
1) eit ∗ e−it = sin t

2) f1(µt) ∗ f2(µt) ∗ · · · ∗ fN (µt) =
1

µN−1
f1 ∗ · · · ∗ fN

(
µt
)

3) [f(t)eρt] ∗ eρt =
[∫ t

0
f
]
eρt ⇒

[
eρt

]∗N
=

tN−1

(N − 1)!
eρt

[
sin t

]∗N
=

[
eit ∗ e−it

]∗N
=

[
eit

]∗N ∗
[
e−it

]∗N
=

=

[
tN−1

(N − 1)!
eit

]
∗
[

tN−1

(N − 1)!
e−it

]
=

∫ t

s=0

sN−1

(N − 1)!

(t− s)N−1

(N − 1)!
eise−i(t−s)ds =

= e−it

∫ t

s=0

sN−1(t− s)N−1

(N − 1)!2
e2isds

4)

∫ t

s=0

p(s)eρsds = p(s)
eρs

ρ

∣∣∣t
s=0

−
∫ t

s=0

p′(s)
eρs

ρ
ds = · · ·

· · · =
deg(p)∑
n=0

(−1)n
1

ρn+1

[ dn
dsn

p(s)
]
eρs

∣∣∣∣t
s=0

[
sin t

]∗N
= e−it

2N−2∑
n=0

e2is
(−1)n

(2i)n+1

dn

dsn

[
sN−1

(N − 1)!

(t− s)N−1

(N − 1)!

] ∣∣∣∣t
s=0

dn

dsn

[
sN−1

(N − 1)!

(t− s)N−1

(N − 1)!

]
=

∑
k+ℓ=n

[
dk

dsk
sN−1

(N − 1)!

] [
dℓ

dsℓ
(t− s)N−1

(N − 1)!

]
(k + ℓ)!

k!ℓ!
=

=
∑

k+ℓ=n

(k + ℓ)!

k!ℓ!

sN−1−k

(N − 1− k)!
(−1)ℓ

(t− s)N−1−ℓ

(N − 1− ℓ)!
=

{
0 if s = 0, k ̸= N − 1

0 if s = t, ℓ ̸= N − 1

[
sin t

]∗N
= e−it

N−1∑
k,ℓ=0

(−1)k+ℓ+ℓ e2is

(2i)k+ℓ+1

(k + ℓ)!

k!ℓ!

sN−1−k

(N − 1− k)!

(t− s)N−1−ℓ

(N − 1− ℓ)!

∣∣∣∣t
s=0

=

= e−it

{
N−1∑
k=0

[ℓ=N−1]

(−1)k
e2it

(2i)N+k

(
N − 1 + k

N − 1

)
tN−1−k

(N − 1− k)!
−

−
N−1∑
ℓ=0

[k=N−1]

(−1)N−1 1

(2i)N+ℓ

(
N − 1 + ℓ

N − 1

)
tN−1−ℓ

(N − 1− ℓ)!

}
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[
sin t

]∗N
=

N−1∑
k=0

1

(2i)N+k

(
N−1+k

N − 1

)
tN−1−k

(N−1−k)!

{
(−1)keit − (−1)N−1e−it

}
=d=N−1−k

=
N−1∑
d=0

1

(2i)2N−1−d

(
2N − 2− d

N − 1

)
td

d!

{
(−1)N−1−deit − (−1)N−1e−it

}
=

=

N−1∑
d=0

(−1)N−1

(2i)2N−1−d

(
2N − 2− d

N − 1

)
td

d!

{
(−1)deit − e−it

}
=

=

N−1∑
d=0

(2i)d−1

4N−1

(
2N − 2− d

N − 1

)
td

d!
id

{
ideit − (−i)de−it

}
=

=
1

4N−1

N−1∑
d=0

(
2N − 2− d

N − 1

)
(−2t)d

d!
Im

(
ideit

)

5)
[ tn
n!

]
∗
[ tm
m!

]
=

tm+n+1

(m+ n+ 1)!

[ tn
n!

]
∗
[ tm
m!

]
=

∫ t

s=0

sn

n!

