u;1,u2,u3) and conversely
Uy = u1($1,$2,$3).

The surfaces u; = constant are referred to as coordinate surfaces and the
intersection of these surfaces defines the coordinate curves, so for example the
1y coordinate curve is the intersection of the surfaces u; = constant and uz =
constant (Figure 6.1).

P. C. Matthews, Vector Caleulus
© Springer-Verlag London Limited 1998
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Fig. 6.1. The coordinate surfaces and coordinate curves of a curvilinear coordinate

system.

Now consider a small displacement dex = (dz;,dz;,dz3). Since the z; are

functions of the u; this can be written as

Oz Ox oz
dz = -a—;:dul + a—u;du_z + B_u;du:”

or more compactly using suffix notation as
oz;

dz; = ou, du;,

where the repeated suffix j on the r.h.s. implies summation from 1 to 3. Now
the partial derivative x/0u; means the rate of variation of  with u; while
uz2 and ug are held fixed, so the vector dz/du, lies in the u; and uz coordinate
surfaces and is therefore tangent to the u; coordinate curve. This enables a

unit vector ey to be defined in the direction of the u; curve, by

ox
€3 = ;9—'(1/_1-/’11 (61)
where h; is a scale factor defined by
oz
hy = |—]. .
! 6u1 (6 2)

The unit vectors ez and es are defined in a similar way, along with the scale

factors hy and hj.
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The displacement vector dx can then be written in terms of these unit
vectors and scale factors as

dx = hyei1du; + haeadu; + hzegdus.

Attention will be restricted to coordinate systems in which the unit vectors are
orthogonal, so that
€;-€; = 6,»j. (63)

Such coordinate systems are known as orthogonal curvilinear coordinates. This
means that the coordinate curves are perpendicular to each other where they
intersect. It will also be assumed that the coordinate system is right-handed,
so that

€1 X ég = €3. (64)

Locally, this coordinate system appears as a rectangular coordinate system
with axes stretched by the factors h;, so that a change in u; of size du, leads to
a change of distance h; du; in the ey direction (Figure 6.2). Globally, however,
the directions of the unit vectors e; vary in space, as do the scale factors h;.

h3 du:;
(2} e,

hzdllz
hydu,

Fig. 6.2. An orthogonal curvilinear coordinate system appears locally as a rectangu-
lar coordinate system.

Having set up this general framework, formulae for various useful quantities
can be derived in terms of the scale factors h; with reference to Figure 6.2. The
length of a line element ds is found from

ds® = dx - dz = hidu? + hidul + hidul. (6.5)

A surface element dS on the u; coordinate surface generated by displacements
duy, dug is rectangular and so has the area

dS = hahs dus dus, (6.6)
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and similarly for area elements on the u; and uz coordinate surfaces. Finally,
the volume element dV produced by displacements du,, duz, dug is again rect-
angular and so its volume is

dV = h1 h2h3 d’U,l du2 d’u.g. (67)

Example 6.1

Show that the volume element in a right-handed orthogonal curvilinear coordi-
nate system, hjhshs du; duy dug, can also be written in terms of the Jacobian
of the transformation, J, defined to be the determinant of the matrix with %, j
element 0z;/0u;.

The determinant of a matrix can be interpreted as the scalar triple product
of the vectors forming its rows or columns, so J can be written as the scalar
triple product of three vectors:
ox Oz N Ox
Ou; Ouy; Oug
h161 'h2€2 X h3€3
= h1 h-zhg

J =

since for a right-handed coordinate system, e; X e3 = €1 s0 €; - €3 X e3 = 1.
Therefore the volume element can be written

dV = Jdu1 du2 d’u,3.

Example 6.2

Parabolic coordinates (u,v,w) are related to Cartesian coordinates (z;, T2, 3)
by the equations

Ty =2uv, z,=u’-1? z3=w.
Sketch the v and v coordinate curves, find the scale factors hy, hy,, h, and
the unit vectors ey, ey, €y, and check that the (u,v,w) coordinate system is
orthogonal.

The u and v coordinate curves are the intersections of the v and u coordinate
surfaces with the w coordinate surfaces. Since w = z3, the z;, z, plane is a
w coordinate surface. Consider the surface u = ¢, where ¢ is a constant. In
terms of the Cartesian coordinates this can be written z, = ¢ — z3/4c? after
eliminating v. Similarly the surface v = k can be written z, = —k? + 12 /4k>.
The u and v coordinate curves are therefore parabolas in the z,, T3 plane
(Figure 6.3).

The scale factors hy,, hy, h,, are just the magnitudes of the partial derivatives
of the vector (z;, z2,z3) with respect to u, v and w:
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Fig. 6.3. The coordinate curves of the parabolic coordinate system.

he = |(2v,2u,0)| = 2v/u? + v2,
hy = [(2u,—2v,0)| = 2v/u2 + 12,
he = [(0,0,1)] = 1.

The unit vectors are the vectors of the partial derivatives divided by the scale
factors:

(v,u,0)/Vu2 +v2,

€y =
€y = (u1 ”Uvo)/v u? +’U2,
ew = (0,0,1).

Since the dot product of any two of these unit vectors is zero, the (u,v,w)
system is orthogonal.
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6.2 Grad, div and curl in orthogonal curvilinear
coordinate systems

In this section, formulae for the gradient of a scalar field and the divergence
and curl of a vector field are derived for orthogonal curvilinear coordinate
systems. In each case the physical definition is used, i.e. the definition which is
independent of any coordinate system.

6.2.1 Gradient

The gradient V f of a scalar field f is a vector perpendicular to the surfaces
f = constant, defined by the equation

df =V f.do

where dx is an infinitesimal change in position and df is the corresponding
change in f. Now from (6.1) we have

dx = hieirdu; + hyeadus + hzezdus.

If f is written as a function of the u; then

of of of
i = 2L 9 g, + 9L
if B du; + Bus dus + Bs dus
_ LOf, 1o, 1y
= by Oy hidu; + hrs Oz haduy + ha O hadus

(R2es 12 10, 4

Ry 8u; ' Ry Bu; 2 hg Buz
Since this holds for any dx, the term in the large brackets is V f:

1 o8f 1 8f 1 9f
v = -— — — i . .
f 1+ h2 (’)uQez + h3 6u3 cs

h] Eu—l'e (68)
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6.2.2 Divergence

The formula for the divergence of a vector field v = vie; + v2e2 + vses in
orthogonal curvilinear coordinates can be obtained using the definition (3.14)

1
V- v-é{}r_r:(”—ﬁ; v-ndS.
Since the coordinate system is orthogonal, the argument of Section 3.3 based
on choosing 8V to be a small rectangular box can be repeated, with reference
to Figure 6.2. The only difference in the argument is that the lengths of the
sides of the box are scaled by the scale factors h;. On the u; surface on the
right of the box, n = e; so v-n =v; and

v-ndS =~ vihahs dusdus

where vy, he and hs are evaluated at (u; + du;/2,uz,u3). Similarly, on the
opposite surface,
v-ndS =~ —Ulh2h3 dU2dU3

evaluated at (u; — du;/2,u2,u3). Adding these two contributions and dividing
by the volume h; hohsdu)dusdus (exactly as in Section 3.3) gives the contribu-
tion to V - v from these two surfaces as

1
hihzhs 6 Uy

Note that he and hs cannot be cancelled out because in general they are func-
tions of u;. The contributions to V -v from the other surfaces follow from cyclic
permutation, so

1

0
V.v= Fihaha (au (vihzh3) + —‘('Uzhahl) + _(”Shlhz)) (6.9)

=——(vi1hahs).

By combining the definitions of div (6.9) and grad (6.8), a formula for the
Laplacian of a scalar field, V2f = V - (Vf) can be obtained:

2 - _1 _Q_(hzhe»ﬂ)
Vf - h1h2h3 [aul hl 6u1

+_c‘)__(h3h1 Of\, 8 (hh Of
6u2 hz a’UQ 6u3 h3 8u3
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6.2.3 Curl

The curl of a vector field v in orthogonal curvilinear coordinates is found using
the definition 1

n-V xv:ﬁlbixgog7€00~dr
and following the argument of Section 3.4. To find the ez component of V x v,
consider a small rectangle in the us surface, with sides of length h;du; and
haduy (Figure 6.4). The line integral along the right-hand side of the rectangle

A

V °(“l’ Uy, u:;) “ hzduZ

h du,

Fig. 6.4. Rectangle of four line segments for deriving the formula for V x v in
orthogonal curvilinear coordinates.

is approximately vohodus evaluated at (u; + duy/2,u2,u3) and the integral
along the left side is approximately —wvohodus evaluated at (u; — du; /2, us, u3).
Adding these two, taking the limit du; — 0, du; — 0 and dividing by the area
gives a contribution

1 0
—(v2h
h1h2 8u1 (U2 2)
to the eg component of V x v, and similarly the upper and lower sides of the

rectangle generate a contribution

1 9 (
h1 h2 Bug
so the eg component of V x v is

vihy),

1 0 0
v/ - - _ .9 '
€s xv hiho (aul (vzha) Ouy (v hl))
The other components are found by permuting the indices. The determinant
form of V x v is

h1e1 hgez h363

- 2 8 o
Vxuv= h1h2h3 Ouy Ouz Bus

11 hava haus



6. Curvilinear Coordinates 107

EXERCISES

6.1 Verify that for Cartesian coordinates the scale factors are all equal
to 1.

6.2 A coordinate system (u,v,w) is related to Cartesian coordinates
(z1,z2,23) by

T =uwvw, 3 =wuv(l-— wz)l/z, I3 = (U2 - UZ)/2~

(a) Find the scale factors hy,, hy, hy.
(b) Confirm that the (u, v, w) system is orthogonal.
{c) Find the volume element in the (u,v,w) system.
6.3 Find the scale factors and hence the volume element for the coordi-
nate system (u,v, ) defined by

T1 = uvcosf, z,=wuvsinb, zz= (u?-v?)/2,

in which u and v are positive and 0 < 8 < 27. Hence find the volume
of the region enclosed by the curved surfaces u =1 and v = 1.

6.4 Find the formula for V f in a general orthogonal curvilinear coordi-
nate system by writing V f in Cartesian coordinates and then finding
the component of V f in the e; direction.

6.3 Cylindrical polar coordinates

Cylindrical polar coordinates (R, ¢,z) are related to Cartesian coordinates
($1,$2,.'173) by

1 = Rcos ¢, T2 = Rsin ¢, T3 = 2. (6.10)

The transformation in the reverse direction is

R = /2% + z3, # = tan™ ! (z3/x;), z=x3. (6.11)

The coordinate system is shown in Figure 6.5. The scale factors are found
using (6.2):
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Fig. 6.5. Cylindrical polar coordinates.

oz

he = |5| = lcoss,sing,0) = 1,
ox . —
hy = 3 = |(~Rsin ¢, Rcos ¢,0)| = R,
ox

The unit vectors are found from (6.1):
ox .
€r = EE/hR - (COS ¢7 sin ¢1 0)7
Ox .
€y = %/h’tﬁ = (— sm¢,cos¢,0),
ox
e, = 5/hz =(0,0,1).

Note that the dot product of any two of the unit vectors is zero, so they obey
the orthogonality condition. Also, since eg % e4 = e,, the coordinate system
(R, ¢, 2) is right-handed.

Using the scale factors, area elements on each of the coordinate surfaces can
be found from (6.6). For example on the cylindrical R coordinate surface,

dS = hyh, dpdz = Rdpdz. (6.12)

Similarly, the volume element is, from (6.7),
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dV = hgrhgh, dRdpdz = RdRd¢ dz. (6.13)

The formulae for the gradient, divergence, Laplacian and curl can be ob-
tained by applying the results of Section 6.2:

of 10f f
=9 14
Vf 3R R+Ra¢ st 3, (6.14)
1 1 6v¢ sz
V.ov= RaR(R N+ par 5 (6.15)
2p_ 10 (p0F\ 18F 0
V'i=RaR (RBR tRae T (6.16)
= (L0v: _dv bvg _ Ov.
Vxv = (ans"?az_)e“(az aR>e°’
1 0 3'UR
+_é (3_R_(Rv¢) - _é?d)_) €. (6.17)

Example 6.3

Calculate the volume of a cone of radius a and height H.

In cylindrical polar coordinates the equation of the cone is z = HR/a if the
origin is chosen at the vertex of the cone. Then for a given value of z the range
of Ris 0 < R < az/H. The volume is then

H pfaz/H /2«
/// v = / / Rd¢dRdz
v
az/H
= // 2rRdRdz

’2® 2
/0 T dz =na’H/3.

Example 6.4

Find the solution to Laplace’s equation in cylindrical polar coordinates that
only depends on the distance R from the axis.
If f obeys Laplace’s equation V2 f = 0 and f depends only on R then from

(6.16),
(7] af\ _ of _
3R (Rﬁ) =0, SO Rﬁ{ =c,
where ¢ is a constant. Solving this differential equation gives
f=clogR+d,

where d is another arbitrary constant.
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6.4 Spherical polar coordinates

Spherical polar coordinates (r, 8, ¢) are related to Cartesian coordinates by
T, = rsin @ cos ¢, 3 = rsinfsin ¢, T3 = rcosb, (6.18)

and the inverse transformation is

[T T2
r=/z} +z¢+22, @=tan"’ (%_"‘%) , ¢=tan"! (?) . (6.19)
I3 1

Note that ¢ here is equivalent to the angle ¢ for cylindrical polar coordinates.
However, the reader should be aware that different authors use different nota-
tion for the labelling of the angles in cylindrical and spherical polar coordinates.
The variable r corresponds to its earlier use as the magnitude of the position
vector 7, representing the distance from the origin.

X3 A

1
1

Fig. 6.6. Spherical polar coordinates.

A sketch of the coordinate system is shown in Figure 6.6. Note that the
ranges of the three coordinates are

0<r<oo, 0<6<m, 0<¢ < 2nm.
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A slightly modified form of spherical polar coordinates is used to measure
position on the surface of the Earth. The longitude is the angle ¢ and the

latitude is 7/2 — 6.
The scale factors h,, hg and hy are

h, = |(sinfcos¢,sinf@sin¢,cosh)| =1,
he = |(rcos@cos¢,rcosfsing, —rsinb)| =r,
hg = |(—rsinfsing,rsinfcos,0)| = rsinb.

The unit vectors are

e, = (sinfcos¢,sinfsin@,cosh),
eg = (cosfcos¢,cosbsing, —sinf),
ey = (—sing,cos¢,0)

and it can be verified by taking the dot product of pairs of the unit vectors
that the system is orthogonal. The area element on the spherical r coordinate

surface is
dS = hghy dfdeg = r? sin 0 d6 d¢

and the volume element is
dV = hphghydrdfde = 2 sin 8 dr df do.

The formulae for grad, div, Laplacian and curl are

_of, . 19f 1 of
Vi= 5t 138%™ T 9%
10, 1wy
Vv r2 Or (ror) + sn060(smovo)+rsin06»-’
o 10 (WO, 1 o[ ofy 1oy
ViIi=5\" o) " smeas \"%% ) t manze o
_ 1 8 . c’)vg
Vxv = p (Ea(smh;d,)—%)e,

+l 1 %_ﬁ( )
r \sinf 9¢ Or Tvs) | ©e

w1 _6_( )_?&
r\or " 5g ) €

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)
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Example 6.5

Suppose a sphere of radius a has a variable density p = po(1 — r/a) where po
is a constant. What is the total mass of the sphere?

The total mass M is just the volume integral of p. The limits on the integrals
are 0 <r<a,0<60<m0< ¢ < 2r and the volume element is dV =
2 5in @ dr dd d¢. Choosing to do the integrals in the order r, 8, ¢, the mass is

///V po (1= r/a)dV

2n n a
/ / / po (1 —r/a)r?sin@dr df do
o Jo Jo

27 w
= / / po [r3/3 — r* /4a]; sin6 df d¢
0 0

M

27

= / poa®/12[ - cos ] d¢
0

= wpoal/3.

