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PROBLEM HISTORY

J. Jamison - F. Botelho 2008

X(l), ..., XN) complex Banach spaces
B = {bounded N-linear maps X(1) x ... x X(V) — (C}

U:R—A:= {surjective linear isometries B — B}
strongly cont. 1-parameter group of surj. lin. isom.
U(t+h)=U(t)U(h) (t,heR)
t—U(t)® continuous (P eB)

Conjecture:
Ut)=Ui®- - @ UL t— UL str.cont. I-par.grp. in
o U Un) Ay == {surj.lin.isom. X(K) — X(k)1
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NON-LINEAR ISSUE

{Surj.lin.isom. of X} = {F e Aut(Ball(X)) : F(0) = o}

hol.aut. of unit ball

9]l = sup |p(x1, ..., xw)| in B

xull=1,.... I xnllI=1
Question: What about strongly cont. 1-par. groups in Aut(B)?
Conjecture: Aut(B) LINEAR for N >2 factors

/I\
Stach6 1982: TRUE with HILBERT spaces of dim> 1

Hilbert cases N = 1,2:  JB*-triples H resp. £(H®), H®)
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LINEAR CASE: HILBERT SPACES N > 2, [Staché 2010]

H®, ... HM) Hilbert spaces
Auto(B) = {[U1®---®@ Un]olr : Uy € UHK)), 7 adm.index-perm. }
U:R — Auto(B) str.cont. 1-par.grp.

Lemma. U(t)=U1;:® - @ Uy (t eR)
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LINEAR CASE: HILBERT SPACES N > 2, [Staché 2010]

H® .. HM Hilbert spaces

Auto(B) = {[U1®---®@ Un]olr : Uy € UHK), 7 adm.index-perm. }
U:R — Auto(B) str.cont. 1-par.grp.

Lemma. U(t)=U1;:® - @ Uy (t € R)

THEOREM. There are possibly unbounded self-adjoint
Ay - dom(Ay) — HK) (defined on dense linear submanifolds) with

U(t)=[exp(itA1)] ® - - @ [exp(itAn)] (t eR).

Corollary. If W : R — Aut(L(HY, H®)) is a str.cont. lin.
1-par.grp then W(t)Z =exp(tA1)Z exp(tAz)
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CONTENT OF TALK

@ Improvements and generalizations for the original proof
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@ Applications of the Thm for str-cont 1-prgs of lin auts in
Cartan factors
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CONTENT OF TALK

@ Improvements and generalizations for the original proof

@ Applications of the Thm for str-cont 1-prgs of lin auts in
Cartan factors

@ Str-cont 1-prgs of non-lin hol aut in Hilbert sp
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BACKGROUND OF PROOF DIFFICULTIES

T:={k: |kl =1}
N N
hi@ - -®h}: (x1,---oxn) = 1 hz(xk) = [T (xk[hk)
k=1 k=1

Ambiguous representation: If hy,u; € 9Ball(H(¥)) then
hi@ - @hi=u® - Quj

N
hy=riuy, ~Kg€T, szllikzl

L.L. STACHO (Bolyai Institute, Szeged) Strongly continuous one-parameter groups 04/09/2014, London

5/17



PROOF STRATEGY

U(t):=U1+® --® Uyt strcont; unitary ops

1) Adjusted continuity: Find k1,K1,..., kN, iy R — T with
t = Ki(t)Us,e str. cont.;  t = Ke(t) Uk, 1-prg
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PROOF STRATEGY

U(t) = U ® - ®@ Uy, strcont; unitary ops

1) Adjusted continuity: Find k1,K1,..., kN, iy R — T with
t = Ki(t)Us,e str. cont.;  t = Ke(t) Uk, 1-prg
(0
J
UkHHJ(-k) Y [Lz(QkJ,MkJ) Sf— Uk,t,jf]

2) Local representations: H(k) = Djes H:, HJ(-k) separ eigsp of Uy +
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PROOF STRATEGY

U(t) = U ® - ®@ Uy, strcont; unitary ops

1) Adjusted continuity: Find k1,K1,..., kN, iy R — T with
t = Ki(t)Us,e str. cont.;  t = Ke(t) Uk, 1-prg

2) Local representations: H¥) = ©;c; H )