(t− s)m

m!
ds =PARTS=

=
sn+1

(n+ 1)!

(t− s)m

m!

∣∣∣t
s=0

−
∫ t

s=0

sn+1

(n+ 1)!

(t− s)m−1(−1)

(m− 1)!
ds =

=

∫ t

s=0

sn+1

(n+ 1)!

(t− s)m−1

(m− 1)!
ds =same argument (m−1) times=

=

∫ t

s=0

sn+m

(n+m)!

(t− s)0

0!
ds =

tn+m+1

(n+m+ 1)!

Corollary:
[ tm1

m1!

]
∗ · · · ∗

[ tmN

mN !

]
=

tm1+...+mM+N−1

(m1 + · · ·+mN +N − 1)!

6) Analyticity of

[
sinλ1t

λ1

]
∗ · · · ∗

[
sinλN t

λN

]

With absolute convergence we have
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[
sinλ1t

λ1

]
∗ · · · ∗

[
sinλN t

λN

]
=

=

[ ∞∑
m1=0

(−1)m1
λ2m1
1 t2m1+1

(2m1+1)!

]
∗ · · · ∗

[ ∞∑
mN=0

(−1)mN
λ2mN
1 t2m1+1

(2m1+1)!

]
=

=
∞∑

m1,...,mn=0

(−1)m1+···+mNλ2m1
1 · · ·λ2mN

N

[ t2m1+1

(2m1 + 1)!

]
∗ · · · ∗

[ t2mN+1

(2mN + 1)!

]
=

=
∞∑

m1,...,mn=0

(−1)m1+···+mNλ2m1
1 · · ·λ2mN

N

t2m1+...+2mM+N+N−1

(2m1 + · · ·+ 2mN +N +N − 1)!
=

=
∑

n∈
{
2N−1,2N+1,2N+3,...

}(−1)(n−2N+1)/2 t
n

n!

∑
m1+···+mN=(n−2N+1)/2

λ2m1
1 · · ·λ2mN

N =m=(n−2N+1)/2=

=
∞∑

m=0

[ ∑
m1+...+mN=m

λ2m1
1 · · ·λ2mN

N

]
(−1)m

t2m−1+2N

(2m− 1 + 2N)!

Proposition. With the restricted measures pΛ : Z 7→ p
(
[0, λ) ∩ Z

)
(Λ ∈ R+), and

the corresponding moments Mm,Λ :=
∫
R+

λm pΛ(dλ) (m = 0, 1, 2, . . .), with absolute

convergence we have
∞∑

N=1

∫
RN

+

sin(λ1t)

λ1
∗ · · · ∗ sin(λ1t)

λ1
pΛ(dλ1) · · · pΛ(dλN ) =

=

∞∑
m=0

∞∑
N=1

[ ∑
m1+...+mN=m

M2m1,Λ · · ·M2mN ,Λ

]
(−1)m

t2m−1+2N

(2m− 1 + 2N)!
.

Proof. Observation: since the total weight C := p(R+) = ∥y∥2 <∞, we have

Mm,Λ ≤ CΛm (m = 0, 2, . . .). Even for complex values t ⊂ C it follows∫
RN

+

∣∣∣ sin(λ1t)
λ1

∗ · · · ∗ sin(λ1t)

λ1

∣∣∣ pΛ(dλ1) · · · pλ(dλN ) =

=

∫
λ∈RN

+

∣∣∣ ∞∑
m=0

∑
m1+...+mN=m

λ2m1
1 · · ·λ2mN

N (−1)m
t2m−1+2N

(2m− 1 + 2N)!

∣∣∣ pΛ(dλ1) · · · pΛ(dλN ) ≤

=

∞∑
m=0

∣∣∣∣∣[ ∑
m1+...+mN=m

M2m1,Λ · · ·M2mN ,Λ

]
(−1)m

t2m−1+2N

(2m− 1 + 2N)!