Note that in triple integrals of this type, where the limits are constants, it is
not strictly necessary to do the integrals one at a time. Thus it would have
been possible to write after the second line,

M = [r*/3 —r*/4a], [ - cosb]] [¢]§" = npoa®/3.

Example 6.6

What proportion of the Earth’s surface lies further north than the 45° N lati-
tude line?

The required region of the surface is 0 < 8 < 7/4, 0 < ¢ < 2. Using the
formula (6.20) for the area element, the area A is

2n  pw/
A:-// dS=/02 /0 47'2sin0d€d¢=27rr2(l—cos(7r/4:))=7r7'2(2—\/§).

As a proportion of the total area this is A/47r? = (2 — v/2)/4 ~ 0.15.
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Summary of Chapter 6

A curvilinear coordinate system (u;,uz,us3) is related to a Cartesian coordi-
nate system (z1,Z2,Z3) by z; = z;i(u1,u2,u3).
o The unit vectors e; and the scale factors h; are defined for i = 1 by

orx ox
, el—ﬂ/hly

duy

h1=

and similarly for i = 2, 3.
e The system (uq,uz,us) is orthogonal if e; - e; = 4;;.
e The volume element in the (u1,us,u3) system is dV' = hy hohg du; dug dus.
e Formulae for grad, div and curl in the (ui,us,u3) system can be written
down in terms of the scale factors and the unit vectors.
e The two most important curvilinear coordinate systems are cylindrical polar
coordinates,
z, = Rcos ¢, T2 = Rsin ¢, I3 =2

and spherical polar coordinates,

3 = rsinéf cos ¢, Zy = rsinfsin ¢, z3 = rcosb.

EXERCISES

6.5 A cylindrical apple corer of radius a cuts through a spherical apple
of radius b. How much of the apple does it remove?

6.6 Find the proportion of the Earth’s volume that is less than 30° away
from the Equator.

6.7 Find the divergence and curl of the unit vector ey in spherical polar
coordinates.

6.8 Find u - Vu for the vector u = e, in cylindrical polar coordinates.

6.9 Find a formula for the R component of the Laplacian of a vector field,
V2v, in cylindrical polar coordinates. Verify that the components of
the Laplacian of v are not equal to the Laplacians of the components
of v.
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Cartesian Tensors

7.1 Coordinate transformations

At the very beginning of this book vectors and scalars were defined as ‘phys-
ical quantities’. But what does this mean mathematically? In this chapter a
precise mathematical statement is developed, using the idea that the physical
quantity exists independently of any coordinate system that may be used. This
new mathematical definition of vectors and scalars is generalised to define a
wider class of objects known as tensors. Throughout this chapter attention is
restricted to Cartesian coordinate systems.

Consider a rotation of a two-dimensional Cartesian coordinate system z,
Ty through an angle 8 (Figure 7.1) to give a new coordinate system z}, ).
Then by carrying out some simple geometrical constructions it can be seen
that the coordinates of a point P in the z;, T, system are related to those in
the z}, =) system by the equations

i = zx1cosf+ z,5sinb, (7.1)

Ty = Zycosf — xysinb, (7.2)

zp \ cosf sinf x
zy / ~ \ —sin® cosh z )’

or in matrix form,

P. C. Matthews, Vector Caleulus
© Springer-Verlag London Limited 1998
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I
Xy

Xy

Fig. 7.1. Rotation of Cartesian coordinates through an angle 8.

The 2 x 2 matrix relating (z},z3) to (z,z2) will be referred to as L:

cosf sinf
L= ( —sind cosf ) (73)

The matrix multiplication can be written in suffix notation, since

'
r, = Lz + Lz = Llj.'L‘j,

I

T4 Laixy + Lyzy = Lyjzj,
where the repeated suffix j implies summation, so
.’L‘; = L,'jiL‘]'. (74)

The rotation matrix L;; has one particularly important property. The inverse
of the matrix is a rotation through -4,

I-1— ( cos(—6) sin(—9) ) _ ( cos@ —siné ),

—sin(—6) cos(—0) sinf  cosf

which is the transpose of the matrix L. Thus LLT = I, or in suffix notation,
LiLT, = 8. Since LT, = Ly, this can be written

LijLgj = bix. (7.5)

A matrix with this property, that its inverse is equal to its transpose, is said
to be orthogonal. Using this property, the inverse of the transformation can be
written down, simply by transposing the suffices:

I = L]','(E;-. (76)
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Another important property of the matrix L is that its determinant is
|L] = cos?@ +sin?§ = 1.

So far we have only considered a two-dimensional rotation of coordinates.
Consider now a general three-dimensional rotation. For a position vector =
T1€) + To€3 + T3€3, the i component in the dashed frame is defined by

T, =€) T =e; ez +e€; Ty +€; e3r3 = €] €;T;.
This is of the form (7.4), where
— pl .
L =é€.-ej, (7.7)

so L;; is the cosine of the angle between e} and e;. By the same argument, the
matrix which transforms from the dashed frame to the undashed frame has i,j
element e; - e; = Lj;, so again we see that the inverse of L is its transpose.
Since LLT = I, the determinant of L obeys |L|> = 1, so |L| = +1. Orthogonal

matrices with |L| = 1 represent rotations, while those with |L| = —1 are
reflections.
From (7.4) and (7.6), two further important properties of L follow:
oz Oz;
az; = L,’j and a—z:— = Lyji. (7.8)
j

7.2 Vectors and scalars

Now consider a vector v. Its components transform from one coordinate system
to another in the same way as the coordinates of a point, so

'U; = L,-]-v]-. (79)

This equation gives the mathematical definition of a vector: v is a vector if
its components transform according to the rule (7.9) under a rotation of the
coordinate axes.

Similarly, a scalar s is defined by the property that its value is unchanged
by a rotation of coordinates, so

s'=s. (7.10)
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Using these new definitions of scalars and vectors, in terms of their trans-
formation properties under a rotation of coordinate axes, a number of rigorous
results can be proved, as illustrated in the following examples. Suffix notation
and the summation convention are used throughout.

Example 7.1

Suppose that a and b are vectors. Show that their dot product a - b is a scalar.
Since a and b are vectors, their components transform under rotation ac-
cording to

a; = Lijaj, b; = L;;b;.
Now to show a - b is a scalar, we must show that its value in the dashed frame
is the same as its value in the undashed frame.
(a-b) = aib;=LijajLiby = LijLirajbx (7.11)
= 6jrajby = axbr = a- b, (7.12)
so a - b is a scalar.

Example 7.2

Suppose that f is a scalar field. Show that V f is a vector.
If f is a scalar then f = f'. To show that Vf is a vector we need to
determine how it transforms under a rotation of coordinates.

vy = O _ 0F _ 0f ox,

3] = B = Ba, 52
using the chain rule. Now making use of (7.8),
of . of

a7 = Lijz
oz Or;

so V f obeys the transformation rule for a vector.

Example 7.3

A quantity is defined in a two-dimensional Cartesian coordinate system by
u = (azs,br;)T. Show that this quantity can only be a vector if a = —b.

If u is a vector, it must transform according to the rule u; = L;ju; where
L;j is the 2 x 2 rotation matrix (7.3). This gives

o = azxs cos@ + bry siné
—azzsind + bzycosd /J°
but from the definition of u we also have
o = azy \ _ [ —ax;sinf + axz cosd
T \bzy ) bz, cosf + bxysingd J°
By comparing these two expressions we can see that they only agree if a = —b,
so this is the condition for u to be a vector.
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7.3 Tensors

The definition of a vector as a quantity which transforms in a certain way
under a rotation of coordinates can be extended to define a more general class
of objects called tensors, which may have more than one free suffix. A quantity
is a tensor if each of the free suffices transforms according to the rule (7.4).
For example, consider a quantity T;; that has two free suffices. This quantity
is a tensor if its components in the dashed frame are related to those in the
undashed frame by the equation

Tll LiijmTkm- (713)

]:

The rank or order of the tensor is the number of free suffices, so the quantity Tj;
obeying (7.13) is said to be a second-rank tensor. A tensor may have any number
of free suffices. For example, a third-rank tensor P;j; transforms according to
the rule

Pi'jk = LipLjqLirPpgr. (7.14)

The rule for a tensor of rank one is the same as the rule for a vector, so a vector
can be regarded as tensor of rank one. Similarly, a scalar can be thought of as
a tensor of rank zero.

We have already met one second-rank tensor, 4;;, and a third-rank tensor,
€ijk. Tensors can also be constructed from vectors, for example du;/0z; is a
tensor. The demonstration that these quantities are indeed tensors is given in
the following examples.

Example 7.4

Show that 4;; is a tensor.

Consider the quantity L;xL;m0kn. From the substitution property of d;;,
this is L;x Ljx, which from the property (7.5) of L is é;;. Now 5;1- = 4y, since
d;; is defined the same way in any coordinate system. Thus d;; obeys the tensor
transformation law, 51’-j = L} LjmOkm.

Example 7.5

Show that €+ is a tensor.

Since ¢;j has three suffices, the appropriate transformation to consider is
LipLjqLirepgr- Using (4.10), this is €;;5|L| = €&, since |L| = 1 for a rotation.
As for 8;j, €;5x is defined in the same way in all coordinate systems so €;;; =
€ijk = LipLjqLir€pgr. Therefore €1 is a third-rank tensor.
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Example 7.6

If u is a vector, show that Ju;/0z; is a second-rank tensor.
Since u is a vector, u} = Lgug.

ou I Ouy Ouy Oz Ouy
=Lik—— =Lix+— =LaLjy—
oz ' o oz o W By

which is the transformation rule for a second-rank tensor.

7.3.1 The quotient rule

Tensors often appear as quantities relating two vectors, for example
a; = Tijb]'. (715)

The quotient rule states that if (7.15) holds in all coordinate systems and for
any vector b the resulting quantity a is a vector, then T}; is a tensor.

Proof

The quotient rule is proved as follows: Since a is a vector,
ai = L,-kak = Lika]’b]’.

Since b is a vector, it obeys b; = Ly,;b;, (note that this is the inverse trans-
formation, from the dashed to the undashed frame, so the suffices of L are
transposed). Substituting for b; gives

(l; = L,‘kaijjb:n.
But since (7.15) holds in all coordinate systems,
&} = Tl b
Subtracting these two results,

(Tim — LikTkjLm;j)b, = 0.

If this result holds for any vector b, then the quantity in brackets must be zero,

SO
Tilm = LikLijkj-

Therefore, T;; is a second-rank tensor. O
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A more general form of the quotient rule also holds: if an mth rank tensor
a is linearly related to an nth rank tensor b through a quantity T with m +n
suffices, then T is a tensor of rank m + n.

EXERCISES

7.1

7.2
7.3

7.4

7.5

7.6
7.7

7.8
7.9

7.10

Show that the definition L;; = €] - e; is consistent with the matrix
given in (7.3).

If u is a vector field, show that V - u is a scalar field.

Given that @ and b are vectors, show that the quantity a;b; is a
second-rank tensor.

Show that in a two-dimensional Cartesian coordinate system (x, )

the quantity
T — < Ty —z? )
i = ;
7 .’L'% —T1Ty

is a tensor.
If ¢ is a scalar field, show that the quantity
0%¢
Tj, =
ik ijazk

is a second-rank tensor.

If Ti; is a tensor, show that Tj; is a scalar.

Write the divergence theorem in the form of suffix notation and
hence obtain the analogue of the divergence theorem for a second-

rank tensor Tj;:
oT;;
// -4 dV = # Ti]-nj dS (716)
v Oz; S

Write down the transformation rule for a tensor of rank four.

If Qijri is a tensor of rank four, show that Qij;i is a tensor of rank
two.

A quantity u; has the property that for any vector a, uia; is a scalar.
Show that the u; are the components of a vector. (This is a form of
the quotient rule.)
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7.3.2 Symmetric and anti-symmetric tensors

A second-rank tensor T;; is said to be symmetricif T;; = Tj; and anti-symmetric
if T;; = —Tj;. A tensor of rank greater than two can be symmetric or anti-
symmetric with respect to any pair of indices. For example 4;; is a symmetric
tensor, while €;; is anti-symmetric with respect to any two of its indices.

It is important to verify that symmetry is a physical property of tensors,
i.e. that if a tensor is symmetric in a Cartesian coordinate system it is also
symmetric in other Cartesian coordinate systems. This can be confirmed as
follows: suppose that A;; is a symmetric tensor, so A;; = Aj;. Then in a
rotated frame,

Al; = LigLjmAgm = LimLit Amk = A},

so Aj; is also symmetric.

Example 7.7

Show that any second-rank tensor T;; can be written as the sum of a symmetric
tensor and an anti-symmetric tensor.

For any tensor T;;, the tensor S;; = Ti; + Tj; is symmetric. Similarly,
Ai; = Ti; — Tj; is anti-symmetric. Since S;; + A;; = 2T;;, Tij can be written
as Ti; = Sij /2 + Aij /2.

Example 7.8

The second-rank tensor T;; obeys €;;+T;x = 0. Show that T;; is a symmetric
tensor.

By expanding out the implied double sum, for i = 1 we have €;93T53 +
€132732 = 0, which gives To3 = T35. Similarly the other required results follow
from taking i =2 and ¢ = 3.

The same result may be obtained more elegantly by multiplying the given
equation €;jxTjr = 0 by €mni:

0 = emni€ijiTijr
= (0mjbnk — Omi0n;)T;
= Tomn—Tom,

SO0 Trn = Thm.
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7.3.3 Isotropic tensors

The two tensors d;; and e€;;;z have a special property. Their components are
the same in all coordinate systems. A tensor with this property is said to be
isotropic. Isotropic tensors are of great importance physically, and it turns out
that there are very few examples of isotropic tensors. This is illustrated by the
following results.

Theorem 7.1

There are no non-trivial isotropic first-rank tensors.

Proof

Suppose that there exists an isotropic first-rank tensor (i.e. an isotropic vector),
u = (u1,ug, ug). Now consider a rotation through /2 about the zs-axis, which
is given by the matrix

010
L= -1 0 0 }. (7.17)
0 01
If u is a first-rank tensor then u} = L;ju; = (u2, —u1, uz). Now if u is isotropic,
u; = uj, S0 u; = ug and uy = —wu;. Therefore u; = u2 = 0. By considering a
rotation about the z{-axis in a similar way, it can be shown also that uz = 0,
so the only solution is © = (0,0,0). 0
Theorem 7.2

The most general isotropic second-rank tensor is a multiple of §;;.

Proof

Suppose that a;; is an isotropic second-rank tensor. Consider the rotation
through 7 /2 about the z3-axis given by (7.17). a;; must obey a;j = LimLjnamn,
which in terms of matrix multiplication is o' = LaL”. Carrying out these ma-
trix multiplications gives the result

a2 —a21 a23
T
LaLl” = | ~a12 a1 —ay3 |. (7.18)
a3z —asz ass

This must be equal to a;; if the tensor a;; is isotropic. The terms on the
diagonal give a;1 = ags. The other terms give a;3 = a23 and ags = —ay3, from
which a;3 = a3 = 0. By considering the analogous rotations about the other
coordinate axes it follows that a;; = a3 = as3 and that all the off-diagonal
terms are zero, so a;; = Ad;;, where X is an arbitrary constant. D
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Theorem 7.3

The most general isotropic third-rank tensor is a multiple of €;;.

Proof

If a;jx is an isotropic third-rank tensor, then
aijk = a;jk = L,-,,quLkrapq,. (719)

Consider the same rotation (7.17), for which the only non-zero elements of L

are L1y = 1, Ly; = —1 and L3z = 1. Therefore for any choice of 7, j and k
in (7.19), only one term on the r.h.s. is non-zero. Choosing (i,7,k) = (1,1,1)
gives aj11 = agy2 and the choice (3,j,k) = (2,2,2) gives az2 = —ain, so

a111 = @222 = 0. A different choice of rotation matrix would yield as33 = 0.

