1) etxe " =sint

2)  fulut) * falpt) + - % o (ut) = M%f wx f (i)

3) [f(t)ept] . Pt — [f(f f} et = [ept] *N ﬁept

=[]« [ ] = L e e e

t N—-1 N—-1
s S t—s -
—e zt/ ( ) estdS
s=0

[sin t}*N = [eit * e_it}*N = [eit}*N * [e_it}*N =

(N1
¢ ePs |t ¢ ePs
4 / p(s)ePsds = p(s)— —/ p(s)—ds =
) eras=p0 - [y
Sy L
- — pn+1 dsnp 50
N2

t

N it 9is (—1)" d" sN=1  (t—s)N 1
[Slnt] =e€ Z € (2Z>n+1 ds™ |:(N_1)| (N—l)' :|

n=0 s=0

= i) 3 (Sl a4

_ Z (k+0) sN-1=Fk (_I)Z(t—s)N—H: 0ifs=0 k#N—1
kWl (N —1—k) (N —1—20) 0ifs=t £#N-—1

k+4=n

[ sint] N it (—1)kHe+e e2is (k4 0) sN-Ik (p— gN-1-t)t -
=0 (20)k+6+1 kWL (N —1—k)! (N=1-0!]|,_,
T SRRy L S .
k=0 (20)N+* N -1 (N —-1-k)!
[t=N—1]
CF e L (Vreey e
= )N\ N—-1 ) (N—-1-20)!
=0
[k=N—1]
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T 1 N—1+k\ N1k it N-1_—it —N-1-
[smﬂ N = (20N ( N—ﬁ )m{(_l)ke —(-1) e }:d k

k=0

N-1
1 2N — 2 —d\ t? C1d 1 4

- (2i)2N-1-d ( N —1 ) a{(_l)N et — (—1)N 'e t} =
d=0

_ — (_1)N_1 2N -2-d td (—l)d it —it | __

T @ipNa\ . N-1 ) dl R
= 20 (2N —2—d\ t? ;) 4 i N —it

:do N N1 G0y — (—1i)% =

1 =L /2N—2-d\ (=20%. /., .
:4N—1Z( N-1 >(d!>lm(’det)

d=0
tm—l—n—l—l

) [l [l = G

167 [, 5 5 e

B gnt1 (t _ S)m t B t gnt1 (t _ S)m_l(—l) B
C(n+1)! m! ls=o /5:0 (n+1)! (m—1)! ds =

_ /t Sn+1 (t — S)m_l ds —sSame argument (m—1) times__
s—o (n+ 1) (m—1)!

/t gntm (t _ 8)0 gntm41
s

ds — ——
omrm)t of T mrmet )

m1 tmN tm1+...+mM+N—l
oo 5]
e (

Corollary: [  (my - +my+N—1)!

mn

6) Analyticity of [sm )\lt} Kook {sm )\Nt]

)\1 )\N

With absolute convergence we have



sin A1t sin Ayt
A1 AN

00 )\2m1 t2m1—|—1 > AQmN t2m1+1
D e DI e
e (2my+1)! = (2my+1)!
_ i (—1)matma \2m )\sz{ g } Kook [ e } =
- 1 Nool@my +1)! (2my + 1)1

oo 2 5 t2m1—|—...—|—2mM—|—N—|—N—1
— E ’ mi+---+m mi my
= (_1) ! N/\1 "'/\N

2mi;+---+2my+ N+ N —1)! -

= Z (_1)(n—2N+1)/2ﬁ Z )\%ml - )\?sz\r —_m=(n—-2N+1)/2__
n!
ne{zN—1,2N+1,2N+3,__,} mi+-+my=(n—2N+1)/2

t2m71+2N

=2 [ > A ""\?Vmw](_l)m@m— 1+ 2N)!

m=0 mi+...+my=m

Proposition. With the restricted measures py : Z — p([0,A) NZ) (A€ Ry), and

the corresponding moments My, p = fR+ A" pa(dX)  (m =0,1,2,...), with absolute

convergence we have

)\ t) in(At
Z/ s Smg\ 1) pa(dAr) -+ pa(dAn) =
1

t2m—1—|—2N

->3 Z - Moma Mo | GO G R

Proof. Observation: since the total weight C := p(Ry) = ||y||* < oo, we have

Mpa <CA™ (m=0,2,...). Even for complex values ¢ C C it follows
/ sin(A1t) .y sin(A1t)
Ry

dX1)---pa(dAn) =
v S| padA) - pa(aa)