(k
J
Uk t’H( ) [L2(Qk,1nuk,]) > fi— Uy t,Jf]
3) Probabilistic arguments: t — u € C(Q) 1-prg., t— k(t)Me
str.cont. = I x € C(R,T) 3Za:Q — R p-mesurable

s(t)ut(w) = x(t) exp (ita(w)) (t€R) VY, we

, H(-k) separ eigsp of Uy +
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PROOF STRATEGY

U(t) = U ® - ®@ Uy, strcont; unitary ops

1) Adjusted continuity: Find k1,K1,..., kN, iy R — T with
t = Ki(t)Us,e str. cont.;  t = Ke(t) Uk, 1-prg
J( ), H(-k) separ eigsp of Uy +
Uk t’H( ) [L2(Qk,1nu'k,1) Sfr Uy t,Jf]
3) Probabilistic arguments: t — u € C(Q) 1-prg., t— k(t)Me
str.cont. = I x € C(R,T) 3Za:Q — R p-mesurable
s(t)ut(w) = x(t) exp (ita(w)) (t€R) VY, we
Tools: A(h) := sup lut(w1) — u(wo)]? p(dwr)p(dws) N\, O

[t|<h Jwi1,w2EQ

Q(t,) = {(w1,w2) € % d(uf(w1),ut(w2)) <r} d =arc-length

peu( )2 m) = 1- A1)
n=1

2) Local representations: H*) = @, H
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GENERALIZATIONS - adjusted continuity

X@®) . XV reflexive Banach spaces
|, (xi=x,6) =0 (¢€[XH]")
Ex.: X*) uniformly conv. (<= [X")]* unif. smooth)

Assume: |[|x;—x|| = 0 if ||x;[|—]x
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GENERALIZATIONS - adjusted continuity

X@ . XN reflexive Banach spaces

Assume: ij—xH—>0 if HXJH—>HX

[ (xj=x,6) =0 (6€[XV])
Ex.: X*) uniformly conv. (<= [X")]* unif. smooth)

Lemma. eJ(-l) X ® eJ(-N) —vel®...®eM™ with 1-vectors, =

[{0e) —e®| =0 (k=1,...,N) 3 [«¥]inT, [T, & =

Cor.: t— xgl) X XEN) # 0 w-cont, t — Hﬁlzl ngk)H cont, =

3 (6§ in T with ¢ = o ) T 9 morm-con
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GENERALIZATIONS - adjusted continuity

X@ . XN reflexive Banach spaces

Assume: ij—xH—>0 if HXJH—>HX

[ (xj=x,6) =0 (6€[XV])
Ex.: X*) uniformly conv. (<= [X")]* unif. smooth)

Lemma. eJ(-l) X ® eJ(-N) —vel®...®eM™ with 1-vectors, =

[{0e) —e®| =0 (k=1,...,N) 3 [«¥]inT, [T, & =

Cor.: t— xgl) X XEN) # 0 w-cont, t — Hﬁlzl ngk)H cont, =

3 [K;gk)] in T with t — mgk)ngk)H_l HJN:1 ngj) Hl/ngk) norm-cont

xLemma. Assume Z top v-space with separating dual,

t—=p(t) Ur z (z€Z) cont, Usyt = A(s,t) UsU; (s,t € R);
~— =~ S~——

£0 €GL(Z) £0
— 3p:R— C\{0} making [p(t)U;: t€R] l-prg
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ADJUSTED CONTINUITY - conclusion

Recall: |[x;—x[| =0 if [jx;[| =[]}, (xj—x,6)—~0 (¢€[X"])

L.L. STACHO (Bolyai Institute, Szeged) Strongly continuous one-parameter groups 04/09/2014, London 8 /17



ADJUSTED CONTINUITY - conclusion

Recall: |[x;—x[| =0 if [jx;[| =[]}, (xj—x,6)—~0 (¢€[X"])

PROPOSITION. t > U(t)= Ui, ®---® Uy, I-prg with
~— —~—

€GL(X®) €GL(X®)
t— HU(t)(x(1)®- . -®x(N))H cont YV [xM ... x(M)] fixed;
= 3 p1,01,---,0N, pn - R—C\ {0} with
[pk(t) U te ]R} is a strongly continuous family

[ﬁk(t) Uke: te R} is a one-parameter group
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PROOF SHORTCUT - representation

o Countably generated von Neumann algebras are singly generated
(~Beneduci, 2012)
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PROOF SHORTCUT - representation

o Countably generated von Neumann algebras are singly generated
(~Beneduci, 2012)