By making further choices of (i,j,k) the following equations can be ob-
tained: a2 = —a21, G221 = G112, G122 = G211, @211 = —@122, G121 = —a212,
az12 = a121. From these and the analogous equations involving the suffices 2
and 3 it follows that all 18 elements with two suffices equal are zero.

Finally, by considering the cases when 4, 7 and k are all different, (7.19)

gives ajo3 = —az13, G231 = —A132, G312 = —agz1. The analogous equations for
rotations about the other axes can be used to show that a;23 = as31 = az12 =
—asge] = —a132 = —a213, SO that Qijk = /\fijk for some constant A. D
Theorem 7.4

The most general isotropic fourth-rank tensor is
@ijrt = A0k + pdirdji + véudji, (7.20)
where A, u and v are constants.

Proof

An isotropic fourth-rank tensor must obey
Qijkl = LipquLerlsapqrs- (721)

Using the rotation (7.17), only one of the 81 terms in the implied sum on the
r.h.s. is non-zero. Since L5 =1, Ly; = —1 and L33 = 1, a suffix 1 on the Lh.s.
becomes a suffix 2 on the r.h.s., a suffix 2 on the l.h.s. becomes a suffix 1 on the
r.h.s. and changes the sign, while a suffix 3 remains unchanged. By applying

these rules, 1113 = a2223 = —@1113, S0 @1113 = Q2223 = 0. Similarly, any other
term with three suffices equal and the fourth one different must be zero. Also
Q2113 = —G1223 = —a2113 SO A2113 = a1223 = 0 and all similar terms with only

one pair of equal suffices are zero.
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The only remaining terms are those with two pairs of equal suffices and
those with all four suffices equal. Applying the rotation (7.17) to terms in
which the first two suffices are equal and the last two suffices are equal gives
G1122 = 2211, 61133 = G2233 and az3z» = as3;- Using the rotations about the
other coordinate axes it follows that these six terms are all equal. Similarly,
G1212 = G2121 = 1313 = (2323 = G3131 = @3232 and @iz = G112 = Q1331 =
as332 = a3113 = a3223. The terms with all four suffices equal must obey a;11; =
a2222 = a3333. Thus there can be at most four independent components of the
tensor, a1122, 81212, @1221 and ajin;-

To proceed it is necessary to consider a different rotation, for example the
rotation through an arbitrary angle § about the x3-axis given by

cosf sind 0
L=\ —sinf cosé 0 |. (7.22)
0 01

Using this rotation, a1 is related to all the terms with suffices equal to 1 or
2. Applying (7.21) gives

4 .
annn = cos Gajg +sm40a2222

.2 2
+sin” 8 cos® 0(a1122 + @2211 + G1212 + G2121 + G1221 + Q2112).

Simplifying this equation and using the relations above, the trigonometric fac-
tors cancel out leaving

aii = @122 + ai212 + @221, (7.23)

so in fact there are only three independent components, which can be labelled
a1122 = A, 1212 = W, a1221 = v. The tensor a;jx; can therefore be written in
terms of A, p and v in the form (7.20). Note that this ensures that (7.23) is
satisfied.

]



126 Vector Calculus

7.4 Physical examples of tensors

Tensors appear in many contexts, including fluid mechanics, solid mechanics
and general relativity. Some of these applications will be described in Chapter
8. The following two sections briefly consider two other examples of tensors.

7.4.1 Ohm’s law

Ohm’s law states that there is a linear relationship between the electric current
J flowing through a material and the electric field E applied to the material.
This can be written

j=0E, (7.24)

where the constant of proportionality ¢ is known as the conductivity (an inverse
measure of electrical resistance). Note that (7.24) forces the vectors 7 and E to
be parallel. For some materials, this may be true, but consider a substance with
a layered structure made of different materials (Figure 7.2). For this material,

Fig. 7.2. For a material made up of layers, the electric field E and the electric current
J may not be parallel.

current may flow more easily along the layers than across them. For example,
if the substance is made of alternate layers of a conductor and an insulator,
then current can only flow along the layers, regardless of the direction of the
electric field.

It is useful therefore to have an alternative to (7.24) in which j and F do
not have to be parallel. This can be achieved by introducing the conductivity
tensor, o, which relates 3 and E through the equation
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Ji = oir By (7.25)

Since j and E are vectors, it follows from the quotient rule that o, is a tensor.

The values of o depend on the properties of the material. For example,
suppose that there are alternating layers of a conductor with conductivity oq
and an insulator. If axes are chosen such that the z3 direction is perpendicular
to the layers, then in this coordinate system

ago 00
Oik = 0 (o) 0
0 0 0

Now suppose that the material has no such layered structure, so that there
is no preferred direction and is made of a uniform material with conductivity
09- Such a material is said to be isotropic, meaning ‘the same in all directions’.
In this case o5 = 0q 9, SO

Ji = 0By = 000 By = 00 E;

and so the simple rule
j =09 E

holds. This is why d; is said to be an isotropic tensor: it represents the relation-
ship between two vectors that are always parallel, regardless of their direction.

7.4.2 The inertia tensor

Consider a body rotating with angular velocity £2. Then, as shown in Section
1.3.1, the velocity vector at the position vector 7 is

v=9N2 xr.

The angular momentum of a particle of mass m is h = mr xv. The total angular
momentum of a rotating body can then be determined as a volume integral, by
considering dividing the body into small volume elements dV each with mass
pdV, where p is the density of the body. The total angular momentum H is

therefore given by
///Vp(r < v), dV

///Vp('r x (2 x 7)), dV

///Vp(m,- —(r- D)) dV

H;

Il

I
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J///V P (7‘26,']'.0]‘ - T]'.eri) av

= /// p(rzé,-j —7‘1'7‘]') .Qj dav.
14

Since {2; is a constant it can be taken out of the integral, leaving the equation
Hi = I,'j.Qj, (726)

where I;; is called the inertia tensor of the body and is defined by

Li; = ///V p(r?é;; —rir;) dv. (7.27)

Note that as in the previous example, the tensor appears as a quantity relating
two vectors, and the quotient rule confirms that I;; is a tensor. The inertia
tensor is an example of a symmetric tensor, since it is clear that I;; = I;.

Example 7.9

Find the inertia tensor for a cube with sides of length 2a and constant density
p, for rotations about its centre.
To find I;; we need to compute two volume integrals. First,

/// pridv = / / / p(z* +y* + 2%) dzdydz
\% —aJ—aJ—a
3p/ / / z? dz dy dz

3p(2a)(2a)/ rdzx

-a

= 8pa® = Mad?,

where M = 8pa? is the mass of the cube. The second volume integral is

J[[ oris av

For i # j this is zero, since for example the integral of zy is zero since this is
an odd function of z and y. For ¢ = j, for example i = j = 1, we have

/// px? dV = Ma?*/3
Jv
from the working of the first integral. Putting the two parts together,
; : 2 .
I,'j = Mazé,-j - Ma26,~j/3 = gMachi]-.

Note that the inertia tensor is isotropic. This means that for a cube rotating
about its centre, the rotation vector and angular momentum vector are always
parallel.
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Summary of Chapter 7

e Under a rotation of coordinate axes from a frame with unit vectors e; to a
frame with unit vectors e}, the coordinates of a point are related by

z; = Lijz;

where L;; = €, - e;.
e The inverse of the transformation is

_ !
T, = Lji.’ltj,

so L1 = LT. Such a matrix is said to be orthogonal. In suffix notation, this

result is written
Li]’ij = 6ik-

o A scalar s has the same value in each frame, s’ = s.

¢ A vector v transforms according to the rule v; = L;;v;.

o If a quantity T;; transforms according to the rule Ti’j = LitLjmTem then Tj;
is a tensor of second rank. The rank of a tensor is the number of free suffices.
Thus vectors are tensors of rank one and scalars are tensors of rank zero.

e The quotient rule says that if a; = T;;b; and a is a vector for any choice of
the vector b, then Tj; is a tensor.

¢ A tensor Tj; is symmetric if T;; = Tj; and anti-symmetric if T;; = —Tj;.

e 4;; and €;j are tensors of a special type known as isotropic tensors. This
means that their components do not change when the coordinate axes are
rotated. A second-rank isotropic tensor must be a multiple of §;; and a third-
rank isotropic tensor must be a multiple of €;;i.

e In physical systems, tensors frequently arise as quantities relating two vec-
tors. This allows two vectors to be linearly related to each other without being
parallel. Examples include the conductivity tensor and the inertia tensor.
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EXERCISES
7.11 B,; is an anti-symmetric tensor, so B,; = —B,,. Show that the
anti-symmetry persists in a rotated frame, i.e. B., = —Bi,.
7.12 If B, is an anti-symmetric tensor, show that B,, = 0.

7.13

7.14

7.15

7.16

7.17

The third-rank tensor A;;; is symmetric with respect to its first
two suffices but anti-symmetric with respect to the second and third
suffices. Show that all elements of A4;;; must be zero.

A quantity A;; is related to a vector B by A;; = €5 Bx.

(a) Show that A;; is a tensor and describe its symmetry property.
(b) Find an equation for B in terms of A4;;.

Find an isotropic fourth-rank tensor that can be written in terms of
€ijk-

Write down an isotropic fifth-rank tensor. Show that the most gen-
eral isotropic fifth-rank tensor must have at least ten independent
components.

Show that the kinetic energy E of a body rotating with angular
velocity §2 is related to its inertia tensor I;x by E = I;x {212 /2.
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Applications of Vector Calculus

This chapter provides a brief introduction to some of the many applications
of vector calculus to physics. Each of these is a vast topic in itself and is the
subject of numerous books and a great deal of current research, so it is not
possible to go into any detail in this book. However, a number of important
governing equations and results can be obtained using the methods described in
the previous chapters. In particular, it will be seen that the equations describing
the behaviour of physical quantities such as electric fields and the velocity of a
fluid are written in terms of the gradient, divergence and curl operators.

The following sections discuss the flow of heat within a body, the behaviour
of electric and magnetic fields, the mechanics of solids and the mechanics of
fluids. There are however several other subjects which use the language of vector
calculus, including the theories of quantum mechanics and general relativity.

P. C. Matthews, Vector Caleulus
© Springer-Verlag London Limited 1998
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8.1 Heat transfer

In this section the equation describing the flow of heat within a solid body
is derived. The argument is based on the law of conservation of energy, so is
similar to the argument for the conservation of mass for a fluid given in Section
5.1.1.

Consider a solid with a temperature T which depends on space and time
and a thermal conductivity K. Then the heat flows from hot to cold at a
rate proportional to the temperature gradient, so the heat flux q is given by
q = —KVT. The minus sign appears here because the vector VT points in
the direction of increasing temperature but the heat flows in the direction of
decreasing temperature.

Now consider an arbitrary region within the solid, denoted by a volume V
with surface S and outward normal n. The thermal energy or heat content of
a volume element dV is T c pdV where p is the density of the material and c is
its specific heat. So the total heat content H of the volume V is

H= ///vTcpdv.

The rate of change of this heat content must equal the rate at which heat flows
into the volume V, assuming that there are no sources of heat within V. This
rate of inflow of heat is the integral of the heat flux —q - n over the surface
S, where the minus sign appears since for heat to flow in, ¢ must point in the
opposite direction to n. Equating the rate of change of heat content with the
rate at which heat flows into V gives

/// —cpdV ﬂ —q-ndS:#KVT-ndS.
s s

The surface integral on the r.h.s. can be converted to a volume integral using
the divergence theorem, giving

// o pav = /// V. (KVT)dV. (8.1)

Finally, since the volume V' is arbitrary, the volume integrals can be cancelled,
giving
or
cp o = =V . (KVT), (8.2)
since if (8.2) were not true at any point in space, then introducing a small
volume V' around this point would contradict (8.1).



8. Applications of Vector Calculus 133

If the thermal conductivity K is independent of position, then (8.2) can be

simplified to give T
R v

o kV<T, (§.3)
which is known as the heat equation or diffusion equation, and is of great im-
portance since it occurs in many other contexts besides heat conduction. Other
applications include processes of molecular diffusion such as the transport of
chemicals within a living cell. The parameter k = K/cp is known as the ther-
mal diffusivity of the material. Note that the units of the diffusivity k are
length? /time.

If the system is steady, so that there is no dependence on time, then T
obeys Laplace’s equation, V2T = 0.

The effect of the heat equation is to smooth out the distribution of temper-
ature within a body. This is illustrated by the following examples.

Example 8.1

The surface S of a body is maintained at a constant temperature Ty. Show that
the temperature T within the body approaches Ty as t — co.

Define a new temperature by 8§ = T — T,. Then since T is fixed, 8 obeys
the heat equation

06 2

rri kV<o
within the volume V of the body and 8 = 0 on the boundary S. Multiplying
through by 8 gives

1062 . .
566—t =kOV?0 = kV - (6V6) - k|VE|°.

Now integrating over the volume V and applying the divergence theorem gives

162 \
————dV:kﬂ eva-nds—k// Vo[> dV.
v2ot s v

The surface integral is zero since § = 0 on S, so

1d 2 _ 2
L4 ¢ av = - [ worav <o

so the volume integral of §2 decreases unless # is a constant. Since § =0 on S
the only possible value for this constant is zero, so the temperature decreases
until § = 0, i.e. T' = Ty everywhere.
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Example 8.2

Find a solution to the heat equation which is proportional to sin(az), where a
is a constant.

Seek a solution to (8.3) of the form T'(x,t) = f(t) sin{ar). Substituting into
(8.3) gives

df . _ 2 . df _ 2
P sin(az) = —ka®f sin(az) = i ka®f.
The solution to this differential equation for f is f = fy exp(—ka?t), where fo
is a constant, so
T(z,t) = foexp(—ka’t)sin(az).

Note that the amplitude of the solution decreases exponentially with time, and
that shorter waves (larger a) decay more rapidly than longer waves (smaller a).

8.2 Electromagnetism

The fundamental equations describing the behaviour of an electric field E and
a magnetic field B are written in terms of the divergence and curl of these
vector fields:

V.E = 2 (8.4)
€0
V-B = 0, (8.5)
OB
VXE = -—, (8.6)
. oF
VxB = Mol + Hofo—a—z‘, (87)

where p is the density of electric charge, ¢ and ug are positive constants and
J is the electric current density. These are known as Maxwell’s equations and
from these many important properties of electric and magnetic fields can be
derived.

Each of the equations (8.4)—(8.7) can alternatively be written in an integral
form. By integrating (8.4) over a volume V with surface S and applying the
divergence theorem, we obtain

#E-ndS:// 2 av,
S v €o



8. Applications of Vector Calculus 135

which is known as Gauss’s law. In words, this states that the total flux of
electric field out of the surface S is proportional to the amount of electric
charge contained inside the surface. Similarly, from (8.5) it follows that

ﬂB-ndS:O,
s

so that the net flux of magnetic field through any closed surface is zero. By
integrating (8.6) over a surface S and using Stokes’s theorem, Faraday’s law of
electromagnetic induction is obtained:

%E-d’r:—?—//B-ndS.
C 6t S

Finally, from (8.7) we obtain

%B'd’l'=/l,0// (j+€06—E) ‘ndS
c S ot

which reduces to Ampere’s law when there is no time dependence.

8.2.1 Electrostatics

Electrostatics is the study of steady electric fields. In a steady state, it follows
from (8.6) that E is irrotational:

VxE=0.

Recall from Example 5.5 and Theorem 3.1 that this means that E is conserva-
tive and that E can be written as the gradient of a potential, E = —V®. The
choice of the minus sign here is merely a convention.