∣∣∣∣∣ ≤
≤

∞∑
m=0

[
CN

∑
m1+...+mN=m

Λ2m1 · · ·Λ2mN

] |t|2m−1+2N

(2m− 1 + 2N)!
.
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Since #
{
(m1, . . . ,mN ) ∈ Z+ : m1 + · · ·+mN = m

}
=,

=

(
m+N − 1

N − 1

)
=

(m+N − 1)!

m!(N − 1)!
=

(m+ 1) · · · (m+N − 1)

(N − 1)!
, we have

∫
RN

+

∣∣∣ sin(λ1t)
λ1

∗ · · · ∗ sin(λ1t)

λ1

∣∣∣ pΛ(dλ1) · · · pλ(dλN ) ≤

≤
∞∑

m=0

(m+ 1) · · · (m+N − 1)

(N − 1)!
CNΛ2m |t|2m−1+2N

(2m− 1 + 2N)!
.

On the other hand(
m+N − 1

N − 1

)
CNΛ2m |t|2m−1+2N

(2m− 1 + 2N)!
=

(m− 1 +N)!CNΛ2m|t|2m−1+2N

(2m− 1 + 2N)!m!(N − 1)!
≤

≤ CNΛ2m|t|2m−1+2N

m!(N − 1)!
≤

[C|t|2]N
[
Λ2 max{1, |t|2}

]m
m!(N − 1)!

.

Hence we complete the proof with the observation

∞∑
N=1

∞∑
m=0

(
m+N−1

N − 1

)
CNΛ2m |t|2m−1+2N

(2m− 1 + 2N)!
≤

∞∑
N=1

∞∑
m=0

[C|t|2]N
[
Λ2 max{1, |t|2}

]m
m!(N − 1)!

≤

≤ C|t|2 exp
(
C|t|2

)
exp

(
Λ2 max{1, |t|2}

)
<∞.

Corollary.
∞∑

N=1

∫
RN

+

sin(λ1t)

λ1
∗ · · · ∗ sin(λ1t)

λ1
pΛ(dλ1) · · · pΛ(dλN ) =

=
∞∑
ℓ=0

(−1)ℓ
t2ℓ−1

(2ℓ− 1)!

ℓ∑
N=1

(−1)N
∑

m1+···+mN=ℓ−N

M2m1,Λ · · ·M2mN ,Λ.

Proof. We make the grouping with respect to the powers of t by means of the index

transform ℓ := m+N i.e. m = ℓ−N .

Remark. In the sum

∞∑
m=0

∞∑
N=1

[ ∑
m1+...+mN=m

M2m1,Λ · · ·M2mN ,Λ

]
(−1)m

t2m−1+2N

(2m− 1 + 2N)!

the terms M2m1,Λ · · ·M2mN ,Λ can be written in the form

M2m1,Λ · · ·M2mN ,Λ =M#S0

0,Λ M#S1

2,Λ · · ·M#Sm

2m,Λ

4



in terms of the sets Sj :=
{
r ∈ {1, . . . , N} : mr = j

}
. Therefore, for given m,N we have

∑
m1+···+mN=m

M2m1,Λ · · ·M2mN ,Λ =
∑∑m

n=0
j·kj=m

P
(
m,N

∣∣k0, . . . , km)
Mk0

0,ΛM
k1

2,Λ · · ·Mkm

2m,Λ

where (for k0 + k1 + · · ·+ km = N)

P
(
m,N

∣∣k0, . . . , km)
:=

:= #
{[
S0, . . . , Sm

]
:
∪
j

Sj={1, . . . , N}, Si∩Sj=∅ (i ̸=j), #Sj=kj (j=0, . . . ,m)
}
=

=
[
Polynomial distr.

(
N

[kj : kj ̸=0]

)]
=

N∏
kj̸=0

kj !
=

N !

k0!k1! · · · km!
=k0=N−(k1+···+km)=

=

(
N

k1 + · · · km

)
(k1 + · · ·+ km)!

k1! · · · km!
.

Since
(

N
k

)
= 0 if k > N (as N being integer) and since k1 + · · · km ≤

∑m
j=0 kj = m we

get the following.