Cor. Immediate representation in Hilbert case (without localization)
Ut [L2(Qk,,uk) S>f uk7tf]

with probab Radon measures ji, on comp 2y and cont uy; : Q) — T.
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GENERALIZATION - Hilbert space case

o U :=[U': teR] C GL(H) bded str-cont 1-prg,
Lr_,oo Banach limit on C,[0,00); =
1

R
<<x‘y>> = Lr—oo (ﬁ/ R< Utx‘Uty> dt) U-inv equiv inner-prd
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GENERALIZATION - Hilbert space case

o U :=[U': teR] C GL(H) bded str-cont 1-prg,
Lr_,oo Banach limit on C,[0,00); =

R
<<x‘y>> = Lp—ss (2{‘?/ R< Utx‘ Uty> dt) U-inv equiv inner-prd

Theorem. H! . !Hk equiv norms on H(),

Ukt surjective “| . |Hk—isometries (1<k<N, teR),

t—=Ut) =U,:® - @Unve I-prgg =

3 equivalent inner products (( - |- )), such that
U(t)=[exp(itA1)] ® - - @ [exp(itAn)] (t € R)

with possibly unbounded << . | . >>k—se/f—adjoint operators Ag.
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CARTAN FACTORS

Cartan factors: Types 1-6
Every JB*-triple embeds into an {°°-product of Cartan factors

Type 1: L(HM H?))

Types 2,3: LIBEH(H) = {L e L(H): L==+L"}

Type 4: Spin factor on H, {xay} := (x|a)y + (y|a)x — (x|y)a

Type 5: 01*2 1x2 complex octonion matrices (dim=16)

Type 6: H3(0) 3x3 complex Hermitian octonion matrices (dim=27)

h— h conjugation: e, =e,, ie, = —ie, for a fixed ON basis
L+ LT transposition (wrt. conjugation -): LTh = L*h
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STR. CONT. 1PRGs of LIN. AUTs on FACTORS

Factors of type > 3 are not interesting (str. cont. wrt. Hilbert norm)
Type 1: L(HM, H?) ~ {2-lin. funct. HD) x H?) — C} — Case N = 2.

Types k = 2,3:
Ay = {surjective lin. isom. of E(T’(_l)k)(H) }

L@ H) = { TN 2din. Hx H = C funct. |

UeAy «— 3JUecUH) U:L— ULyt
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TYPES 2,3

Theorem. Let k=2,3, U, :R — A, str. cont. 1prg. Then
g o . . T
3 A unbded. self-adj. H-op. U(t) = [L+— exp(itA)Lexp(it A')]
A
Proof. Uy : U: ®U!|Fy
——

unit.
do:R— {-1,1} t — o(t)U(t) str.cont.
SEP. CONT. + LOC. + PRB. — Theorem.
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GENERAL JB*-TRIPLES

E JB*-triple E — Atomic(E**) = @rex Fx

U: R — Aut(E) str. cont, lprg. Cartan
My : E — Fy canonical proj.
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GENERAL JB*-TRIPLES

E JB*-triple  E < Atomic(E**) = @uex Fi
U:R — Aut(E) str. cont, 1lprg. Cartan

My : E — Fjx canonical proj.

t — U(t)" oMy str. cont, 1prg. R — Aut(Fy)

77
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GENERAL JB*-TRIPLES

E JB*-triple  E < Atomic(E**) = @uex Fi
U:R — Aut(E) str. cont, 1lprg. Cartan

My : E — Fjx canonical proj.

t — U(t)" oMy str. cont, 1prg. R — Aut(Fy)

77

If YES , Gelfand-Neumark description for str.cont. 1prg of Aut(E).
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GENERAL JB*-TRIPLES

E JB*-triple E — Atomic(E**) =@ Fr

U:R — Aut(E) str. cont, 1lprg. Cartan
My : E — Fy canonical proj.

t — U(t)" oMy str. cont, 1prg. R — Aut(Fy)

77

If YES , Gelfand-Neumark description for str.cont. 1prg of Aut(E).