Now applying (8.4), the potential & must obey

Vie=-v.E=-L (8.8)
€o

This equation is known as Poisson’s equation. If the charge density p is zero,
then & obeys Laplace’s equation V2¢ = 0. The problem of determining the
electric field and potential due to a stationary distribution of electric charges
reduces to the problem of solving Poisson’s equation or Laplace’s equation in
the appropriate geometry. These problems are generally referred to as ‘potential
problems’ and the associated theory is known as ‘potential theory’. Some simple
examples are given below.
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Example 8.3

A sphere of radius a contains a uniform distribution of electric charge p. De-
termine the electric field E and the potential ¢ both inside and outside the
sphere.

Since the charge distribution is uniform within a sphere, it is most appropri-
ate to use spherical polar coordinates and there is no preferred direction so both
E and ¢ only depend on the radial coordinate r. Referring back to (6.24) for
the formula for the Laplacian in spherical polar coordinates, Poisson’s equation
for the potential inside the sphere is

18 (,08)
25 (") =l

Multiplying by r? and integrating gives

, 0P
2_
" or

where C is a constant of integration, so

0P
o = —pr/3e + C/r? = —E,,

where E, is the component of E in the r direction. Now since the electric field
is a physical, measurable quantity, the constant C' must be zero to avoid a
singularity at the centre of the sphere » = 0. Within the sphere therefore the
electric field and potential are:

= —p’r3/3eo +C,

E, = pr/3eo, & = —pr?/6eo + D,

where D is an arbitrary constant which always appears in potentials.
Outside the sphere, Laplace’s equation holds,

_1_2 <T26_45) =0,

r2 9r ar
50 odP od
227 = —_— = 2 = —
™ 5 c = 5 C/r E..

In this case the constant C' cannot be set to zero since r = 0 is outside the
region of consideration. Instead, C' can be found by imposing that the electric
field is continuous across the surface r = a. Equating the values of E, at r = a
from the formulae for E, inside and outside the sphere gives

pa/3e = -Cla® = C = —pa®/3e.

Hence, outside the sphere



8. Applications of Vector Calculus 137

pa’  pd®

" 3eor?’ " 3eor’
where the constant of integration associated with @ has been set to zero. Note

that the electric field obeys the inverse square law: E, is proportional to r~2.

Example 8.4

Find the electric field E and the potential ¢ due to a point charge Q.

This can be done using the result of the previous example, by considering
a point charge as a small sphere of uniform charge density. The total electric
charge () contained within a sphere of radius a with uniform charge density p
is just the density multiplied by the volume, @ = 4wa3p/3. The electric field
and potential can then be written in terms of Q as

-9 - 9
"7 4weqr?’ 4dmeor’
8.2.2 Electromagnetic waves in a vacuum

In a vacuum, where there is no electric charge and no electric current, Maxwell’s
equations take a simple and symmetric form:

V-E = 0, (8.9)
V.B = 0, (8.10)
0B
VxE = ——a—t—, (811)
OF
VxB = /,toeo—a—t—. (812)

Taking the curl of (8.11) and using (4.23) gives

VX(VXE)=V(V-E)—V2E=—VX-68—?.
Now using (8.9) and (8.12) this can be written
5 7] OF
. vz = —— —_—
V°E ot (MOEO 6t ) )
so E obeys ,
FE _ ;02
@ = ¢ V°E (8.13)

where ¢2 = 1/pp€o. This equation is called the wave equation since its solutions
are waves travelling at speed ¢, as shown in the examples below. The constant
c is the speed of light and the waves are known as electromagnetic waves.
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Radio waves, light and X-rays are all examples of electromagnetic waves. These
different types of waves have different frequencies but they all travel at the same
speed c.

Example 8.5

Suppose that E = (f(z,t),0,0) in a Cartesian coordinate system so that the
wave equation (8.13) becomes

L
ot2 Oz?
Show that f(z,t) = sink(z — ct) is a solution for any value of the constant k

and interpret this solution physically.
For the function f(z,t) =sink(z — ct),

*f _ 2 0% f
52 = —(kc)?*sink(z — ct) and )

so f(z,t) = sink(z — ct) obeys (8.14). Physically, this solution corresponds to

(8.14)

= —k?sink(z — ct),

f(x,0) f{x,\t)

ct

Fig. 8.1. The solution f(z,t) = sink(z ~ ct) of the wave equation, at ¢t = 0 (solid
line) and at some later time (dashed line).

a sine wave travelling to the right at speed c¢. At t = 0, f(z,0) = sin kz which
is a sine wave which has f = 0 at £ = 0. At a later time ¢, the point at which
f = 0 has moved to the position z = ct, so the wave has moved to the right
a distance ct (Figure 8.1). The speed of the wave is therefore c. Similarly, it
can be shown that the function g(z,t) = sink(z + ct) is a solution of (8.14),
representing a sine wave travelling to the left at speed c.
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Example 8.6

Show that E = E, f(k-x —wt) is a solution to the wave equation (8.13), where
E, and k are constant vectors, f is any function and w = *c|k|.
Let u = k - ¢ — wt so that the solution under consideration is E = Eq f(u).

Th
en OF df du df

9% _ gL - Y

ot du Ot du
and similarly

a2 - Y% e T Y g

To find V2E, note that since Eq is constant, VZ(Eof(u)) = EoV23f(u) =
EV - (Vf(u)). The gradient of f(u) is

_ Y

Vf(u) = ;}%V(k-m—wt) o

k,

and taking the divergence of this gives

) df d*f d*f
2 = —_ - — . = — 2,
Vifu)=V (du) k T2 Vu-k Ju? |k
Therefore, the wave equation is obeyed provided that
oo d*f ., &f, . . ‘
2 _ 2 2 _ 22
wEy ) =c°Ey duZ |k|2 = w'=cC Ikl .

So the function f is arbitrary and the only condition is that the frequency of
the wave w must be related to the speed ¢ and the constant vector k (which is
known as the wave vector) by w = *clk|.

EXERCISES

8.1 Use dimensional analysis to determine how the time taken for heat
to diffuse through a body depends on the size L of the body and its
thermal diffusivity k. Hence answer the following questions.

(a) If it takes six hours to defrost a frozen chicken, how long would
it take to defrost a woolly mammoth?

(b) Cookery books state that the time taken to cook meat is, for
example, twenty minutes per pound plus twenty minutes. Is this
correct?

8.2 Show directly from Maxwell’s equations that the charge density p
and the electric current density j obey the conservation law

ap

V.3=0.
6t+ J=0
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8.3 Derive the formula for the electric field E due to a point charge @
using Gauss’s law.

8.4 Show from Maxwell’s equations in a vacuum that the magnetic field
B obeys the wave equation.

8.5 For the electromagnetic wave in which the electric field is given by
E = Eof(k - x — wt), calculate the corresponding magnetic field B.
What can be deduced about the directions of the vectors E and B?

8.6 Using Maxwell’s equations in a vacuum, obtain an equation in the
form of a conservation law for the rate of change of the energy w =
|BJ?/2 + | E|?/2¢? of an electromagnetic wave.

8.3 Continuum mechanics and the stress tensor

Continuum mechanics is the study of continuous media including solids, liquids
and gases. Solids have the property that when acted on by a force they deform
but then reach an equilibrium in which the internal forces within the material
balance the imposed force; this behaviour is described in Section 8.4. Fluids,
which include liquids and gases, move continuously when subjected to a force
and so require a different treatment (Section 8.5). Common to both solids and
fluids is the concept of stress and the stress tensor described below.

Consider a small section of a surface, with area 4S5 and unit normal n,
within a material (Figure 8.2). The two sides of the material are labelled side 1
and side 2, with n pointing in the direction of side 2. The material on side 2
exerts a force F on the material on side 1 through the surface 45, due to
interactions between the molecules of the material. Since the force is exerted
through 4S5, the magnitude of the force is proportional to the area 4S. The
force is a vector quantity, and the only available vector is n, so § F' must be
some quantity multiplied by n. However,  F need not be parallel to n. The
angle between 6 F and n can be allowed to vary by using a tensor to relate § F
and n,

JF,; = Hjnj 65, (815)

where P;; is known as the stress tensor of the material. Since 6F and n are
vectors, it follows from the quotient rule that P;; is a tensor.

Consider now the force exerted by side 1 on side 2. This is obtained by
reversing the direction of the normal and using (8.15), so the force is —P;;n; éS.
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OF

Fig. 8.2. A force 0 F is exerted on the material on side 1 through the surface §5S.

This is just —dF;, so this is consistent with Newton’s third law as the forces
are equal and opposite.

Now consider a region V within the material, with surface S and outward
normal n (Figure 8.3). The total force exerted on this region by the surrounding

Fig. 8.3. The total force on a volume V is found by integrating over the surface S.

material is found by integrating the force due to all the surface elements over

the surface S: P
Fi= () P;n;dS= 2
f pomsas= ] Lav

using the divergence theorem for tensors (7.16). In general there may be other
forces acting on the volume V/, for example the force due to gravity; such long-
range forces are known as body forces. Suppose, however, that body forces are
negligible so that the only forces acting on the volume V are those exerted
through the surface S. If the material is in equilibrium, then the total force
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acting on the region must be zero. Since this must be true for any arbitrary
volume V, the stress tensor P;; for a system in equilibrium must obey

3P,‘j

=0.
6a:j

An additional constraint on P;; comes from the consideration of the moment
of the forces acting on a volume V. The moment of a force F about a point O
is » x F' where r is the position vector of the point of application of the force
relative to O. The total moment of the forces acting through the surface S is

therefore
ﬂ €ijkZ; dFy = # €ijkTj Pimnm dS.
S s

Using the tensor form of the divergence theorem again, this can be written as

//[ 6”’“ xJPkm ) av = /// €ijk (5JmPkm + T aPkm) dv.

JIv 1o}

Now for a body in equilibrium we have already shown that the second term in
the bracket is zero. The total moment of the forces must also be zero (otherwise
the body would start to rotate), and since the volume V is arbitrary it follows
that
€ijk ij =0.
This means that the tensor Fy; is symmetric, as shown in Example 7.8. There-
fore the stress tensor for a material in equilibrium must obey the two constraints
aPi]‘
Oz;

=0 and Pij = P], (8.16)

Example 8.7
Suppose that a material is subjected to a body force b per unit volume. Find
the total force f acting per unit volume.

For a volume V the total force is the volume integral of f over V. This is
made up of the volume integral of the body force b plus the surface integral of
the forces due to the stress tensor:

/// fidV:// bidV+ﬁ Pij"jds"—‘/// bi+%dv.
v % S v sz

Since this is true for any volume V,
a.’L’]' )

fi=b;+ (8.17)
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8.4 Solid mechanics

In the theory of the mechanics of a solid material it is generally assumed that
there is a relationship between the stress tensor of the material and the strain
of the material. The strain is the amount of stretching or deformation of the
material. Suppose that, as a result of imposed forces, a material is deformed
so that the material originally at position vector r is moved a distance v(r).
Then the strain tensor E;; is defined by

1 (0v; | Ov;
E;; = 5 (az]_ + aﬁ) . (8.18)

The simplest assumption is that there is a linear relation between the stress
tensor and the strain tensor. This is known as Hooke’s law. Since the stress
tensor and the strain tensor are both second-rank tensors, the quantity relating
them will in general be a fourth-rank tensor. If a material obeys the linear
relationship

P,'j = C,'jk[Ek[ (8.19)

then it is said to be an ideal elastic solid.
If the further assumption is made that the material is isotropic, then the
tensor c;; is isotropic, so from Section 7.3.3,

Pij = (Xij0rs + pdindji + 100,k ) Exy
= /\JijEkk + pEi; + I/Eji
= A(SijEkk + (p+ V)E,‘]' (8.20)
since from its definition E;; is symmetric. There are therefore only two inde-

pendent constants in the relationship between stress and strain for an isotropic
elastic solid. Since v is arbitrary, we may take v = u to obtain

Pij = Mij Bk + 2uE;;. (8.21)

The two constants A and y are known as Lamé’s constants. The inverse rela-
tionship, giving the strain in terms of the stress, can be found by setting i = j,
giving

Py, = 3\E; + 2uE;; = (3)\ + 2N)Ekk
and then substituting Exr = Pex/(3A + 2u) in (8.21), giving

1 Adi; Pk

Ei‘=-— i .
Tt 2u)(Bh+2p)
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Example 8.8
Find the strain tensor and the stress tensor for an isotropic elastic material
when it is subjected to

(a) a stretching deformation v = (0,0, az3);

(b) a shearing deformation v = (bz3,0,0).

The two deformations are illustrated in Figure 8.4.

(@) (b)

Xy

Fig. 8.4. Deformation of a cube of material (dashed line) by (a) v = (0,0, az3), (b)
v = (bxs, 0,0).

(a) Here the only non-zero element of E;; is E33 = a. Hence Ex; = a and
so the non-zero elements of P;; are Pi; = Py = Aa and P33 = (A + 2p)a.

(b) In this case E3; = Ey3 = b/2 and other elements of E;; are zero. Since
Ey;. = 0 the only non-zero elements of P;; are P3; = Pz = pb.

These two simple examples show that the diagonal components of P;; rep-
resent forces of stretching or compression of the material, while the off-diagonal
components represent shearing forces.

Example 8.9

Show that the anti-symmetric tensor

1 Bui ij
S,'j == -
2 \ Iz j 6m,~
represents a rotation of the material.

Since Sj; is anti-symmetric, S;; = S22 = S33 = 0 and S;; has only three
independent components, S;2, Sz3 and S3;. The first of these is

10 O _ 1 -1
512_2(512 am)" 5 [V xvly = —gan [V x ).

Similar equations hold for the other components, so S;; is related to V x v by
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1
S,'j = —Eeijk [V X 'U]k . (8.22)

Thus the components of S;; depend only on V x v, which from Section 3.4.2
represents a rotation of the body.

Example 8.10

Show that in an isotropic material P;; cannot depend on the anti-symmetric
tensor S;;.

Following the arguments above, if Pj; = c¢;jn S and the material is
isotropic, then the analogue of (8.20) is

Pi]' = A(Sijskk + (;t - I/)Sij.

Since S;; is anti-symmetric, Six = 0. This means that the symmetric tensor
P;; is equal to a constant multiplied by the anti-symmetric tensor S;;, which
is clearly a contradiction.

8.5 Fluid mechanics

An important property which distinguishes a fluid (such as a liquid or a gas)
from a solid is that a fluid is unable to support a shear stress. This means
that if a fluid is subject to a shear stress, such as in Example 8.8(b), the fluid
will move continuously. For a fluid at rest, therefore, the stress tensor can only
include diagonal elements. Furthermore, if the fluid is subjected to a stretching
force, as in Example 8.8(a), the fluid will stretch and continue to move for as
long as the force acts. This motion can only be avoided if the forces acting on
the fluid are the same in all directions. Hence the stress tensor in a fluid at rest
must be isotropic,

P = —péy, (8.23)

where p is the hydrostatic pressure of the fluid, which in general is a function
of position. The pressure can then be defined in terms of the stress tensor by

p=-P;/3. (8.24)

Now suppose that the fluid is in motion, with a velocity given by the vector
field u(r). In this case, there is an additional contribution to the stress tensor
due to the motion, so

Pyj = —pbi; +di; (8.25)
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where d;; = 0 when the fluid is at rest. Since (8.25) does not uniquely define p
and d;j, it can be imposed that (8.24) holds for a fluid in motion, which means
that d]'j =0.