Remark. In the subexpression
∑

m1+...+mN=N−ℓ

M2m1,Λ · · ·M2mN ,Λ above the products

M2m1,Λ · · ·M2mN ,Λ can be written in the form

M2m1,Λ · · ·M2mN ,Λ =M#S0

0,Λ M#S1

2,Λ · · ·M#Sm

2m,Λ

in terms of the sets Sj :=
{
r ∈ {1, . . . , N} : mr = j

}
. Notice that the sets Sj are pairwise

disjoint (some of them may be empty) and
∪ℓ

j=0 Sj = {1, . . . , N}. Therefore, for given

ℓ,N (with ℓ ≥ N ≥ 1) we have

∑
m1+···+mN=N−ℓ

M2m1,Λ · · ·M2mN ,Λ =
∑

Σℓ
j=0

j·kj=N−ℓ

P
(
N
∣∣k0, . . . , kℓ)Mk0

0,ΛM
k1

2,Λ · · ·Mkm

2m,Λ
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where (for k0 + k1 + · · ·+ kℓ = N)

P
(
N
∣∣k0, . . . , kℓ) :=

:= #
{[
S0, . . . , Sm

]
:
∪
j

Sj={1, . . . , N}, Si∩Sj=∅ (i ̸=j), #Sj=kj (j=0, . . . ,m)
}
=

=
[
Polynomial distr.

(
N

[kj : kj ̸=0]

)]
=

N !∏
kj̸=0

kj !
=

N !

k0!k1! · · · kℓ!
=k0=N−(k1+···+km)=

=

(
N

k1 + · · · kℓ

)
(k1 + · · ·+ kℓ)!

k1! · · · kℓ!
.

Since
(

N
k

)
= 0 if k > N (as N being integer) and since k1 + · · · km ≤

∑m
j=0 kj = ℓ − N

we get the following.

Corollary.

∞∑
N=1

∫
RN

+

sin(λ1t)

λ1
∗ · · · ∗ sin(λ1t)

λ1
pΛ(dλ1) · · · pΛ(dλN ) =

=

∞∑
ℓ=0

(−1)ℓ
t2ℓ−1

(2ℓ− 1)!

ℓ∑
N=1

(−1)N
∑

k0,k1,...,kℓ∈Z+
Σjkj=N, Σjjkj=ℓ−N

N !

k0! · · · kℓ!
Mk0

0,ΛM
k1

2,Λ · · ·Mkℓ

2ℓ,Λ =

=
∞∑
ℓ=0

(−1)ℓ
t2ℓ−1

(2ℓ− 1)!

∑
k0,k1,...,kℓ∈Z+
Σjkj(j+1)=ℓ

(−1)Σjkj

(
Σjkj

)
!

k0! · · · kℓ!
Mk0

0,ΛM
k1

2,Λ · · ·Mkℓ

2ℓ,Λ .

Remark. We developed a MAPLE5 code [vazlat kieg3.mws] for enumerating the tuples{
(k0, k1, . . . , kℓ) ∈ Z+ :

∑ℓ
j=0 kj(j + 1) = ℓ

}
.

Proposition.

[
sinµ1t

µ1

]N1

∗ · · · ∗
[
sinµRt

µR

]∗NR

=
R∑

r=1

 ∏
s:s̸=r

1

(µ2
s − µ2

r)
Ns

[
sinµrt

µr

]∗Nr

.

Proof. Recall that, for distinct real values λ1, . . . , λN we have

sinλ1t

λ1
∗ · · · ∗ sinλN t

λN
=

N∑
k=1

 ∏
j:j ̸=k

1

λ2j − λ2k

 sinλkt

λk

6



Taking into account the integral form of the convolution, we see that the function

(t, λ1, . . . , λN ) 7→ sinλ1t

λ1
∗ · · · ∗ sinλN t

λN

is the restriction of an entire holomorphic map CN+1 → C from RN+1.

Given any distinct values µ1, . . . , µR(∈ R), and taking the index groups Ir :=
{
k :

∑
s<rNs < k ≤

∑
s≤rNs

}
we apply the lemma below with

φk : z 7→ sin(µr + kz)

µr + kz

∏
j:k ̸=j∈Ir

1

(µr + jz)2 − (µr + kz)2
= ∗j∈Ir

sin(µr + jz)

µr + jz

and ψk : z 7→
∏
s̸=r

∏
j∈Is

1

(µs + jz)2 − (µr + kz)2
.