/ ‘ Z Z 9 9 t2m_1+2N
Al miLLLN mN( )m ’ oA d)\1) (d)\N) <
NeRY = e (2m — 14 2N)!
= t2m—1—|—2N
= M. m oM m :| —1)™
0 [m1+ .;nN_m 2my,A 2mn,A ( ) (2m 1t QN)'
> N 9 5 |t|2m—1+2N
< C A m1 A mNi| ‘
<2 2 (2m — 1+ 2N)
m=0 mi+...+my=m



Since #{(ml,...,mN)€Z+: m1+---+mN:m} =,

N1 = , we have

_(m+N-1\ (m+N-1)! (m+1)---(m+N—1)
_( )_ m!(N — 1)! (N —1)!

/RN ‘M Koo x Sin()qt)’ pa(dAy) -+ paldin) <

A A
> 2m—1+4+2N
On the other hand
m+N=1Y v, 2m PN (m— L IOV AR e
N -1 (2m—1+2N)! (2m—1+2N)m!/(N -1)!
CNAQWM2M*1+2N - [CWZ]N [AQ max{l, ‘t‘g}}m
m!(N — 1)! - m!(N —1)!

Hence we complete the proof with the observation

m+N—1 om |t Zm—1+2N [C|t| A2 max{1, |t| }
ZZ( >ONA (Qm’—l—i-QNl—ZZ N 1) ] <

N=1m=0

< Clt|* exp (C|t]*) exp (A max{1,[t|*}) < oo.

= in( At in( At
Corollary. Z/ sin(Ax?) Kok sin(At) pa(d\y) - pa(din) =

ATU/RY A M
> . £20-1 ¢ N

S D g DY Y M Mo
=0 " N=1 mit-+my=~f—N

Proof. We make the grouping with respect to the powers of ¢ by means of the index

transform ¢ :=m + N i.e. m=¥¢ — N.

%) ') t2m71+2N
Remark. In the sum Z Z [ Z Mopya - Msz,A] (=)™ (2m — 1+ 2N)!

m=0N=1 mi+...+mny=m

the terms Moy, A -+ - Moy ,,a can be written in the form

_ AfH#So g r#S1 #S
Mo, A -+ M2mN,A = MO,A MQ,A o 'M2m,x

4



in terms of the sets S; := {r e{l,...,N}:m, = j}. Therefore, for given m, N we have

k k km
> MomacMamya= Y, P(m,Nlko,... kn) MMy - My
mi+---+my=m Zm jkj=m

n=0
where (for ko + k1 + -+ ky = N)

P(m,N‘ko, .. .,k:m) =

= #{[So,...,sm} ZUSj:{l,...,N}, SiﬂSj:Q) (Z?éj), #Sj:kj (ij,,m)} =
J

N N NI
= |Polynomial distr. ] — _ b= N1t o)
[ ' ([kj 2 kﬁéo]) [0 ki! — Folkal- !
_ N (k1 + -+ km)!
T\ kL k ol kel

Since <JZ> =0if k > N (as N being integer) and since k1 + -+ -k, < ZT:O k; =m we

get the following.

Remark. In the subexpression Z Moy A -+ - May,.a above the products
mi+...+my=N—¥

Moy, -+ Moy A can be written in the form

Mop, p -+ Moy p = MffOMffl anfx

in terms of the sets S; := {r e{l,...,N}:m, = j}. Notice that the sets S; are pairwise
disjoint (some of them may be empty) and U§:0 S; = {1,...,N}. Therefore, for given
¢, N (with £ > N > 1) we have

k k k
E Moy n -+ Moy A = E P(N‘ko,...,kg)Mofj\MZlA~~~M27;1”’A
mi+-tmy=N—{ Bl _ikj=N—t

5



where (for ko + k1 +---+ k¢ =N)

P(Nlko, ... ke) ==

= #{[S@,...,Sm} ZUSj:{l,...,N}, SiﬂSj:Q) (Z?éj), #Sj:kj (j:O,,m)} =
J

N N! N!
= |Polynomial distr. ] — _ T S U
[ ' ([kj ij#()]) Hkﬁé()kj! kolkq!- - ky!
_ N (ki + -+ ko)!
C\ k1t ke koo k!