The tensor d;; represents the forces due to the fluid motion. These forces
arise due to friction between adjacent molecules of the fluid that are moving
at different velocities. It is generally assumed that there is a linear relationship
between d;; and the tensor representing the difference in velocities, u;/0z;. A
fluid behaving in this way is said to be Newtonian, and experiments show that
this is a good approximation for most fluids. The analysis of the relationship
between d;; and Ou;/0z; now follows exactly as for the case of a solid (Section
8.4). If it is assumed that the fluid is isotropic, then d;; can only depend on
the symmetric part of du,/dz;,

. = l Ou, + Ou;
) dz; Oz )’

which is known as the rate-of-strain tensor. The argument of Example 8.10
shows that d;; cannot depend on the anti-symmetric part of du;/dz;. The
form of the dependence of d;; on e;; is

dij = Adijers + 2peq;, (8.26)
where, as in (8.21), A and p are constants. The constraint d;; = 0 means that

3A+ 2p = 0. Eliminating A, the form of the stress tensor for a Newtonian fluid
is then

2
Py = —pdi; + 2pe;; — gﬂéijekk- (8.27)
The constant p is the viscosity of the fluid, which represents the fluid’s ‘sticki-
ness’ or friction.

8.5.1 Equation of motion for a fluid

Having obtained the formula for the stress tensor in a fluid, it is now possible
to write down the equation of motion. The equation of motion is derived from
Newton’s second law, force = mass x acceleration. The force can be obtained
from the stress tensor using (8.17). The force f per unit volume due to body
forces b and the stress tensor P;; is

OP;
fi = bi+ bz,
dp 0%y d%u; 2 Oy
_ bi _ Op 1 J IS I
oz M (3%'3%' ¥ 311‘35'3]‘) 3" 8z.02,
2, . 2, .
= h- 2y, w1 Oy

Oz; #azjaxj + §”Bz,’3xj'
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In vector notation this can be written

A 1
f=b—vp+uv2u+§uvvu.

To obtain the acceleration of a fluid particle, consider the change in veloc-
ity of a particle in a short time interval §t. A particle at position  moving
with velocity u(r,t) moves a distance u(r,$)dt in this time. Therefore its new
velocity is u(r + u(r, t)dt,t + 8t). The velocity is a function of four variables,
u = u(zx,y, 2,t), so expanding this new velocity using Taylor’s theorem gives

ou du ou Ju
u(r +u(r,t)ot,t +46t) = wu(r,t)+ubt— 5 + uybt— o + u,0t— % + étﬁ
= u(r,t)+6tu- Vu+6t%—u

The acceleration a of the particle is the limit of the difference between the new
and old velocities divided by ét, so

az({g—u+u Vu.

Since the mass per unit volume of the fluid is just the density p, the equation
of motion is

(aa_t +u- Vu) =b-Vp+uViu+ %;LVV -u. (8.28)

This important equation is known as the Navier—Stokes equation.

From now on, assume that the fluid is of constant density, so that p does
not depend on time or space. Then, from Section 5.1.1, where the equation for
conservation of mass for a fluid was derived, the velocity field u obeys V-u = 0.
There are two more important equations of fluid mechanics that can be derived
from the Navier—Stokes equation; these are described in the following sections.

8.5.2 The vorticity equation

Assume that the body force b is conservative, so that it may be written as the
gradient of a potential, b = —V®. By using the vector identity

u-Vu=V(ul?/2) —ux V xu

which was derived in Example 4.14, the Navier-Stokes equation can be written

p (?—— + V(|ul?/2) - u x w) = -Vp— V& + uV3u, (8.29)
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where w = V x u is the vorticity of the fluid, which as shown in Section 3.4.2
is proportional to the local rate of rotation of the fluid. Now by taking the curl
of (8.29), the equation can be simplified considerably because the three terms
involving grad will then disappear. The pressure and the body forces are then
eliminated and an equation for the rate of change of the vorticity is obtained:

dw
ot
where we have made use of the fact that the order of the curl and Laplacian op-
erators may be interchanged. By expanding the curl of the cross product using

(4.30) and noting that both u and w are solenoidal, (8.30) can be alternatively
written

—V x (uxw)= ’;‘v%, (8.30)

0w +u-Vw-w-Vu= g2y, (8.31)
ot P

This is known as the vorticity equation.

Example 8.11

Obtain the simplified form of the vorticity equation for two-dimensional flow,
u(r) = (u(z,y),v(z,y),0), of an incompressible fluid.
If u = (u(z,y),v(z,y),0), then the vorticity w is

v
’ 6_13 -
Thus the vorticity vector has only one component, which is perpendicular to the
plane of motion of the fluid. This means that the term w - Vu in the vorticity
equation is zero, since w - Vu = wdu/9z = 0. The vorticity equation simplifies
to the scalar equation

w=qu=(0,0 g_Z)z(Ovo’w(z,y))

Ow _ P2
3 +u -Vw= ;V w. (8.32)

Example 8.12

An incompressible fluid flows along a straight two-dimensional channel and
the velocity u is parallel to the walls of the channel. Show that the vorticity
equation reduces to the diffusion equation.

Choosing the z-axis to be parallel to the channel walls, the velocity u has
the form u = (u,0,0). As the fluid is incompressible, V - u = 0 so du/dz = 0.
Since u is independent of z, so is w, so the second term in (8.32) is u - Vw =
uOw/0z = 0. The vorticity equation is then

0w _ pos
E = ;V w,

which is the same as the diffusion equation (8.3).
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8.5.3 Bernoulli’s equation

A second important equation can be obtained by taking the dot product of u
with (8.29). If the flow is steady, so the time derivative is zero, and the viscosity
of the fluid is negligible, then

u-Vplu>/2+p+&) =0. (8.33)

This means that the quantity p|u|?/2 + p + & does not change in the direction
of u, so that it is constant along the path of a fluid particle. If in addition, the
vorticity is zero, then (8.29) becomes

Vplul?/2+p+®) =0 (8.34)

so p|u|?/2+p+ & is constant everywhere. These two results are different forms
of Bernoulli’s equation. In words, Bernoulli’s equation means that where the
velocity of a fluid is high, its pressure is low. This important result can be used
to explain a wide range of physical observations, including the swerving of a
spinning ball and the lift generated by an aeroplane’s wing.

Example 8.13

Why does a spinning ball swerve?

Consider a ball travelling to the left with velocity u. Equivalently, the ball
may be considered to be stationary, with air flowing past it with velocity v =
—u. Now suppose that the ball is spinning anticlockwise, as shown in Figure
8.5. As the ball spins, it drags air with it, rotating around the ball. The two
components of the fluid motion due to the translation and the rotation are
oppositely directed above the ball but point in the same direction below the
ball. Therefore the total speed of the fluid is lower above the ball than below
the ball. According to Bernoulli’s equation, the pressure is greater above the
ball than below. This pressure difference exerts a force on the ball which is
directed downwards in Figure 8.5, causing the ball to swerve.

Example 8.14

To model the effect described qualitatively in the previous example, consider a
cylinder of radius b and assume that in the frame of the cylinder the velocity
at the surface of the cylinder is (vsin8 — a)eg in polar coordinates. Assuming
that the viscosity is negligible and that Bernoulli’s equation is valid, find the
pressure at the surface and hence calculate the total force acting on the cylinder.

If Bernoulli’s equation holds and there are no body forces, then p = ¢ —
plu)?/2 where c is constant, so

p=c— p(v?sin® @ — 2avsin b + a?)/2.
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Ve N
N

Fig. 8.5. A ball moving to the left and spinning anticlockwise experiences a net
downward force.

Now if there is no viscosity the stress tensor is simply P;; = —pé;; so the total

force is
Fizﬂ Pijnjd5'=# — pnydS.
S S

In a Cartesian coordinate system (z;,z2), n = (cosf,sinf) and the area ele-
ment dS is bdf per unit length of the cylinder. The force per unit length in the
To direction is

27
B = / —(c - p(v®sin® @ — 2avsin 6 + a®)/2) sin 0 bdh
0

2n
= / —pavsin® 0 bdo
()
= —7pavb.

The force in the z; direction is zero since the functions sin? 8 cos 8, sin 6 cos 6
and cos@ all integrate to zero. This means that there is no drag force on the
cylinder, which shows that this simple model is inadequate in some way. In fact
it is the neglect of viscosity which is not valid. Even though the viscosity of a
fluid such as air is small, it can have a large effect on the solution.
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Summary of Chapter 8

e Many important equations of mathematical physics are written in terms of
grad, div and curl.
e The heat equation, or diffusion equation, is

oar .,
= = kV°T.

This describes heat transfer within a body and other physical processes in-
volving molecular diffusion.

¢ Electric and magnetic fields obey Maxwell’s equations (8.4)—(8.7). In a steady
state the electric field is irrotational and its potential ¢ obeys Poisson’s
equation V2& = —p/ep where p is the charge density and € is a constant.
In a vacuum, Maxwell’s equations lead to the wave equation which describes
the motion of electromagnetic waves.

e In a continuous material such as a solid, a liquid or a gas, molecular forces
are transferred through a surface 6S with normal n according to the formula
0F; = Pyjn; 0S, where P;; is the stress tensor of the material. If the material
is in equilibrium, P;; must obey

BP,-J-

az]—

¢ In an isotropic, ideal elastic solid with a deformation »(r) the strain tensor
E;; and stress tensor F;; are given by

1/0vu; Ov;

Ej=:|+—+%2
i 2 (a.'l:] Ox;

where A and p are constants.

¢ In a Newtonian fluid moving with velocity «(r), the rate-of-strain tensor e;;
and stress tensor P;; are

1 (0u; Ou; 2
€j =3 ((%; + 61:1) ) Pij = —pbij + 2pei; — gl"‘sijekka

=0 and Pij = P]z

) ) P;j = MijExr + 2uE;;,

where p is the pressure in the fluid and u is its viscosity.
e If the fluid is incompressible then V -u = 0 and its equation of motion is the
Navier—Stokes equation

p(%—;‘ +u-Vu) =b- Vp+ pViu,

where p is the density and b is the body force acting.
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EXERCISES

8.7 A material has a stress tensor P;; that takes the form

8.8

0 a 2
Pij = 0 .’L‘Sn b.’L‘z.'L‘;;
Iy CI2T3 Ty

in a Cartesian coordinate system (z,, x2,Z3).

(a) If there are no body forces acting and the material is in equilib-
rium, find the values of the constants a, b, ¢, m and n.

(b) For these values of the constants, find the magnitude and direc-
tion of the force exerted on the surface z; = 1, 0 < z2,23 < 1, by
the material in the region z; > 1.

Verify (8.22) by expanding the r.h.s. using suffix notation.

8.9 Show that for an isotropic elastic solid in equilibrium, the deforma-

tion v must obey (A + u)VV v + uV3v = 0.

8.10 An isotropic elastic solid with Lamé constants A and u is subjected

8.11

to a deformation v; = a1y, vo = b(z? — z2), v3 = 0.
(a) Find the strain tensor E;;.
(b) Find the stress tensor F;;.
(c) Determine whether it is possible for the material to be in equi-
librium.
A compressible fluid with negligible viscosity is initially at rest with
uniform density po and pressure pg, with no body forces. A small
perturbation is then introduced so that there is a velocity u(r,t)
and the density becomes pg + p1(7,t).
(a) Assuming that products of the small quantities u and p; can
be neglected, show that the equation for conservation of mass (5.9)
becomes

9p1

B +poV -u=0. (8.35)

(b) Assuming that the perturbation p; to the pressure is related to
p1 by p1 = ap1 where a is constant, show that the Navier-Stokes
equation reduces to

Ou
P05y = -aVp. (8.36)

(c) Hence show that the density perturbation p; obeys the wave
equation and interpret this result physically.
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Solutions to Exercises for Chapter 1

1.1
1.2

1.3

14

1.5

1.6

Density and power are scalars; all the others are vectors.
la|=vd+0+9=+13,|b|=vVI+0+1=v2,a+b=(3,0,2),a-b=
(1,0,4) and a-b =2+ 0-3 = —1. To find the angle between a and b, use
the formula a - b = |a||b| cosf. Substituting the values already obtained,
this becomes —1 = v/13v/2cos 8, so cosf ~ —0.196 and 8 =~ 101°.

The component of u in the direction of v is v - v/|v|. For u = (1,2,2)
and v = (-6,2,3), u-v=-6+4+6 =4 and |v| = V36+4+9 =17,
so the answer is 4/7. Similarly the component of v in the direction of u is
u-v/lu| =4/3.

The plane perpendicular to @ = (1,1,—1) is r-a = constant, so z+y—z =
constant. If the plane passes through z = 1, y = 2, z = 1 then the value of
the constantis 1+2 -1 = 2.

Let two adjacent sides of the rhombus be the vectors @ and b (as in Figure
1.10). Then since the sides are of equal length, |a| = |b|. The diagonals
of the rhombus are @ + b and a — b. Taking the dot product of the two
diagonals, (@ +b)-(a-b)=a-a+b-a—a-b-b-b=|a|> - |b> =0,
so the diagonals are perpendicular.

Consider the unit cube, which has sides of length 1 parallel to the coordinate
axes. Two opposite vertices are the points (0, 0,0) and (1,1, 1), so one diag-
onal is the vector (1,1,1). Another diagonal runs from (0,0, 1) to (1,1,0),
so another diagonal is the vector (1,1, —1). Both diagonals have magnitude



154

Vector Calculus

1.7

1.8

1.9

1.10

v/3 and their dot product is 1. Using the formula a - b = |a||b] cos 8 gives
1=23cos#, so § = cos™*(1/3) ~ 70.5°.

Choose the origin at one vertex of the triangle and let two of the sides be
represented by the vectors a and b. Then the third side is represented by the
vector b — a. The midpoint of the side opposite the origin has the position

vector a+(b—a)/2 = (a+b)/2, so the line from the origin to the midpoint
of the opposite side is given parametrically by r = A(a+b)/2. Similarly the
line from A to the midpoint of the opposite side is given parametrically by
r = a+u(b/2-a). These two lines meet when A(a+b)/2 = a+p(b/2—a).
In this equation we can equate the terms in @ and b. This gives the solution
u = A = 2/3 so the lines meet at the point with position vector (a + b)/3.
Similarly, it can be found that the line from B to the midpoint of the
opposite side meets the line from the origin to the midpoint of the opposite
side at (a + b)/3, so all three lines pass through this point.

The position vector (1,1,1) lies on the line and a vector along the line is
(2,3,5)—(1,1,1) = (1,2,4). The parametric form is therefore » = (1,1,1)+
A(1,2,4). The cross product form is found by taking the cross product of
this equation with (1,2,4): r x (1,2,4) = (1,1,1) x (1,2,4) = (2,-3,1).
To prove the sine rule, use the fact that the area of the triangle is |a x b|/2.
Since this area is also equal to |b x ¢|/2 and |c x a|/2,

absinC' = besin A = casin B,

and dividing by abc gives the sine rule.

The cosine rule follows from the magnitude of the vector ¢:
c=lc>=c-c=(a—-b) (a—b) =a®+b>-2a-b=a’+b% - 2abcosC.
(a) (i) For any two vectors @ and b, a + b is a vector; (ii)) a + (b+ ¢) =
(a+b)+c;(ili)a+0=0+a = a; (iv) a+(—a) = (—a) + a = 0. Hence
vectors and addition form a group.
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1.11

1.12

1.13

1.14

1.15

(b) Vectors and the dot product do not form a group since a - b is not a
vector.

(c) Vectors and the cross product do not form a group because a x (b x c) #
(a x b) x ¢. Also, there is no identity element.

(a) |a x b]? + (a - b)? = (|a||b|sin8)? + (|a||b| cos6)? = |a|?|b|>.
(b)ax(bx(axb)=ax((b-b)a—(b-a)b)=-a-baxb.

() (@a=b)-b-c)x(c—a)=(a-b)-(bxc-bxa+cxa)=
a-bxc-b-cxa=0.