Lemma. Let N = N1+· · ·+NR and I1, . . . , IR denote the index intervals Ir :=
∑

j<rNj+

{1, . . . , Nr}. Assume φ1, . . . , φN are meromorphic functions respectively ψ1, . . . , ψN are

holomorphic functions (of one complex variable) such that

1)
∑N

k=1 φkψk is holomorphic, 2) Φr :=
∑

k∈Ir
φk (r = 1, . . . , R) are holomorphic,

3) the functions ψk with k ∈ Ir admit a common value βr := ψk(0) (k ∈ Ir) at the origin.

Then we have

N∑
k=1

φk(0)ψk(0) =
R∑

r=1

ϕr(0)βr.

Case of smooth distribution

Lemma. If p ∈ C2(R+) with p′ ≥ 0 = p(0), M := sup p < ∞ and µ ∈ R++ (i.e. µ > 0)
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then there is a bounded Borelian function θ : (0, µ) → (0, µ) such that∫
λ>0:|λ−µ|>δ

dp(λ)

λ2 − µ2
−→ 1

µ

∫ µ

ξ=0

p′′
(
θ(ξ)

)
dξ − 1

2µ

∫ µ

ξ=0

[
p′(µ− ξ)

2µ− ξ
+
p′(µ+ ξ)

2µ+ ξ

]
dξ+

+

∫ ∞

η=µ

p′(µ+η)dη

η(2µ+η)
(δ ↘ 0)

with finite integrals in each term.

Proof. For µ > δ > 0 we have∫
λ∈R++:|λ−µ|>δ

dp(λ)

λ2 − µ2
=

∫ µ−δ

λ=0

p′(λ)dλ

λ2 − µ2
+

∫ ∞

λ=µ+δ

p′(λ)dλ

λ2 − µ2
=ξ=µ−λ

η=λ−µ

=

∫ δ

ξ=µ

p′(µ− ξ)(−1)dξ

(−ξ)(2µ− ξ)
+

∫ ∞

η=δ

p′(µ+ η)dη

η(2µ+ η)
= ⊗⊗

= − 1

2µ

∫ µ

ξ=δ

(1
ξ
+

1

2µ−ξ

)
p′(µ−ξ) dξ+ 1

2µ

∫ µ

η=δ

(1
η
− 1

2µ+η

)
p′(µ+η) dξ +

∫ ∞

η=µ

p′(µ+η)dη

η(2µ+η)
.

With partial integration we get
∫∞
µ
η−1p′(µ + η)dη = −µ−1p(2µ) +

∫∞
µ
η−2p(µ + η)dη

where
∫∞
µ
η−2p(µ+ η)dη ∈

∫∞
µ
η−2dη ·

[
p(2µ),M ] =

[
µ−1p(2µ), µ−1M

]
.

On the other hand,

− 1

2µ

∫ µ

ξ=δ

(1
ξ
+

1

2µ− ξ

)
p′(µ−ξ) dξ + 1

2µ

∫ µ

η=δ

(1
η
− 1

2µ+η

)
p′(µ+η) dξ =

=
1

µ

∫ µ

ξ=δ

p′(µ+ ξ)− p′(µ− ξ)

2ξ
dξ − 1

2µ

∫ µ

ξ=δ

[
p′(µ− ξ)

2µ− ξ
+
p′(µ+ ξ)

2µ+ ξ

]
dξ −→

−→ 1

µ

∫ µ

ξ=0

p′(µ+ ξ)− p′(µ− ξ)

2ξ
dξ − 1

2µ

∫ µ

ξ=0

[
p′(µ− ξ)

2µ− ξ
+
p′(µ+ ξ)

2µ+ ξ

]
dξ (δ ↘ 0)

as a consequnce of Lebesgue bounded convergence theorem, since the Newton difference

[
p′(µ+ξ)−p′(µ−ξ)

]
/(2ξ) is bounded on bounded subintervals of R+ due to the continuity

of p′′ (even at 0 from the right).

Remark. We may even only assume p′ to be locally Lipschitzian and the arguments work.
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