Problems. (1) E w*dense JB*-subtriple in F (Cartan factor),
t > U(t) str.cont. 1prg. R — Aut(E) =" t + UW*(t) str.cont.?
(2) Category description of w*-dense JB*-subtriples of Cartan factors
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GENERAL JB*-TRIPLES

E JB*-triple E — Atomic(E**) =@ Fr

U:R — Aut(E) str. cont, 1lprg. Cartan
My : E — Fy canonical proj.

t — U(t)" oMy str. cont, 1prg. R — Aut(Fy)

77

If YES , Gelfand-Neumark description for str.cont. 1prg of Aut(E).

Problems. (1) E w*dense JB*-subtriple in F (Cartan factor),
t > U(t) str.cont. 1prg. R — Aut(E) =" t + UW*(t) str.cont.?
(2) Category description of w*-dense JB*-subtriples of Cartan factors

Conjecture. [~2003 Isidro-Stacho] E w*-dense JB*-subtrp in
factor Type 1 <= JEy C E w x —dense TRO (ternary ring of
operators)
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PROBLEMS IN NON-LINEAR CASE

N < 3: H, L(H®M H®)  JB*-triples
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PROBLEMS IN NON-LINEAR CASE

N < 3: H, L(H®M H®)  JB*-triples
E JB*-triple B := Ball(E)

t— G' € Aut(B) str.cont 1-prg: t = G*(x) norm.cont. Vx
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PROBLEMS IN NON-LINEAR CASE

N < 3: H, L(H®M H®)  JB*-triples
E JB*-triple B := Ball(E)

t — G' € Aut(B) str.cont 1-prg: t = G*(x) norm.cont. Vx
G’ = ga1(0) O Us ga(x) = 2+ B(a) *[/ = D(x,a)] '
LINeAut(B) 1—2D(a)+Q(a)?
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PROBLEMS IN NON-LINEAR CASE

N < 3: H, L(H®M H®)  JB*-triples
E JB*-triple B := Ball(E)

t — G' € Aut(B) str.cont 1-prg: t = G*(x) norm.cont. Vx
G’ = ga1(0) O Us ga(x) = 2+ B(a) *[/ = D(x,a)] '
LINeAut(B) 1—2D(a)+Q(a)?

Lemma. t — G! str.cont. <=t~ G'(0) cont., t — U str.cont.
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PROBLEMS IN NON-LINEAR CASE

N < 3: H, L(H®M H®)  JB*-triples
E JB*-triple B := Ball(E)

t — G' € Aut(B) str.cont 1-prg: t = G*(x) norm.cont. Vx
G’ = ga1(0) O Us ga(x) = 2+ B(a) *[/ = D(x,a)] '
LINeAut(B) 1—2D(a)+Q(a)?

Lemma. t — G! str.cont. <=t~ G'(0) cont., t — U str.cont.

Question: Gt = exp [t(a—{aa*x}+Ax)0/0x] A unbded{...}-der.
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EXAMPLE IN HILBERT SPACE

E := [Hilbert sp with equiv norm|, D := Ball(E)
[G': teR] strcont l-prgin G := Aut(D)
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EXAMPLE IN HILBERT SPACE

E := [Hilbert sp with equiv norm|, D := Ball(E)
[G': teR] strcont l-prgin G := Aut(D)

Remark. Eq := G(0) refl subsp, Kaup 1981: finite ©>°-sum of
Cartan facts, w-cont hol D-aut;  Krein-Milman=- ", Fix(G?)#(
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EXAMPLE IN HILBERT SPACE

E := [Hilbert sp with equiv norm|, D := Ball(E)
[G': te€R] strcont l-prgin G := Aut(D)

Remark. Eq := G(0) refl subsp, Kaup 1981: finite ©>°-sum of
Cartan facts, w-cont hol D-aut;  Krein-Milman=- ", Fix(G?)#(

Theorem. Assume G'(a)=a (teR) with acEyND.
Then U':= ga G' g, =exp(itA) A unbded ((.|.))-selfad]
Moebi
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EXAMPLE IN HILBERT SPACE

E := [Hilbert sp with equiv norm|, D := Ball(E)
[G': te€R] strcont l-prgin G := Aut(D)

Remark. Eq := G(0) refl subsp, Kaup 1981: finite ©>°-sum of
Cartan facts, w-cont hol D-aut;  Krein-Milman=- ", Fix(G?)#(

Theorem. Assume G'(a)=a (teR) with acEyND.
Then U':= ga G' g, =exp(itA) A unbded ((.|.))-selfad]
<~ <~
Moebius
E, = [— [\, A]-spectral space of A]; Ay = AoPrg,
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EXAMPLE IN HILBERT SPACE