(d) First consider (b x ¢) X (¢ % a). This can be written d x (¢ x a), where
d = bx ¢, which using (1.9) is (d-a)c—(d-c)a = (bxc-a)csinced-c = 0.
Now take the dot product with (a x b), which gives the result ((a x b) - ¢).
Take the cross product of the second equation with a. Using (1.9) this
can be written |a|>z — a - Ta = a x b. Now using the first equation this
simplifies to |a|?x — a = a x b, which can be rearranged to solve for z:
z = (ax b+a)/|a|?. Geometrically, the two equations given in the question
represent the equations of a plane and a line. The solution therefore is the
point at which the line and plane meet.

Multiply the first equation by b and the second by a, giving r -a b = b and
r - ba = a. Subtracting these two equations givesr-ab—-r-ba =b - a,
which can be written r x (b x a) = b — a. This is now in the form of the
equation for a straight line.

(a) Set a x b = aa + b+ yc. The coefficient « is found by taking the dot
product with b x ¢, and similarly for g and =, giving

a = (a-bb-c—a-cbj*)/a-bxc,
B = (a-cb-a-b-cla*)/a-bxc,
g (lal’|b]* - (@ - b)*)/a b xc.

I

(b) Dot the equation obtained above with ¢ and multiply through by a xb-c:

(@xb-¢c)> = (a-bb-c—a-cp?a-c
+(a-cb-a-b-clal®)b-c+ (Ja*|b]* - (a-b)?)|c|?
lal?[B]*|c|* ~ (a - €)*[b]* ~ (a - b)*|cf* - (b-¢)|al®
+2(a-b)(b-c)(a-c).

I

(c) Since the faces of the tetrahedron are equilateral triangles, the dot
product of any two vectors forming the edges is 1/2. The volume V is
f(axb-c)|/6,5036V2=1-1/4-1/4~1/4+2/8=1/2andV =1/612 =
V2/12.

The rate of change of h is
oh or

v
=m-— XV +mr X —.

ot ot ot
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The first term is zero since r /9t = v and v xv = 0. The second term is also
zero since Jv/Jt is the acceleration of the particle, which from Newton’s
second law is proportional to the force F which is proportional to r.

1.16 The contour lines are z2 — y = constant, i.e. y = x? + constant. These are
parabolas, shifted by different amounts in the y direction, as shown below.

7 x

e

1.17 At the point (0,1), u(z,y) = (z + y,~z) = (1,0). At any other point on
the y-axis, £ = 0 so the y component of u is zero and the vector field points
horizontally, to the right if y > 0 and to the left if y < 0. Similarly, on the
line z + y = 0 the vector field points vertically. By considering a few other
points the vector field can be sketched, as shown in the following figure.

y

/
/ 4
%
= K
/

i
|
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Solutions to Exercises for Chapter 2

21

2.2

2.3

24

2.5

The parametric form of the curve is z = t, y = t2, z = t2, so dr =
(dz,dy,dz) = (1,2t,2t) dt and in terms of the parameter ¢ the vector field
Fis F = (5t*,2t,t + 2t?). So F - dr = 5t* + 6t> + 4t> and the value of the
integral is )
/ F-dr:/ 5t +6t% + 4t° dt = 4.

c 0
First the parametric form of the line joining the points (0,0,0) and (1,1,1)
must be found. The general form of the equation of a line is r = a+tu (1.6).
Choosing t = 0 to correspond to (0,0, 0) gives @ = 0 and choosing t = 1 to
correspond to (1,1,1) gives u = (1,1, 1), so the equation of the line is » =
t(1,1,1) and hence dr = dt(1,1,1). The vector field F = (522, 2z, + 2y)
can be written in terms of ¢ as (5t2,2¢t, 3t), so F - dr = 5t2 + 5t dt and the
integral is

1
/F-dr:/ 5t2 + 5tdt = 25/6.
C 0

Notice that the answer is different from the previous answer, even though
the same vector field was used and the start and end points of the curve
C are the same in each case. In other words, for this vector field the value
of the line integral depends on the path chosen between the two points.
Hence F is not a conservative vector field.

Using z as the parameter to evaluate the integral, dr = (1,e%,e%)dz and
u = (y%,z,2) = (e?%,7,€%), so u - dr = (2¢%* + ze*) dz. The integral is

1
/u-dr:/ 2eh-i»alcewdz=[eh+al:e1-ez](1)=e2
c 0

using integration by parts.

The parametric form of the ellipse is £ = acosd, y = bsinf, z =0,0< § <
27, so dr = (—asinf,bcosd,0)df and r x dr = (0,0, ab) df. This means
that the integral fcr x dr only has a component in the z direction and
the magnitude of the integral is 2wab. Note that this is twice the area of
the ellipse.

Since the surface is z = 0, the normal is n = (0,0,1). Henceu - n =z +y
and the integral is

1 2 1 )
//u-ndS = //m-{»ydydz:/ [zy+y2/2];d:1:
s 0 Jo 0
1

/ 2z + 2dz = [z2+2x](1)=3.
0

i
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2.6

2.7

2.8

Note that the y integral was carried out first. However, it is equally possible
to carry out the z integral first, and this gives the same result.

This surface integral has six parts, corresponding to the six faces of the
cube shown below, which must be considered separately. On the surface

z=0,n=(-1,0,0) and u = r = (x,y,2) = (0,y,2) so u-n = 0 and
there is no contribution to the integral from this surface. By symmetry
the same result holds for the surfaces y = 0 and 2 = 0. On the surface
z=1mn = (1,0,0) and u-n = z = 1. Since this is a constant, the
integral over this surface is just the value of the constant multiplied by the
area of the surface, which gives 1. The same result holds on the surfaces
y = 1 and z = 1, so the total value of the surface integral, adding the six
contributions, is0+0+0+1+1+1=3.

The two curves y = z? and z = y? meet at (0,0) and (1,1). Doing the z
integral first, the limits are y> <z < \/Fand 0 <y <1, so

1 Ve 1
//u-ndS:/ / zzdzdyz/ (/% — y5)/3dy = 3/35.
S 0 Jy? 0

The surface is written parametrically as (z,y, z+¥?), so two vectors parallel
to the surface are (1,0, 1) and (0, 1, 2y). By taking the cross product of these
two vectors, ndS = (~1, —2y, 1) dz dy. Since this has positive z component
the direction of 7 must be changed, so ndS = (1,2y,—~1)dzdy and u -
ndS = zdzdy. In terms of z and y the region of integration is z + y* < 0,
z > —1, so doing the r integral first, -1 < z < —y? and -1 < y < 1, and
the integral is

1 —y2 1
//u-ndS:/ / zdzdy:/ yi/2-1/2dy=1/5-1= —-4/5.
S -1J-1 -1
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2.9

The required volume integral is

1 g2 3
/// odV ///x2+y2+z2dzdyda:
v 0o J1 Jo
1 g2
/ / 3z% + 3y + 9dy dx
0 J1

‘l B
/ [3z2y +4° + Qy]f dx
0

Il

1
/ 3z + 16dz = 17.
0

2.10 Doing the integrals in the order z, y, x, the range of z between the two

211

planes is —z ~ 1 < z < = + 1 and y ranges from —v/1 — z2 to V1 — 22 at
a fixed value of z. Finally, the limits on the outer x integral are —1 and 1.

The volume is
/ / 2(z + 1) dydz

Vi—z2
/ / / dzdydzx
—z—1
/4 1-22(z+1)dz = 2m.
—1

]

The edge of the pond is where z = 0, so z2 + y> = 1. The limits of the
volume integral are obtained as follows. Doing the z integral first, at a fixed
value of z and y, z ranges from 0 to 1 — 22 — y?. The limits on z and y are
the same as in the previous exercise, so the volume V' is

1—a? —y
/// dv = / / / dzdydzx
/ / ’ 1—12—y2dydz
S Y v

1
/_1 [v— 2% —*/3]" 1oy da

é/1 (1—x2)\/1—x2d$=7r/2,
-1

|4

I

3

where the results of Section 2.1.2 have been used to find the last integral.
The volume of the pond is therefore approximately 1.57 m3.

In the case of a hemisphere, the volume is 27/3, so the volume of the
hemisphere is greater by a factor 4/3.
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Solutions to Exercises for Chapter 3

3.1

3.2

3.3

f = zyz, s0 Vf = (yz,xz,zy). At the point (1,2,3) this has the value
(6,3,2). The directional derivative in the direction of the vector (1,1,0) is
found by taking the dot product of V f and the unit vector in this direction.
This is (6,3,2) - (1,1,0)/v2 = 9/V2.

First write the equation of the surface in the form f = constant, so f =
y —z — 2% = 0. A vector normal to the surface is V f = (-1,1,-32?). At
the point (1,2,1) this is Vf = (-1, 1, —3). To find the unit normal, divide
by the magnitude, so n = (-1,1,-3)/+/11. The normal pointing in the
opposite direction, (1, —1,3)/+/11, is an equally valid answer.
p=r=|r|=(@*+y*+25)% s0

¢ _ 1 5 2. 2120 _ z

9z = 3@ Ty ) 2x—(z2+y2+z2)1/2'
Similarly,

0¢ y 0o z

dy (2 + y2 + 22)1/2° 8z (x2 + 2 + 22)1/2°

Hence V¢ = (z,y,2)(z* + y> + 22)~1/? which can also be written as r/r
or as 7, the unit vector in the direction of r.

Geometrically, the level surfaces ¢ = constant are concentric spheres cen-
tred at the origin. The vector V¢ points in a direction perpendicular to
these surfaces, i.e. radially away from the origin.

f = constant
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3.4 The sphere and the cylinder intersect when z24y?+2% = 2and z?+¢? = 1.
Subtracting these two equations gives 22 = 1, so the points of intersection
are the two circles 22 + y2 = 1, 2 = 1.
The angle between the two surfaces is the angle between the normals to the
surfaces. By taking the gradients of the two surfaces, these normal vectors
are n; = (2z,2y,22) and n, = (2z, 2y, 0). The angle # between the normals
is found using the dot product, n; - ny = |n,||ny|cosd. This gives

4z% + 4y® = 21/22 + y? + 222/ + y2 cos .

At a point of intersection this simplifies to 4 = 2v/22cos#, so cosf =
1/ v/2 and hence 8 = 45°. Note that this is the same for all the points of
intersection.

3.5 Vf = (2zy,z* + 3y? — 1). This is zero when zy = 0, so either z or y
must be zero. Thus f has maxima, minima or saddle points at the points
(£1,0), where f = 0; (0,1/+/3), where f = —2/3v/3 and (0, —1/+/3), where
f = 2/3/3. Since f = y(z? + y? — 1), the contour f = 0 includes the line
y = 0 and the circle 2 + y? = 1. This means that the points at (£1,0)
must be saddle points. Putting together all this information, the sketch of
f and its gradient is as shown below. Lines are contours f = constant and
arrows are V f.

N !

LSf=0[ | ] | f=04

L

36 f=a -r = a1z + axy + a3z, so Vf = (a1,as,a3) = a. Geometrically,
f = constant is the equation of a plane (1.3) which is perpendicular to the
vector a.

3.7 Proceeding as in Example 3.6, the vector field F = (siny, z,0) is conser-
vative if and only if there is a function ¢ satisfying F = V¢, so
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3.8

3.9

3.10

8_¢> =siny,

oz

09 _, 06 _

The first equation gives ¢ = zsiny + h(y, z), where h is an arbitrary func-
tion of y and z. The second equation then becomes

rcosy+ — =x.
) By
This equation cannot be satisfied for all values of x, since the terms in-
volving z do not match and h does not depend on z. Hence F is not a
conservative vector field.

If F can be written as V¢ then
0 2, .2 o9 2, .2 09 _
5.~ Y/ @ ), By " /(@ +y), 5 =0

Integrating the first of these equations (using the substitution = ytan#)
gives ¢ = tan~!(z/y) + h(y, z) for any function h. From the second and
third equations it follows that A may be taken to be zero, so F = V¢ where
¢ = tan"!(z/y).
Now consider the line integral of F around the unit circle z? + y? = 1,
z = 0, given parametrically by z = cosf, y =sin8, z = 0,0 < 6 < 27.

2n

% F.dr = (sinf, — cos ,0) - (— sin b, cos b, 0) db
c 0

2r
/ —1df = —2x.
0

At first sight this appears to contradict Theorem 3.1, since we have a non-
conservative vector field which can be written as the gradient of a potential.
The resolution of the conflict is that both F and ¢ are undefined at the
origin, so Theorem 3.1 does not apply.

The components of V¢ are just the partial derivatives of ¢ with respect
to z, y and 2, so for ¢ = z% + zy + y22, V¢ = (2z + y,r + 22,2yz). The
Laplacian can be found either by taking the divergence of this vector, or the
sum of the second partial derivatives of ¢, giving the result V¢ = 2 + 2y.
The gradient V¢ is

V¢ = (k cos(kz) sin(ly) exp(V k2 + 122),
Isin(kz) cos(ly) exp(vV/ k2 + [22),
Vk? + 2 sin(kz) sin(ly) exp(V/k2 + lzz)) .

Now take the divergence of this vector:
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3.11

3.12

3.13

3.14

3.15

V2¢ = —k®sin(kz)sin(ly) exp(Vk? + 122)
—?sin(kz) sin(ly) exp(V k2 + 122)
+(k% + 1%)sin(kz) sin(ly) exp(V k2 + [22)
= 0

This means that the function ¢ is a solution to the equation V?¢ = 0,
which is Laplace’s equation.
The unit normal to the surface ¢ = constant is V¢/|V¢|. Here, ¢ =
zy? + 2yz so Vo = (y%,2zy + 22z,2y). At the point (-2,2,3), V¢ =
(4,~2,4) which has magnitude /16 + 4 + 16 = 6, so the unit normal is
n=(2/3,-1/3,2/3).
For ¢(z,y,2) = 2? +y?> + 22 +xy—~ 3z, Vo = 2z +y - 3,2y +2,22). ¢ has
a minimum or maximum where V¢ = 0, which gives 2z +y = 3, 2y = —=z,
z2=0,s0x =2,y = -1, z=0. At this point the value of ¢ is —3. Since
¢ becomes large and positive when z, y or z become large, this must be a
minimum value.
First find a normal to the surface. If f = z2 + y? — 223 then Vf =
(2z, 2y, —622) so a normal to the surface at the point (1,1,1) is (2,2, —6).
The equation of the plane is therefore 2z + 2y — 6z = constant, using (1.3).
Imposing that the plane must pass through (1,1,1) gives the value of the
constant to be —2.
(a) For u = (y, 2, ),
0y 0z Oz
V-u= % + a—y -a-; =0.
Or 0z Oy Oz 9z Oy
Vxu= (51;— A B i —51;) =(-1,-1,-1).

(b) For v = (zyz, 2%,z — y),
_ Ozy2) + 3(2?) + oz —y)

V.o o By 5 =yz+0+0=y=z.
Tro - [2E1) _8G) vz dE-y) 8 _daye)
By 0z ° 0Oz 6z ’ Oz Ay

= (-1-2z,zy - 1,—z2).

These results follow directly from the linearity of the differential operator:
g )
V. (cu+dv) = E(cul +dvy) + a—y(cuz + duz) + 58;(011,3 + dv3)

_ 8u1 Bvl Buz 81)2 3U3 61)3
= cax +d6z +c(’)y +d8y +C<9z +d8z

= ¢V-u+dV - v,
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3.16

3.17

and similarly for curl.

w is irrotational if Vxu =0. V xu = (1 —1,ar — 2z,bcosz — cos ), 50
the solutionis a =2, b= 1.

(a) V x u = (—2zsiny + 2yz + 2zsiny — 2zy,y* — y*,2yz — 2yz) = 0 s0
u is irrotational.

(b) The potential function ¢ for which u = V¢ can be found using the
step-by-step method of Example 3.6 or as follows: 8¢/0z = y?z suggests
¢ = zy’z. Taking V¢ gives all the terms in u except the trigonometric
terms. The z component suggests ¢ = 22 cosy + zy?z. Taking the gradient
of ¢ gives all the terms in u, so this (plus an arbitrary constant) is the
potential function.