Since (f) = 0if £ > N (as N being integer) and since k; + -k, < Z;-n:o ki =0—-N

we get the following.

in(Aqt in(Aqt
Corollary. Z / smg\ 1) ¥ oo x smg\ 1t) pa(dXr) - -pa(din) =
N—1/RY 1 1
0 , £20-1 ¢ N N . . .
=) (-1) 2= > (-1 > 1) Moa Moy My =
=0 © N=1 kookyseokg€Zy 0" e

ik;=N, S;jk;j=t—N

N %5k;)!
- -1 E— —1 ijj(L MkO Mkl . ‘Mkz .
Z( ) (26 o 1)' ko,k1 Z:kze(z+ ) kO' e kﬂ' 0,A772,A 26,A

Tk (G+1)=¢

Remark. We developed a MAPLES code [vazlat_kieg3.mws] for enumerating the tuples

{(ko,kl,...,kg) €2y Y k(i +1) :z}.

sin gt ] sin gt 1V" 1 sin gt 1N
Proposition. [ ! } * ok [ } = [ . } .
M ; 11 (3 = p)™ | L g

Proof. Recall that, for distinct real values A1,..., Ay we have

sin A1t § i} sin Ayt i H 1 sin Apt
e — —
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Taking into account the integral form of the convolution, we see that the function

sin A\t sin Ayt
kooee 3k

VY AN

(t,)\l,...,)\N)l—)

is the restriction of an entire holomorphic map CV*! — C from RV 1.
Given any distinct values p1,...,ur(€ R), and taking the index groups I, = {k :

Doser Ns <k <3 ) N, } we apply the lemma below with

sin(p, + kz2) 1 sin(pr + j2)
— o 1l 7 3 = Hel
(ke +2)? = (pr + k2) pr + jz

Lemma. Let N = N1+---+Ng and I, ..., Ir denote the index intervals I, := ZKT N;+
{1,...,N,.}. Assume ¢1,...,on are meromorphic functions respectively 11,..., 9N are
holomorphic functions (of one complex variable) such that

1) Zgzl ¢y is holomorphic, 2) ®,.:=3",; ¢r (r=1,...,R) are holomorphic,
3) the functions vy, with k € I, admit a common value 3, := 1y (0) (k € I,.) at the origin.

Then we have

Case of smooth distribution

Lemma. If p € C3(Ry) withp' > 0= p(0), M :=supp < oo and p € Ry, (i.e. u > 0)

7



then there is a bounded Borelian function 0 : (0, ) — (0, ) such that

_dp(\) 1 1 m [’(u—&) ACRINW
/)\>0:|>\—u|>5 A — 2 —>N/ 0 ((5)) at 21 Je—o | 20 —¢& + 2u+ €& &F
P’ (p+mn)dn

e N

with finite integrals in each term.

Proof. For y > § > 0 we have
/ _ﬂ@L_/“5<Mw+/m PONN ey
A€R++‘|/\—u|>5 =2 Jasg M= s AP —pE T
_ /5 P (p = €)(=1)dg / P/ (1 + m)dn
= =28
e=n (=€ 2u 5 n(2u +n)

1 (%1 1 1y, > p'(ptn)dn
- ) dé+— - d —
2 §=5<§+2 —£> P(n=e) £+ / 2u+n) Plutn) £+/n:u n(2u-+n)

With partial integration we get fu = (4 n)dn = —p~tp(2u) + f:o n"2p(p + n)dn

where [=n7?p(u+n)dn € [0 2dn - [p(2p), M] = [~ p(2p), p~ ' M].

On the other hand,
1 [ /1 1
= - ! - - de =
2 g:5<€+2u—£> Pln= / 2u+77 p(lﬁn) ¢
N A AR Iy AV I Y o {p(u—i) P(p+¢)
M/g 5 28 % 2#/5:5 2u—¢ " 2u+¢
L ppu+8—pu—9% I {p’(u—é) pp+é)
de — —
/g—o 28 : 2u/g:o 2n—¢& " 2u+¢

]d£—>

n

Jas @0
as a consequnce of Lebesgue bounded convergence theorem, since the Newton difference
[P/ (p+&)—p' (p—¢)]/(2€) is bounded on bounded subintervals of R due to the continuity

of p” (even at 0 from the right).

Remark. We may even only assume p’ to be locally Lipschitzian and the arguments work.
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