E := [Hilbert sp with equiv norm|, D := Ball(E)
[G': te€R] strcont l-prgin G := Aut(D)

Remark. Eq := G(0) refl subsp, Kaup 1981: finite ©>°-sum of
Cartan facts, w-cont hol D-aut;  Krein-Milman=- ", Fix(G?)#(

Theorem. Assume G'(a)=a (teR) with acEyND.
Then U':= ga G' g, =exp(itA) A unbded ((.|.))-selfad]
< X~

Moebius
= [ [\, A]-spectral space of Al; Ay = AoPrg,
= limy Gf(x) where G! := g, oexp(itAy)og_,
A A
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EXAMPLE IN HILBERT SPACE

E := [Hilbert sp with equiv norm|, D := Ball(E)
[G': te€R] strcont l-prgin G := Aut(D)

Remark. Eq := G(0) refl subsp, Kaup 1981: finite ©>°-sum of
Cartan facts, w-cont hol D-aut;  Krein-Milman=- ", Fix(G?)#(
Theorem. Assume G'(a)=a (teR) with acEyND.
Then U':= ga G' g, =exp(itA) A unbded ((.|.))-selfad]
< X~
Moebius
:= [ — [\, Al-spectral space of A]; Ay = AoPrg,
( ) =limy Gi(x) where Gf := g, o exp(itAy) o g_,

Partial J-triple form: Gf = exp {t[c)\ — {xc\x} + L)\x] %}
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EXAMPLE IN HILBERT SPACE

E := [Hilbert sp with equiv norm|, D := Ball(E)
[G': te€R] strcont l-prgin G := Aut(D)

Remark. Eq := G(0) refl subsp, Kaup 1981: finite ©>°-sum of
Cartan facts, w-cont hol D-aut;  Krein-Milman=- ", Fix(G?)#(

Theorem. Assume G'(a)=a (teR) with acEyND.
Then U':= ga G' g, =exp(itA) A unbded ((.|.))-selfad]
=<~ X~
Moebius
:= [ — [\, Al-spectral space of A]; Ay = AoPrg,
( ) =limy Gi(x) where Gf := g, o exp(itAy) o g_,
Partial J-triple form: Gf = exp {t[c)\ — {xc\x} + L)\x] %}

cy = —ig’ ,(0)71A,a, Ly = ig’ ,(0)tA\g’ ,(0)
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STR-CONT 1-PR AUTG with FIXED POINT in Ball(H)

E := H Hilbert sp, B:=Ball(H), ec /B

Assume: [G': teR] str-cont 1-prg in Aut(B), e € (), Fix(G*)
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STR-CONT 1-PR AUTG with FIXED POINT in Ball(H)

E := H Hilbert sp, B:=Ball(H), ec /B

Assume: [G': teR] str-cont 1-prg in Aut(B), e € (), Fix(G*)

AtX+b

t _
[+ G (X) - <X|Ct> + dt |x:eE 1

3l AtEE(H), bt,CtGH; dtG(C
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STR-CONT 1-PR AUTG with FIXED POINT in Ball(H)

E := H Hilbert sp, B:=Ball(H), ec /B

Assume: [G':teR] str-cont 1-prg in Aut(B), e € (), Fix(G?)

AtX+ b
G'(x) = —+ A A€ L(H); bt,cr€H; d: €C
° (x) Xlce) +  [yee= 1 ¢+ € L(H); bz, c; t
- ; At b .
Proposition. t — G' := o .| Streont I-prg in L(HBC)
t t

FK>0 37>0 ||gt[<eft (t>7)
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STR-CONT 1-PR AUTG with FIXED POINT in Ball(H)

E := H Hilbert sp, B :=Ball(H), e dB

Assume: [G': teR] str-cont 1-prg in Aut(B), e € (), Fix(G?)

AtX+ b
G'(x) = —+ A A€ L(H); bt,cr€H; d: €C
° (x) Xlce) +  [yee= 1 ¢+ € L(H); bz, c; t
- ; At b .
Proposition. t — G' := o .| Streont I-prg in L(HBC)
t t

IK>0 37>0 ||Gf||<eft (t>7)
Remark. Hille-Yosida = G* = exp(tB) (38 unbded gen)
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