(c) The line integral of u along the curve is just the difference between the
values of ¢ at the endpoints. The endpoints are (0,0,0) and (1,0,1), so the
line integral is ¢(1,0,1) — ¢#(0,0,0) = 1.

Solutions to Exercises for Chapter 4

4.1
4.2

4.3
4.4

4.5

4.6

eijkajbk + a]-djci = e;.

First, tidy up and rearrange the equation using (4.3) and the symmetry
property €xj; = €kt ¢; + €ixjarb; = dibiemcme;. Now this can be written
as the vector equation ¢ +a x b= (d - b)(e - c)c.

[a. X b],' = eijkajbk = —eikjajbk = —eikjbkaj = -—[b X a]i.

(a) dij€qik: this expression is always zero, since if 4 = j then €;;; = 0, while
if ¢ #] then éij =0.

(b) €ijk€ilm = €jki€ilm using (4.6). Using (4.12) this is 6ﬂ¢5km - ijcSk,.

(€) €ijk€ijm = 0;jOkm — OjmOk;j, using (b) with [ = j. Using 6;; = 3 and the
substitution property of d;; this can be simplified to 3(5km.— Okm = 20km.
(d) Using (c) with m =k, €;jx€ijx = 26xx = 6, as obtained in Example 4.9.
Using suffix notation,

axb-cxd e,-jkajbkeumcldm
= (8ji0km — OjmOki)a;brcidnm
aibpcdy — apbiady,

= (a-¢)b-d)—(a-d)b-c).
Let C = AB, so in suffix notation C;; = Az Bg;. Then

AB)], = Cf = Cji = Ajx B
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4.7

4.8

Now consider BT AT:
(BTAT);; = BLAL; = BriAjx.

These two expressions are the same (recall that ordering of terms does not
matter in suffix notation) so (AB)T = BT AT.
The determinant of a 3 x 3 matrix M is

My, My Mis
|M|=| My, Mj; Mo
M3z Ms; M;s

Expanding this determinant,

|M| = M1 (M2aMsz — MysMsy) + Mya(MasMszy — Moy M3s)
+M13(Ma1 M3z — M2y M3;). (8.37)

Now expand the suffix notation expression €;;x M1;M2; M3y. Since ¢, j and
k are repeated, there is a sum over all three indices, so

3 3 3
€k My Moj M3y, = Z Z ZfzjleiMQjMNc-

1 j=1k=1

Since only six of the 27 elements of ¢€;;; are non-zero, there are six terms
in this sum, and writing them out gives (8.37), so we have shown that
| M| = €6 M1; M2 M3y

Now turn to the formula (4.10), €pqr | M| = €;jx Mpi Mg My First note that
the formula is true for p = 1, ¢ = 2 and r = 3, since in this case it reduces
to the result shown above. Now consider the effect of interchanging p and

g. The Lh.s. changes sign, since €pqr = —€gpr. The r.h.s. becomes
EijquiijMrk = 6j,‘qujMp,'Mrk (relabelling 1o ])
= —€jpMpiMg; My,

so the r.h.s. also changes sign when p and ¢ are interchanged. Similarly,
both sides change sign when any two of p, ¢ and r are interchanged. This
suffices to prove the result, since both sides are zero when any two of p, ¢
and r are equal and all permutations of 1, 2, 3 can be achieved by a suitable
sequence of interchanges.

Make use of €pqr| M| = €;jx Mpi Mgj Mr.

(a) Multiplying both sides by €p4r and using the result of Example 4.9,
6| M| = epgreijs MpiMy; M, . Note that because of the six repeated suffices
there are 3% = 729 terms in this sum!

(b) Using the above result,
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4.9

4.10

4.11

4.12

4.13

4.14

T TasT agT _
6|M I = qureijkMpiMq]‘Mrk = Cp,leijkMipquMk,.

Now since i, , k, p, ¢ and r are all dummy suffices, we can relabel i & p,
j > q, k © 7, so that the formula for [M 7] is identical to that for |M|.
(c) The formulae for |M| and |N| are €pqr | M| = €iji MpiMgj My, €pgr|N| =
€1mnVpi Ngm Nrn. By multiplying these together, we obtain

6tM||N' = fijkClmnMpinlquNq1nMrkNrn~
Now My Ny = MIN, = (MTN),, so

61M||N| = eijeetmn(MTN)i(MTN)j(MTN)in = 6|MTN],

using the result of part (a). Thus we have shown that [M||N| = |[MTN]|, or
equivalently |M7T||N| = |M N|. Applying the result of part (b), it follows
that |[M||N| = [MN]|.
Since each term in the equation is a vector, we first introduce a free suffix
i for each term: (@ x b); + ¢; = (a - b)b; — d;. Now we introduce dummy
suffices for the dot and cross product, making sure that ¢ is not reused:
eijkajbk +c¢ = ajb]-bi —d;.
(a) Using (4.3) twice and (4.4),

0ij0k0rs = OiOp; = 6y = 3.
(b) Using (4.12),
€ijk€klmEmni = (6il‘sjm - 6im§jl)6mni = €jnl — 6ini(sjl = €5ni.

Using (4.3), dija;bici0;; = a;b;ci,. Here the 4 is a dummy suffix and the k
is a free suffix, so the result is the k£ component of the vector (a - b)e.
() VX (fVf)=VixVf+fVx(Vf), using (4.28). Each of these terms
is zero since any vector crossed with itself gives zero and the combination
curl grad is always zero.
(b) V-A(fVf)=Vf-Vf+fV-(V]), from (4.27). This can be simplified
to V- (fVf) =|Vf]?+ fV2f.
u is solenoidal if its divergence is zero.
V-u = V. (VfxVyg)

= (VxVf)-Vg—-(V xVg)-Vf using (4.29)

= 0 using (3.23).
Applying (4.35) with u = v, the second term is zero and the fifth and sixth
terms cancel, leaving

u-Vu=(V(u-u)-2ux(V xu))/2
which is (4.34).
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4.15 (a) In suffix notation,

. d _. 0 O%u;
Vi = Vi, = : .
VoV 6xiv i Oz; 0z;0z;
Similarly, Y 2 5
V3V . u = v Ui

T B9z;0z; 0z;0x; Oz
so the two expressions are equal since the order of partial derivatives can

be interchanged.
(b) Using (4.24),

V- -Vu

V (V(V-u)=V x(V xu))
V -(V(V -u)) (since div curl is zero)
= V3V .u) (since V2=V.V).

Note that the first V2 acts on a vector but the second acts on a scalar, so
they must be interpreted differently.
4.16 Take the divergence of the equation:

V u+V - Vxw=V -Vo+ V. Vi,

The first term is zero as u is solenoidal. The second term is zero because
the combination div curl is always zero. The last term is also zero since
from the previous exercise, V-V2u = V2V .4 = 0. So the equation reduces
to 0 = V - V¢ = V2¢ which is Laplace’s equation.

4.17
_Of(r) _ () or _ o Ti
T 9z;  dr Bzi_f(r)r’

using the usual rule for differentiating a function of a function together
with the result % = x;/r from (4.19). Thus V f(r) = f'(r)r/r.
4.18 u = h(r)r.
(a) Vxu=V x(h(r)r) = Vaxr+hV xr =h'(r)r x r/r = 0, using
the results of the previous exercise for Vh.
(b) V-u=V . (h(r)r) =Vh-r+hV-r=h'(r)r-r/r+3h =71h'(r) + 3h.
So if V- u =0, h(r) obeys the differential equation
dh
1";1—1: + 3h =0.

(c) Using the method of separation of variables,

/éﬁ__ dr
h T

which gives logh = —3logr + ¢ = log(r~3) + ¢ for some constant c. Taking
the exponential of both sides, h = A/r® where the constant A = expc.

[V f(r)]s
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4.19

(a) For a Beltrami field, V-4 =V - (¢cV xu) =cV - (V xu) = 0.

(b) Let v = V X u, so u = cv. Taking the curl of this equation, V x u =
V x (ev) so v =cV x v.

(c) If w = (siny, f,g), then u = ¢V x u gives the three equations

iny=c(29_9% — (-2 = (2. )
smy—c(ay 5;), f—c( 8:1:)’ _C<6w cosy ).

Given that g is independent of z, it follows that f = 0, g = —ccosy and
siny = ¢(csiny). Hence either c =1, g = —cosy or c = -1, g = cosy.

Solutions to Exercises for Chapter 5

5.1

5.2

5.3

The surface integral is equal to the volume integral of V - u, but V- u =
siny + 0 —siny = 0, so the value of the integral is zero.
u = (y,z,2 — z), so V -u = 1. The volume integral is therefore

1 1 g1
// V-udV:/ / / ldrdydz = 1.
1% o Jo Jo

The surface integral has six parts from the six faces of the cube. On the
face where £ = 0, n = (—1,0,0) and so u - n = —y. Similarly, on the face
where z = 1, n = (1,0,0) and u - n = y, so the surface integrals from
these two faces cancel. The same argument holds for the faces y = 0 and
y=1.0nz2=0,n=(0,0,-1)andu-n=—-z+z =z, whileon z =1,
n = (0,0,1) and u-n = z—z = 1—z. The integrals over these two surfaces

then give .
/ /z+l-—xdz'dy=1.
o Jo

Therefore, both the surface integral and the volume integral give the answer
1 so the divergence theorem is verified.

In order to use the divergence theorem, the volume integral must first be
written in terms of a divergence. This can be done using (4.27):

I w-voav = [[[v-@w -9 uav

Now since the fluid is incompressible, V - u = 0. Applying the divergence
theorem then gives

///Vu-VdeV = #;j)u-ndS.

Since it is given that u - n = 0 on S, the value of the integral is zero.
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5.4

5.5

This result follows directly from applying the divergence theorem to the
vector field V f, since V- Vf = V2f = g.

To apply the divergence theorem, a closed surface must be used. Let S’
be the surface z = 0, 22> + y? < 1, forming the base of the hemisphere.
The divergence theorem can now be applied over the entire closed surface

S+ §', giving

///VV‘”dV2//5”'"d5+//1v-nds.

The surface integral over S can therefore be found by subtracting the sur-
face integral over S’ from the volume integral.

For v = (z +y, 22,2%), V- v = 1, so the volume integral is just the volume
of the hemisphere, 27/3. The surface integral over S’ is

//'v-ndS=//’ -z dS

since n = (0,0,—1) on S’. This integral can be evaluated using polar
coordinates (r,8), where £ = rcosf, 0 <7 < 1,0 < 8 < 2r and dS =
r df dr (see Section 2.3.2).

1 2m
// ~-z%dS = // ~r2cos? §rdfdr
' o Jo
1
= /—r37rd1'
0

= -7/4.

The required integral is then

// v-ndS =2r/3+n/4=11n/12.
s
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5.6 The argument follows that of Section 5.1.1 with p replaced by ¢ and pu
replaced by 7, so the law of conservation of electric charge is

dq
8t+v 7=0.

5.7 Consider (5.13) in the case where the volume 6V is small. The volume
integral of V f is then approximately equal to V f times the volume:

VfdV = # fndS.
S

Dividing by the volume and taking the limit §V — 0 gives the definition

= —— d
Vf= 111306 ﬂasfn S,

which is analogous in form to the original definitions of div and curl.
5.8 Using Stokes’s theorem,

fr-dr:/ Vxr -ndS=0
e} s
since V x r = 0.

5.9 First consider the line integral around the circle z? + y2 = 1, evalu-
ated parametrically using z = cos#, y = sin8, 0 < 6 < 2w, with
dr = (—sin#, cos@,0). The value of the line integral is

2w
/ (2cos@ —sinf, —sin®6,0) - (—sinb,cosd,0)dd
()}
P .
= / —2cos8sin 0 + sin? 0 — sin? 0 cos 8 df
0

2w
= / —sin28 + (1 — cos 28)/2 — sin? 6 cos 8 df
0

= 7T,

since all terms except the 1/2 give zero when integrated between 0 and 2.
Now to compute the surface integral we need (V x u) -m. The line integral
was taken in an anticlockwise sense in the z,y plane, so the right-hand
rule means that n points in the positive z direction, so (V x u) -n =
(V x u) - e3 = 1. The value of the surface integral is then just the area of
the surface, which is 7 since the surface is a disk of radius 1. Thus Stokes’s
theorem is verified since the surface integral and the line integral are both
equal to .
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5.10

5.11

5.12

5.13

Applying Stokes’s theorem,

foVg-dr /SVx(ng)-ndS

/ (VfxVg+ fVx(Vg)-ndS
s

/ (V£ x Vg) n ds.
S

Similarly,

fcgvf'drz//;.(VgXVf)'ndSz“//S(VfXVg)-ndS.

Therefore

ﬁng-dr:—?igi-dr.

Alternatively, this result can be obtained by applying Stokes’s theorem to
the line integral of V(fg).

If u is irrotational, V x u = 0 and so u x Vf = —V x (fu). Applying
Stokes’s theorem, the surface integral is equal to fc —fu - dr.

The rate of change of the total magnetic lux through a surface S is

i1—//B-nd5’=//V><(uxB)-'n.dS=fu.><B‘dr.
dt JJs s c

The curve C is a streamline so u is parallel to dr and hence the scalar
triple product that appears in the line integral is zero. Therefore the flux
of B through S does not change with time.

Applying (5.18) with v = r gives

// 6mk nde [%vxdr] .

Using 8z /0z; = ;i and d;; = 3, this simplifies to

[ s =[foxa]

For a flat surface n; is constant so the Lh.s. has the value 2A4n;, giving the
required result.



172 Vector Calculus

Solutions to Exercises for Chapter 6

6.1 For Cartesian coordinates, u; = z;. The scale factor h; is, from (6.2),

Oz | _ |9z 9z Ozg,
69:1 - 611’63:1’82:1

h1=

=1(1,0,0)] = 1.

By the same reasoning hy and hjz are also 1.
6.2 (a) Using the definition of the scale factors,

he = |(ow,0(1 - w?) /20| = (@2 + )12,
B = |w,u(l - w?)2, —0)| = (W +02)172,
hy = l(uv,—uvw(l—wz)_l/z,O)I=uv/(1—w2)1/2.

(b) To show that the (u, v, w) system is orthogonal we first need to compute
the unit vectors. From (6.1) and the above results for the scale factors, these

are
€y = (vw,v(l—w2)1/2,u)/(u2+v2)1/2,
e, = (uw,u(l—wz)l/z,-—v)/(uz-i-vz)l/z,
ew = ((1-w?)'? —w,0).

Now take the dot product of these unit vectors to check that they are
orthogonal:

eu €y = (wvw? + uv(l — w?) — w)/(u? +v?) =0,

and similarly e, - e, =0 and e, - e, = 0.
(c) The volume element in the (u,v,w) system is

dV = hihohs dudv dw = (u? + v¥)uv/(1 — w?)'/? du dv dw.

6.3 Following the approach of the previous exercise, the scale factors are found
to be hy = (u? +v?)Y/2, h, = (u? +v?)!/2 and hy = uv, so the volume
element is dV = (u? + v2)uv. The volume V between the surfaces u = 1
and v = 1 is therefore

1 1 p2n 1
V= / / / (u® + v*)uv df dudv = 27r/ [u'v/4 +u2v3/2](1) dv
o Jo Jo 0

which yields the result V = = /2.
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6.4 In Cartesian coordinates, V f and e; are

Vf= (af af af >, Ox h 1 <6$1 6.’E2 823)

821’ Bz’ Bzs) 1T Bur/ ™' T b \Bur’ Buy’ Buy

so the component of V f in the e; direction is

_ 1 (8fom  0f bz  Of 9w\ _ 1 9f
e Vf - h] (6:1:1 3u1 + 6.’1)2 Bul + 61173 6u1 - hl Bul'

Similar expressions for the e; and e3 components follow, giving the formula
(6.8) for V f in an orthogonal curvilinear coordinate system.

6.5 Assume that the cylinder is aligned with the centre of the apple and that
a < b. The volume integral can be carried out using either cylindrical
or spherical coordinates. Using cylindrical coordinates, the limits on the
coordinates R and ¢ are 0 < R < a, 0 < ¢ < 2. The limits on z are
determined by the radius of the sphere, 22 + R? = b2, so the limits are

~vb? — R? < z < /b2 — R2. The required volume is

a pVBEZR? p2r a
/ / Rd¢dzdR = 2« / 2R\/b% — R2dR
0 —Vb2=RZ Jo 0

= 4n[— (b® — R?)*?/3],
= 4n(b® — (b* — a?)3/2)/3.

The proportion of the apple removed is this volume divided by 4wb3/3,
which is 1 — (1 — a2/b%)3/2.

6.6 The limits on the coordinates are 7/3 < 6 < 27/3,0< ¢ < 27, 0 < 7 < a,
where a is the radius of the Earth. The volume V is

27 /3 2m a
V= / / / 2 sin§ dr dpdl = 2= [r3/3]g [~ COSG]?;és — 27('(13/3,
/3 Jo Jo

so exactly half of the Earth’s volume is less than 30° away from the Equator.
6.7 In spherical polar coordinates the divergence of e4 is zero, using (6.23).
The curl, from (6.25), is

1 OJsind 10r cotd 1
rsin0 09 O r ar° r T
6.8 The formula u - Vu = V(|u|?/2) — u x (V x u) is used to find u - Vu.
Since u is a unit vector, its magnitude is constant so V(|u|?/2) = 0. Using
(6.17), Vxu=e,/R,soux(Vxu)=(0,1,0)x(0,0,1/R) = (1/R,0,0).
Therefore u - Vu = —eg/R.

Vxe¢=
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6.9 Recall that the definition of the Laplacian of a vector field is Vv = VV -
v — V x V x v. Using the formulae (6.14) and (6.15), the R component of

VV - -vis
0 (’UR L Ovr dvg 1 0vy N 61),)
dR R ' R 0¢
which can be expanded to give
}_%_U_Rz+a2ﬂ—_l_%+l 62U¢ + 621}’:
ROR R OR? R? 0¢ ROPAOR ORIz

Computing the R component of V x V x v using (6.17) gives

1 9 R% B _}_621)3 B 8?ug . 8%v,
R2 9¢ OR R2 9¢? 0z2 0ROz’

Subtracting these two quantities gives the R component of VZv:

) 18vg wvg O%vg 2 Ov 1 &%2vg  B%vp
2 _ +9%r VR Ve
VOR=%3r B Tom Roe ROF T o2
Note that this cannot be the Laplacian of the R component of v, since it
involves v,. In fact (V2v)g and VZ(vg) are related by

(Vzv)R = V2(UR) - T =5 A

Solutions to Exercises for Chapter 7

7.1 The definition L;; = e;-e; states that L;; is the cosine of the angle between
the e and e; unit vectors. Referring to Figure 7.1, the cosine of the angle
between e} and e; is cosf, and the cosine of the angle between e, and ez is
the same. The cosine of the angle between e} and e is cos(n/2—8) = sin 6,
and the cosine of the angle between e’, and ey is cos(7/2 + ) = —sin6.
These results agree with the matrix in (7.3).

7.2 u is a vector, so u; = Ljju;. To show V -u is a scalar we need to compute
its value in the dashed frame:

ou! 0 Ou; Oz,
V- ’:_l:__Li. ':Li'_i‘_,
(V-u) Oz} Bz;( its) 7 Oz, Oz
using the chain rule. Now using (7.8),

Ou, Ou; _%

(V u) _L”B ]kal‘k a.’l:j

=V - u.



Solutions 175

7.3

7.4

7.5

7.6

7.7

7.8

7.9

Thus V - u has the same value in the dashed and undashed frame, so V - u
is a scalar.

Since @ and b are vectors, a; = Ljza and b;- = Ljmbm. Note that the
suffices are carefully chosen to avoid repetition. Then

(aibj)' = a;b’] = Liijmakbm-

This agrees with the transformation rule (7.13), so a;b; is a second-rank
tensor.
Note that T;; can be written as T;; = a;b; where a is the position vector
(z1,z2) and b = (x2,~z;) which was shown to be a vector in Example
7.3. Therefore T;; is a tensor by the result of the previous question. Al-
ternatively, the fact that T;; is a tensor can be confirmed by following the
method of Example 7.3.
Since ¢ is a scalar, ¢’ = ¢. The transformation rule for T} is

, 8%y 0%¢ Oz, Oz, 0%¢

= 3zt 0z, ~ Bzpd, Oz, Oz,  Damdan A

so Tji is a second-rank tensor.
If T;; is a tensor, T;; obeys the rule

T; = LitLjmTrm.

] =
Setting j = ¢ in this formula,
Tili = LitLimThm = 5kakm = Tir = T

So the value of T}; is the same in the dashed and undashed frames, i.e. Tj;
is a scalar.
In suffix notation, the divergence theorem (5.1) becomes

o = ff
—2dV = u;n; dS.
//v Oz; s 7

This result holds if u; is replaced by T\, Tz; or T3;, giving the required
result (7.16).
If Qijki is a tensor of rank four,

Q;jkl = LipquLerlstqrs'
Qijri obeys the above rule, so by setting k& = j,
Qijjl = LipquLerlstqrs = Lip‘squlstqrs = Lilestrr37

so Qij;i obeys the transformation law for a tensor of rank two.
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7.10

7.11

7.12

7.13

7.14

7.15

7.16

Given that u;a; is a scalar,
1 !
uia; = uja; = u;Li;a;

so (u} — u;L;j)a; = 0. If this holds for any a;, then u] = L;ju;, so u; is a
vector.
B, is an anti-symmetric tensor, so

B,,=L..L..B.. = —L..L..B.. = =B,

Hence B is also anti-syr

If B,, is anti-symmetric, 5,; = — B, S0 By, = —D,, and hence B,, = 0.
Aijr has the properties A;ji. = Ajix and A;jr, = —Aix;. Repeatedly apply-
ing these rules alternately gives

Aije = Ajir = —Ajri = —Akji = Akij = Aikj = —Aiji.

So any element of A;;i is equal to minus itself, hence all elements are zero.

(a) Aij = eijkBk, SO
' i '
Aij = €uBy
LimLjnLkpfmankrBr
Liijn(sprCnmpBr

= Liijnfmanp = LiijnAmn,

so A;; obeys the transformation rule for a second-rank tensor. Since €, is
anti-symmetric with respect to any two indices, A;; is antisymmetric.
(b) Multiply through by €;jn,:

€ijmAij = €ijme€ije By = 203m By = 2By,

making use of Exercise 4.4(c). Hence By, = €;jm Ai; /2.

The most general isotropic fourth-rank tensor is ajjx = Adijdp + pdixdjr +
V010, from Theorem 7.4. From (4.12), the difference between products of
d;; terms can be written in terms of a products of €;,x terms. For example, if

A =1, p= -1, v =0, we have the isotropic tensor ajz = 0;;0x ~ 6ix 81 =
€ilmEmijk-
Since d;; and €;;; are isotropic tensors, the combination @ijkim = 0;j€kim

is an isotropic fifth-rank tensor. Since any two of the five suffices can be
chosen for the 4, for example a;jkim = dik€jim OF Gijrim = dil€jkm, the total
number of different tensors of this type is the number of ways of choosing
two objects from five, which is 5!/2!(5 — 2)! = 10. So there are at least ten
different components in the most general isotropic fifth-rank tensor.
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7.17 Following the approach of Section 7.4.2, the kinetic energy of a volume
element dV is p|v|?dV/2 and v = 2 x 7, so

1/2/// plv|2dV

v

= 1/2/// P €ijkSTrEim QT AV
v

= 1/2 /// p(()j()jrm. - .Qj’l‘j.Qka) dV
v

= 1/2/// p(6]-kr2—rjrk) .Qj.deV
v

= Ijk-Qj\Qk/?'-

E

Solutions to Exercises for Chapter 8

8.1 The size of the body L is a length and the diffusivity k¥ has units of
length? /time. The only combination of these which has the units of time is
L?/k. Therefore the time for heat to diffuse through a body is proportional
to the square of the size of the body.

(a) Assume that the mammoth is the same shape as the chicken, made of
the same material (so the wooliness is ignored) and 20 times the length of
the chicken. The defrosting time is therefore 20? x 6 hours which is 100
days.

(b) Assume that to cook properly, a certain temperature must be reached
in the interior. The time required for this is proportional to L?. The mass
M is proportional to L3, so L oc M/3. Therefore the cooking time should
be proportional to the two-thirds power of the mass: t oc M2/3.

8.2 Using (8.4),

dp OF
a -
€V - (V x B~ ppj)/eopo from (8.7)
= -V.j

since the combination div curl is always zero.

8.3 Gauss’s law says that the total flux of electric field through the surface is
the total charge within the surface divided by €;. Taking the surface to
be the surface of a sphere of radius r, with area 4772, Gauss’s law gives
4nr’E, = @/ep, which agrees with the result of Example 8.4.



178

Vector Calculus

8.4

8.5

8.6

8.7

Take the curl of (8.12):

VxE
V % (V x B) = poeg 0 E.
at
Expanding the r.h.s. and using (8.10) and (8.11) gives
5 0’B
2p —
-V°B = —ﬂoéo—aﬁ‘,

so B obeys exactly the same wave equation as FE.
Given the electric field E = Egf(k-x —wt) = Egf(u) where u = k-x —wt,
the magnetic field B can be found using (8.11):

VXxE = Vx(Eof(u))
= VfXEo

d
= ék X EO-

Integrating with respect to ¢ and changing the sign to find B gives
1 1
B=-kxEyflk-z—-wt)=—-kxE.
w w

Hence the magnetic field B is perpendicular to the electric field E.
The energy can be written w = B- B/2+ E - E/2c?, so the rate of change
of energy is

.6._? = B- .a_B + _1_ . QE
ot o T ot
= —B-VxE+E -V xB using (811) and (8.12)
= -V .(E x B).
This gives the conservation law
Ow
—+V.P=
5 + 0

where P = E x B is known as the Poynting vector, representing the energy
flux of the electromagnetic wave.

(a) If the material is in equilibrium then the stress tensor must be symmet-
ric (8.16), so a = 0 and ¢ = b. Also, OP;j/8z; = 0. For the first row (¢ = 1)

this is satisfied. The second row (i = 2) gives mz}*~! + bz, = 0, so m = 2

and b = —2. From the third row, cz3 + nzg‘l =0,son=2and c=-2.

(b) For the surface z; = 1 the normal is (1,0,0) (the normal points in
the direction of the side which is exerting the force). Thus the force is
F, = Pijn;dS = P;; dS. Since P;; = P;; = 0 and P3; = 3, the force is

only in the 3 direction. Its magnitude is

1 1
F3:/ / (B2d$2d$3=1/2.
0 Jo
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8.8 The r.hs. of (8.22) is

1
~ g€k [Vxov], = QCikEkim 5

1 vy,
—5(51‘15]'"1 - ‘51‘7116]‘1)"5;;

1 ov; 3 O, — .,
2 8:15]- 6zi e

8.9 Applying the condition 8F;;/8z; = 0 and using (8.21),

_ 'aEkk BEi,-

0 = A 52, +2u 52,
VLB (S )
3:23,‘ al‘j 6zj6zj Bziazj

]

A+ u)é%v ‘v + uV3v;.

8.10 (a) From the definition of the strain tensor, Ey; = azy, Eyy = Ey =

8.11

az1 /2 + bxy, E33 = —2bx; and the other components of E;; are zero.

(b) Using (821), P, = A(a—2b)x2 +2pazxy, P12 = Py = 2[1,(0,1151/2 +b.’l§1),
Py; = Ma — 2b)zy — 4ubz2, P33 = A(a — 2b)z, and other components of P;;
are zero.

(c) Applying the equilibrium condition dP;;/8z; = 0, this is identically
satisfied for « = 1 and i = 3, but for 1 = 2, pa + 2ub+ A(a — 2b) — 4ub = 0.
This is satisfied if a = 2b.

(a) The term V- (pu) in (5.9) can be written u-V(po+p1)+ (po+p1)V -u.
Now since po is a constant and terms involving products of u and p; can be
neglected, this simplifies to po'V - u, so (5.9) becomes 9p; /0t + poV -u = 0.
(b) In the Navier-Stokes equation (8.28) the product term u - Vu can be
ignored and there is no body force b or viscosity g, so the remaining terms
are (po + p1)(0u/0t) = —V(po + p1). The term involving p; and u can be
ignored, po is constant and p; = ap,, so peOu/dt = —aVp;.

(c) The velocity u can be eliminated from (8.35) and (8.36) by taking the
time derivative of (8.35):

32 = —pdV»a =aV - Vp; =aV-p;.

Hence the density perturbation obeys the wave equation (8.13). Physically,
the waves are sound waves travelling through the fluid.




Alternating tensor 70
Ampeére’s law 93, 135
Angular momentum 13

Bernoulli’s equation 149

Circulation 27

Closed curve 26

Combinations of grad, div and curl
Conductivity tensor 126
Conservation of mass 85
Conservative 28, 51, 61, 93
Coordinate curves 99

Coordinate surfaces 99

Coriolis force 13

Cross product 9, 70

Curl 58, 74, 106

Curvilinear coordinates 99
Cylindrical polar coordinates 107

Del squared 56, 76

— of a vector, 77

8;; 68

Determinant 71

Diffusion equation 133, 148
Directional derivative 50
Divergence 53, 74, 105

— theorem, 83

Dot product 4, 66

Dummy suffix 66

Electric field 134
Electromagnetic waves 137
Electromagnetism 134
Electrostatics 135

€ijx 70

Faraday’s law 135
Field 17
Fluid 85
Fluid mechanics 145

76

Index

Flux 31
Free suffix 65

Gauss’s law 135
Gauss’s theorem 83
Gradient 48, 74, 104
Green’s identities 89
Green'’s theorem 96
Green, George 89

Heat equation 133
Heat transfer 132
Hooke’s law 143

Incompressible 86
Inertia tensor 128
Integral

— line, 25

- surface, 31

— volume, 39
Integration 21

— by parts, 23

- by substitution, 22
Irrotational 60
Isosurface 48
Isotropic 123, 127

Jacobian 102
Kronecker delta 68

Lamé’s constants 143

Laplace’s equation 56, 87, 133, 135
Laplacian 56, 76, 105

- of a vector, 77

Level surface 48

Line element 25

Line integral 25

Line, equation of 12

Lorentz force 13



182 Vector Calculus

Magnetic field 134 Spherical polar coordinates 110
Magnitude 4 Stokes’s theorem 91
Mass conservation 85 Strain 143
Maxwell’s equations 134 Stress tensor 140
Suffix notation 65
Newtonian fluid 146 Summation convention 66
Normal vector 33 Surface element 32
Surface integral 31
Operator 50 Symmetric tensor 122
Order 119
Orthogonal 101 Taylor series 47
— matrix, 116 Tensor 68, 119
- isotropic, 123
Partial derivative 45 - symmetric, 122
Plane, equation of 7 Transpose 73
Poisson’s equation 135
Potential 52 Vector 1, 117
Potential theory 135 - addition, 2
Pressure 145 ~ components, 3
- field, 17
Quotient rule 120 - magnitude, 4
- normal, 33, 50
Rank 119 Vector product 9
Right-handed 3 Vector triple product 16
Rotation 11, 61 Viscosity 146
— of coordinates, 115 Volume element 39
Volume integral 39
Scalar 1,117 Vorticity 61
- field, 17 Vorticity equation 148
Scalar product 4
Scalar triple product 14, 71 Wave equation 137

Scale factor 100
Solenoidal 56 Zero vector 3



